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Theorem: There are infinitely many prime numbers.

Proof:

1) Assume there are finitely many: 𝑝𝑝1, 𝑝𝑝2, … , 𝑝𝑝𝑛𝑛.

2) Consider 𝑝𝑝1𝑝𝑝2 … 𝑝𝑝𝑛𝑛 + 1.

3) You know the rest...



“There is the monastic, introverted period, where we are just contemplating the 
ocean of our ignorance; but then suddenly something happens…the monk 
becomes busy and excited, in a hurry to look more closely at the details.”

—Claire Voisin, How to make a portrait of a bird.
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digestion by community

a theorem!

checking detailsan idea!totally lost

The Development of Ideas

dead-end!

path ceases to look promising

We are interested in this part 
of the mathematical process!

Presenter Notes
Presentation Notes
-> Timeline may be weeks, months, years, even decades

-> For many mathematicians, computer play almost no role in any of the above steps

-> This is not meant to describe the experience of all (or even) most mathematicians




Plan:

1) Crash course in deep learning

2) Simple examples in mathematics

3) Myths, advice and scale

4) Some examples in (pure) mathematics research.



Disclaimer:

1) I am a pure mathematician, interested (mostly) in representation
theory, algebraic geometry… I won’t discuss deep learning in 

applied math or mathematical questions raised by deep learning.

2) I have been working with DeepMind (of AlphaGo fame)
tor two years. We are interested in potential

interactions of AI and mathematics. This is a two-way bridge.

3) I have spent two years engaging with machine learning.
I know the basics but am far from an expert.

4) All opinions are my own.

Presenter Notes
Presentation Notes
So what do mathematicians actually do?

The answer to this question is far more complicated than it might first seem.

There is a tremendous variety to mathematical experience.

Most of the time 



A crash course in deep learning.
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📷📷 Amélie Rec/Pexels

Presenter Notes
Presentation Notes
Here is a grayscale image of a tiger. Again, you can instantly recognize its eyes, the whiskers, the fur.

This image is comprised of pixels. Let me zoom in just left of the tiger’s right eye.



Presenter Notes
Presentation Notes
Here we see the individual pixels. For a computer each one of these pixels is described by a number between 0 and 255, where 0 means whilte, and 255 means black. So what the computer sees is the following:



Presenter Notes
Presentation Notes
Thus, for a computer, every image looks like a scene from “The Matrix”.




Slide with some maths.
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Presenter Notes
Presentation Notes
Artificial neural networks are a crude imitation of the brain on a computer.

Give a brief non-technical account of how this is done.





















Simple examples in mathematics
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So what do mathematicians actually do?
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There is a tremendous variety to mathematical experience.

Most of the time 



What happens during training?
Polytopal picture.(But try to imagine this happening in 

10000 dimensions, rather than 2!)
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Deep learning works best when:
1) Input dimension is high
2) Function is on unit cube

3) Coordinates have low symbolic content

In some settings, overcomes “curse of dimensionality”.
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𝑎𝑎2 + 𝑏𝑏2 = 𝑐𝑐2
<𝑥𝑥𝑖𝑖 > 𝑥𝑥𝑖𝑖+1
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So what do mathematicians actually do?
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How input sits in space (the “representation”) really matters.

𝑥𝑥𝑖𝑖 > 𝑥𝑥𝑖𝑖+1



Myths, advice and scale
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Presentation Notes
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Hype: There is one "vanilla" structure
(a "fully connected deep neural net”) which is versatile 

on many problems.

📷📷 TheDigitalArtist

Reality: Vanilla architectures usually only
work out of the box on simple problems.

Architecture matters.
Deep learning is often a piece of the puzzle.

Presenter Notes
Presentation Notes
Thurston, On proof and progress in mathematics

"This question brings to the fore something that is fundamental and pervasive:
that what we are doing is finding ways for people to understand and think about
mathematics.

The rapid advance of computers has helped dramatize this point, because computers and people are very different. For instance, when Appel and Haken completed a proof of the 4-color map theorem using a massive automatic computation, it evoked much controversy. I interpret the controversy as having little to do with doubt people had as to the veracity of the theorem or the correctness of the proof. Rather, it reflected a continuing desire for human understanding of a proof, in addition to knowledge that the theorem is true."
-- William Thurston, On proof and progress in mathematics.




📷📷 DeepMind

AlphaGo and AlphaZero have extraordinary tree search capacity.
This isn't talked about nearly as much as the neural net.

Tree search takes AlphaZero from bad professional to super-human.

Presenter Notes
Presentation Notes
This game was remarkable for several things:

That alphaGo won.
That, of the five games, Lee Sedol won one game!
That some of the moves showed real insight. In particular, move 37 in game 2.



AlphaFold is often referred to as a "neural net".
This is not accurate.

It is a remarkable piece of software which incorporates 
neural nets in an essential way. It also incorporates several 
other components distilled from human understanding of 

the key features of an extremely difficult problem.
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Advice for the interested mathematician:

1) Expect to spend considerable time experimenting with details
like learning rate, model selection etc.

2) Try to work with someone who has background in machine learning.

3) Try to push either mathematics or machine learning, but not both!
(Remember that AlphaGo began as a supervised learning task.)

4) Have a precise idea of what you want machine learning to achieve.
(We are not yet at the stage where we can "throw AlphaZero at the problem".)



What is going on with scale?

📷📷 BSC-CNS - Archivo

Our understanding of what simple neural nets are
doing is still limited, so why scale up?

The simple answer is that it works.
(There are also very interesting mathematical answers.)

Presenter Notes
Presentation Notes
“Can’t you just plug it into a computer?”

Goldback conjecture

Even “finite” problems (e.g. factoring an integer) can involve computations apparently beyond the capacities of any computer





"In the end, the network’s size is limited mainly by the amount of 
memory available on current GPUs and by the amount of training time 
that we are willing to tolerate… All of our experiments suggest that our 
results can be improved simply by waiting for faster GPUs and bigger 

datasets to become available.” --AlexNet paper.

Presenter Notes
Presentation Notes
This game was remarkable for several things:

That alphaGo won.
That, of the five games, Lee Sedol won one game!
That some of the moves showed real insight. In particular, move 37 in game 2.



Increasing network size appears to 
monotonically increase performance.
(After getting numerous details right!)

Greg Yang, https://www.youtube.com/watch?v=XpU3mDKJOak&ab_channel=AutoMLSeminars

Presenter Notes
Presentation Notes
This game was remarkable for several things:

That alphaGo won.
That, of the five games, Lee Sedol won one game!
That some of the moves showed real insight. In particular, move 37 in game 2.



Presenter Notes
Presentation Notes
Machine learning in maths.


ML has thousands of applications in applied math. Thus, machine learning is a tool for thousands of mathematicians every day.

I am a pure mathematician, and I am interested in the ways in which machine learning can help explore the mathematical universe.

SLIDE DELIBERATELY BLANK.



Three Examples
Machine learning in use in knot theory, representation theory and graph theory

Presenter Notes
Presentation Notes
To repeat my previous disclaimer: 

There are thousands of applications in applied, and several other examples in pure mathematics.



Knot theory

Presenter Notes
Presentation Notes
To repeat my previous disclaimer: 

There are thousands of applications in applied, and several other examples in pure mathematics.



Knot Theory

hyperbolic geometry3d and 4d topology

quantum topology, mathematical physics, …

Presenter Notes
Presentation Notes
�Knot theory is the mathematical theory of knots. It is an important branch of low-dimensional topology, which studies spaces up to continuous deformation.
The definition of a knot is simple: it is what one obtains by starting with a physical knot and “fusing” the two ends together.

Many basic properties of knots are still little-understood and hard or impossible to compute. [E.g. unknotting number, and crossing number[?] are not computable in any easy way.]

An important role in knot theory is played by invariants. These are measurements of a knot’s complexity, some other topological or geometric property which might take the form of numbers, or collections of numbers (polynomials) or even more complicated mathematical objects like groups or vector spaces.
After over a century of study, we now have hundreds of these invariants which are often connected to different fields of mathematics.
[reveal left-hand side.]
Knot theory has rich connections to topology, and in particular to the topology of 3d and 4-dimensional manifolds.
An extremely important invariant is the signature, which gives some measure of the complexity of oriented surfaces which bound our knot.
[reveal right-hand side]
A rather different class of invariants are hyperbolic invariants, which arose first in the work of Thurston. They are often real valued. They focus on the geometric / hyperbolic structure of the knot complement.
[reveal bottom]
This list certainly does not exhaust the many other approaches to knot theory. For example, there is an enormous field of quantum topology which attempts to understand knots from the point of view of techniques (like Chern-Simons theory) which arose in connection with high-energy physics.
There are thousands of researchers working in knot theory and related fields, and often researchers specialise in one of the above fields.�



Signature: 2

Alexander polynomial: 𝑡𝑡3 − 5𝑡𝑡2 + 12𝑡𝑡 − 15 + 12𝑡𝑡−1 − 5𝑡𝑡−2 + 𝑡𝑡−3

Hyperbolic volume: 13.29

Jones: −2𝑞𝑞6 − 5𝑞𝑞5 − 7𝑞𝑞4 + 9𝑞𝑞3 − 9𝑞𝑞2 + 8𝑞𝑞 − 6 + 4𝑞𝑞−1 − 𝑞𝑞−2

HOMFLY-PT: 𝑧𝑧6𝑎𝑎−2 +  3𝑧𝑧4𝑎𝑎−4 − 𝑧𝑧4𝑎𝑎−4 − 𝑧𝑧4 + 2𝑧𝑧2𝑎𝑎−2 − 𝑧𝑧2 − 𝑎𝑎−2 +
2𝑎𝑎−4 − 𝑎𝑎−6 + 1

A2: −𝑞𝑞6 + 2𝑞𝑞4 + 1 + 2𝑞𝑞−2 − 3𝑞𝑞−4 + 𝑞𝑞−6 − 2𝑞𝑞−8 + 2𝑞𝑞−10 + 2𝑞𝑞−12 +
2𝑞𝑞−16 −2𝑞𝑞−18 −𝑞𝑞−20

3-genus: 3

Topological 4-genus: 1

Smooth 4-genus: 1

Determinant: 51

Knot Theory

Knot wiki: katlas.org/wiki/10_163

Do there exist unexpected relations between these invariants?

Presenter Notes
Presentation Notes

Thus, to any knot we can associate hundreds of different measurements.

Often these measurements are associated to fundamentally different ways of looking at a knot.

�It is plausible that there are unexpected connections between different fields, which machine learning techniques could help discover. It is also plausible that some unexpected connection between fields might manifest itself in unexpected relationships between different knot invariants.


Table shows a plethora of measurements: signature, Alexander polynomial, hyperbolic volume, Jones polynomial, …




Knot Theory

Davies, Juhász, Lackenby and Tomasev prove:

Presenter Notes
Presentation Notes
It is plausible that there are unexpected connections between different fields, which machine learning techniques could help discover.
This work asked whether it was possible to predict the simplest and most important 4d invariant (signature) from a slew of hyperbolic invariants.

In some sense, this is a classic pattern recognition task, which is well-suited to machine learning. (It is relatively straightforward to compute the signature as well as hyperbolic invariants for a large class of knots, and hence one has requisite training data.)
It turned out that the model could predict the signature quite well, given only hyperbolic invariants, and achieved an accuracy of nearly 80%?
Via “attribution techniques” or “saliency” one can get some idea of what measurements are critical to the success of the machine learning model. This is displayed in the right hand graphic, where one sees that the first 3 hyperbolic invariants are much more important for the model than, for example the Volume or Adjoint torsion degree. (Joke: whatever that is!?)
�
[reveal formula here]
The result is an unexpected and non-linear relationship between the signature, a new invariant which the authors call the “natural slope”, and existing hyperbolic invariants.
This result is interesting in and of itself, however it is also an interesting proof of concept of using machine learning to establish relationships between fields.




Representation theory

Presenter Notes
Presentation Notes
To repeat my previous disclaimer: 

There are thousands of applications in applied, and several other examples in pure mathematics.








x, y (pair of permutations)

Kazhdan-Lusztig polynomialBruhat graph

Combinatorial invariance conjecture (Dyer, Lusztig 1980s)

Representation Theory



x, y (pair of permutations)

Kazhdan-Lusztig polynomialBruhat graph

conjecture

Combinatorial invariance conjecture (Dyer, Lusztig 1980s)

Representation Theory





Representation Theory
Blundell, Buesing, Davies, Veličković, Williamson:

(Conjecture is proved in an important special case.)





The model gave us 
hints where we 
should look in the 
graph.



Graph Theory

Presenter Notes
Presentation Notes
To repeat my previous disclaimer: 

There are thousands of applications in applied, and several other examples in pure mathematics.



Graph Theory

Graph theory contains many conjectures.
Some are true. Some are simply false.

However, finding counter-examples is difficult!

Wagner: Finding a counter-example can be posed as a 
game, and computers can be trained to play the game via 
reinforcement learning.
r
Thus, the computer generates hundreds of examples at 
random, by accepting or rejecting an edge. Over multiple 
training rounds it learns patterns that result in graphs which 
are close to being counter-examples.
r



Presenter Notes
Presentation Notes
Can machine learning help in mathematics.

First we need to know what mathematicians actually do, and how they work.
Many accounts of machine learning seem to ignore what mathematicians actually do.

SLIDE DELIBERATELY BLANK.
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Summary

Neural nets perform some tasks remarkably well. They are strongest on tasks like 
speech recognition and image classification that is simple and intuitive for us.

Architecture matters, and most applications of neural nets to “difficult” 
problems incorporate them into more complicated architectures.

Neural nets can provide useful tools for conjecture generation and refutation.

I suspect that the next few years will see many more applications in pure 
mathematics, particularly organising calculation and guiding search.

I don’t yet see convincing evidence that neural nets are capable of replicating 
the “system 2” parts of the mathematical process.

The functions that neural nets like to learn are rather different from the functions 
I usually think about.

Presenter Notes
Presentation Notes
From the Conversation: 

With the team from DeepMind, we trained models to predict certain quantities called Kazhdan-Lusztig polynomials, which I have spent most of my mathematical life studying.
In my field we study representations, which you can think of as being like molecules in chemistry. In much the same way that molecules are made of atoms, the make up of representations is governed by Kazhdan-Lusztig polynomials.
Amazingly, the computer was able to predict these Kazhdan-Lusztig polynomials with incredible accuracy. The model seemed to be onto something, but we couldn’t tell what.
However, by “peeking under the hood” of the model, we were able to find a clue which led us to a new conjecture: that Kazhdan-Lusztig polynomials can be distilled from a much simpler object (a mathematical graph).
This conjecture suggests a way forward on a problem that has stumped mathematicians for more than 40 years. Remarkably, for me, the model was providing intuition!




“We can predict everything, except the future.”

-- A Sydney fortune cookie. 
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Photography & artwork
DeepMind
Mare Nostrum/BSC-CNS
Christian Haugen/Flickr
Marc Chagall: Sandi Hemmerlein/avoidingregret.com

Simulation & knot measurements
A Neural Network Playground: TensorFlow on GitHub
bit.ly/network-playground 
Benjamin Burton (Regina), Jessica Purcell

Papers
Davies et al., Advancing mathematics by guiding human intuition 
with AI: nature.com/articles/s41586-021-04086-x
Davies, Juhász, Lackenby, Tomasev, The signature and cusp 
geometry of hyperbolic knots: arXiv:2111.15323
Blundell, Buesing, Davies, Veličković, Williamson, Towards 
combinatorial invariance for Kazhdan-Lusztig polynomials: 
arXiv:2111.15161
Wagner, Constructions in combinatorics via neural networks: 
arXiv:2104.14516v1
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