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ABSTRACT. We use the Maslov index to study the eigenvalue problem arising from the
linearisation about a standing wave in the fourth-order cubic nonlinear Schrédinger equa-
tion (NLSE). Our analysis is motivated by a recent work by Bandara et al., in which the
fourth-order cubic NLSE was shown to support infinite families of multipulse soliton solu-
tions with various symmetry properties. By using a homotopy argument, we prove a lower
bound for the number of real unstable eigenvalues. We also give a Vakhitov-Kolokolov
type stability criterion, which is sufficient to determine the spectral stability or instabil-
ity of a certain class of standing waves. The interesting aspects of this problem as an
application of the Maslov index are the instances of non-regular crossings; in particular,
we encounter crossing forms with degeneracies of both zero and nonzero rank. We handle
such degeneracies by analysing the partial signatures of higher order crossing forms, using
a definition of the Maslov index developed by Piccione and Tausk.
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1. INTRODUCTION

The fourth-order cubic nonlinear Schrédinger (NLS) equation
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models the propagation of pulses in media with Kerr nonlinearity that are subject to both
quartic and quadratic dispersion | , , , |. Here W is the slowly
varying complex envelope of the pulse, and s, 84, and ~ are real coefficients.

Solutions to (1.1) of the form ¥(xz,t) = eP'¢(x), B € R, are called standing wave solutions.

Following the convention of | |, when the real-valued wave profile ¢ is a homoclinic
orbit of the associated standing wave equation (see (1.5)), we will call ¥ a soliton solution of
(1.1). Karlsson and Ho6k | ] discovered an exact analytic family of soliton solutions to

(1.1) with a squared hyperbolic secant profile. Akhmediev, Buryak and Karlsson |
observed oscillatory behaviour in the tails of solitons for certain values of 8. Akhmediev

and Buryak | | showed the existence of and derived a stability criterion for bound
states of two or more solitons when the single solitons have oscillating tails. Karpman and
Shagalov | , , | considered the extension of (1.1) to higher-order nonlinearities

and multiple space dimensions. All of these works considered the case of negative quartic
and negative quadratic dispersion, 84 < 0, 8y < 0.

More recently, (1.1) has been the focus of a number of studies following the experimental dis-
covery of pure quartic solitons (PQSs) in silicon photonic crystal waveguides | ].
These solitons exist through a balance of negative quartic dispersion and the nonlinear Kerr
effect, for which 85 = 0 and 4 < 0. They have attracted much attention for their potential
applicability to ultrafast lasers due to their favourable energy-width scaling [ ,

]. Following the discovery of PQSs, Tam et al. | ] numerically investi-
gated their existence and spectral stability. They also showed [ ] that
PQSs and solitons of the classical second-order NLS equation, for which 54 =0, are in fact
part of a broader continuous family of soliton solutions to (1.1) for nonpositive dispersion
coefficients 4 and [s.

Extending the work of Tam et al., in a series of works Bandara and co-authors | ,

, | performed a detailed study of the structure of soliton solutions of (1.1).
In | |, they used a dynamical systems approach to show that (1.1) supports infi-
nite families of multi-pulses (multi-hump solitons) for both positive and negative quadratic
dispersion (and negative quartic dispersion, 34 < 0). By seeking standing wave solutions,
they transform (1.1) into (1.5), a fourth-order Hamiltonian ODE with two reversibility sym-
metries. Solitons of (1.1) correspond to orbits of (1.5) that are homoclinic to the origin,
which the authors find and track with numerical continuation techniques. In addition to
the primary (single-hump) homoclinic orbit, which may have oscillating or non-oscillating
decaying tails, they show the existence of connecting orbits from the origin to periodic orbits
in the zero energy level (“EtoP connections”). These connecting orbits allow the construc-
tion of heteroclinic cycles: homoclinic solutions which follow an EtoP connection from the
origin to a periodic orbit, then loop n times around the periodic orbit, and finally follow
an EtoP connection back to the origin. The different combinations of EtoP connections
and the symmetry properties of the periodic orbits generate cycles that organise infinite
families of multi-hump solitons of different symmetry types (symmetric, antisymmetric and
nonsymmetric). Moreover, the authors show that there are infinitely many periodic orbits
that support EtoP connections, and, hence, a menagerie of families of homoclinic solutions
with different symmetry properties. In a subsequent work, Bandara et al. discuss connect-
ing orbits between periodic solutions (“PtoP connections”), which not only yield solutions
to periodic backgrounds, but can also be combined with EtoP connections to obtain even
more families of solitons (with oscillating but decaying tails). Since EtoP and PtoP con-
nections play a vital role in the existence and organisation of homoclinic solutions to (1.5),
and are entirely determined by the periodic orbits that exist, in | | Bandara et al.
study the underlying periodic orbit structure of equation (1.5).
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Several authors have studied the stability of soliton solutions to (1.1). In | |, Ban-
dara et al. used numerical simulations to show that, while many of the multi-pulse solutions
they found were unstable, some were only weakly unstable, and therefore possibly observ-
able in experiments over a number of dispersion lengths. More rigorous stability analyses
were undertaken in | | and | ]. Natali and Pastor [ | proved the orbital sta-
bility of the family of solutions found by Karlsson and Hook (realised as a single exact
solution to the nondimensionalised version of (1.1), see (1.3)). As observed in | ] (see
also | , 8IT]), this exact solution exists only for a fixed value of the frequency
parameter 3, and is not part of a continuous family of solutions in that parameter. The
failure of the existence of such a family renders the classical results of Grillakis, Shatah
and Strauss | , | inadmissible since | , Assumption 2] does not hold in this
instance. Outside of the Karlsson and H66k solution, Parker and Aceves | | proved
the existence of a primary single-hump soliton in certain parameter regimes of (1.1), along
with an associated discrete family of multi-hump solitons. Under certain assumptions,
they proved orbital stability of the primary pulse and spectral instability of the associated
multi-pulses.

Outside of (1.1), a number of works have investigated multi-pulses in Hamiltonian systems.
The first study was undertaken by Pelinovksy and Chugunova in | ], who proved the
existence and spectral stability of two-pulse solutions in the fifth order KdV equation. An
extensive study of periodic multi-pulses in the fifth order KdV equation was performed by
Parker and Sandstede | ]. In | |, Kapitula, Parker and Sandstede used a reformu-
lated Krein matrix to study the location and Krein signature of small eigenvalues associated
with tail-tail interactions in n-pulses in first- and second-order in time Hamiltonian partial
differential equations.

In this paper, we further develop the spectral stability theory for arbitrary single and multi-
hump soliton solutions to (1.1). In particular, we seek to determine the existence of unstable
eigenvalues of the associated linear operator

N = <L0+ _g> , (1.2)

where L, and L_ are selfadjoint fourth order operators acting in L?(R). Our results are not
confined to solitons satisfying Hypothesis 2, the first part of Hypothesis 3 and Hypothesis
41in | ]. The main tool in our arsenal is a topological invariant known as the Maslov
index, a signed count of the nontrivial intersections, or crossings, of a path of Lagrangian
subspaces of R?” with a fixed reference plane. Since the Maslov index is unable to detect
complex eigenvalues, we will restrict our search to those unstable eigenvalues that are real.

Our main results are as follows. In Theorem 1.2, we provide a lower bound for the number
of positive real eigenvalues of (1.2). The bound is given in terms of the Morse indices (the
number of positive eigenvalues) of Ly and L_, denoted P := ny(L;) and Q = ny(L_),
as well as a correction term which represents the contribution to the Maslov index from
the crossing corresponding to the zero eigenvalue of N. An immediate consequence of
Theorem 1.2 is Corollary 1.5, a Jones-Grillakis type instability theorem | , ]
which gives a sufficient condltlon on P and @ for spectral instability of the underlymg
soliton. We also give a Vakhitov-Kolokolov (VK) type stability criterion [ , ]
in Theorem 1.6, where the spectral stability of solitons for which P = 1 and ) = 0 is
determined by the sign of a certain integral.

Along the way, we prove Theorem 4.1, which equates P and @) to counts of the conjugate
points (see Definition 3.10) of the operators Ly and L_, respectively. Thus, all of the
required data for the lower bound in Theorem 1.2 occurs when the spectral parameter is
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zero. As highlighted in | |, this is a convenient feature for numerical computations
that is not afforded by a calculation using the Evans function | ]. In light of this, an
alternate form of (1.19), which may be more useful for numerics, is given in Remark 5.5.

The key feature of the eigenvalue problem for N that makes it amenable to the Maslov
index is the Hamiltonian structure of the eigenvalue equations when written as a spa-
tially dynamic first order system in R®. This system therefore preserves Lagrangian planes.
Moreover, in parameter regimes which guarantee the essential spectrum of N is confined
to the imaginary axis, the first order system has an exponential dichotomy on the positive
and negative half lines. This gives rise to two-parameter families of Lagrangian planes (in
x and )\, the spatial and spectral parameters), known as the unstable and stable bundles,
comprising the solutions that decay to zero exponentially as z — —oo and z — 400, respec-
tively. These bundles are the central objects of our analysis; their nontrivial intersections
at common values x € R and A € R encode the positive real eigenvalues of interest. By
exploiting homotopy invariance of the Maslov index, we will detect these eigenvalues by
instead counting conjugate points, i.e. the nontrivial intersections of the unstable bundle,
when the spectral parameter is zero, with the stable subspace of the asymptotic system.

Operators of the form of N are said | ] to have the canonical symplectic structure.
While the abstract spectral theory of such operators is well studied (see, for example, | ,
§7] and the references therein), the soliton solutions of interest here are not in general part
of a continuous family in the frequency parameter [ (as, for example, the Karlsson and

Ho66k solution is not). For the same reason that | | is not applicable in this instance,
this places the current problem outside the scope of the spectral theory given in | , 871,
since | , Hypothesis 5.2.5(f)] fails in this case. We emphasise that in this work, we

make no comment on the orbital stability of the soliton solutions of interest.

The Maslov index has been used to study the spectrum of homoclinic orbits in a number of
works | , ) , , , , , , |, namely as a tool
to detect real unstable eigenvalues. If monotonicity in the spectral parameter holds, as is
often the case in selfadjoint problems [ , , ], then it is possible to give
an exact count of such eigenvalues in terms of the Maslov index of a Lagrangian path in
the spatial parameter. Howard, Latushkin and Sukhtayev | ] proved the equality of
the Morse and Maslov indices for matrix-valued Schrédinger operators with asymptotically
constant symmetric potentials on the line, applying their results to determine the stability
of nonlinear waves in various reaction-diffusion systems. Beck et al. | | proved the
instability of pulses in gradient reaction-diffusion systems, generalising the instability result
for pulses in scalar reaction-diffusion equations (see | , §2.3.3]). Jomes | | gave a
stability criterion for soliton solutions of the cubic NLS equation with a spatially dependent
nonlinearity. Bose and Jones | | proved the stability of a travelling wave in a coupled
two-variable reaction diffusion system with diffusion in one variable, in which they used
the Maslov index to locate eigenvalues in gradient systems. Chen and Hu | | proved
stability and instability criteria for standing pulses in a doubly-diffusive FitzHugh-Nagumo
equation. Chardard, Dias and Bridges [ , , | developed numerical
tools to compute the Maslov index and study the stability of homoclinic orbits in Hamilton-
ian systems. Cornwell and Jones [ , | analysed travelling waves in skew-gradient
systems. In their work, despite not having a Hamiltonian structure the eigenvalue equations
preserve Lagrangian planes for a nonstandard symplectic form. By showing monotonicity
in the spectral parameter | | and computing the Maslov index at all conjugate points
in the travelling wave co-ordinate, they proved [ | the stability of a travelling pulse in
a doubly diffusive FitzHugh-Nagumo system.
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The current problem is distinguished from previous works by the presence of non-reqular
crossings. In their work [ |, Robbin and Salamon require that all crossings be regu-
lar i.e. that the crossing form is nondegenerate. This is then topologically extended to
all continuous Lagrangian paths (i.e. to those with non-regular crossings) via homotopy
invariance. As pointed out in | , |, one issue with extending the definition
in this way is the destruction of potentially important information encoded in any non-
regular crossings. For example, in the present paper, it turns out that the contribution of
the crossing corresponding to the zero eigenvalue of N, which is non-regular with respect
to the spectral parameter, is determined by the kernel and generalised kernel of N. It is
not clear how a homotopy argument would capture the same information. Additionally,
the technical details of perturbing the path typically requires breaking the structures that
generate the path in the first place, making analytical calculations of such perturbations
difficult.

We therefore use the approach of | | to locally compute the Maslov index directly
through the use of higher-order crossing forms. These generalise the (first-order) cross-
ing form defined in | |, and allow us to calculate the contribution to the Maslov in-
dex from non-regular crossings without perturbative arguments. In their work, Deng and
Jones | | derived a second order crossing form in the case where the crossing form was
identically zero. This was recently extended in | ] to the cases when all lower-order
forms are identically zero. Our formulas, adapted from [ ) ], do not require this
assumption. Moreover, we do not write the Lagrangian path locally as the graph of an in-
finitesimally symplectic matrix, instead relying solely on the construction of root functions
and degeneracy spaces (see Section 3.1).

Specific instances of non-regular crossings in the present paper include the conjugate point
at the top left corner of the Maslov box, which corresponds to the zero eigenvalue of N, as
well as crossings in the spatial parameter. For the former, we find that the crossing form
in the spectral parameter is identically zero; this is a feature of eigenvalue problems for
operators with the canonical symplectic structure [ |. For crossings in the spatial
parameter, the crossing form is degenerate, but in general not identically zero, and so the
approaches of | , , | do not apply. This phenomenon appears to be the
result of the eigenvalue equations being fourth order, and has been encountered in | ,

]. There, the authors circumvented the issue via a semi-definiteness argument; in
the present setting, we elect to use higher order crossing forms in an effort to generalise
previous efforts with degenerate crossing forms.

In | ], a similar lower bound to that in Theorem 1.2 was derived for an eigenvalue
problem of the form of (1.14) on a compact interval, where Ly are Schrédinger operators.
In that work, the correction term was computed via an analysis of the eigenvalue curves,
which represent the evolution of the eigenvalues as the spatial domain is shrunk or expanded.
That the spatial domain is the whole real line in the present setting precludes the approach
taken in | |, where the technical details required the spatial domain to be compact.

1.1. Statement of main results. Following | , |, we will
treat the case of negative quartic dispersion, 84 < 0, nonzero quadratlc dispersion £y # 0
and positive Kerr nonlinearity v > 0, giving rise to the following nondimensionalised version

of (1.1)

iwt = wxx:m: + 0-2¢a:x - \1/1|2¢7 (13)
where ¢ : R x R — C and o2 = sign 2. (For the transformations used to obtain (1.3) from
(1.1) for B4 < 0,82 # 0, we refer the reader to [ , Table 1].) The modifications

needed to treat pure quartic solitons for which 8o = 0 will be given in Section 7.
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Our focus will be to determine the spectral stability of standing wave solutions

1/)(33,t) = ei5t¢(x)7 (rb(x) €R, (14)
o (1.3), subject to perturbations in L?(R;C). Substituting (1.4) into (1.3) shows that the
wave profile ¢ satisfies the standing wave equation

¢"" + 029" + B — ¢° = 0. (1.5)
Using the change of variables
pr=9¢"+020,  G2=0¢, d3=¢, =", (1.6)
we may write (1.5) as the first order Hamiltonian system
1 ¢4+ 0203
o P1 — o292
f —021 + G2 — B2 + b
Motivated by the families of homoclinic orbits discovered in | |, we consider orbits

of (1.7) that are homoclinic to the origin, which correspond to soliton solutions of (1.3).
An example is given by the exact solution found by Karlsson and Héok [ 1,

3 x
=1/ ==sech® [ —— 1.8
oru(x) Thes <2\/5> , (1.8)
which solves (1.5) for the specific values 8 = 4/25 and o9 = —1.

We will assume that the origin in (1.7) is hyperbolic. Noting that the eigenvalues u of the
linearisation about the origin solve

w2 = (o2 T 45) (1.9)

(where we used that o2 = 1), hyperbolicity holds provided

e w0
For reasons soon to be discussed, in the first part of (1.10) we additionally require
B # i if op=-1 (1.11)
Linearising (1.3) by substituting the complex-valued perturbation
P(x,t) = |p(x) + & (u(@) + iv(x)) M| P (1.12)

for u,v € L?(R;R) into (1.3), collecting O(¢) terms and separating into real and imaginary

parts leads to the following linearised dynamics in u and v:

—u"" — oou — Bu+ 3¢%u = \v
n " 2 (1'13>
—v"" — o9 — Bu + v = — .

We can write (1.13) as the spectral problem

N <fu‘> = (:}‘) , (1.14)

where N is the unbounded and densely defined linear operator

0 —L_ L_ = -0 — 0902 — B + ¢?
N = , z z ; 1.15
<L+ 0 > {L+ = —0; — 0202 — B+ 3¢7, (1.15)



FOURTH-ORDER NLS AND THE MASLOV INDEX 7

with

dom(N) = H*[R) x H*(R),  dom(Ly) = H*(R). (1.16)
Our goal is to determine whether the spectrum of N intersects the open right half plane.
Because N is Hamiltonian, its spectrum has four-fold symmetry in C, and instability follows
from any part of the spectrum lying off the imaginary axis. We will see in Section 2 that
the essential spectrum of IV is confined to the imaginary axis and bounded away from the
origin under (1.10). Since our symplectic analysis requires that the eigenvalue parameter
be real, our task, then, will be to detect positive real point spectrum of N. Our main result
is a lower bound for this spectral index in terms of the Morse indices of the operators L,
which are selfadjoint with the domain (1.16) (see, for example, [ ]). The Morse indices
of Ly are only well-defined if their essential spectra are confined to the negative half line,
and we show in Section 2 that this is indeed the case provided both (1.10) and (1.11) hold.

We point out that the equation L_¢ = 0 is just (1.5), and, differentiating (1.5) with respect
to x, we have L ¢, = 0. Thus

0 € Spec(L_) N Spec(Ly) (1.17)
with ¢ € ker(L_) and ¢, € ker(Ly). We make the following simplicity assumption.

Hypothesis 1.1. ker(L_) = span{¢} and ker(L,) = span{¢, }.

Notice that when A = 0, the eigenvalue equations (1.14) decouple into two independent
equations, L_v = 0 and Liu = 0, so that ker(N) = ker(Ly) @ ker(L_). Hypothesis 1.1
therefore implies that ker(N) = span{(¢,,0)",(0,¢)"}.

Let us denote

P := #{positive eigenvalues of L},
Q = #{positive eigenvalues of L_},
n4 (V) :== #{positive real eigenvalues of N},

and define the quantities
oo o0
1, ::/ 0 Tz 7, ::/ 67 dz, (1.18)
—0o0 —00

where 9 is any solution in H*(R) to —L_v = ¢, and 4 is any solution in H*(R) to L u = ¢.
Under Hypothesis 1.1 and the conditions (1.10)—(1.11), our main result is the following.

Theorem 1.2. Suppose I1,Zs # 0. The number of positive, real eigenvalues of the operator
N satisfies
e (N) > [P —Q—d, (1.19)
where
1 7, > 0,7y <0,
c=+0 T1Io > 0, (1.20)
-1 7 <0,y > 0.

Remark 1.3. The equations —L_v = ¢’ and L u = ¢ each satisfy a solvability condition
that guarantees the existence of solutions u and v. In the case that either Z; or Z, vanishes,
an extra calculation is needed to compute the correction term c¢ (the definition of which is
given in (3.46)); for details, see Section 7). Finally, our theorem will also hold in the case
of any integer power-law nonlinearity in (1.3) as studied in [ , ], i.e. in the case of
standing wave solutions to

iwt = wzzxa: + 02z — !1/1!2”1% pe Z*. (1'21>
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(See Remark 4.5.) However, with the standing wave solutions of [ ] in mind, we
have stated our results for the cubic case.

Remark 1.4. In this work we make no comment on the existence of soliton solutions to
(1.3) (i.e. orbits homoclinic to the origin in (1.7)). Rather, we prove that if such a solution
exists, then its associated linearised operator N satisfies Theorem 1.2.

The following Jones-Grillakis instability theorem |
sequence of Theorem 1.2.

, , | is an immediate con-

Corollary 1.5. Standing waves for which P — Q # —1,0,1 are spectrally unstable.

We also have the following Vakhitov-Kolokolov type criterion | , .

Theorem 1.6. Suppose P =1 and Q = 0. The standing wave 12 is spectrally unstable if
Ts > 0 and is spectrally stable if To < 0.

Remark 1.7. If there exists a C! family of solutions B — 9g¢(x;8) € HA(R) to the
standing wave equation, then u = Jg¢(x; §) and the integral Z, is precisely that appearing
in the Vakhitov-Kolokolov criterion for standing waves in the classical (second-order) NLS
equation (see | , §4.2]), i.e.

T 18/m¢2d (1.22)
=—-— x. .
208 ) &

We note, however, that in general this is not the case; for example, the Karlsson and Hook
solution (1.8) is not a member of a smooth family of solutions 8 — ¢(-; ), since there is
no solution of the form of (1.8) to (1.5) for 8 # 4/25, as observed in |

The paper is organised as follows. In Section 2 we write down the first order system
associated with (1.14), and compute the essential spectra of the operators L_, L, and
N. We also define the stable and unstable bundles, the main objects of our analysis. In
Section 3, we provide some background material on the Maslov index which includes the
definition of higher order crossing forms due to Piccione and Tausk | ], before setting
up the homotopy argument that will lead to the proof of the lower bound in Theorem 1.2.
In Section 4 we use the Maslov index to prove that the Morse index of each of the operators
L_ and Ly is equal to the associated number of conjugate points (defined in Section 3). In
Section 5, we prove Theorems 1.2 and 1.6. In Section 6 we apply our theory to confirm the
spectral stability of the Karlsson and H66k solution (1.8), which will involve numerically
computing the number of conjugate points of the associated operators L_ and Li. In
Section 7 we give some concluding remarks on our analysis, and in Appendix A we complete
the proof of Theorem 4.1 via the removal of a certain hypothesis used in the proof in
Section 4.

2. SET-UP

We first compute the essential spectra of the operators Ly, N. Using the change of variables

Uy = u’ + o2, Ug = U, Uz = u', Uy = u"', ( )
2.1
v = v+ o2, Vg = —, V3 = —v', V4 = v'",
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we convert (1.13) to the (infinitesimally symplectic) first order system

/

U1 co 0 1 0 Uy
(1 0 0 —09 O 1 V1
Uug ]. 0 O 0 u9
1
v2 | _ 0 00 V9 7 (2.2)
Uu3 1 0 —09 0 U3
V3 0 -1 0 —09 0 V3
Uy -0y 0 afz) A Uy
V4 0 —o2 X nz) U4
where
o) =3¢(2)* = B+1,  nz) =) +5-1
Setting
oo 0 10 1 0 —09 0
o -6 01 I S T | s
B={1 o ool “@N=1_0 0o a@ |
0 1 00 0 —o2 XA nz)
we can write (2.2) as
w, = A(z; \)w, (2.3)
where
. 0 B
W = (Ul,vl,UQ,UQ,Ug,Ug,U4,U4) ’ A(SE,)\) = C(.’L‘A) 0/ (24)
The asymptotic system for (2.2) is given by
Wy = Aoo(A)W, (2.5)

where
Asc(A) = lim A(x,N).

r—F00

(The endstates as x — 400 are the same because ¢ is homoclinic to the origin.) It now
follows from | , Theorem 3.1.11] that the essential spectrum of N is given by the set of
A € C for which the matrix A (\) has a purely imaginary eigenvalue. A short calculation
shows that

Specess(N) ={A € C: X2 = — (—k4 + o9k? — ﬁ)2 for some k € R}. (2.6)
Under (1.10), it follows that Specess(N) C iR\{0}.
The essential spectra of the operators L4 is computed similarly. The first order systems
associated with the eigenvalue equations for each of the operators L, and L_ will be given

in Section 4 (see (4.3) and (4.6)). It follows from a similar calculation on the asymptotic
matrices associated with those systems that

Specess(L+) = {A € R: X\ = —k* + 09k? — B for some k € R}. (2.7)

Given its biquadratic structure, if the equation in (2.7) has no real roots for k then the
essential spectra of L, and L_ will be confined to the negative half line. The equation in
(2.7) has no real roots for k if and only if the associated discriminant is positive, i.e.

166% — 86% + B = B(48 — 1)* > 0, (2.8)
and, in addition, we have either

— 809 >0 or 48 -1 > 0. (2.9)
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(See | ], and note we have used that o2 = 1). Both (2.8) and (2.9) are satisfied for the
values of 8 given in (1.10), (1.11). For these values of 8 we therefore have

(_007_/8) 02 = _17

(—o0, =B+ 1] o2=1, (2.10)

SpeCeSS(L:I:) = {
so that Specess(L+) C R™. In addition to hyperbolicity of the asymptotic matrices for the
L, and L_ eigenvalue problems, the values of 8 given in (1.10), (1.11) will actually guar-
antee that, for all A lying to the right of the essential spectrum in (2.10), those asymptotic
matrices have an equal number of eigenvalues with positive and negative real part.

Note that the assumptions (1.10) actually guarantee that the matrix A () is hyperbolic,
with an equal number of eigenvalues with positive and negative real part. Precisely, the
eight eigenvalues are

V—oo £ I —48 £ 4N
+ .
V2
We denote the corresponding four-dimensional stable and unstable subspaces by S(\) and
U(\) respectively.

(2.11)

Next, since Specess(N) C iR\{0}, the operator N — AI of (1.14)—(1.16) is Fredholm for

A € R, and it follows from | , §3.3] that the densely-defined closed linear operator
1 9 du
T(\) : H(R) — L“(R), T(Nu == T A(5 N)u,
associated with (2.3) is also Fredholm. By | , Theorem 3.2, Remark 3.3], (2.2) has

exponential dichotomies on RT™ and R~. That is, for each fixed A € R, on each of the
intervals R™ and R~ the set of solutions to (2.2) is the direct sum of two subspaces, where
one subspace consists solely of solutions that decay (exponentially) backwards in x, and the
other of solutions that decay forwards in xz. By flowing these subspaces under (2.2), each
of these families can be extended to all of R. This leads us to consider the spaces

B4z, \) = {£ € R®: € = w(x;)\), w solves (2.2) and w(z;\) = 0 as  — —oo},

2.12
ES(x,\) = {€ € R®: € = w(x; \), W solves (2.2) and w(z;\) — 0 as z — +oo}, (212)

corresponding to the evaluation at z € R of the spaces of solutions to (2.2) that decay
(exponentially) as x — —oo and as x — +00, respectively. Following [ , ], we
call these sets the unstable and stable bundles respectively. For each x € R and A € R, if
we consider U(A), S(A), E¥(x, \), E*(x, A) as points in the Grassmannian of four-dimensional
subspaces of R®,

Gry(R®) = {V c R®: dim V = 4},

which (following | , |) we equip with the metric d(V,U) = ||Py — Py||, where Py
is the orthogonal projection onto V and || - || is any matrix norm, then we have that
xE@WE (x,A) =U(N), mEI—II—looE (x,\) =S(\). (2.13)

That is, the orthogonal projections onto E*(x, A\) and E*(x, \) converge to those on U(\)
and S(A) as © — —oo and x — +o00, respectively. This is given in | , Corollary 2].

The important feature of the system (2.2) that makes it amenable to the Maslov index is
that the coefficient matrix A(z; \) is infinitesimally symplectic, i.e.

Az T + JA(z; M) = 0, (2.14)

which follows from the symmetry of B and C(z;\). This is the motivation for the choice
of substitutions (2.1). Consequently, (2.2) induces a flow on the manifold of Lagrangian
planes. In particular, the stable and unstable bundles of (2.2) are Lagrangian planes of R®
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for all x and all A. In addition we have that \g is an eigenvalue of N if and only if for any
(and hence all) x € R we have

E(x, Ao) NE*(z, \g) # {0}.
In this case we in fact have
dimE*(x, A\o) N E*(z, Ao) = dimker(IN — o). (2.15)

By exploiting homotopy invariance of the Maslov index, we can determine the existence of
such intersections by instead analysing the evolution of the unstable bundle E*(x, A\g) when
Ao = 0. This is explained in Section 3.

3. A SYMPLECTIC APPROACH TO THE EIGENVALUE PROBLEM

In this section, we give some background material on the Maslov index before describing
the homotopy argument that leads to the lower bound of Theorem 1.2.

3.1. The Maslov index via higher order crossing forms. In this section we follow the
discussions in [ , , , ]. Consider R?" equipped with the symplectic
form

w(t,v) = (Ju, v)gon, J:<(I).Z Bﬁ“) (3.1)

A Lagrangian subspace of R?™ is one that is n dimensional and upon which the symplectic
form vanishes. We denote the Grassmannian of all Lagrangian subspaces of R?" by

L(n) ={A CR*:dimA =n, w(u,v) =0V u,vc A}. (3.2)

A frame for a Lagrangian subspace A of R?" is a 2n x n matrix with rank n whose columns
span A. Such a frame may be written in block form by

X nxn
<Y>, X,Y € RV,

where XY = YT X; the symmetry of XY follows from the vanishing of (3.1). Such
a frame is not unique; right multiplication by any invertible n X n matrix will yield an
alternate frame for A. In particular, if X is invertible then an alternate frame is given by

<Y§_1> . where (VX)) =vXx L
Let A : [a,b] — L£(n) be a path in £(n). Its Maslov index is, roughly speaking, a signed count
of its intersections with a certain codimension-one set. More precisely, Arnol’d | | gave
the following definition for non-closed paths satisfying certain conditions.

Fix V € L(n). The train T(V) of V is the set of all Lagrangian planes that intersect V'
nontrivially; it may be decomposed into a family of submanifolds via 7 (V) = J;_; Te(V),
where Ti(V) :=={W € L(n) : dim(W N V) = k} is the set Lagrangian planes that intersect
V in a subspace of dimension k. It is shown in | ] that codim 75 (V') = k(k +1)/2; in
particular, codim 77 (V') = 1. From the fundamental lemma of | ], T1(V) is two-sidedly
embedded in £(n); that is, 71(V) is transversely oriented by the velocity field of some (and
then of any) one-parameter positive definite Hamiltonian | , ]. Such a vector
field thus defines a ‘positive’ and a ‘negative’ side of 71(V'). Define a crossing to be a value
to € [a,b] such that A(to)NV # {0}, i.e. A(to) € T(V). The Maslov indez of any continuous
curve A : [a,b] — L(n) with endpoints lying off the train and with crossings lying only in
T1(V) is then defined to be vy —v_, where v is the number of points of passage of A from
the negative to the positive side of T1(V'), and v_ is defined conversely.
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Arnol’d’s definition was extended by Robbin and Salamon | | to paths with arbitrary
endpoints and with crossings possibly lying in 7 (V') for k£ > 2. This was done by exploiting
an identification of the tangent space of £(n) at some A € L(n) with the space S?A of
quadratic forms on A. This lead to the construction of the crossing form, a quadratic form
associated with each crossing whose signature determines local contributions to the Maslov
index. The definition given by Robbin and Salamon requires that all crossings are regular,
with the definition extended to all continuous Lagrangian paths via homotopy invariance
(see Proposition 3.4). As outlined in the introduction, it is desirable to be able to compute
the Maslov index directly, without having to use perturbative arguments.

Piccione and Tausk | ] provided the means to do exactly that, defining the Maslov index
for analytic Lagrangian paths with non-regular crossings via the partial signatures of higher
order crossing forms. While strictly speaking their definition is given via the fundamental
groupoid (see | , 85.2]), and shown to be computable via the partial signatures listed
below, for our purposes it will suffice to use the latter computational tool as our definition of
the Maslov index. This computable formula was previously given by Giambo, Piccione and

Portaluri | ) | through the related notion of the spectral flow of an associated
family of symmetric bilinear forms (see | , Proposition 3.11]); for the details of the
equivalence of these definitions, see | , 85.5] (in particular, Proposition 5.5.7 and §4).

The following notions can be found in | , 85.5]. Suppose that A : [a,b] — L(n) is an

analytic path of Lagrangian subspaces, and ¢ = to is a crossing, that is, A(tp) NV # {0}.
A V-root function (or simply a root function when the choice of V' is clear) for A at ¢t = tg
is a differentiable mapping w : [tg — &,t0 + €] — R?", ¢ > 0, such that w(t) € A(t) and
w(tg) € V. The order of w, ord(w), is the smallest positive integer k such that w®)(ty) ¢ V.
This allows one to define a sequence of nested subspaces Wi (A, V, ), k > 1, via
Wi (A, Vi tg) = {wp : 3 a V-root function w for A with ord(w) > k and w(tg) = wo}

(called the kth degeneracy space), for which we have

Wit (A, V,t()) - Wk(A, V, to) for all £ > 1, Wi(A, V,to) = A(to) nv. (3.3)
(When A,V and t; are clear, we will simply write Wj.) The first fact in (3.3) follows
immediately from the definition, while the second follows from the fact that every V-root
function w has ord(w) > 1. One can then define a symmetric bilinear form m{*) (AV) -

t
Wi x Wi, — R (as in | , Definition 5.5.5]), ’
k d*
ml) (A, V) (wo, vo) = ﬁw(w(t),vo)‘t:to, (3.4)

where w is any V-root function for A at t = t¢ with ord(w) > k and w(tg) = wp. (When
(k)

A and V are clear, we will simply write m;’.) That mg(’f) is independent of the choice

of root function and therefore well-defined follows from | , Corollary 5.5.4]; that it is
symmetric follows from | , Lemma 5.5.3]. Using the definition of W and mg(]f_l) , it is
straightforward to show that

Wy = kerm{" V), (3.5)

In light of (3.3), it follows that Wj is simply the subspace of A(tp) NV upon which the
crossing forms up to order k — 1 are zero.

We define the higher order generalisation of the crossing form defined by Robbin and
Salamon to be the quadratic form associated with (3.4).

Definition 3.1. The kth-order crossing form is defined to be

k
wi? (A, V) (w) = mit (A, V) (wo, wo) = j? W) w)| = (wB (), w)  (36)

‘t:to
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for wg € Wy, where w is any V-root function for A at t = to with ord(w) > k and
w(to) = wy-

To compute higher order crossing forms in the spatial parameter, we will make use of the
following fact.

Lemma 3.2. Let Z(t) be a frame for A(t). There exists a V-root function w for A att =t
with ord(w) > k if and only if there exist k vectors {hg,...,hx_1} in R™ such that

Z (Z) 2D (to)h; €V for every i€ {0,1,....k—1}. (3.7)

=0

In this case, the kth order crossing form (3.6) is given by

k—1 k ‘
mwgf) (A, V) (wo) = Z (]) W(Z(k_J)(tO)hj,wo), wo € Wi. (3.8)
=0

Proof. Observe that if w is a V-root function, then we may write w(t) = Z(t)h(t) € A(t)
for some smooth h : [tg — &,t9 + €] — R", and

w; = %w(t”t:to => <;> 709 (tg)h9) (tg) € V for every i€ {0,1,...,k—1}. (3.9)
j=0

Thus the vectors hj = hU)(ty) satisfy (3.7). Conversely, suppose there exist vectors
{ho, ..., hg_1} such that (3.7) holds. Then

kl t—to

M

(3.10)

is a V-root function for A at t = tg with ord( ) > k, as seen by differentiating w i times
for i € {0,1,...,k — 1} at ty. Substituting (3.10) into (3.6) yields (3.8). O

A typical application of this lemma is as follows. We first compute the first order form
using equation (3.13) below, where W1 = A(tg) N V. For k > 2, the space Wy, is given via
(3.5). We then find vectors {ho, ..., hi—1} such that (3.7) holds — in which case w given by

(3.10) is a root function — and we compute mg(’f) in (3.6) via (3.8).

In the case that k£ = 1, for notational convenience we will drop the superscript and write

my, (A, V). Following | |, a crossing t = to will be called regular if my, is nondegenerate;
otherwise, t = ty will be called non-regular. Denote by n (mgf)) and n_(mgf)) the number

(k)

{, - Following [ , |, we call the

of positive, respectively negative, squares of m
collection of integers

n(mi)), np(mi), sign(mi)) = g (mi)) - n_(my),
the partial signatures of (3.6). The Maslov index of the Lagrangian path A is then given as
follows, as in [ , Theorem 5.5.9] (up to the convention at the endpoints) and | ,
Proposition 3.11]. As an aside, note that it follows from the arguments in [ , §5.5]
(namely, Exercise 5.10, Proposition 5.5.7, Lemma 4.3.13 and Proposition 4.3.14) that if A
is real analytic, then all crossings are isolated.

Definition 3.3. Suppose A : [a,b] — L(n) is an analytic path of Lagrangian subspaces.
The Maslov index of A is given by
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Mas(A, V5| Zn (m(k ) + Z Z&gn (mtgk 2 )

E>1 to€(a,b) \k>1

+ Z <n+ (ml()%_l)) +n_ (ml()%))) , (3.11)

k>1

where the right hand side has a finite number of nonzero terms.

Notice that at all interior crossings to € (a,b), only the signatures of the crossing forms of
odd order contribute; at the initial point the negative indices of crossing forms of all order
contribute; while at the final point, the negative indices of the forms of even order and the
positive indices of the forms of odd order contribute. Definition 3.3 is best understood in
terms of the formula for the spectral flow of a family of symmetric matrices. Namely, one
writes the root function as w(t) = q(t) + R(t)q(t), where q(t) € V, R(t) : V — W for some
W e To(V), A(t) = graph R(t) = {q + R(t)q : ¢ € V} and A(ty) € To(W). One then has a
(locally defined) family of symmetric bilinear forms ¢ — w(R(t)-,-)|vxv for t near 3. The
derivatives of this family at to, which coincide with (3.4), then determine the spectral flow
of the family, i.e. the net change in the number of non-negative eigenvalues, as t passes

through to. For further details, we refer the reader to | , Propositions 4.3.9, 4.3.15 and
5.5.7] and | , Proposition 2.9, Proposition 3.11].
In | ], Robbin and Salamon exploit the two-sided nature of the train 7 (V) of V to say

that a non-degenerate crossing passes from the ‘positive’ side to the ‘negative’ side of the
train (or vice versa) according to the signature of the crossing form. (This idea can also be
seen in the work of Arnol’d [ ].) Through the use of higher order crossing forms, we
extend this idea to the case where the crossing form is potentially degenerate. In the case of
one-dimensional crossings tg, i.e. A(tg) € T1(V), if the first nondegenerate crossing form is
of odd order, then A passes through the train. On the other hand, if the first nondegenerate
crossing form is of even order, then A departs 7;(V) in the direction in which it arrived.

It is proven in | , Corollary 2.11] that
Z (n+(m§0)) +n_ (mg(’f))) =dim A(to) NV, (3.12)
k>1

so that by taking sufficiently many higher order crossing forms, a crossing to will always
contribute dim A(t9) NV summands (the signs of which may offset each other) to the Maslov
index.

As pointed out in | ], Definition 3.3 includes, as a special case, the definition given
by Robbin and Salamon in the case that all crossings are regular. To see this, note from the
proof of Lemma 3.2 and (3.3) that, if Z(t) is a frame for A(t) and wo = Z(to)ho € A(to) NV,
then w(t) = Z(t)ho is a root function with ord(w) > 1 and

mey (A, V) (wo) = w (2 (to)ho, Z(to)ho) = <Z(to)Uz’(to)h0, h0>R2n , (3.13)

just asin | , Theroem 1.1]. If my, is nondegenerate, it follows from (3.5) that We = {0}

and therefore W}, = {0} for £ > 3. Hence mgg) is trivial for £ > 2, and from (3.12) we have
n4(my,) + n_(my,) = dimA(¢p) N V. The Maslov index of a path A : [a,b] — L(n) with
only regular crossings is therefore

Mas(A,V;[a, b)) = —n_ (mgy) + Z sign (my,) + ng (my) , (3.14)
to€(a,b)

as per [ , §2] (modulo the convention at the endpoints).
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We will encounter three types of non-regular crossings for paths A : [a,b] — L(n) in our
analysis. The first is a simple interior crossing ty € (a,b) for which the first and second
order forms are zero, and the third order form is nondegenerate. In this case

Mas(A, V;[to — e,to +¢]) = signmgg). (3.15)

The second is a two-dimensional interior crossing for which the first order form is degenerate
but not identically zero, the second order form is degenerate, and the third order form is
nondegenerate. In this case

ny () + (@) + e (@) 0@ = dim A(t) NV, (3.16)

and the contribution of the crossing to the Maslov index of the path is
Mas(A, Vi [to —e,to+¢]) = s1gnm§ )+ &gnmﬁi’). (3.17)

The final type of non-regular crossing is one occurring at the initial point ty = a, for which
the first order crossing form is identically zero and the second order form is nondegenerate.
In this case Wy = W1 = A(to) NV, and from Definition 3.3 we have, for € > 0 small enough,

Mas(A, V;[a,a +¢]) = —n_(m{?), (3.18)
just as in [ , Proposition 4.15] and | , Proposition 3.10].

We summarise the important properties of the Maslov index for the current analysis in the
following proposition, as in | , Lemma 3.8] (see also | , Theorem 2.3]).

Proposition 3.4. The Maslov index enjoys the following properties:

(1) (Homotopy invariance.) If two paths A1, As : [a,b] — L(n) are homotopic with
fizxed endpoints, then

Mas(A1, V; [a,b]) = Mas(Ag, Ao; [a, b]). (3.19)
(2) (Additivity under concatenation.) For A(t) : [a,c] — L(n) and a < b < ¢,
Mas(A, V; [a, c]) = Mas(A, V; [a, b]) + Mas(A, V; [b, c]). (3.20)

(3) (Symplectic additivity.) Identify the Cartesian product L(n)x L(n) as a submanifold
of L(2n). If A = Ay @ A2 : [a,b] — L(2n) where A1, Ay : [a,b] — L(n), and
V =V, @ Vo where Vi, Va € L(n), then

Mas(A, V; [a, b]) = Mas(A1, V1; [a, b]) + Mas(Asg, Va; [a, b]). (3.21)
(4) (Zero property.) If A : [a,b] — Ti(V) for any fixed integer k, then
Mas(A, V; [a,b]) = 0. (3.22)

We will call a crossing t = ty positive if

S e mP V) = dimA(to) NV, (3.23)
k>1

and negative if
S s (mP V) = dimA(to) N V- (3.24)
k>1

In light of Definition 3.3, if ¢y is a positive interior crossing, or a positive crossing at the
final point ¢y = b, then it contributes dim A(tp) NV to the Maslov index. Similarly, if ¢y
is a negative interior crossing, or a negative crossing at the initial point tg = a, then its
contribution is — dim A(¢p) N V. Note, however, from (3.11), that with this convention, the
final crossing to = b may still contribute dim A(b) N V' if it is not positive, and the initial
point tgp = a may still contribute —dim A(a) NV if it is not negative.



16 MITCHELL CURRAN AND ROBERT MARANGELL

Remark 3.5. In Section 4, we will need to make use of the robustness of one dimensional
sign-definite crossings. Suppose then ty € [a,b] is a one-dimensional crossing, i.e. A(ty) €
T1(V). If ty is positive or negative, then the lowest nonzero crossing form is of odd order,
and the order of intersection of the curve ¢ — A(t) with the codimension-one submanifold
T1(V) is also odd. It follows that the crossing will persist under small perturbations in the
train 7 (V). Hence, in a neighbourhood of ¢y, A will cross nearby trains 7 (W) transversely
and in the same direction, for all W sufficiently close to V.

3.2. The Maslov index for Lagrangian pairs. Suppose now that we have a pair of
Lagrangian paths (A1, Ag) : [a,b] — L(n)x L(n), or a Lagrangian pair. Using the symplectic
additivity property of Proposition 3.4, it is possible to define the Maslov index of such an
object (as in | , , |), where crossings are values to € [a,b] such that
A1 (to) N Aa(to) # {0}. Preclsely7 one realises the Lagrangian pair as the path A; © Ag in
the space £(2n) of Lagrangian planes of R4" equipped with the symplectic form

Q((ul,uz)T, (vl,vg)T) = w(uy,v1) — w(uz,v2), uy, u2, v1, vg € R2. (3.25)

Crossings of the pair then correspond to intersections of the path A; @ Ag : [a,b] — L£(2n)
with the diagonal subspace A = {(z,7) : z € R*"} C R*. The Maslov index of the pair is
then defined by

Mas(Aq, Ag; [a, b]) :== Mas(A1 & Ag, A; [a, b]). (3.26)
The right hand side of (3.26) is computed with Definition 3.3, using the symplectic form
(3.6); doing so leads to the following definitions, as in | , Exercise 5.18]. A mapping

(w1, ws) : [to — &, t0 + €] — R¥™ x R?™ ¢ > 0, will be called a root function pair for (A1, As)

att =1y if w1 (t) S Al(t),wg(t) S Ag(t) c Ag(t) and wl(to) = ’wg(to). The order of (wl, wg),

ord(wy,we) is the smallest positive integer k such that wgk) (to) # wék) (to). We then define
Wi (A1, Ag, tg) == {wp : 3 a root function pair (wq,ws) for (Ag, Ag)

3.27
with ord(fwl,wg) > k and wl(to) = ’wg(to) = 'wo}, ( )

and when the choice of ¢y is clear we simply write Wi(A1,A2). As in (3.3), we have
Wii1 (A1, Ao, tg) C Wi(A1, Ao, tg) for B > 1 and Wi = Aq(to) N As(tg). The kth-order
relative crossing form is then the quadratic form
mi) (A1, Az)(wo) = p co(uwn (), wo)| = Treo(uwn(t), wo)
dt t=to dt

= w(wg )(to) - wgk) (to), wo),
for wo € Wy (A1, A2), where (wy,ws2) is any root function pair for (A;,As) at to with
ord(wy,we) > k. Analogous to (3.5), we have Wi(A1,As) = kerm(k )(Al,AQ). Using
(3.28) in Definition 3.3 thus computes the Maslov index of the pair (Al, As); in the case

that Ae = V is constant, the computation reduces to the Maslov index of the path A; with
respect to the reference plane V' described in Section 3.1.

‘t:to’ (3.28)

The Maslov index is invariant for Lagrangian pairs that are stratum homotopic; we give a
proof of this fact below. The corresponding result for single paths can be found in | )
Theorem 2.4]. Suppose the pairs (A1, A2) : [a,b] — L(n) and (A1, A2) : [a,b] — L(n) are
stratum homotopic, i.e. there exist continuous mappings Hy, Hs : [0, 1] x [a, b] — L(n) such
that

Hy(0,-) = A1), Hj(0,-) = Aa(+)

Hl(lv') :Al(')7 H2(17') 2(')7

=A
for which dim(H;(s,a) N Ha(s,a)) and dim(H1(s,b) N Ha(s,b)) are constant in s € [0, 1].
We then have the following.
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Lemma 3.6.
Mas(A1, Ag; [a, b]) = Mas(Ay, Ag; [a, b]). (3.29)

Proof. Consider the continuous mapping H = Hy @ Hs : [0,1] X [a,b] — L(n) x L(n). By
continuity of H and homotopy invariance (i.e. property (3) of Proposition 3.4), we have
Mas(H (0, -), A; [a, b]) + Mas(H(-, b), A; [0, 1])
- MaS(H(la ')7 A; [CL, b]) - MaS(H('v (I), A; [07 1]) =0. (330)
Using (3.26) we have
Mas(H (0,-), 2; [a,b]) = Mas(Aq, Ag; [a,b]),  Mas(H(1,-), A;[a, b]) = Mas(A1, Ag; [a, b]).

By assumption dim (H(-,a) N A) = dim (H1(-,a) N Ha(+,a)) and dim (H(-,b) N A) =
dim (H;(-,b) N Ha(-,b)) are constant, so by property (4) of Proposition 3.4 the Maslov
indices of the second and fourth terms in (3.30) are zero. Equation (3.29) follows. O

3.3. The Maslov box. We first discuss the regularity and Lagrangian property of the
stable and unstable bundles. Recall E*(z, A\) and E¥(z, A) defined in (2.12) for z € R and
A € R. We extend E® and E* to x = o0 by setting

E*(+00, A) = S(N), E*(—00,A) = U(A), (3.31)
and
E*(—o0,\) == mli}r_nooE (x, N, E¥(+00,A) = EEIEOOE (x, \). (3.32)

Thus by (2.13), E® and E* are continuous on (—oo, 00| x R and [—o00,00) X R respectively.
Furthermore, since the right hand side of (2.2) is analytic in A and z, it follows that the
solution spaces E® and E* are analytic on (z,A) € R x R (note that x = o0 is excluded).
We remark here that the mapping

A E¥(+00,\) = lim E%(z;\) (3.33)

T—r00

is discontinuous at eigenvalues A € Spec(NV). Indeed, if A ¢ Spec(N), then E*(+o0, \) =
U()) (again as points on the Grassmannian Gry(R®)), while if A € Spec(N) is an eigenvalue
then E*(400, ) NS(A) # {0}, i.e. E*(400,A) € T(S(N)). Now since U(X) € To(S(N)), and
To(S(N)) is an open subset of £(n) with boundary 7 (S())), it follows that U(\) is bounded
away from 7 (S(A)). For more details see the Appendix in [ .

Remark 3.7. The Maslov index is defined for Lagrangian paths over compact intervals.

Following | | we will sometimes compactify R via the change of variables
1+7
=1 € |-1,1]. 3.34
s=w(150). relna (334
(Similar transformations are used in | , |.) Notationally we will use a hat to
indicate such a change has been made, for example,
~ 1
E>Y(r,-) == E> (ln <1 + T) ,-) , T€[-1,1]. (3.35)
-7

In this case, (3.31) implies that E¥(—1,A) = U(A) and E(1, A) = S(A).

Lemma 3.8. The spaces E%(z;\) and E*(x;\) are Lagrangian subspaces of R® for all
x € [—o0,00] and A € R.
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Proof. First, recall that dimU(\) = dimS(\) = 4 (we showed in (3.31) that A, (\) is
hyperbolic with four eigenvalues of positive real part and four of negative real part.) It
follows from the continuity of E* on [—00,00) X R that dimE"(z, \) = 4 for all (z,\) €
[—00,00) X R. A similar argument shows dimE®(z, A) = 4 for (z,\) € (—o0, 00| x R.

Next, for x € R, let wy(z; X)), wa(z; \) € E¥(z; X). We have:
w(wi(z; N), wa(z; A)) = (Jwi(z; N), wa(z; A)),
rod
= [ Sl wasi s,

= /m (JA(s; \)wi(s; X)), wa(s; ) + (Jwi(s; N), A(s; A)wa(s; A))ds,

—0o0

:/$ <(A(S;)\)TJ—|—JA(S;)\)) W1(5;)\),W2(5;)\)>d5,

—00

0,

where we used (2.14), i.e. that A(z;\) is infinitesimally symplectic. The proof for E*(x; A) is
similar, but the integral is taken over [z, 00). We have shown that E* and E® are Lagrangian
on R x R. That this property extends to x = +oo follows the closedness of L(n) as a
submanifold of Gr,, (R?"). O

We are now ready to give the homotopy argument that leads to the lower bound of Theo-
rem 1.2. We consider the Lagrangian pair

I's (z,A) — (E¥(z,\),E3(L,N)) € L(4) x L(4), (3.36)
where £ > 1 needs to be chosen large enough so that
U\ NE*(xz,\) = {0} forall z=>¢ (3.37)
(see Remark 3.9). Here I' =T’y UT's UT'3 UTy, where the I'; are the contours

I:ze[-o0, ], A\=0, T3:2€[-00,¢, A= oo,

Totx=4, N€[0, ], Tu:ax=—-00, A=X€[0,\], (3:38)
in the Az-plane (see Fig. 1). The set I' has been dubbed the Maslov boz | , 1,
and the associated homotopy argument (outlined below) can be seen in as far back as the
works of Bott | ], Edwards | ], Arnol’d | | and Duistermaat [ ]. Notice
that along I'; and T's, the second entry E*(¢, \) of the image of the map in (3.36) is fixed.
The Maslov index of (3.36) along these pieces thus reduces to the Maslov index for a single
path with respect to a fixed reference plane. Along I'y and I'y, however, we have a genuine
Lagrangian pair.

Crossings of (3.36) are points (z,A\) € I' such that
E“(z,\) NE*(¢,\) # {0}.

Recalling that A is an eigenvalue of N if and only if E%(x,\) N E%(x,\) # {0} for all
x € R, it follows that the A-values of the crossings along I'y (where zz = ¢) are exactly the
eigenvalues of N. In particular, since 0 € Spec(V) there will be a crossing at (z, ) = (0, ).
From Hypothesis 1.1 we have ker(L_) = span{¢} and ker(Ly) = span{¢'}. Denoting the
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corresponding solutions of (2.2) by
0 ¢"(x) + 020/ ()
¢"(x) + o20(2) 0
0 ¢'(z)
— —¢(x) 0
—¢/(z) 0
0 ¢////<x)
(b///(x) O
(obtained from (2.1) with v = ¢ and u = ¢’ respectively), we therefore have
E*(z;0) NE*(x;0) = span{¢(z),p(z)} for all z € R. (3.40)

Remark 3.9. That the path (3.33) is discontinuous in A prohibits taking I's to be at
x = 4oo. Taking I'y to be at x = ¢ for ¢ large enough avoids this issue. Chen and
Hu | | showed that by taking ¢ large enough so that (3.37) holds, the Maslov index of
(3.36) along I'; is independent of the choice of ¢. For more details, see | , ].

Crossings along I'y, i.e. points (z, \) = (29, 0) such that

E*(z0,0) NE*(£,0) # {0}, (3.41)
are called conjugate points. Recall that when A = 0 the eigenvalue equations (1.14) decouple
to give Lyu = 0 and L_v = 0. Similarly, the first order system (2.2) decouples into two
independent systems for the v and v variables. In Section 4 the eigenvalue problems for the
operators L and L_ will be written as first order systems; the stable and unstable bundles
for the Ly system will be denoted by Ef (x, \) and EY (x, \), respectively, while the stable

and unstable bundles for the L_ system will be denoted by E*"(x, \). As a result of the
decoupling at A = 0 we have

E“(x,0) = EY (x,0) ® E¥ (x,0) and
for all z € R, so that

{r e R:E*(z,0) NE*(£,0) # {0}} =
{x e R:EY(z,0)NEL(¢,0) # {0}}U{z e R:E%(x,0) NEZ(£,0) # {0}}. (3.43)

(The precise notion of the direct sums in (3.42) will be given in Section 5.) When dealing
with conjugate points, we will see that it suffices to use the stable subspace S(0) (instead
of E*(¢,0)) as the reference plane to do computations. That S(0) = S (0) & S_(0), where
S+ (0) is the stable subspace of the asymptotic first order system for the eigenvalue problem
for L4, leads to the following classification of conjugate points.

E*(z,0) = Ef (x,0) ® E® (z,0) (3.42)

Definition 3.10. An L conjugate point is a point (x,\) = (x0,0) such that EY (xo,0) N
S4+(0) # {0}. An L_ conjugate point is similarly defined via E" (z,0) NS_(0) # {0}.

Since the solid rectangle M = [—o00, ] x [0, Ax] is contractible and the map (3.36) with
domain M is continuous, the image of the boundary OM = T' of M in L(4) x L(4) is
homotopic to a fixed point. From homotopy invariance (Proposition 3.4), it follows that

Mas(E%(-, -), E*(-,-);T) = 0. (3.44)

By additivity under concatenation, we can decompose the left hand side into the contribu-
tions coming from the constituent sides of the Maslov box, i.e.

Mas(E“(-,0),E*(¢,0); [—o0, £]) + Mas(E“(¢,-),E*(¢,-); [0, Aso])

~ Mas(E%(-, Aoo), B (€, Ao ): [—00, €]) — Mas(E¥(—o00, -}, E5(£, ); [0, Aoc]) = 0. (3.45)
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real eigenvalues of N

l ® °
Iy
conjugate no
points Fl F?’ crossings
0 Ao
L'y

—OO‘

no crossings

Figure 1. Maslov box in the Az-plane, with edges oriented in a clockwise fashion. The
crossing at the top left corner (0, ) corresponds to the zero eigenvalue of N. Noting that
A € R is a spectral parameter, and therefore lives on the real axis in C, it is natural to
place A\ on the horizontal axis.

Note we have included minus signs for the last two terms in order to be consistent with the
clockwise orientation of the Maslov box (see Fig. 1). We will show in Section 5 that in fact
these last two Maslov indices are zero. Defining

¢ := Mas(E¥(-,0), E*(£,0); [ — &, €]) + Mas(E¥(¢, ), E*(4,-):[0,€]), O<e<1, (3.46)

to be the contribution to the Maslov index of the crossing (z,A) = (¢,0) at the top left
corner of the Maslov box, it follows once more from additivity under concatenation that

Mas(E(-,0), E*(£,0); [—00, £ — £]) + ¢ + Mas(E*(£, -), E5(€,); [£, Aoo]) = 0. (3.47)

We will compute the first term of (3.47) by counting L, and L_ conjugate points. By
bounding n4 (N) from below by the absolute value of the third term in (3.47), computing ¢
and rearranging, we will arrive at the statement of Theorem 1.2. Before doing so, we turn
to the computation of the Morse indices of L and L_ via the Maslov index.

4. SPECTRAL COUNTS FOR L4 AND L_ VIA CONJUGATE POINTS

In this section we focus on the spectral problems for the fourth-order selfadjoint operators
Ly and L_. Specifically, we prove that the Morse index of each operator is equal to the
respective number of conjugate points on R. Similar results for certain classes of selfadjoint
fourth order operators may be found in [ , ]

Theorem 4.1. The number of positive eigenvalues of Ly is equal to the number of L -
conjugate points, counted with multiplicity, on R:

P =) dim (E%(z,0)nS(0)). (4.1)
zeR
A similar assertion holds for L_.

We will prove the proposition using a homotopy argument involving the Maslov box, similar
to that described in Section 3.3. We will focus primarily on the spectral count for L, ; the
spectral count for L_ follows similarly with minor adjustments. In order to set the argument
up, we introduce the first order systems for the L, and L_ eigenvalue problems and their
associated stable and unstable bundles. In what follows, we use a subscript + or — to
indicate that objects pertain to the eigenvalue problem for L or L_.
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The eigenvalue equation for L,
— " — oou” — Bu + 3¢%u = u, u e HY(R), (4.2)

can be reduced to the following first order system via the u substitutions in (2.1),

!/

ul 0 0 () 1 ul
(%) . 0 0 1 0 us
us o 1 —02 0 0 us ’ (4.3)
Ug —oy a(x)—A 0 0 Uy
where a(z) = 3¢(x)? — B+ 1. Similar to (2.2), we write this system as
u, = A (z, M)y, (4.4)

where u = (u1, Uz, U37U4)T and

A+(x’)‘):<0+((;:,)\) Bo+>> B+:<U12 (1)> C+($’A):(—};2 a(;)UEA)

Likewise, the eigenvalue equation for L_,
— 0" — o — Bu + $*v = I, ve HY(R), (4.5)

can be reduced to the following first order system via the v substitutions in (2.1),

!/

V1 0 0 —09 1 U1
() o 0 0 1 0 V2
V3 o -1 —02 0 0 V3 (4'6)
V4 —092 77(.7}) + A 0 0 V4
where n(r) = —¢(x)? + 3 — 1. We write this as
vy = A_(z,\)v, (4.7)

where v = (v, v, v3,v4) " and

0 B_ —09 1 -1 —09

Az, 4) = <C_(x,)\) 0 ) » B-= ( 1 0)’ C-(z,4) = (—02 n(x) —i—)\) ’
The coefficient matrices A4 (z, A) are infinitesimally symplectic, satisfying equation (2.14).
In order to be consistent with (2.2) at A = 0, we have used the same substitutions (2.1)
to reduce (4.2) and (4.5) to (4.3) and (4.6) respectively. Consequently, A appears with
a different sign in (4.3) and (4.6), due to the substitutions for uy and us in (2.1) having
different signs to those for vy and vz in the same equation. This will be the reason for the
difference in sign of the Maslov indices in Lemma 4.2.

Under the assumptions (1.10),(1.11), for all A lying outside of the essential spectrum in
(2.10), the asymptotic matrices
Ar(A) = lim Aq(x,N), A_(N) = hm A_(x, N,
T—Fo00

r—+oo

each have two eigenvalues with negative real part and two with positive real part. We denote
the associated stable and unstable subspaces by Si(\) and U () respectively. Reasoning
as in Section 3.3, associated with each of the systems (4.3) and (4.6) are the stable and
unstable bundles,

EY(z,\) = {£ € R*: £ = u(x; \), u solves (4.3) and u(z;\) — 0 as x — —oc},
S(x,\) ={€ € R : £ =u(z; \), usolves (4.3) and u(z;\) — 0 as  — 400}, (4.8)
EY (z,\) == {€ € R*: £ = v(2;\), v solves (4.6) and v(z;\) — 0 as © — —o0}, '
S(x,A) ={6 eRY: £ =v(x;\), v solves (4.6) and v(z;\) — 0 as  — +00}.
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When considered as points on the Grassmannian Gra(R?*), these bundles converge to the
asymptotic stable and unstable subspaces as follows,

zll}r_noo EY (z,A) = UL (N), mEI—ir-loo EZ (z,A) = Sy (N),
:(:EIEloo E® (z,\) =U_(N), xll)r_{loo E? (z,\) =S_(\).

That EY (2, A), E* (z, ), E5 (2, A), E® (x, \) are Lagrangian subspaces of R*, with the map-
pings (z,A) — EY (z, \) being continuous on [—0o,00) X R and (z, \) — E}*(z, A) analytic
on R x R, follows from the same arguments as in Section 3.3. We omit the proofs.

Let us now consider the path
IS (2, ) o (Y (2,0, E5 (4 0) € £(2) x £(2), (4.9)

where I' is given in (3.38) (see Fig. 1). Crossings of (4.9) along I'y now represent eigenvalues
of L. Homotopy invariance and additivity under concatenation implies that

Mas(EY, (-, 0), ES (¢, 0); [~oc, €]) + Mas(EY (¢, ), EY (£, [0, Asc])
- Ma’S(Ei(W )‘OO)?Ei(Ev /\oo); [—OO,E]) - Mas(]Ei(_oQ ')7 Ei(& '); [07 )‘oo]) =0. (4'10)

To prove Theorem 4.1, we will show that the last two terms in the right hand side of (4.10)
are zero, and that every crossing along I's is positive. We also show that along I';, we can
interchange the reference plane E?% (¢,0) with S;(0) over a modified interval, i.e.

Mas(EY (-,0),E% (¢,0); [—00,]) = Mas(EY (-,0),S4(0); [-00, 00]), (4.11)

and that all crossings of the latter path are negative. By showing that the corner crossing
(x,\) = (¢£,0) has two contributions (the arrival along I'; and departure along I'y) to the
Maslov index of the path (4.9) that cancel each other out, Theorem 4.1 will then follow.
The proof for the L_ problem will be similar.

4.1. Computing the Maslov index along I';. In order to compute the right hand side
of (4.11), we will need a real frame for S4 (0) with which we can compute crossing forms. To
that end, note that the asymptotic matrices A1 (0) satisfy Spec(A4(0)) = Spec(A_(0)) =
{:l:/J’la :IZMQ}’ where

Vo —V1-14P Voo +V1-14B

u1 = \/5 ) H2 = \@ .

Under assumptions (1.10), (1.11), we have po = g3 € C\R whenever 5 > 1/4 (for both

o9 = +1), and 1, p2 € R when oo = —1 and 0 < 8 < 1/4. The eigenvectors corresponding
to —pu; and —pug are given by

(4.12)

13 T 13 p?
-1 1 1 1

g s f— s a,nd mi g = 5 mo = y 4 13

P1 m P2 1o 1 i 2 — 112 ( )
T 13 T 13

so that
ker (A4 (0) + p;) = span{p;}, ker (A_(0)+ u;) = span{m;}, i=1,2. (4.14)

Notice that the vectors p;, m; for i = 1,2 are complex-valued if 8 > 1/4. We collect these
vectors into the columns of two frames, which we denote with 2 x 2 blocks P;, M;, i = 1,2,
via

AT AN

P -1 -1 My 1 1
= , = . 4.15
<P2> oo <M2> —p1 —p2 (4.15)

T uo s
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All of the matrices P;, M; are invertible under (1.10) and (1.11). Right multiplying each
frame in (4.15) by the inverse of its upper 2 x 2 block yields the following real frame for

Si(0)7
_ (1 _ 1 F1 o2 — /B
si=(s) 5= WG o (PRAVERTY - S
where S; = PPyt and S_ = MMt

An important relation exists between S1 and the blocks of the asymptotic matrix A4 (0)
that will be needed in our analysis. Define C'y(z) = C+(z,0). Focusing on the L, problem,
because the columns of the frame (Py, P,) are eigenvectors of A, (0), we have

0 B+ Py . P o B B
<C+ 0 > <P2> o <P2> D, D = dlag{ M1, /1«2}7 (4.17)
where
A _ : _ :tl —09

That is, B4 Py = P,D and C, P, = P,D. It follows that
Cy=PRD, P[' = (PP ") (PD P ) (PRP[Y) = S.B.S,. (4.19)

It can be similarly shown that

~

C_=S_B_S_, (4.20)

where C_ = limy 400 C— (x).

We are ready to state our first intermediate result towards the proof of Theorem 4.1: mono-
tonicity of the paths x — (E!(z,0),S+(0)). In what follows, (-,-) denotes the Euclidean
dot product.

Lemma 4.2. Fach crossing xo € R of the Lagrangian path x — (EY(x,0),S4(0)) is nega-
tive. Thus

Mas(EY (+,0),S+(0); [-00,00)) = — Z dim (EY (z,0) N S4(0)) . (4.21)
zeR
Similarly, each crossing x = 9 € R of x — (EE (z,0), S_(O)) is positive, and we have
Mas(E" (-,0),S_(0);[-00,00)) = » _ dim (E* (z,0) N S_(0)). (4.22)
z€eR

Remark 4.3. In the above lemma (and throughout), by having the domain of the La-
grangian paths z — (EY.(-,0),S4+(0)) as z € [—00, 00), we mean that 7 € [-1,1 — ¢] for the
compactified path 7+ Ei(T, 0) for some small € > 0 (see Remark 3.7). We emphasise that
the final point of the path, 7 = +1 (z = oc0), which is always a conjugate point because
EY (+00,0) € T1(S+(0)) on account of Hypothesis 1.1, is excluded.

Proof. We begin with the L problem. Denote a frame for the unstable bundle EY (z,0) by

U(z) = (gg;) . X(2),Y(z) € R, (4.23)

In what follows, x = zo € R is a conjugate point, i.e. E% (x9,0) NS, (0) # {0}, and we will
denote
Uy :=U(zg), Xo:=X(x0), Yp:=7Y(x0).

We momentarily assume the following.

Hypothesis 4.4. At every crossing zp € R, ¢(zg) # 0.
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We begin by computing the first order crossing form, i.e. (3.6) with = as the independent
variable and k = 1. To that end, recall from (3.3) that
Wi =EY (z,0) NS4 (0).
Any wy € W can therefore be written
X I
wo = Ughg = <}/(§)> ho = <S+> ko € Ei(l',()) N S+(0), (424)

for some hg, kg € R2. To compute the first order form, as in (3.13), we need to write down
U’(x0); since the columns of U(x) satisfy (4.3), we have

X'(z) =BiY(z), Y'(z)=Cy(2)X(2), (4.25)
(recall that Cy(x) = C4(x,0)). Now let us define
Gie) = Cy () — Oy = (8 3¢?$)2> | (4.26)

and recalling Cy from (4.18) and using (4.19), we observe that
Cy(z) — S4BLSt = (6+ + ar(l‘)) —81B. Sy =Cy(x). (4.27)

Letting ko = (ag,bo) ", and using (4.24), (4.25) and (4.27), we compute (3.13):

e (2 (0). 4 (0) o) = (U ) o) = { (g &) o, () o).
= {(V"(a0) — 8. X'(z0)) hoy ko)
= — ((C4(z0) — S+ B+S4) ko, ko) ,
= —C(20)ko = —3¢(x0)?b3. (4.28)

Under Hypothesis 4.4, we conclude that if there exist root functions w such that wy = S kg
where ko = (ao,bo)",bg # 0, then n_(my,) = 1. If, however, there exist root functions
w such that by = 0, then the form m,, is degenerate, and we need to compute higher
order crossing forms. We split the analysis into two cases; in what follows, we suppress
z-dependence of C to simplify the notation.

Case 1: dimE' (z0,0) NS4 (0) = 1.
Let s1,s2 denote the first and second columns of the frame S, given in (4.16). If for some
fixed ag and by # 0 we have

Wy = Ei (CEQ, 0) N S+(O) = span{a051 + boSQ}, (429)

then from (4.28) we see that n_(my,) = 1 = dimEY (z9,0) N S4(0), and the crossing zg is
negative. On the other hand, if

Wi = E{ (20,0) NS4(0) = span{s1 }, (4.30)
so that by = 0, then m,, = 0, and we need to compute higher order crossing forms. For the
rest of Case 1, we assume (4.30), so that the vector ko in (4.24) is given by ko = (ao,0) "
(where ag # 0 for a nontrivial intersection.)

Since the crossing form is zero on this (one-dimensional) crossing, we know from (3.5) that
Wy = kermy, = W) = span{s }. (4.31)
According to Lemma 3.2, assuming hg satisfies (4.24) with by = 0, i.e.

X I
Uoho = <Y((])> ho = (S+) ko, ko = <%0> ; (4.32)
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we now need to find a vector h; € R? such that

U'(w0)ho + Uohy = (if,gg;) ho + (‘%) hi € S4(0). (4.33)
Since (I, S4) is a frame for S4(0), this just means
Y’ (z0)ho + Yoh1 = S¢ (X' (z0)ho + Xoh1) . (4.34)
Thus, using (4.32), (4.25), and that
Ciko = S4B4Syko, (4.35)

(see (4.26), (4.27)), it follows from (4.34) that
(Yo — S+ Xo) b1 = — (Y'(20)ho — S+ X' (x0)) ho = —(Cy — S+ B84 )ko = 0. (4.36)
In order to write down hj, we first note from (4.32) that
(Yo — S4Xo) ho = 0. (4.37)

Next, we observe that E!f (z9,0) NS4 (0) = ker (Yo — S+ Xo), where the bijective correspon-
dence is given by hg <+ Ughg. To see this, note that any Ughg € EY (x9,0) is also in S (0)
if and only if Ypho = S+ Xoho, i.e. ho € ker(Yy — S+ Xp). Under our assumption (4.30), it
follows that dimker (Yp — S+ Xo) = 1. Hence, (4.36) and (4.37) imply that

h1 = ahy, a € R. (438)

We are ready to compute the second order form using Lemma 3.2. With W5 given by (4.31)
and hg, hy given by (4.32) and (4.38), we compute:

m{?) (EY (-, 0),54(0)) (wo) = w(U" (z0)ho + 2U' (o) b1, wo),
=G o ()1 12 G ) (5. ) )
= —{((Y"(z0) — S+ X"(20)) ho, ko) — 2 {(Y'(w0) — S+ X'(20)) h1, ko).  (4.39)
Differentiating (4.25) yields
X"(z) = By C1 X (z), Y"'(z) = C\ X (z) + CL B Y (2). (4.40)
Using (4.32), it follows that
X"(zo)ho = B1Cyko,  Y"(2z0)ho = C'yko + O By.Sy ko = Oy By S ko, (4.41)

where we used that

~ 0 0 a
o =G =5 sorahon) (5) =0 e
Using (4.41), the symmetry of Cy and S; B4S and (4.35), the first term of (4.39) becomes
—((Y"(20) = S+ X" (20)) ho, ko) = —(C1B4S+ko, ko) + (S+ B+ Ciyko, ko) ,
= — <S+B+S+B+S+]€(), k()> + <S+B+S+B+S+k)(), ]{30> =0.

For the second term of (4.39), using (4.25), the symmetry of C'y and Sy B;S5, (4.35) and
(4.36), we obtain

=2((Y'(w0) — S+ X'(20)) b1, ko) = =2 (Cy Xohi, ko) + 2 (S4B Yoha, ko),
= 2(S4 B+ (Yo — S+ Xo) h1, ko) = 0.
Hence both terms in (4.39), are zero, that is,

and we need to compute the third order crossing form.
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The last calculation shows that W3 = ker mg;%) = Wy = Wi. As per Lemma 3.2, assuming

ho and hy are given by (4.32) and (4.38), we need to find a vector hy € R? such that
U"(zg)ho + 2U'(x¢)h1 + U(zo)h2 € S4(0), that is,

Y (x0)ho + 2Y'(x0)h1 + Yoho = S, (X”(a;o)ho +2X'(zo)h1 + Xohz). (4.43)
Rearranging, this becomes
(Yo — S+ X0) ho = — (Y"(w0) — S+ X" (20)) ho — 2 (Y (20) — S+ X'(x0)) h1. (4.44)
Using (4.41), (4.25), (4.32) and (4.35) in the previous equation yields
(Yo — S+ Xo)he =—(Cy — S4B Sy)B+Stko + 2(S+ B+ Yy — Cy Xo)hs. (4.45)

With wg € Wy = Wy = Wi, and ho, hy and hg given by (4.32), (4.38) and (4.45), we are
ready to compute the third order form. Using Lemma 3.2, similar to (4.39) we arrive at

m{3(EY(-,0),S4(0))(wo) = w(U" (wg)ho + 3U”" (z0)h1 + 3U’ (20) h2, wo),
= —(Y"(x0) — S X" (z0)ho, ko) — 3 ((Y"(z0) — S+ X" (x0)) h1, ko) (4.46)
= 3((Y'(z0) — S+ X"(0)) ha, ko) - '
Differentiating (4.40) yields
X"(z) = B+C' X (z) + BLC4 B, Y (),
Y"(z) = C X (z) + 2C ByY (z) + C+ B4 C X ().
For the first term of (4.46), using (4.47) at xo, (4.32) and (4.35), as well as that C"/ ky =
C' ko = 0, we have
—(Y"(20) — S+ X" (z0)ho, ko) = — (C\ ko + 2C", B4 S ko + C1 B Cyko, ko)
+ (S B+C1B+S ko, ko),
= (S4B4+ (Cy — S1B1S+) By S+ ko, ko) . (4.48)
For the second term of (4.46), combining (4.40) at xo, (4.35) and C' kg = 0, we find that
=3{(Y"(z0) — S+ X" (20)) h1, ko) = —3(C+ B Yohy, ko) + 3 (S4+BLC Xohi, ko),
=3(S4 B4 (C+ X0 — S+ B4Yy) ha, ko),
=3(SyBy (Cy — S4B S4) Xohi, ko) (4.49)
+ 3(S4+B1S1 By (S+Xo — Yo) hu, ko),

(4.47)

= 0.
In the last line we used that hy € ker (Yy — S+ Xp), as well as that hy = ahg for some o € R
and hence Xghi = aXghg = akg, so that
(Cy —S+BSy) Xoht =a(Cy — S4BLS1) ko =0. (4.50)
For the last term of (4.46), using (4.25) and (4.45), we find that
=3{(Y'(w0) — S+ X'(20)) ha, ko) = =3 (Cy Xoha, ko) + 3 (S B4 Yoho, ko),
=3(S+B+ (Yo — S+ Xo) ha, ko),
= —3(54+ B+ (C4 — S4BLS1) BLS1 ko, ko)
—6(S+ By (CyXo — S+ B4yYp) hy, ko).

The second term of the last line is minus two times the quantity in (4.49), and is therefore
zero. Combining the first term with (4.48), we arrive at

(4.51)

_ 6age(wo)?

meo (L 0),8+(0))(wo) = =2(S1- B (C = S+ B4 S4) BeSyko, ko) = =57 — -
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It follows from our assumptions (1.10), (1.11) that 2v/3 — o2 > 0. Hence, under Hypothe-
sis 4.4, we have n_ (mgg?(’))) =1 =dimE% (x¢,0) NS4 (0), and the crossing is negative.

Case 2: dimE'f (z0,0) NS4 (0) = 2.

In this case, Wi = E%(x,0) = S4(0), and hence Uy and S, are frames for the same
Lagrangian plane. Therefore Uy = S; M for some 2 x 2 invertible matrix M, so that
Xo=M and

Yo = S+ Xop. (4.52)
Evaluating the first order form on Wy = EY (x,0) = S, (0), we already saw that n_(m,) =
1. Since kerm,, # {0}, we again compute higher order crossing forms; the proof is similar
to Case 1 with the following changes. For the second order crossing form, we have

W5 = ker my, = span{sj }. (4.53)

Since Yy = S; Xo, equation (4.36) indicates that any hy € R? will satisfy (4.33). With h;
free and hg given by (4.32), the computation of the second order crossing form is unchanged,
owing to (4.52). For the third order crossing form, we’ll have W5 = W, while using (4.52)
in (4.45) shows that
1
(S+B+Y() - C+X())h1 = 5(04_ - S+B+S+)B+S+k0. (454.)

We conclude that any hy € R? will satisfy (4.43), provided h; satisfies (4.54). With such
ho, h1, he, the computation of the third order form is similar; the first term of (4.46) again
gives (4.48), the last term of (4.46) vanishes due to (4.52) (see the second line of (4.51)),
while for the second term of (4.46) we now have, using (4.54),

-3 <(Y”(l’0) — S+X”(a;0)) hl, k0> = 3<S+B+ (C+X0 — S+B+Yb) hl, ]{70>,

3
2
Adding (4.48) and (4.55) together, we find

(S4+B+ (Cy — 84 B+S4) B1S1ko ko). (4.55)

” 1 3¢(x0)%ad
(B2 (,0),8,4(0)) () = 5 (S4B (G — S4By 4) By Sk hy) = — o)

)
Arguing as in Case 1, we conclude that n_(m,(v%)) = 1. Hence, n_(m%)) + n_(mg’))) =2=
dim EY (20,0) NS (0), and the crossing is negative.

The proof for the L_ problem is similar, the main difference being the change in sign of
the crossing forms. In particular, using the same arguments as those above show that the
first order crossing form is given by

me(EE(', 0)78—(0))(7”0) - = <(C— - S_B_S_)k‘[), k0> = (25(1'0)2()(2],

the second order form mfo) (E*(-,0),S_(0))(wp) = 0, while in the case of a one-dimensional
intersection the third order form is given by

m3) (B (-,0),S_(0))(wo) = =2(S_B_ (C_ —S_B_S_)B_S_k k>—M
wo 2 (+0),5- 0) = —5- (G = 5-B-5-) Boo-fo, Ro) = o
and in the two-dimensional case,
u 1 (x0)%a?
m@ (B (-,0),S-(0))(wo) = =5 (5484 (C4 = 54.B4.51) B+Syko, ko) = 2(25/%)_22)-

We omit the details. Thus, in all cases we have n_(my,)+n_ (mﬁ?) = dim EY (z0,0)NS4(0),
and the crossings are positive.



28 MITCHELL CURRAN AND ROBERT MARANGELL

If Hypothesis 4.4 fails, i.e. a crossing z is such that ¢(z) = 0, then the first order crossing
form is identically zero, and in Cases 1 and 2 described above, the third order form is also
identically zero. Thus, we need to compute higher order crossing forms. The complete
proof of monotonicity in this case is cumbersome, and we leave it to the appendix; see

Appendix A. d

Remark 4.5. Theorem 4.1 will also hold in the case of any power-law fourth-order NLS
equation, i.e. (1.21) for any p € N. In this case, L1 are given by

L= -0} 000> - B+ ¢%, Ly =-0%—090°— B+ (2p+1)p?,
and the crossing forms mgz) for k = 1,2,3 will be the same as those in the proof of Theo-
rem 4.1, but scaled by a positive constant, and with ¢(x)? replaced by ¢(z¢)?". The signs
are therefore preserved.

Our next task is to show (4.11).
Lemma 4.6. For { large enough, we have
MaS(Ei(W 0)7 Ei(& 0)7 [_007 f]) = MaS(Ei(‘v 0)7 S+(0), [—OO, OO]) (456)

A similar statement holds for the L_ problem.

Proof. We show that the Lagrangian pairs in the left and right hand sides of (4.56) are
stratum homotopic. To do so, it will be convenient to compactify R via the change of
variables in Remark 3.7. Thus, defining

~ 1
E}(r,0) = E}" <ln ( + T> ,O> , (4.57)

1—17
(4.56) is equivalent to
Mas(EY (-, 0), ES (7, 0); [~ 1, 7¢]) = Mas(EY.(,0), B3 (1,0); [-1,1]), (4.58)

where ¢ = In((1 + 7)/(1 — 7)), i.e. 77 = (e —1)/(e’ + 1), and we used that Ei(l,O) =
E% (400, 0) := S4(0) and Rescaling further, we can map [—1,1] to [-1, 7] via

ot = (5 )r+ (157,

where g(—1) = —1 and ¢(1) = 74. This allows us to write both Lagrangian paths in (4.58)
over [—1,1], i.e.

Mas(E (9(-), 0), B3 (77, 0); [~1,1]) = Mas(E% (-, 0), B3 (1,0); [~1,1]). (4.59)
To prove (4.59), we set
Ai(s,7) = B2 (m + (9(1) = 7)s,0),  As(s,7) = E5L(1 + (7 — 1)s,0), (4.60)

noting that A is independent of 7, and that both mappings (s, 7) — Aj (s, 7) are contin-
uous on [0,1] x [—1,1]. In addition,

~

Ai(s,—1) = E%(=1,0) = U (0),  Ag(s,—1) = E5(1 + (7 — 1)s,0),
where we used that g(—1) = —1. Since U+(AO) NE?% (x,0) = {0} for all x > ¢ (see (3.37))
and U4 (0) NS4 (0) = {0}, we have U4 (0) NES (7,0) = {0} for all 7 € [1,1], and hence
Ai(s,—1) N Ag(s,—1) = {0}
for all s € [0, 1]. Furthermore,

~

Ai(s,1) =E%(1+ (77— 1)5,0),  Aa(s, 1) = ES (1 + (77 — 1)s,0),
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and therefore

dimA(s,1) N Ag(s,1) =1
for all s € [0,1] by Hypothesis 1.1. Equation (4.59) (and thus (4.56)) now follows from
Lemma 3.6. O

Finally, we show that the crossings occurring at the final points of each of the paths in
(4.11) (guaranteed by Hypothesis 4.4) have the same contribution to their respective Maslov
indices. Hence, we can exclude the final point of each path in (4.11). This will complete
the computation of the Maslov index along I'j, i.e. the first term of (4.10). We note that
some care is needed when dealing with the final crossing of the pair z — (E4(z,0),S4(0)),
which is obtained in the limit as z — +o00. Lemma 4.2 therefore does not apply, since the
root functions used in the crossing form calculations either blow up to infinity or decay to
zero asymptotically.

Lemma 4.7. For ¢ > 0 small enough and ¢ large enough, we have
Mas(EX (-, 0), E5 (£, 0); [~00, £ — ¢]) = Mas(EX (-, 0), 8 (0); [-o,00)).  (4.61)

A similar statement holds for the L_ problem.

Proof. By additivity under concatenation (see Proposition 3.4), we can write (4.59) as
Mas(BY (9(), 0), B (74, 0); [~1,1 — e]) + Mas(BY ((), 0), B (74, 0)5 [L - e, 1])

~ ~ - ~ (4.62)
= Mas(EY (-,0),E% (1,0);[-1,1 — €]) + Mas(EY (-, 0), E? (1,0); [1 — €,1])

for € > 0 small. Hypothesis 1.1 implies that Ei(T, 0) € 71(1@1(7,0)) for 7 = 74,1, i.e. that
there exists a (one-dimensional) crossing at the final point of each of the paths

TN (Ei(g(T), 0), B3 (7, 0)) T (Ei(n 0), S+(0)) . rel-11]. (4.63)
Both of these crossings are isolated. Indeed, undoing the scaling by g one sees that the
first path 7 — E'%(7,0) is analytic at 7, < 1. On the other hand, isolation of the final
crossing of the second path in (4.63) follows from analyticity of 7 — IAEi(T, 0) for 7 €
(—1, 1), monotonicity of 7 — I@jr (7,0) with respect to 7 (S4(0)), and the fact that I/Eii (1,0)
approaches Sy (0) as 7 — 1~ (by assumption). Hence we can choose € > 0 small enough so
that 7 = 1 is the only crossing in the interval [1 — ¢, 1] for the paths in (4.63). With this
choice, we now claim that
Mas(EY (g(), 0), ES (72,0); [1 — &, 1]) = Mas(BY (-, 0), B3 (1,0); [1 —,1]) =0, (4.64)

i.e. that the conjugate points occurring at the final points of each of the paths in (4.63) do
not contribute to their respective Maslov indices. Assuming the claim, by (4.62) we have

Mas(@jr(g(), O)a Ej—(’rfa 0)7 [_17 1- 6]) = Mas(]@i(-, 0)7 Ei(17 0)7 [_17 1- 6])
Recalling Remark 4.3, this is exactly (4.61) (for a different but still arbitrarily small ).

It remains to prove (4.64). To that end, note that the paths 7 — Ei(g(T),O) and 7 —

I@i(T, 0) are arbitrarily close to one another: for any given ¢ > 0 small, we can choose
¢=1n((2—6)/0) so that 7, = 1 — §, in which case

o) -7l = (F57) 4 <6

1—7y

uniformly for 7 € [—1,1]. In addition, for large enough ¢ the trains T(I@j(rg,O)) and
T(S4+(0)) are arbitrarily small perturbations of one another. Since the final crossings
of (4.63) are both one-dimensional by Hypothesis 1.1, we conclude that the curves 7
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I/E\li(g(T), 0) and 7 +— IE:‘L (7,0) approach 7'1(1/@1 (1¢,0)) and T1(S+(0)), respectively, from the
same direction as 7 — 17. This proves the first equality in (4.64). It follows from Lemma 4.2

and Remark 3.5 that the crossing at 7o < 1 of the path 7 — (Ei(ﬂ 0), Ei (7o, 0)) is negative,

i.e. the crossing at 7 = 1 of the first path in (4.63) is negative. In line with Definition 3.3,
if the final crossing is one-dimensional and transverse, its contribution to the Maslov index
is —|—1Aif the pathAarrives at the train in the positive direction, and zero otherwise. Hence
Mas(IE% (g(-),0),E3 (7¢,0); [1 —€,1]) = 0, and (4.64) follows. The proof for the L_ problem
is similar. g

4.2. Computing the Maslov index along I's. In the following we prove monotonicity
of the paths A — (E% (4, X),E% (4, N)).

Lemma 4.8. Fach crossing of the path of Lagrangian pairs A — (EY (£, X),ES (4, X)) is
positive. Thus,

Mas(EY (4,), E3 (£, )2, Ac]) = P (4.65)

for e > 0 small enough. Similarly, each crossing of the path A — (E“ (£, \),E% (¢, )\)) is
negative, and we have

Mas(E® (¢,-),E% (¢,-); [e, \so]) = —Q. (4.66)

Proof. We begin with the statements pertaining to L. We proceed by computing the
(first-order) relative crossing form (3.28) at each crossing A = Ao, given here by

g (B (6, ), B (6, ) (o) = - o(pN) wo)]_y, — oV wo)l,_y,, (467

where wog € Wi(EY(¢,-),E5(4,-), Ao) = E% (¢, Ao) NES (£, Xo) and (p, q) is a root function
pair for (E%(¢,-),E5 (¢£,-)) with p(Ao) = q(Ao) = wp. We compute each of the terms on the
right hand side separately.

For the first, recall that p(A\) € E% (¢, ) for A € [A\g — €, Ao + €] with € > 0 small. From
the definition of EY (¢, \), it follows that there exists a one-parameter family of solutions
A = u(;A) to (4.3) satisfying u(z;A\) — 0 as x — —oo, such that u(4;A) = p(A) and
u(4; \g) = wo. Now

w(dil)\u(ﬁ, A),u(l, A)) = /ZOO O w(Ohu(x; N),u(x; N)) dz,

¢
= / w (Ox[Ar(z; Nu(z; N)], u(z; N)) + w(@au(z; A), Ay (z; Nu(a; N)) da,

—0o0

l
= [ lOn (A 3 0) X)) + (A3 ) O V), e V)
+w(@yulz: \), Ay (23 Nu(z: \) de, (4.68)

¢
B / w(@x (At (w3 ) u(z; A), u(w; A)

+ ([A (@ N) T + JA4 (2 N]0ru(@; A), ulz; A)) d,
¢
= / w(Ox (A (z; N) u(z; A),u(x; N)) de,

—0o0
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where we used that lim,_, o u(z;A) = 0 in the first line and (2.14) in the last line. Since

0 0 00
0 0 0O
0 -1 00
and u = (u1,ug,us,us) ', evaluating the last line of (4.68) at A = \g we have
d d ¢ )
ﬁw(p()‘)a wO) |)\:)\0 =w (au(& )‘)7 u(ﬁ, /\)) ‘)\:)\0 = /_oo UQ(:L‘; )‘0) dx. (470)

For the second term of (4.67), we consider q(\) € E5 (¢,)\) for A € [A\g — &, Ao + €] with
e > 0 small. For the same wy used to compute the first term of (4.67), there exists a
one-parameter family of solutions A — u(-; A) to (4.3) satisfying u(z; \) — 0 as z — 400,
such that u(4; A) = ¢(A\) and u(¢; \g) = wp. Arguing as previously, but now using the decay
at +o0o, we have

d _ _ * 9
7("'}((]()‘)3100)')\:)\0 = w(au(& A)vu(& /\))‘)\:)\0 = _/E UQ(:L';/\O) dx (471)
(where @ = (U1, s, U3, us) ). Importantly, by uniqueness of solutions we have u(-; \g) =
u(-; Ag), so that the integrands in (4.71) and (4.70) are the same. Therefore, (4.67) becomes

o

my, (EY (4, ), ES (4, ) (wo) = / uz(z; Mo)? dz > 0. (4.72)
Thus nq(my,) = dimEY (£, \o) N E5 (¢, \o), and all crossings are positive. It follows that
the Maslov index counts the number of crossings (up to dimension) of the Lagrangian pair
A= (EY(6,N),EL(, X)), X € [g, A, for € > 0 small enough. But this is precisely a count
of the number of positive eigenvalues of L up to multiplicity, i.e. equation (4.65) holds.

For the path X — (E“ (£, X),E? (¢,))), A € [0, A\s] the argument is similar, where now the
Maslov index counts, with negative sign, the number of crossings along I's. The sign change
results from the fact that A now appears with positive sign in the first order system (4.6),
so that

0000

0000
MNA_(z; ) = 000 0 (4.73)

0100
The associated crossing form will then be negative, and by similar reasoning equation (4.66)
holds. U

4.3. Computing the Maslov index along I's and I'y. The following lemma shows that
there are no crossings along I's and I'y.

Lemma 4.9. We have EY (z, A\oo) NE% (¢, \so) = {0} for all x € R, provided both Ao > 0
and £ > 0 are large enough. In addition, Uy(X) NE5(¢,\) = {0} for all A\ > 0 provided
£ >0 is large enough. Therefore

MaS(qu_(-, )\oo)v Ej—(& )‘oo)a [—OO, Z]) = MaS(U—F(')?Ef}—(& '); [Oa )\oo]) =0. (474)
Similar statements hold for the paths  — (E* (z, Ao), B2 (£, Ao)) and X — (U (X), E5 (¢, ).

Proof. The strategy of the following proof mirrors the one given in [ , §4] (see also
[ , 83 and §5.B]).
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For the first statement, we begin by noting that Spec(L.) is bounded from above. To see
this, note that we can write

Li=A+YV, A= —0ppza — 02022, V=-0+ 3(ZJ($)2, (475)

where dom(A) = H*(R), so that A = A* is selfadjoint and V is bounded and symmetric
on L%(R). It can be shown that A has no point spectrum, and moreover that Spec(A) =
Specess(A) = (—o00,1/4] if o9 = 1, and Spec(A) = Specess(A) = (—00,0] if 0 = —1.
Consequently, by virtue of | , Theorem V.4.10, p.291] we have

dist (Spec(L+ ), Spec(A)) < ||V, (4.76)

so that Spec(Ly) C (—oo,||V|]. It then follows that E%(¢,\) N E5 (4, A) = {0} for all
A> [V
Next, we claim that there exists a Ao > ||V|| such that

EY(z,A) 0S4 (A) = {0} (4.77)

for all z € R and all A > Ay. Once this is shown, it follows that there exists an £ > 1
such that
EY (2, Aoo) N ES (6, o) = {0} (4.78)

for all € R and all £ > /., because lim,; o ES (2,A) = S;(A). It remains to prove the
claim. We mimic the proof of | , Lemma 4.1]. Consider then the change of variables:

Yy = /\1/4x, up = uy, U= )\1/2’LL2, ug = /\1/4U3, Uy = )\71/4U4, (479)

under which the system (4.3) becomes

0 0 2
Lo 0 0 K t
u u
pm ﬂz =] 1 —% 0 0 ﬂi (4.80)
~ @ Y ~
“4 -2 (? ~1 0 o) \™
(recall that « (%%) = 3¢(4Lﬁ)2 —B+1). Taking y — 00, the asymptotic system for (4.80)
is given by
_ 0 0 o2 1\~
uy VA uy
d | 0 0 1ol |
awlm| =] o o of | (4.81)
Uy - % Sl 10 0) \ua

Denote the stable and unstable subspaces for (4.81) by S+ (A) and U4 ()) respectively, and
denote the unstable bundle of (4.80) by E% (y,A). Then, we have

EY (2, ) NS.(\) = {0} <= EX(\Y4z,0) NS, () = {0}, (4.82)

since from (4.79) one has Ei()\l/‘lx, A) = M-E*(z,\) and Sy (\) = M-S, (\), where M =
diag{1, \1/2, X1/, \=1/4} is nonsingular and “-” is the induced action of M on R*.

Both the nonautonomous system (4.80) and the autonomous system (4.81) induce flows
on Gry(R*), the Grassmannian of two dimensional subspaces of R*. For the flow associ-
ated with (4.81), it is known | ] that U, (\), the invariant subspace associated with
eigenvalues of positive real part, is an attracting fixed point. Thus, since £(2) C Gra(R?),
there exists a trapping region R C £(2) containing U, ()). By taking A large enough, we
can ensure that the flow induced by (4.80) is as close as we like to that induced by (4.81),

2
because ¢ <%%> /A — the nonautonomous part of (4.80) — is close to zero. It follows that



FOURTH-ORDER NLS AND THE MASLOV INDEX 33

R C L(2) is also a trapping region for (4.80). Furthermore, we can choose R small enough
such that VN Sy (A) = {0} for all V € R, uniformly for A large enough. To see this, note
that clearly S;(\) NUL(\) = {0}, while taking A\ — 400 in (4.81) yields

uy 0 0 0 1\ [m

dluw| [0 0 1 0f[a

dy lus | (1 0 0 Of |as|’ (4.83)
Uiy 0 -1 0 0/ \uu

which has stable and unstable subspaces §+m and ®+w with respective frames (I, —W)

and (I, W), where
1 /1 1
v ()

Thus, in the limit we also have §+Oo N ®+oo = {0}, so we can choose R as stated. Finally,
we note that if A > ||V|| so that A ¢ Spec(Ly), then by [ , Lemma 3.7] we have
limy—y00 INEi(y,/\) = U4(\). All in all, we conclude that for any A = Ay > V| large
enough, the trajectory Ei(, Aso) : [—00,00] = £(2), which starts and finishes at Uy (Aso),
will remain inside R and thus always be disjoint from §+(/\OO). This proves the claim.

For the second statement of the lemma, the facts that Up(A\) N Sy (A) = {0} and
limy 00 B (2, A) = S (A) imply that there exists an £p > 1 such that UL (A\) NE% (z,\) =
{0} for all & > ¢y. Taking ¢ > {; gives the result. O

4.4. Proof of Theorem 4.1. In what follows, we choose £ > 0 and Ay > 0 large enough
so that the statements of Lemma 4.9 hold.

Proof of Theorem 4.1. By homotopy invariance and additivity under concatenation, we
have
— Mas(EY (-, Aso), B3 (4, Ao )5 [—00,£]) — Mas(EYf (—o0, ), E5 (£,-);[0, \ss]) = 0. (4.84)
From Lemma 4.9 the third and fourth terms on the left hand side vanish. Again using the
concatenation property, we find that
MaS(Ei('a 0)7Ej-(£7 O)a [—OO, l— 5]) + MaS(Ei('a 0)7 Ei—(& 0)7 [6 - 574)
+ Mas(EY (¢, ), E3 (£, ); [0, ¢]) + Mas(EY (£, ), EL (€, -); [e, Asc]) = 0 (4.85)
where € > 0 is small. The second and third terms of (4.85) represent the contributions to
the Maslov index from the conjugate point (z, A) = (¢,0) at the top left corner of the Maslov

box in the x and A directions respectively. From (4.64), Lemma 4.8 and Definition 3.3 we
have

MaS(Ei('a 0)7 Ei(& 0)7 [5 - 576]) = MaS(Ei(& )7Ei(€7 '); [07 5]) =0. (486)
Lemmas 4.2 and 4.7 imply that
Mas(EY (-, 0),E5 (£, 0); [-00,£ — e]) = = > _ dim (B (2,0) N S4(0)) . (4.87)
z€eR

The previous three equations along with Lemma 4.8 now yield (4.1).

The proof for the Morse index of the L_ operator is similar. This time, crossings along I'y
are positive, while crossings along I's are negative. Arguing as we did for (4.64), we have

Mas(E (-,0),E? (¢,0); [¢ —e,0]) =1, (4.88)
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and from Lemma 4.8 and Definition 3.3 we have
Mas(E“ (¢,-),E% (¢,-);]0,¢]) = —1. (4.89)

The contributions (4.88) and (4.89) coming from the corner crossing (z,A) = (¢,0) thus
cancel each other out. Applying the same homotopy argument as we did for L, yields the
formula for ) in the proposition. O

5. PROOFS OF THE MAIN RESULTS

We now return to the computation of the Maslov indices appearing on the left hand side
of (3.45). After computing each, we provide the proofs of Theorems 1.2 and 1.6. We begin
with I'y.

Lemma 5.1. Mas(E*(-,0),E*(¢,0); [—00,¢ —¢]|) = Q — P, where ¢ > 0 is small.
Proof. Recall that when A = 0 the eigenvalue equations (1.13) decouple. Consequently, the

equations for the v and v components in the first order system (2.2) also decouple. Hence,
for each z € R,

E*(z,0) = B (2,0) & E" (z,0), (5.1)
in the sense that for any w € E%(x,0) we have
Ul 0
0 U1
U 0
0 )
W= 10| (5.2)
0 V3
Uy 0
0 V4

where u = (uy,uz,u3,ug)! € EY (2,0) and v = (v1,v2,v3,v4) " € E%(x,0). By the same
reasoning, for the reference plane we have
ES(£,0) = B3 (£,0) & E° (£,0). (5.3)
Now using property (3) of Proposition 3.4, we have
Mas(E*(-,0), E*(¢,0); [—o0, £ — €]) = Mas(EY (-,0), E% (¢,0); [—00, £ — €]) (5.4)
+ Mas(E* (-,0),E? (¢,0); [—00, £ —€]),

and the result follows combining equations (4.87) and (4.1) (and the accompanying state-
ments for L_). O

Next, we show that there are no crossings along I's and I'y.

Lemma 5.2. There exists {1 > 1 such that E*(z, Aoo) NE* (¢, A\so) = {0} for all x € R and
all £ > 01, provided Moo > 0 is large enough. Therefore, for all £ > {1,

Mas(E“(+, Moo ), E* (£, Moo ); [—00, £]) = 0.
In addition, UN)NE* (¢, \) = {0} for all A > 0 provided ¢ > 0 is large enough. Consequently,
MaS(U(')7ES(€7 )7 [07 /\OO]) =0.
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Proof. For the first assertion, note that N is a bounded perturbation of a skew-selfadjoint
operator, so that its spectrum lies in a vertical strip around the imaginary axis in the
complex plane. More precisely, we have that

o E S i 0 Orzzz + 0205y Sy 0 B—¢?
ZN - A + V’ A ! (_6mxwx - (726x:r 0 ) ’ V ! <_5 + 3¢2 07
B B B B (5.5)
where, with dom(A) = dom(N), A* = A is selfadjoint in L?(R) and V is bounded. Now
using [ , Remark 3.2, p.208] and | , eq. (3.16), p.272], we conclude that
¢ €Spec(A+V) = [Im(Q)| < V. (5.6)
By the spectral mapping theorem, Spec(iN) = i Spec(NV). It follows that
A € Spec(N) = [Re(N)| < [[V]|. (5.7)

Thus, for all A > ||V|| we have E“(¢, \) NE*(¢, \) = {0}.

The proof now follows from the same arguments used to prove the first assertion in Lemma 4.9.
Namely, via the change of variables (4.79) along with
51 = V1, 52 = )\1/2’02, 63 = )\1/41}3, 54 = )\_1/4’04 (58)

we can rewrite (2.2) as

2 0 10

t 0 —ooo 1| (@

v 0 L v

%1 1 0 00 gl
g '172 0 1 00 ,62
— 1= 1 0 -2 0 ~ (5.9)
dy u3 VA o u3

’[)3 0 _1 0 _\/X Q}3

~ )\ ~

V4 0 _072» 1 @ V4

A

Again, the flow of the associated asymptotic system is close to that of (5.9) for large A.
From the transversality of the four dimensional stable and unstable subspaces of the limiting
system of (5.9) as A — oo, i.e.

o 00 1 0\ [u;
Ol 0 000 1| (%
o 1 00 0f |
d | Dy 010 0f]
dy las| —[1 0 0 0 uz |’ (5.10)
§3 0 -1 0 0 0 §3
Ug 0O 0 01 Uq
o 0 0 10 Uy

one can show that there exists a Ay > ||V|| such that E¥(z, ) and S()) are transverse for
all z € R and all A > A\. Hence E%(x, \) and E®(¢, Ao ) are transverse for all x € R, ¢ > {o,
and A > Ay. The second assertion follows from the same arguments used to prove the
second assertion in Lemma 4.9. U

For the proof of Theorem 1.2, it remains to compute the contribution to the Maslov index
from the conjugate point (z, \) = (¢,0), i.e.

¢ .= Mas(E"(-,0),E*(¢,0); [¢ — €, £]) + Mas(E“(¢, -),E*(¢, -); [0, ¢]). (5.11)
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For the first term in (5.11), i.e. the arrival along I'1, again using property (3) of Proposi-
tion 3.4 and equations (4.86) and (4.88), we have

Mas(E“(-,0), E*(¢,0); [ — €, £]) = Mas(EY (-,0), E% (¢,0); [¢ —€,4])
+ Mas(E" (+,0),E* (£,0); [ — €, £]), (5.12)
=1.
For the second term in (5.11), i.e. the departure along I's, we compute crossing forms. To

that end, suppose A = Ag € [0, A\so] (not necessarily zero) is a crossing of the Lagrangian
pair A — (E“(¢, X)), E*(¢,\)). The first-order relative crossing form (3.28) is given by
u s d d
M, (E (ﬁ) ')vE (E, ))(wo) = aw(r()‘)v UJO)’)\:)\O - aw(s()‘)vwoﬂ,\:)\ov (513)

where wg € Wi(E“(¢,-),E*(¢, ), \o) = E*(£,\0) N E*(¢, o) and (r,s) is a root function
pair for (E“(¢,-),E*(¢,-)) with r(Ag) = s(Ag) = wp. As in the proof of Lemma 4.8, we
compute each of these terms separately. For the first, noting that r(\) € E“(¢,\) for
A € [Mo — &, + ¢, it follows from the definition of E*(¢,\) that there exists a one-
parameter family of solutions A — w(-;A) to (2.2), such that w(z;\) — 0 as x — —o0,
w(l; A) = r(X) and w(£; A\g) = wp. Thus

d d

() w0y, = w (Wl WEN) [y,

and a calculation similar to (4.68) with

04 O 00 01
EAA(w;A):(A; Oi > Ag = (0 1>®<1 o>’ (5.14)

_ T 1
and w = (uy, va, ug, Va2, U3, U3, Ug, v4) = yields

d l
aw(r()\),wo)h:/\o = —2/ uz (x5 Ao)va(z; Ao) da.

For the second term in (5.13) and the same fixed wy, associated with s(A) € E*(¢,\) is a
family of solutions A — w(-; A) to (2.2) such that w(z;\) — 0 as z — +oo, w(4; \) = s(\)
and w(£; \g) = wp. Arguing as for the first term of (5.13), but now using the decay at 400,
we have

Lt 56 9060

Using uniqueness of solutions as in the proof of Lemma 4.8, we conclude

= 2/ ’172(:13; )\0):52(%; /\0) dzx.
A=M\o ¢

oo

mag (E4(£, ), E* (£, -)) (wo) = —2 / s (: Ao )va(: Ao) da. (5.15)
—0o0

Remark 5.3. The form (5.15) is not sign definite, and therefore the Maslov index does

not afford an exact count of the crossings of the path A — (E*(¢,-),E*(¢,-)) for A € [0, Aso].

This will be the reason for the inequality (and not equality) (1.19) in Theorem 1.2.

We now evaluate the form (5.15) at A\g = 0, where Wy ((E*(¢,-),E5(¢,-),0) = E“(¢,0) N
E*(¢,0). Recalling (3.40), we have E*(¢,0) NE*(¢,0) = span{¢(¢),p(¢)}, where ¢ and ¢
are given in (3.39). Hence, it suffices to evaluate (5.15) on wy = @(£)k1 + ¢(¢)ko for some
ki, ks € R. Evidently, the family w(-;0) = w(-;0) described above is given by w(x;0) =
d(x)k1 + @(x)ka, so that us(x;0) = ¢/(2)k1 and ve(x;0) = —¢(2)ks. Hence

g (B (0 ) wn) = 2 [ (@) (0h) dr = ( /

—00 —0o0

[e.9] o0

d
%& dm) kiky =0, (5.16)

since ¢ € H*(R). That is, the relative crossing form my, in (5.13) is identically zero
at A\p = 0, and the conjugate point (¢,0) is non-regular in the A\ direction. Therefore,
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Wo(E¥“(¢,-),E*(4,-),0) = kermy,(E“(¢,-),E*(¢,-)) = E*(¢,0) N E*(¢,0), and we need to
compute higher order crossing forms.

To that end, in this case the second-order relative crossing form (3.28) at A\g = 0 is given
by
(2) g s d? d?
w2 (B (€,), () (wo) = —se(rN) wo)] o~ (s wo)ly_  (517)

where wg € E*(¢,0) NE*(¢,0) and (r,s) is a root function pair for (E*(¢,-),E*(¢,-)) with
r(0) = s(0) = wp and 7(0) = $(0). (Dot denotes d/dX.) For the first term of (5.17), we
again have a one-parameter family A — w(-; \) decaying to zero as x — —oo such that
w(l; A) =r(N) and w(/;0) = wg. Now

9 4
(@D wle) = [ oclOuwlas) wiei s,

l
= / w (O [A(z; N)w(z; N, w(zs A)) + w (Onaw(z; A), A(z; N)w(x; M) de,

—00

¢
= /_ w(Aa(z; w(z; A), w(z; A)) + 2w(Ax(z; A)Oaw (z; A), w(z; A))
+ w(A(z; )Onw (3 A), w(z; A)) + w (Oaw(w; A), A(z; A)w(z; A)) de, (5.18)

l
_ / (A N T 4+ JA(@; M)]oaw (@5 A), w(z; A))

—00

+ 2w(A\(z; A)Aw (23 A), w(z; A)) d,

14
= 2/ w(Ax(z; N)oaw (x; A), w(z; N))dx,
where we used (2.14) and Ayx(z; A\) = 0. Using (5.14) and evaluating at A = 0, we find
d? d?
T () wo) = w( Zow(E ), Wt V)|

¢
= —2/ ug(;0)0\v2(;0) + vo(z;0)0\uz(z;0) du. (5.19)
—00

For the second term in (5.17), we have a family A — w(+; A) decaying to zero as x — +00
such that w(¢; \) = s(\) and w(¢;0) = wp, and a similar argument to that used to arrive
at (5.19) shows

0

m{? (B (£, ), E(£,0))(g) = 2 /E h Ua(2;0)0\02 (25 0) + Do (a; 0)Onta (23 0) da. (5.20)

By uniqueness of solutions we have w(-;0) = w(-;0). Furthermore, since 7(0) = $(0),

Ow(£;0) =7(0) = $(0) = O w(£;0). (5.21)
Now, both 0\w(-;0) and d\w(-;0) solve the inhomogeneous differential equation
d
Ir (aAW) =A (a,\W) + A, (¢ ki+¢ kz) , (5.22)

obtained by differentiating (2.3) with respect to A and evaluating at A = 0, and using that
w(;0) = @ k1 + @ ka. (Note that ki, ko € R are determined by the fixed vector wg, where
wo = w(l;0) = ¢()k1+¢(£)ks2.) It follows from (5.21) and uniqueness of solutions of (5.22)
that indeed 0\w(z;0) = O\w(z;0) for all z € R. Collecting (5.19) and (5.20) together,
(5.17) then becomes

o0

m(AQO) (E“(4,-), E>(¢,-))(wo) = —2/ uz(x; 0)0\v2(x;0) + vo(z;0)Opua(z;0) de.  (5.23)

—00
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We need to understand the function dyw(-;0). Notice that it solves the inhomogeneous
equation (5.22) if and only if its third and fourth entries dyuz(-;0) and d\va(-;0) solve

Ozusa(+;0 z K
N (—%52((-;()))) - @gﬁ k12> | (5.24)
This follows from differentiating the eigenvalue equation (1.14) with respect to A, evaluating
at A = 0 and making the substitutions (as in (2.1))
Iu(-;0) = Arua(50), Mv(;0) = =0hv2(;;0), u(50) = ¢p ki, v(-50) = —Pka.
Both equations in (5.24),
—L_0\va2(+;0) = —¢5 k1,
LyOyuz(+0) = —¢ ko,
are solvable by virtue of the Fredholm alternative, since (¢, ¢) r2®) = 0 and hence ¢, €
ker(L_)* and ¢ € ker(L,)*. Denoting by ¥ and @ any solutions to

—L_v=¢, and Liu=¢ (5.26)
in H*(R) respectively (note the sign change in both equations from (5.25)), (5.23) becomes

m{ (B (£, ), E*(£, ) (wo) = 2 </_Z ¢xad$> K2 -2 </_: ¢adx> k2, (5.27)

recalling that us = ¢, k1 and vo = —¢ k.

(5.25)

Having computed the form, we count the number of negative squares. Using (3.18), and
defining 7; and 7y as in (1.18), we find that

0 Iy > 0,175 <0,
Mas(E*(¢,),E*(£,);[0,¢]) = —n_(m{?) = { =1 TiT, >0, (5.28)
—2 11<O7I2>0.
Recalling the definition of ¢ in (5.11) and using (5.12) yields the following.
Lemma 5.4. The value of ¢ is given by
1 Iy > 0,15 <0,
¢c=<0 175 > 0, (5.29)
-1 7, <0,Zy > 0.

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. By homotopy invariance and additivity under concatenation, we
have

Mas(E“(-,0),E*(¢,0); [—00, £]) + Mas(E“(¢, ), E*(¢,-); [0, Aso])
— Mas(E“(-, Aso), E* (¢, Ao ); [—00, £]) — Mas(E"(—o0, ), E*(4,-); [0, \ss]) = 0.
By Lemma 5.2 the last two terms on the left hand side vanish. Recalling the definition of
¢ from (3.46) and using the concatenation property once more,
Mas(E" (-, 0), E*(£, 0); [~50, £ — £]) + ¢ + Mas(E"(£, ), E*(£,-);[e, Aw]) = 0. (5.30)
Since the Maslov index counts signed crossings, the number of crossings along I's for A > 0
is bounded from below by the absolute value of the Maslov index of this piece, i.e.

np(N) > | Mas(E*(4,-), E*(£, ) [, Aso]) - (5.31)

Combining (5.30) and (5.31) with Lemma 5.1, the inequality (1.19) follows. The statement
of the theorem then follows from the computation of ¢ in Lemma 5.4. O
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Remark 5.5. In practice, it is more tractable to compute P and () via Theorem 4.1. Thus,
an alternate form of (1.19) is given by

ny(N) > > dim (B4 (2,00 NS4(0)) — > dim (E*(z,0)NS_(0)) —¢|. (5.32)
TeR zeR

We conclude with the proof of Theorem 1.6, for which we will need the following lemma. The
first assertion gives a sufficient condition for monotonicity of the Maslov index along I'y, and
is adapted from [ , Lemma 5.1]. The second assertion is given in | , Lemma
5.2].

Lemma 5.6. If L_ is a nonpositive operator, then each crossing A = Ao > 0 of the path
A= (E¥(¢,N),E5(£,\)) is positive. Moreover, in this case Spec(N) C R UiR.

Proof. If A = )\g is a crossing then the eigenvalue equations
— L_v = \u, Liu= v (5.33)

are satisfied for some 7,7 € H*(R). Notice that A\g > 0 necessitates that both @ and ¥ are
nontrivial.

Solving the first equation in (5.33) yields 0 = a¢ + v, for some a € R, where ker(L_) =
span{¢} and ¥, € ker(L_)*. Therefore

<L_17, 'D>L2(R) = <L_ (thb + @L), ap + {)L>L2(R) = <L_17L, 6L>L2(R) <0 (5.34)
because L_ is nonpositive and o, € ker(L_)*. Now analysing the crossing form (5.15) for
the path A — (E*(¢,\), E*(¢, \)), where vy = —0 and ug = @, we have

2 [ 2

my, (E“(4,),E*(¢,-))(q) = W ()\0 ug) vadx = —/\—0<L 0, 0) r2(r) > 0,

which was to be proven. The second statement may be proven using similar arguments as
in the proof of | , Lemma 5.1]. Namely, we can rewrite (1.14) as the selfadjoint
eigenvalue problem

(—L-|x )P IL I (L |x,) P w = Nw, (5.35)
where X, = ker(L_)*, II is the orthogonal projection in L?(R) onto X, (—L,]XC)1/2 is
well-defined because —L_ is nonnegative, and w = (—L_| Xc)l/ TIv. Tt follows that A2 € R.

For more on the equivalence of (1.14) with (5.35), see | , Lemma 3.21]. We omit
the details here. O

Proof of Theorem 1.6. If Q = 0 then it follows from Lemma 5.6 that

MaS(Eu(ea ‘)7E8(€7 )7 [87 )‘OO]) = 7’L+(N) (536>
for € small enough. Using this and Lemma 5.1 in (5.30), we obtain
ny(N)=P—-Q—c=1—c. (5.37)

For the evaluation of ¢, using (5.26) we can write

/ 6o Bz — — / (L_7) 7 da, (5.38)

so that if @ = 0 then Z; > 0. An argument similar to (5.34) shows that in fact Z; > 0.
Lemma 5.4 now yields the value of ¢. In particular, if Zo > 0, then ¢ = 0 and ny(N) = 1.
On the other hand, if Zy < 0, then ¢ = 1 and ny(N) = 0; by the second assertion of
Lemma 5.6, this means Spec(V) C iR. O



40 MITCHELL CURRAN AND ROBERT MARANGELL

6. APPLICATION: SPECTRAL STABILITY OF THE KARLSSON AND HOOK SOLUTION

In this section we apply our theory to confirm the spectral stability of the Karlsson and

Ho66k solution (1.8), i.e.
3 T
— he [ —— 6.1
oxu(x) =1/ 10 sec <2\/5>’ (6.1)

which solves (1.5) for § = 4/25,09 = —1. Note that in this case Specess(L+) = (—00, —4/25).
While orbital stability was proven in | ], the following serves to showcase how our an-
alytical results may be implemented for a given standing wave.

In Fig. 2, we have plotted the set of points in the Az-plane where the unstable bundle non-
trivially intersects the stable subspace of the asymptotic system for each of the eigenvalue
problems for L; and L_. More precisely, for L, problem we have the following construc-
tion (the construction for the L_ problem is similar). We denote the eigenvalues of the
A-dependent asymptotic matrix Ay (A) by {Zu1(A), £u2(N)} and the corresponding stable
and unstable eigenvectors by p12(A) and u 2(\) respectively, so that for ¢ = 1,2,

ker (A (A) + pi(A)) =span{pi(A)},  ker (AL (A) — pi(A)) = span{q;(\)}

(similar to (4.12)—(4.14)). Collecting the vectors s; 2 in the columns of a 4 x 2 frame and
right multiplying by the inverse of the resulting upper 2 x 2 block yields the following real
frame for S; (),

I x
<S+(A)>, S, (A\) € R#*2, (6.2)

Next, we require a frame for the unstable bundle, suitably initialised. Making similar
manipulations as above on the scaled unstable eigenvectors e #1 My (X), e #2(MNluy(N)
yields a real frame for the unstable subspace, which we denote by

I x
<U+(A)>, Ui (X € R, (6.3)

A frame for the unstable bundle is then given by solutions to (4.3) initialised at (6.3).
We denote this frame by Uy (z, ) = (X1 (z, ), Y (2, A)). The eigenvalue curves are then
given by the locus of points (A, x) such that

det <§Ié§ AA)) Sf( A)> = det(Sy (N Xy (3, A) — Yy (2, A)) = 0, (6.4)
see Fig. 2. (The name follows from the fact that each point (A, ) on such curves represents
an eigenvalue \ of the operator L. with domain dom(Ly) = {u € H*(—00,s) : (u”"(s) +
oau(s), Fu(s), Fu'(s),u"”(s)) € St (A)}.) The intersections of the eigenvalue curves with I'y
(where A = 0) thus represent conjugate points, while the crossings along I'y (where z = /)
represent the eigenvalues of L.

Remark 6.1. Strictly speaking, as per our analysis we should be using Ef (z, ¢) for some
large ¢ as our reference plane. However, for the purposes of graphical illustration, it suffices
to use S4 (), the train of which is an arbitrarily small perturbation of the train of E (z, ¢)
(for large enough ¢.)

From Fig. 2, we conclude that there is one conjugate point for the L, problem, while there
are none for the L_ problem (the eigenvalue curve in each subfigure which is asymptotic to
A = 0 never crosses A = 0). Theorem 4.1 correctly predicts the number of crossings along
I’ in both cases, i.e. P =1,Q = 0. By Theorem 1.6, spectral stability of the Karlsson and
Ho66k solution is thus determined by the sign of Z. Using the theory developed in | 1,
it was shown in [ , Remark 4.6] that Zy < 0. Hence ¢y is spectrally stable.
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(a) L4+ eigenvalue curves. (b) L_ eigenvalue curves.

Figure 2. L, and L_ eigenvalue curves and Maslov box for the Karlsson and Hook
solution ¢xu, where 8 = 4/25, 02 = —1 and £ = 7. In both cases, an eigenvalue curve is
asymptotic to the line A = 0 (but never crosses).

7. CONCLUDING REMARKS

Theorem 1.2 remains true for pure quartic solitons, i.e. standing wave solutions to (1.1)
with B2 = 0. In this case, non-dimensionalising (1.1) with the transformations (assuming

v >0 and 84 < 0)
24~ 24
¢ = 7\115 Z =177,
| B4l | B4l

leads to (1.3) (after interchanging z back to ) with o9 = 0. Thus, our proof of Theorem 1.2

can be applied to PQSs simply by setting oo = 05 = 0 (for example, in (2.2) one has
a(z) = 3¢(x)? — B and n(z) = —¢(z)? + B). The conditions (1.10),(1.11) are now replaced

with 8 > 0; this ensures that both the origin in (1.7) is hyperbolic, and the essential spectra
of L1 are confined to the negative half line, Specess(L+) C R, so that P and @ are well-
defined. The crossing form calculations in Section 4 and Section 5 are identical; setting
09 = 0 and requiring that 8 > 0 preserves the signatures of the forms.

In this work, similar to the analyses in | , , |, the central objects are La-
grangian pairs comprising the unstable and stable bundles. For the fourth order selfadjoint
eigenvalue problems discussed in Section 4, where we considered the pairs

I's (z,A) = (EY(x,\),EL(4,N)) € L£(2) x L(2), (7.1)
we showed that monotonicity holds in both the spectral and spatial parameters. Another
possible choice for the second entry of the pair in (7.1), as in | ) |, is to use the
(fixed) sandwich plane with frame

10

00

0 0}’

0 1
with respect to which we expect the unstable bundles EY (z, ) will be monotonic in both =
and A. It should then be possible to argue as in | , ], by first considering the

problem on the half line (—oo, ¢] for large ¢, and then using asymptotic arguments similar
to those in | ] to recover a Morse-Maslov theorem on the full domain R. However,
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for the eigenvalue problem for N, it is unclear how using the sandwich reference plane (of
R®) would affect the existence of a crossing at the top left corner of the Maslov box, the
contribution of which is significant in the lower bound of Theorem 1.2.

Generally speaking, a rigorous proof of spectral stability or instability using the Maslov
index is a two-step process. The first involves proving some kind of monotonicity result
assuming the existence of conjugate points, allowing one to relate a certain spectral index
of a linear operator to a count of the conjugate points. The second involves proving the
existence (or non-existence) of conjugate points given a particular stationary state. This
can either be done numerically | , ], or even analytically (see, for example, the
beautiful argument in | | which exploits the reversibility symmetry of the underly-
ing PDE). Practically, our lower bound would be useful in the following cases: (1) using
Corollary 1.5 to prove instability by showing |P — @| > 2, and (2) when either P = 0 or
@ = 0. As pointed out in Section 5, in the latter case our lower bound becomes an exact
count, n4(N) = |P — @ — ¢|, and spectral stability or instability follows by showing that
|IP—Q —c¢/=0o0r |P—Q—c|>1, respectively.

Finally, we comment on the case when either Z; = 0 or Zo = 0. In this case, the second
order form (5.27) is degenerate, and one proceeds by computing the third order crossing
form. The Fredholm Alternative dictates that the algebraic multiplicity of 0 € Spec(NN)
increases by one for each quantity Z;,Z, that vanishes. Similar to (5.27), any third order
form will be given by the Lo(R) inner products, akin to Z; and Zs, of functions in ker(N)
and ker(N3)\ ker(N?2). Due to the Hamiltonian structure of N, which implies an even
symmetry in Spec(N), we expect that all higher order crossing forms of odd order will be
identically zero, and the contribution to the Maslov index will come from the negative index
of any nondegenerate even order forms.

A. APPENDIX: REMOVAL OF HYPOTHESIS 4.4.

In order to complete the proof of Lemma 4.2, i.e. monotonicity in the spatial parameter
of the paths z — (E!%(z,0),S1+(0)), we need to account for the case when Hypothesis 4.4
fails, i.e. ¢(xg) = 0. In this case, all of the crossing forms computed in the proof of
Lemma 4.2 are identically zero, and we need to compute higher order crossing forms. The
key observation here is that since ¢ solves the standing wave equation (1.5), a fourth
order ordinary differential equation, for every x € R at least one of the elements of the
set {o(x), ¢ (x),d"(x), ¢ (x)} is nonzero. As we will see, it will follow that computing
sufficiently many higher order crossing forms will yield enough nonzero summands in the
left hand side of (3.12), i.e. such that

3 <n+(mgf))) + n,(mg;;))) — dim EY (0, 0) N S4(0). (A1)
k>1

Similar to the proof of Lemma 4.2, we separate the analyses depending on the nature of
the intersection EY (z9,0) NS4 (0), and focus on the L problem only; the proof for the L_
problem is similar. We further split the analysis of each of these cases into three subcases
based on the lowest nonzero derivative of ¢ at zg. Since the calculations are involved and
similar to those in the proof of Lemma 4.2, in the interest of expediency we present only
the main results.
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The following facts are needed for the results listed thereafter. If ¢(xg) = 0 and ¢'(zg) # 0,
then it follows from (4.27) and (4.26) that

Cy =8:B5, Cl =0, C"(z0) = (8 6¢’8E0)2> . (A.2)
If ¢(x0) = ¢'(z0) = 0 and ¢" (o), then

0 0
C+ = S+B+S+, Cg/,/ = Cgl, = CﬁF = 0, C_(;:L) (-TO) - <0 18¢)//($0)2> . (A3)

Finally, if ¢*)(z9) = 0 for 0 < k < 2 and ¢/(x0) # 0, then C, = S, B, S, and

0 0
Cf) — CS:‘) =Ccl'=Cl=C\, =0, Ciﬁ)(xo) = (O 6O¢”’(a:0)2> . (A.4)

Expressions for derivatives of X (z) and Y (z) at z¢ up to order 9 are required, and can be
simplified using (A.2) — (A.4) where appropriate. The vectors h; are found using (3.7); in
particular, assuming the set {ho,...,hx_o} satisfies (3.7), then {hq,..., hg—_2, hx_1} solves

k—2

(Yo — S Xo)hyor = = <k B 1> (Y<k—1—i> (zo) — Sy X k=10 (mo)) hi. (A.5)
=0

(k)

In this case the forms my, are computed via (3.8), which amounts to

k=l . ,
mi0(E.0) 84 O)wn) = = 32 (1) (0 t0n) = 50X 0w huka). ()

7
=0

Case 1: dimE" (20,0) NS4 (0) = 1,bp # 0. In this case (4.29) holds, i.e. Wy = EY (x0,0) N
S+(0) = span{ags; + bpsa} for some fixed ag and by # 0.

Case (i): ¢(xg) = 0,¢'(x0) # 0. An identical calculation to that in the proof of (4.2)
2)

shows that h; € ker(Yp — S+ Xo) and mz(,g0 = 0. Using (A.2), it can be shown that hy €
ker(Yp — S+ Xo) and
m (B (-,0),54(0))(wo) = — (C{ ko, ko) = —6[¢' (20)]*b§ < 0. (A7)
Case (ii): ¢(xo) = 0,¢'(x0) = 0,¢"(x9) # 0. We now have mgfz) =0 for k = 1,2,3.
Using that C'(z9) = C(z9) = 0, it can be shown that hs € ker(Yy — Sy Xp). With
hi € ker(Yy — S+ Xp) for £k = 1,2,3, one finds mgf)) = 0. For the fifth order form, one
additionally has h4 € ker(Yy — S+ Xo) and
m®) (B (-, 0),S4(0)) (wp) = — <c<+4)k0, k:0> — —18[¢"(x0)]* 2 < 0. (A.8)

Case (iii): d(z0) = 0,8 (z0) = ¢ (z0) = 0,¢" (x0) # 0. Now m) =0 for k = 1,2,3,4, 5.
Using C’f) (xg) = Cf) (z9) = 0, it can be shown that hs € ker(Yy — S+ Xo) and mg?)) = 0.
Moreover, one finds hg € ker(Yy — S+ Xp) and

m{D(EL (-, 0), 84 (0)) (wo) = — (Cko, ko ) = ~60 [0 (20)] "B < 0. (A.9)

Case 2: dimE" (20,0) NS4 (0) = 1,bp = 0. In this case (4.30) holds, i.e. Wy = EY (x0,0) N
S4+(0) = span{s; }, and for any i > 1, we have C’g_z)kzo =0.

Case (i): ¢(xo) = 0,¢'(xg) # 0. As in the proof of Lemma 4.2, we have mgf)) =0 for k =
1,2, 3. Using (A.2) and hy, € ker(Yp—S+Xy) for k = 1,2, one finds that hs € ker(Yo—S54+Xo)
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and m(x? = 0. With these hj one then finds that h, satisfies
(Yo — S4 Xo)ha = —3C’ZB+Y0h0 = —301B+S+k:0, (A.10)

and

(5) (Tru " 6¢/<x0)2ag
m® (B2 (-,0),S,(0))(wp) = —3 - 4( S+ B+l By S ko, ko) = —3 -4 [ 220) %0 )
0 2\/3 — 09

Case (ii): ¢(xo) = ¢'(x0) = 0,¢"(x0) # 0. Now CY' =C =’ =0, and m(xlf)) =0 for k =
1,2,3,4,5. With hy € ker(Yy — Sy Xy) for k =1,2,3,4, one finds that hs € ker(Yy — S+ Xp)

and m&? = 0. With these hj one finds that he satisfies

(Yo — Sy Xo)hg = —5C B8 ko, (A.11)

and
')
2V/B — o2
Case (ii1): ¢(xo) = ¢'(x0) = ¢"'(x0) = 0,9 (x9) # 0. Now CJ(:) =0forl1 <i<5 and
mg(clf)) =0forall 1 <k < 7. With hy € ker(Yo — S4+Xp) for 1 < k < 6, one finds that
h7 € ker(Yy — S+ Xp) and mgc%) = 0. With these hj one finds that hg satisfies

m{D(EL (-, 0), 54 (0))(wo) = —5 - 6 (S4B By Siko, ko) = —5-6 (

(Yo — Sy Xo)hs = —7C\V B S, ko, (A.12)
and
60(]5’”(300)2@%) “o
2V/B — o2
Case 3: dimEY (z0,0)NS4(0) = 2. Now we have Wi = EY (20,0) = S4(0), and Yy = Sy Xo.

At the outset, there is no restriction on the vector ko = (a,b) .

m%) (B (,0), 84 (0))(wo) = ~T- 8 (S4B C By S ko, ko) = 78 (

Case (i): ¢(xg) = 0,¢'(x0) # 0. As in the proof of Lemma 4.2, we have C/ # 0 and m;(,fg) =0
for k = 1,2. It can be shown that now hy, hy € ker(Yy — S+ Xy) are arbitrary, and the third
order form is given by (A.7). so that n_ (mg?) = 1. Next, using Wy = ker mS’;,) = span{si },

one finds that h3 is free provided Xoho = ko € ker C”/, i.e. ko = (ap,0)T, in which case

mg(;é) = 0. For the fifth order form, with ko = (a,0)", one finds that hy is free provided hq
satisfies

C{(_X(]hl = —ZCS'I_B_A,_S_;_ICO, (A13)
in which case
U 3 3 6¢/(.’L‘0)2(12
m{) (B4 (-, 0),S4(0))(wo) = —7 (S+B4CYB S ko ko) = =5 (2\/3_020 <0, (A.14)

so that n_ (mg’))) + n_(mg;‘z)) =2.

Case (i): ¢(x0) = ¢'(z0) = 0,¢"(x0) # 0. Now CV = C = C'. =0, and mgf)) = 0 for
1<k <4. With Wy, = Wy = E% (0,0) = S (0) for 1 < k < 5, we find that m{?) is given by
(A.8), thus n_ (mgfo)) = 1. Next, using Ws = ker mg?)) = span{si }, one finds that hs is free
provided Xohg = kg € ker Cf), i.e. ko = (ap,0)", in which case m(x? = 0. For the seventh
order form, with kg = (a,0)", one finds that hg is free provided hq satisfies

W Xohy = —%Cf)B+S+ko, (A.15)
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in which case
" 5 5 (18¢" (z0)?a’
D (4 .0), 54 0) (o) = 5 (S, By OBy S ko) = =5 (A1) <o

2B — o9

(A.16)
so that n_ (mé‘?) + n_(mg] ) =2.
Case (iii): ¢(xg) = ¢'(xo) = ¢"(x0) = 0,¢" (x9) # 0. Now CJ(ri) =0for 1 <i <5, and
m® =0 for 1 <k < 6. With Wy = Wy = E¥ (20,0) = S;(0) for 1 < k < 7, we find that
m;(v? is given by (A.9), thus n,(mg})) = 1. Next, using Wys = ker mg)) = span{s; }, one finds
that hr7 is free provided Xghg = kg € ker C’(G), i.e. ko = (ap,0)", in which case m&? = 0.
For the ninth order form, with kg = (a,0)", one finds that hg is free provided hq satisfies

9 Xohy = _gc(j”msmo, (A17)

in which case

u 7 7 (604" (x0)%a’
2 (B,0).84 0) un) = ¢ (S, B4 CP B S k) =~ (U240 ) <o

2B — o9
(A.18)

so that n_ (mg))) + n_(mg,;% ) =2.
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