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Abstract

We consider 3D stochastic Landau-Lifshitz-Gilbert equations coupled with the Maxwell equations
with the full energy. We have proved the existence of the weak solution as well as some further
regularities of it.
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1. Introduction

Landau-Lifshitz-Gilbert equation (LLGE) coupled to Maxwell equations provides a fundamental
mathematical model for physical properties of ferromagnetic materials, and it has been intensely
investigated by physicists since the seminal work by Landau and Lifshitz [24] and Gilbert [18].
The exact form of the equation is determined by the energy functional that may include varying
number of terms, so that in fact we have to deal with the whole family of equations. The first
mathematical analysis of the LLGE corresponding to the full energy functional and coupled to
the time dependent Maxwell equations was provided by Visintin in [30].

It has been noticed by physics community a long time ago, that there are phase transitions
between different equilibrium states, such phase transitions are induced by thermal fluctuations
of the effective magnetic field. To describe the phase transitions, the noise must be included into
the deterministic LLGE, see [26, 7, 6]. Including the noise into LLGE requires sophisticated tools
from the theory of quasi-linear stochastic PDEs that have been missing for some time and are still
not well developed. A rigorous mathematical theory of stochastic LLGE was initiated in [10] and
intensely studied since then, see [4, 5, 9, 11, 19, 21]. In all these papers a simplified version of
the energy functional is considered and so far the stochastic LL.G equation associated to the full
energy functional and coupled to the time dependent Maxwell equations has never been studied.
This is a serious deficiency since coupling with the Maxwell equations is fundamental for many
physical phenomena, such as emergence and movement of boundary vortices, and movement of
the domain walls, see [25]. Even for deterministic systems, the case with time dependent Maxwell
equations is not well understood and after the seminal paper [30] most of the effort was focused
on the so-called quasi-static case. Recently, the interest in the full time-dependent case has been
renewed, see for example [16, 23, 31]. In the stochastic case, the only work in this direction, we
are aware of, is the paper [20] but it imposes strong simplifying assumptions on the noise and the
energy functional.

In this paper we are concerned with the stochastic Landau-Lifshitz-Gilbert equation coupled to
time dependent Maxwell equations and we assume that the evolution of spins is driven by the
full energy functional described below. To be more precise, given the time horizon 7 > 0 and
a bounded open domain D C R3, the magnetization field M : [0,T] x D — R3 satisfies the
Landau-Lifshitz-Gilbert equation:

dM (t,x)
dr
where A; € R and 4, > 0, subject to the constraint

= A M(t,x) X p(t,x) — A M(t,x) X (M(t,x) X p(t,x)), (1.1)

|M (1, x)| = |[Mo(x)]. (1.2)
where p is the effective field defined by
p=-Vub&. (1.3)
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Here & is the total electro-magnetic energy including anisotropy energy, exchange energy,
magnetic field energy and electronic energy.

In order to describe phase transitions between different equilibrium states induced by thermal
fluctuations of the effective field p, we introduce the Gaussian noise into the Landau-Lifschitz
equation to perturb p and so have the following stochastic Landau-Lifschitz-Gilbert equation
(SLLGE):

dM (1) = LM (1) x [p(2) dt+Zhj o dW;(1)] (1.4)
7

—LM(1) % (M(t) x [p(ydi+ Y hjo de(t)]),
J

where {W;}; are independent real-valued Wiener processes and {/,} ; are coefficients with good
enough regularities. The reason we choose Stratonovich type noise is that we want to keep the
geometric property (1.2) of the SLLG equations. More detailed assumptions and discussion can
be found in the statement of Problem 2.7 and Remark 2.8.

Since the magnetic field energy and electronic energy are related to the magnetic field and
electric field, we also consider the magnetic field H : [0,T] X R3> — R3 and the electric field
E : [0,T] x R* — R? in this paper. We denote

B:=H+M,

where (
— | M(x),x € D;
M(x).—{o’ ¢ D,

Then B and E are related by the Maxwell’s equation:
dB=VxEd:t.

dE =V X [B-M]dt - [1pE + f(1)] dt,
where f is a map
f:[0,T] xR®> — R3,

which is a given non-inductive applied electromotive field.
Summarising, the equation we are going to study in this paper has the following form:

dM(t) = [AZWM X p — ;M X (M X p)] dt
+ > {[Mxhj+Mx(Mxh;)]odW,;(t)}.

j=1
dB(t) = VX E(t)dt.
dE(t) = VX [B(t) - M(t)]ds — [1pE(¢) + f ()] dt.



om
oV |50
M(0) = My, B(0) =By, E(0)=Ep.

=0.

This paper is constructed as follows. In section 2, firstly we give all the formal definitions of all
the energies and state the problem we consider. Secondly we give the definition of the solution of
the stochastic differential equation. And at last we formulate the main result (Theorem 2.10) of
the whole paper. In section 3, we construct a series of some auxiliary equations (3.12), with all
the elements in a finite dimensional space and prove the existence and uniqueness of the global
solution of the finite dimensional equations. In section 4, we get some a’priori estimates of the
series of solutions of equations (3.12). In section 5, we show the laws of the finite dimensional
solutions are tight on some spaces. In section 6, we construct a new probability space by the
Skorohod Theorem in which there exist limit processes M , ]37, E of the solutions of (3.12). In
section 7, we prove that the M , E, E which we got in section 6 are actually the weak solution of
our original problem. In section 8, we show some more regularities of the weak solution. Finally
in section 9, we complete the proof of the main result, i.e. the Theorem 2.10. In the Appendix,
we list the important lemmata which are used in this paper.

By the end of this introduction, it may worth to mention that the uniqueness of 3-dimensional
LLG equations is an open problem, we do not discuss it in this paper.

2. Statement of the problem and formulation of the main result

Assumption 2.1. Throughout this paper we assume D C R3 to be a bounded open domain with
C? boundary.

Notation 2.2.

(1) We use the following notations for the classical functional spaces:
L := LP(D;R%) or L?(D;R™),  LP(R%) := LP(R*;RY)

WP = WP (D RY), HY := HY(D;R?) = W(D;R?), and V := W', H =12

(2) The duality between a Banach space X and its dual X* will be denoted by x+(:,-)x. The
notations (-, -)x and || - ||x stand for the scalar product and its associated norm in a given Hilbert
space K respectively. The norm of a vector x € R? will be denoted by |x| and the inner product
in R¢ will be denoted by (-, -) for any d.

(3) For a function ¢ : R3 — R we will write
¢ :=Ve, and ¢":=V%p.
(4) For a function u : D — R3, we denote

w0 = {0 TS



(5) For u € L?*(R?), we define the distribution V X u by
7 (VXu,v)g=Wu,Vxvyy, veCy (R3,R3) .
Then we define the Hilbert space
Y = {u e L*(R?) : Vxu e L*(RY)},
with the inner product
(U, vy = (U, V)pagsy + (VX u, VX V)apsy .
(6) Forafixed h € L™ and 4; € R, 1> > 0 we define a mapping G, by
L*su— Gup(u) =Auxh—Aux (uxh)el?.

For a given sequence {/;}% , ¢ L* we will use the notation G ;(u) := Gy, (u).
g q J1j= J J

1
(7) To avoid too long equations, we may simply use u to denote u(t, x).

Definition 2.3 (Magnetic Induction). Given a magnetization field M : D — R3 and a magnetic
field H : R — R3, we define the magnetic induction as a vector field B : R} — R3 by

B:=H+M. .1
Definition 2.4. (The energy)

(1) Suppose that ¢ € Cg(R3;R+). For a magnetization field M € V, we define the anisotropy
energy of M by:

Eun(M) = /D o(M(x)) dx.

(i) We define the exchange energy of M by:
1 2 1 2
Eex(M) = > Y VM (x)|“ dx = §||VM||L2. (2.2)

(iii) For a magnetic field H € L*(R3), we define the Zeeman energy by:

2
(2.3)

1 1 1 _
Ee(H) =5 | |H@)Pdy=S||H|Pp =5 B-M
2 Jrs 2 R3) ~ 2

L2(R3)
Finally, given an electric field E € L?(R?), a magnetization field M € V and a magnetic field
H e L*(R?), (hence the magnetic induction B € L*(R?)) we define the total electro-magnetic
energy by

1 s Ly 2 1
EM.B.E) = [ o) de+ SIVMIE+ 3[BT, | +31ER @4
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To investigate some properties of the total energy &, we need the following Lemma, the proof of
which is straightforward.

Lemma 2.5. For M €V, if we define AM € V* by
ve (AM,u)y := —=(VM,Vu);», Yu eV. (2.5)

Then the total energy & : V x L*>(R?) x L?(R?) — R defined in (2.4) has partial derivatives of
2nd order with respect to M, B and E well defined and:

0&

a—M(M,B,E) =o' (M) - (1pB—M) - AM, in V¥, (2.6)
foru,v €V,
9%E .,
08 (M,B,E) ) = / & (M () (), v(x)) dx + i, vy @.7)
D
& —
a—B(M, B,EY=B-M, (2.8)
&

Now we can define the effective field, which is the partial derivative of the total energy.
Definition 2.6 (Effective field). We define the effective field p € V* as

p=¢'(M)-(1pB—M) - AM, in V*. (2.10)
We are now ready to formulate the problem we are going to study in this paper.

Problem 2.7. Let (2, ¥,F = (%):=0, P) be a filtered probability space, and let W = {W; }5‘11 be
a set of independent, real valued, F—Wiener processes. Let

My € V with |[My(x)| =1 forall x € D;
By e L>(R?); V-By=0, in2' (R*R); Eo € L*(R?);

2= 3 (Il + D sl < . 2.11)
=1 =1

€ 1,2(0, T H); Y€ (?2(R3;R+);
0
AHeR, A,>0.

Our aim is to show that the following system of stochastic PDEs has a solution in the sense made
precise below:

dM(f) = [LZM X p — 1M x (M X p)] dt + ZGj(M) o dW; (1),

7= (2.12)
dB(t) = VX E(t)dt,

dE(1) = VX [B(t) = M ()] ds — [1pE(t) + f(1)] dt .
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with the boundary conditions

OM(1)
v lop

=0, t > 0, where v is the exterior normal vector on 9.

and the initial conditions
M(0) =My, B(0)=Bo, E(0)=Ep.

The Stratonovich equation in (2.12) can be rewritten as an [t equation

1 (0] (o]
dM = /11M><p—/12M><(M><p)+§ZG}(M)Gj(M) dt+ZGj(M)de (2.13)
J=1 J=1
1 o0
:{AIMXp—/lex(MpoEZ[A% [(M X hj) x|+ 2122 [[M X (M x h;)| % hj]
j=1

+45 [M x [M x (M X hj) x h;]| + 4122 [M X [(M x h;) x h;]]

+45 [M x (M X h;) X (M x h;)]

}dt+Z {/11 [M x ;] + 22 [M x (M x hj)] }de.
j=1

Remark 2.8. We can understand the noise as a Q-Wiener process Wy (t) := Z‘;‘;l Wi(t)h; ~

N(0, tQ) on H for some operator Q which is nonnegative, symmetric and with finite trace.

In fact, W;(0) = 0 a.s. is obvious.

By [14, Proposition 3.18], W;h; can be viewed as a random variable taking values on C ([0, T']; H)

for each j. And by our assumption of /; as in (2.11) and using Doob’s maximal inequality, we

can show {Z’]’.zl W;h;}, is a Cauchy sequence in L*(Q; C([0,T];H)) (We put the proof in the

Appendix, Proposition 11.1). Therefore its limit W), € L?(Q;C([0,T];H)). Hence W), has

continuous trajectory almost surely.

The independence of increment of W), follows from the fact that W; are independent for all

different j and they all have independent increments for each ;.

So it only remains to check the distribution of Wj, on H. Since W), is the sum of independent

normal random variables with mean 0, it has normal distribution with mean 0 as well.

Next we try to find its covariance operator. For any u, v € H, we have

B ((Wa(1). u)gg (Wi(2). v)s) = E <2Wj<r>h,-,u> <Z W,-(r>h/,v>
J=1 g \J=l1 H

_ ti (o (v

So the covariance operator Q is uniquely determined by

(Qu,v)y = Z <hj, u>H <h_,~, v>H , u,v € H.
=1

J
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We can check that the operator Q is nonnegative, symmetric and with finite trace.
So Wj, isreally a Q-Wiener process for some nonnegative, symmetric and with finite trace operator
Q. Hence it has a representation

Wa(t) = > Wi(0)h;,
J=1

Where Wj are independent 1-dimensional Brownian motions and {& j}; is an ONB of H which
consists of eigenvectors of Q.
Therefore we can actually assume that {/;}; is an ONB of H.

Definition 2.9 (Weak martingale solution of equation (2.12)). Given T’ > 0, a weak martingale
solution of equation (2.12) is a set consisting of a filtered probability space (Q ¥ F, P) an
co-dimensional F-Wiener process W= (W )°° , and F—progresswely measurable processes

M:[0,T]xQ —VNL®, B:[0,T] xQ — L*R%), E: [0,T] x Q — L*(R?)

such that for all the test functions u € VNL%, v € Y and ¢ € [0,T], we have the following
equalities holding P-a.s.:

/(M(r)—Mo,u)dx (2.14)
D
:/t/{(E_M_go'(zﬁ),aluxM—Az(uxM)xM')

0 JD

3
—Z<V-A7i 11V~uxﬂ7—ﬂz(viuxﬂ+uxviﬂ)xﬂ>}dxds

+Z/ OdW (5);

/ (B(t) - By, v) dx = —/ (E,Vxv) dxds; (2.15)
R3 0 JR3

/R3<E(t)—Eo,v>dx:‘/ol/RB<§—ﬁ,V><v>dxds—/ot‘/z)<f+f,v>dxds. (2.16)

Next we would like to formulate the main result of this paper:

Theorem 2.10. There exists a weak martingale solution of Problem 2.7 with the following stronger
regularity properties:

(i) _ o _
M e L7 (Q;L°(0,T;V)), V¥r>0; B,EeL*Q;L*0,T;L*R>)); (2.17)
M x p e L*(Q; L*(0,T;H)), wherep:=—¢ (M)+1pB—M +AM. (2.18)
AM € LY(Q; L' (0,T;L")). (2.19)
forany T > 0.



(ii) Foreveryt € [0, o), the equation
M(t) = M0+/ {/IIMXIE—/leX (MX;)-)} dS+Z/ GJ(M) o de(S),
0 ; 0
j=1

holds in Lz(ﬁ; H).

t —_—
B(t) = By - / VXxEdseY*, P-a.s. (2.20)
0

_~ ! —_~ = ! —_— J— o~

E(t) = E0+/ VX|[B-M]ds —/ [1pE + f]ds € Y*, P—a.s. (2.21)
0 0

(iii) N B

IM(t,x)| =1, for Lebesgue a.e. (t,x) € [0,00) X D and P — a.s. (2.22)
(iv) Forevery 6 € ((), %),

M e C?[0,T];H), P-a.s. (2.23)

Remark 2.11. In (2.18) p is a distribution, but M x p € L2(Q; L*(0, T; H)). Precise definition is
provided in Notation 6.20.

Remark 2.12. Equality (2.20) implies V - B(t) = 0, for all r € [0, T].

3. Galerkin approximation

In this section we start to prove the existence of the martingale solution to Problem 2.7. We begin
with the classical Galerkin approximation. Let A denoteus the negative Laplace operator in D
with the homogeneous Neumann boundary condition:

D(A) = {u cH?: (9_u
ov

:O}, A:=-A,
0D

where v stands for the outer normal to the boundary of . The operator A is self-adjoint and there
exists an orthonormal basis {e; : k > 1} c C® (Z); R3) ND(A) of H that consists of eigenvectors
of A. We set H,, = linspan{ey, e», . .., e,} and denote by x, the orthogonal projection from H to

H,,. We also note that V = D (A}/z) for Ay =1+ A, and ||u|ly = HA}/ZMHH forueV.

The following properties of the operator A will be frequently used later: for any u € D(A) and
vevV,

(Au, vy = /@ (Vu(x),Vv(x))R3X3 dx,
and

3
(X Au, vy = " (Vi Vv X )z 3.1)
i=1



Let {y,}2, € C*(R?;R?) be an orthonormal basis of L* (R?). We define Y, := linspan{y1, ..., y,}
and the orthogonal projections

nf1L2RY) — Y, and x|y :Y — Y, neN.

On H, and Y,, we consider the scalar product inherited from H and Y respectively. Let us denote
by &, the restriction of the total energy functional & to the finite dimensional space H, X Y, X Y,
1.e.

Ep H, XY, xY, —R,

1 1 e
&,(M,B,E) = / @ (M () dx + SIVMIE + 3 HB .
D

1 2
+ -||E
M| s, * 31

L2(R3)"

The proof of the following Lemma is straightforward by the definition of Fréchet derivative, so
we only state the result.

Lemma 3.1. The function &, is of class C* and for M € H,,, B, E € Y, we have:

(i)
(Vu&n)(M,B.E) = ,[¢'(M) = 1p(B - n,[M)| - AM, (3.2)
(ii) B
(V3E4)(M,B,E) =B -n/M, (3.3)
(iii)
(VEE,)(M,B,E) =E, (3.4)
(iv)
9%E, ,
EYYe (M,B,E)(u,v) :/ @"(M(x))(u(x),v(x)) dx + (u, v)vy, u,vev. 3.5)
D

Notation 3.2. Let us define the function p,, : H,, X Y, X Y,, — H,, which corresponds to p by:
pn = ~(YuE)(My, By, Ey) = ma| = ¢ (M) + 1p(By — i My,)| + AM,, € H,. (3.6)
We will also need a function ¢ : R¥ — R such that ¢ € C! (R?),

1L x| <3,
‘”(x)‘{o, x| > 5,

and |Vy| < 1.

Remark 3.3. The  defined above is used to truncate M in order to make sure we can get the
estimates in Proposition 4.1 below. The setting of |Vi/| < 1 is also necessary, for instance in the
proof of Lemma 7.2. By Lemma 7.5, we will prove that |M(¢,x)| = 1 for almost every x € D,
therefore we can remove this ¢ by the end.
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It also will be convenient to define mappings
Fp :Hy,xY,xY, — H,and G,; : H, — H,, j =1,2,..., by

1 (o)
Fu(My, By, Ey) := 17ty [My X pp] — o7ty [My X (M X pn)] + 5 Z G;n(Mn) [Gjn(Mn)] )
=1
! (3.7)
G jn(M,) = A1, [My X hj| + Doy [ (M) My, x (My X hy)] . (3.8)
where
G, (My) [Gjn (My)] = AT, [7 (M X hj) X hj] (3.9)

+A1 01, [0 (M) [ My X (My X h))] X hj| + 570 [ (M) My X [(My X (M, X 1)) X hj] ]
+ 107, [ (M) My, X [(Myy X Bj) X ]| + 57 [m0 [ (M) My, X (M, X hj)| X (M, X hj)]

note that because of the ¢, (3.9) is only a notation, not the Fréchet derivative of G ,,.
Similar as (3.9), we will also use the following notations

Gf.(M) = UM X b+ A (M)M x (M X h), (3.10)
and
(GYY (M) [Gf (M)] = 2 [(M x hy) x hj] 3.11)
+142 [ (M) [M X (M X hj)] x h;] + 25 [y (M)M x [(M x (M x h;)) x h;]]
+1 07, [y (MM X [(M X hj) X hj]| + 25 [[¢(M)M x (M X hj)| x (M X h;)]

Remark 3.4. Tt may looks like there are too many 7,,s in (3.9), but all of them are necessary. It is
not only we want all the terms of (3.9) are in Hj,, but we also want to get the a’priori estimates in
Proposition 4.1.

To solve Problem 2.7, we first consider the following system of equations in H,, Y,, and Y,:

Problem 3.5. Let us consider the following n-dimensional system:

dM, (1) =F,(Mn (1), B(1), E(1)) dt + i Gjn (M, (1)) de

/=t (3.12)
dE,(t) = = 7, [1p(Ex(t) + f(0)] dt + 7L [V X (Bu(t) — 7, M, (1)) ] dt '

dB,(t) = -, [V X E, ()] dt
with the initial conditions
M,(0) = m,Mo,  En(0) =m,Eo,  Byu(0)=n, By. (3.13)

Lemma 3.6. There exists a unique global strong solution (M, B,, E,) of Problem 3.5. In
particular, (M, B, E,) € C([0, 00); H,, X Y, X Y},), P-almost surely.
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Proof. We define mappings

F, H,xY, XY, — H, xY, xY,

Gjp H,xY,xY, — H,xY, XY,

putting
Fo(u,v,w)
Fy(u,v,w) = =af[lpw+ )] +7° [V (v—nlu)] (3.14)
-l [V x w]
and
. Gjn(u)
Gjn(u,v,w) = 0 (3.15)
0
Then system (3.12) takes the form of a stochastic differential equation

(o)

dX, = F, (X,) dt + Z Gjn(X,) dW;

J=1

where X,,A: (M, B,, E,). The mapping f,, defined in (3.16) is Lipschitz on balls. For the
mapping G j, defined in (3.15), note that G ;,, are Lipschitz and we have

MG aw) = a9 < = vl
j=1

where c¢;, was defined in (2.11). Hence we have checked the condition of the Lipschitz on balls.
Next let us check that the system also satisfy the one sided linear growth condition.

For F, are of one sided linear growth, we need to show that there exists K > 0 such that for all
(u,v,w) € H, x Y, X Y,,, we have:

7 2
<(I/£, v, W)a Fn(u» v, W))H,,XY,,XY,, < K(l + ”u”anYann)'

F,, has following vector expression, we only need to show the one sided linear growth property
for each component.

F,(u,v,w)
Fy (u,v,w) = | =2l [1p(w+ )] + 7L [V X (v - nl)] (3.16)
-l [V x w]

For the first component, we have
1
2

<Lt, Fn(u’ v, W))H =

u, Y G @G ]} .
j=1

H
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Now let us consider each term in <u, Z;’;l G;.n(u) [Gjn(u)]> , we will repeatedly using the facts:

(axb,ay =0,{axb,c)={a,bxc),axb=—bXa, definition of the function ¢ in Notation
3.2 and equation (2.11) in the assumption part of Problem 2.7. For the first term in the right hand
side of (3.9), we have

(o0 (o)

Dy malma(ux hy) Yyl = | G x ) X gyl < lulld D gl < canllull

j=1 j=1 j=1
For the second term in the right hand side of (3.9), we have
(uy 70 [ () [ X (u X )] X byl = —Cu X by, (u) [u X (u X hj)]m = 0.

For the third term in the right hand side of (3.9), we have
D, mala [y () x (ux hp)]]x (X hj))Ye
J=1

:Z|(ux(u><h ) [y ()i X (u X )]l

J=1

8

g () x (X ),

[ee]

2 2
Z 1112 < Ce?,
j=1

for some constant C > 0. Similarly we can check that for the fourth term in the right hand side
of (3.9), we have

O e

Qu, 7 [ (u)u X [(u X hj) X hj]])H =0.
And for the fifth term in the right hand side of (3.9), we have

Dy malmalw (wyu x (w0 x )] (u x hj)]y| < Ccf,

J=1

for some constant C > 0. Therefore we have proved that the first component in £, satisfies the
one sided linear growth condition.

Now let us consider the second component in £, as in (3.14). For the first term in the second
component, we have

v, (Lo (w + H)Dv, | < il (wll, + £ 1) < CA+ 10, w)I1F, v,

for some constant C > 0. For the second term in the second component, we have
2 2
1 [VX (v =m D)D)y, < VG, + VI, lully, < 200, w3, v, -

13



Therefore the second component in F), also satisfies the one sided linear growth condition. And
it is obvious that the third component in F,, satisfies the one sided linear growth condition. Hence

A

F,, satisfies the one sided linear growth condition.
It remains to check if we have

Tro(o @) < K1 +|uld),  ueH,
where o (u) : H — H,, is defined by

o (u)(g) = Mimn(u x g) = Lampp(Wux (uxg),  geH.

Hence
o (u)(h) = =Aiu X h — oy (u)u X (u X h), h € H,.

Therefore

n

Tr(o (o™ ) = Y (oo Wer e = Y. o (wexl3
k=1

k=1

<2 ) (e x el + I oy x e x en)l)
k=1

n n
2 2 2
<20lully Y Nlewllie +C > el
k=1 k=1
2
<K(1+lullf,),

for some constants C > 0 and K > 0. So the proof of the one sided linear growth condition is
complete.

Therefore the claim follows by standard arguments, see for example Theorem 3.1 in [1]. O
4. A priori estimates

Next we will get some a priori estimates of the solution to equation (3.12).

Proposition 4.1. Forany T > 0, p > 0 and b > le there exists a constant C = C(p,b) > 0
independent of n such that:

IMyllz=o7m) < IMollm, 4.1)
El|By = 70 Ml 20y < C s 4.2)
ENEnll) w7225 < C- (4.3)
EIlMall} o) < C (4.4)
ElMn X pall7s g ) < C (4.5)
EllBall} o2y < € (4.6)

14



L2

T £
E(/ 1M () X (Mo (1) X pu ()P dt ) <c, @
0

E |7, [Mn (1) X (My(2) X pn(t))]lle(O,T;X_b) <C, (4.8)
dE, ||”
E <C, (4.9)
dB, ||
E <C, (4.10)
dr iz o.1;v+)

where X~ is the dual space of X* = D(A?).

Proof of (4.1). By the It6 formula and straightforward calculus we have

2(My, Fu(M)Yg + D 11Gj (M) 13| de
j=1

dIMulE = D" 2 (My, Goj(My)),, dW; +
j=1
=0

hence
My ()11 = |Mo (0) I, = l7aMoll; < 1Mol t>0.

Proof of (4.2), (4.3), (4.4), (4.5). By the Itd6 formula we get:

A&y (M, (1), Ba(1), Ey(1))

o0&, En

i (M) (1) + ZZ o (G in (M) (0 G (M) (1)) = G2 (1 (7 X En()
0E, v

+6En Y1V X (Bu(0) = m{ M, (1)) = 10 (E, (t)+f(t))])]

(G jn(My) (1)) dW; (0).

15



Then by (3.2)-(3.5) and (3.6), we have
En(1) — En(0)
= /0 { - <pn(s)» Fn(Mn)(S)>H (4.11)

%Zl (" (M ()G jn (M) (5). G ju(M) (5) )55
J

% 196 ju (M (DI = (Ba(s) = mL M (5.7 (Y X En(5) )y

£M8

< n(8). 70, [V X (Bu(s) = 71, My ()] = 7, [1p (En(s) + f (s ))]>L2(R3)}ds

_Z./o. (on(5), G ju(My)(s)) AW, (s).
J=1

Now let’s consider each term in the equality (4.11).
For the term on the left hand side of (4.11),

En(t) = En(0) = /@ o(My(1,x)) dx - /@ (M (0,)) dr

1 2 1 Y 1 2
S IVMA0IE + 5 | O, S IE O,  @12)

2( %)

1 1
3 VMO = 5 [B.(©) - 3, 0)

1
=5 IEAO) s -

L2(R3)

For the 1st term on the right hand side of (4.11), by (3.7),

—{Pn; Fn(Mn)>H = — Ay {pn, Tu [ M, X pn])H + A2 {pp, mp [My X (M), X pn)])H
1 (o)
- 5 <pn, G}n (M) (Gjn (Mn))> .
Jj=1

Since
(on> [ M, x pn])H = {pn, My X pn>]H[ =0,

and
(on> p[My, X (M), X pn)]>]HI = (pn, My X (M), X pn)>H = —||M, Xpn“]%[ >
we find that

N =

- <pn’ Fn(Mn)>H = _/12||Mn X pn”]lz-]l -

i <p”’ Gy (M) [Gjn (Mn)]> :
=1

16



For the 4th and 5th terms on the right hand side of (4.11), we notice that
~ (Bu(s) = 1 M (5). 1 (V X En(8))) sy + {En(8) 77 [V X (Bu(s) =l Mu()]) 2 g
= - <Bn(s) - ﬂ;YMn(S)’ V X En(S)>]L2(R3) + <En(S), V X (Bl’l(s) - R;YM}’!(S))>L2(R3) = 0
Therefore,
- <B}’L(S) - K;YMH(S)’T[E(V X E”(s))>L2(R3)
+{Ea(9), 71V X (Ba(s) = m Ma(5)] = 7 [10(Eals) + F(s))1) 4.13)

L2(R3)
=~ (Ea(5) 1p(E() + T(5)),, = =MoLl = (. 10En)s.

By (4.12) and (4.13), equality (4.11) takes the form

1 1 2
[ ety ave 3 19M, 0012 + 5|
D

— 1
By(1) = 7, My (1) + 5 NEn(OI1F gafd-14)

L2(R3)

t 1 o0 t
e [ 1 xpuPase 3 Y [ (006 (1) (G0 )] s
0 24 o ’

1 e t 5 1 o ; X
_5 = ‘/0 |G]n (Mn)| ds — 5 ;A |VG]n (Mn)| ds
l !
J=1

+;‘/O <p”’Gjn (Mn)> de(S)

= [ o000 a4 S ITML O
D

2

B,.(0) — ! (M, (0)) +§||En<o>||ﬁz(R3), Vi € (0,7).

o]

2 L2(R3)
Now let us consider some terms in the equality (4.14).
By (3.6) we have

(pn, G jn (My))

= — (male’ (M) G ju (My)) + (AM,,, G juy (M,,))
+ (7t By — 71y M), G jn (My)) -

We also have
(AM,, G 1y (M) = = (YM,,, VG, (My))
= -1 (VM,,, VK, (M,))
< ”VMn”iz”hj”ioo(z)) + 2|V Ml 2 (| Mallis oy 1A e o) IV S L3 0y
SIIMnII%;IIthIim(@) + 20 M3 1A o () 1V 723 ) -
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Next we have

(o B~ 53,0, G0 (M) < € (||h,.||;m ||t (B~ =7,

2
H
Since we assume that ¢’ is bounded we obtain

[(mal’ (M), G jn (M) | < Clihjllie(o) -
Note that we also have,

/ot/@<f’E"> drds S%/Ot/z)(lflzﬂEnlz) dx ds.

Hence by (4.1) and (4.14) we infer that there exists a constant C(a, 8, D) > 0 independent of n
such that

1 — 1
SUBa(t) = 7 M ()12 ga) + 5 N En (D2 ) (4.15)
t
1

+ /0 1M (5) X pi () ds + /@ (My(1)) dx + = [| My ()11

1 YAz 2 1 2 1 ! 2
< 3 11Bu(0) =1 Mu(O) 2 ey + S IEnO)Z2(ey + 5 | IS () ds

1
+ [ o(My0.) s+ 3 19 M, O

+Ccy, /Ot (||M,,(s)||%, + HID [Bn(s) - HE(M"(S)]H;I) ds + Ccpt

+ ;‘/0 <pn,Gjn (Mn)> dW; (s)] -

We are going to estimate the stochastic term in the above inequality (4.15). We will show first
that the infinite sum of stochastic integrals

R t
> /0 (Pn> G ju (M) AW (s) (4.16)
J=1
is well defined. We have
|<pl’l’ Gn (Mn)>H|
< [(~¢' (M) + 1By = 17 H,), G o (M) )| + [(AM,, G (M) (4.17)

< C (sl + p (By = mf M)l llee + IV M (Il + 1A )|

< C(I1¥hylli + l1A7ll) (14 10 (By = M) s+ VM)
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hence
o0 t ) t y— ) 2
E), / (Pu Gjn (Mp))yy ds < €,C / (14 110(By = M)l + VM, ) ds
‘=170 0

and the It0 integral (4.16) is a well defined square-integrable martingale. Secondly, we do some
preparation before using the Burkholder-Davis-Gundy inequality on the stochastic term of (4.15).
Taking supremum over r € [0, ¢] on both sides of (4.15) we obtain

1
5 sup (IBar) = (VT () gy + 1B () P
re(0,z]

wda [ IMy(5) % .0 ds+ sup ( / ¢(Mn<r)>dx+§||Mn<r>||%,)

re[Ot
1 [ 5
LZ(R3) ”E (O)HM(R% 5 0 £ ()l ds

' /D @ (M (0,)) dx + 5 L VML 012

< S1B,(O) - M, O

+Cey /0 l (nMn(s)n%, +[|10 [Ba(s) - nz%m]H;) ds + Ceyt

+ sup Z | onGiu ) a5

rel0,z]

Let p > 2. Then using the Jensen inequality we find that for some constant C which includes
the initial data, we have

(4.18)

p
t
( sup (IBw = 7 T )2y + NE (s gy + 1M (I3 + 222 /0 1M, xpnnﬁds)
re[0,r

t
_ — p
< 18 [ (M) + 1By = W) 0 Boges) s

P

+3771E| sup Z/ <pn,G]n (M,J)H dW; (s) +Cc 1P
}"E[Ol j=1

Finally, by the Burkholder-Davis-Gundy inequality, the Jensen’s inequality again and (4.17), there
exists a n-independent constants K = K(p) > 0 and C > 0 such that:
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p

(o]

B sup |3 [ (on G (44) 0w

re[0,¢] j=1

[T

0 t
< KE Z/o (0 G ju (M,))z, ds
j=1

t
<Crt'E / sup (1M (1)1 + 110 (B, = M) (I ) ds (4.19)
0 rel0,s]

Hence by (4.18) and (4.19) there exists C > 0 independent of n such that,

p
t
B sup (II[B T M () Ry + NEn (D) P, + 1M (P + /0 ||M,1Xpn||ﬁdf)
re[0,t

<C@ 4t / 8 sup (IMy (I + 1By = 7 M) ) ds +Co?

re[Os

D
Hence by the Gronwall inequality, with C = CT?eCT"+T2) we get the following four a’priori
estimates,

Y7 112P
EHB _7[ M ” (OT]LZ(R’&)) —C

E”E ”Loo(OTLZ(R?)) - C

E|| M, ;% <C,

L=(0,T:V)

E”M Xp””LZ(OTH) < C

And since L?7(Q) — L9(Q) continuously for all ¢ < 2p, these four inequalities imply the
inequalities: (4.2), (4.3), (4.4), (4.5) for all p > 0. O

We continue with the proof of Proposition 4.1.

Proof of (4.6). For fixed p > 1, we have

E||Ball7” +E||[M,||

P -
Lw(OTLZ(R?)) = (E”[B” ]||L°°(0TL2 R3)) L°°(0TH))

By the a’priori estimates (4.2) and (4.4), there exists some C > 0 independent of n such that

2
]E”Bn” p(OTLZ(R3)) - C

Together with the fact L2 (Q) < L9(Q) continuously for all ¢ < 2p, we complete the proof of
(4.6). O
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Proof of (4.7). By the Soblev imbedding theorem, there is a constant C such that
1Ml < ClIMf
therefore by the Holder inequality, we have
M) x (4,0) % pa0)| 5 < [1Ma O] [Ma0) % pu 0], < MO M (8) X (O]

Hence, by the Cauchy-Schwartz inequality,

3
L2

T 2 %
E (/ HM,,(t) x (M, (1) Xpn(t))‘ ¥ dt) }
0
T ) £
< B | swp M|, ( [ vt x a0l dt)
re(0,T] 0
) % T 5 p %
<cr (B sup M0 ) (E [( [ 1ma0x a0 dt) ])
te[0,T] 0
Then by (4.4) and (4.5), we get (4.7). O
Proof of (4.8). Since || - |Ix» = [|A? - |lg = || - llg2», X* < L3 compactly for b > 1. Hence L3 is

compactly embedded in X~?. Thus there is a constant C independent of n such that

T
E /O 17 Mo (1) X (Mo (£) X (I, dt

T
< E/O I (2) X (M (2) X p(D)] 15— dt

T
< CE/O 1 [M(2) X (M(2) Xpn(t))]ll]i% dz.
Then by (4.7), we get (4.8). O
Proof of (4.9) and (4.10). By the second equation in (3.12), we have
EdE"p =E|n(Vx[B, -7 M,]) —n:[1p(E,+ HII
d - ||7Tn( X [ n— Ty n]) T, [ D( n+f)]|| ©(0,T5Y*)
U lp(o0,r:v%) e
< CpE sup ||V X [By(1) = m, Mu()]|15. + C,E sup [[1p(Eq(1) + f(0)I%.
te(0,T) te(0,T)

S p 0
<Bn(t) —niM, (1), V x y>]L.2(R3) <1D(En + 1), y>L2(R3)

< CpE sup sup
1€(0,T) y£0 Ivllv Iyllv

Y
S CpE” [Bn - ﬂ-n Mﬂ] ||€°°(0,T;L2(R3)) + CpEllEn||ioo(0,T;L2(R3)) + Cp||f||£2(0,T;H)‘

Hence, since f € L?(0,T;H), by (4.2) and (4.3), we get (4.9) and similarly (4.10). O
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After so many pages of long calculation, the proof of Proposition 4.1 has been finished. Next let
us consider the estimate of the stochastic term in the finite dimensional system (3.12).

Lemma 4.2. Fora € [0, %) and p > 2, there exists a constant C > 0 such that for alln € N,

Z [ G, aw, o

To prove Lemma 4.2, we will use the Lemma 2.1 from Flandoli and Gatarek’s paper [17], which
is stated as Lemma 11.2 in the Appendix.

<C. (4.20)

Wa-p (0,T;H)

Proof of Lemma 4.2. By Lemma 11.2, there exists constant C; > 0, such that

P
2

T [ee]
< CE /O DG jn (M) e
Jj=1

Gjn (M,) dW; (s)

Wa-p (0,T;H)
r/2

o0 T
=l DR E/O (1+10,01%)

J=1
<C,

where the last inequality followed by (4.4). This completes the proof of the estimate (4.20). O
Remark 4.3. From now on we will always assume a € [0, %), b > }1 and p > 2.
Lemma 4.4. Fora € [0, %), b>1L p = 2, there exists C > 0 such that for all n € N,

E || M,lI3 <C. 4.21)

wa.r(0,T;X~ b)

Proof. By (3.12),

E ||M ||Wu p(OTX b)

=E

1 (o]
[) ﬂn{/lanxpn_/lZMnx(Mnxpn)+52 (M) G]n (M, )]}

+Z/ Gjn(M,) dW;

By our assumption, a € [0, %), SO Hl(O, T;X‘b) — W*P(0, T: X compactly for all p > 0.

Wa-p (0,T;X-b)
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And since H < X~ continuously, there is a constant C independent of n such that

t 1 &0 ,
./0 ﬂn{/lan X pp + E;Gjn (M) [Gjn (Mn)] }ds

2

2
E ”Mn ||‘2V”*I’(O,T;X’b) SC E

H'(0,T:H)

t
+CE / Aamty [My, X (M, X py)] ds
0

2
o0 t
Z/O G n (M,) dW;
=1

To prove (4.21), it is enough to consider each term on the right hand side of the above inequality.
By (4.5), (4.8) and (4.20), we can conclude (4.21). O

H'(0,T;X-b)

+CE

Wea.p (0,T;H)

5. Tightness results

In this subsection we will use the a’priori estimates (4.1)-(4.10) to show that the laws { L(M,,, B,, E,,) :
n € N} are tight on a suitable path space. Then we will use Skorohod’s theorem to obtain another
probability space and an almost surely convergent sequence defined on this space whose limit is

a weak martingale solution of the Problem 2.7.

To do so, we will need some compact embedding results from Flandoli and Gatarek’s paper [17],
which stated in the Appendix as Lemma 11.3-Lemma 11.4. We will also need the following
Lemma about tightness.

Lemma 5.1. Let X,Y be separable Banach spaces and (Q, F,P) be a probability space, we
assume thati : X — Y is compact and the random variables u, : Q — X, n € N, satisfy the
following condition: there is a constant C > 0, such that

E(luallx) <C.  neN.
Then the family of laws {£(i o ”")}neN is tighton'Y.
Proof. Let us arbitrarily fix £ > 0.
Since E(|u,||x) < C for all n, we have

C
P(”unHXs—)Zl—S, n € N.
E

On the other hand, since the embedding map i : X < Y is compact,

ke = fiou@): @l < .0 el
is compact in Y. And we have
.E(ioun)(Kg)ZP(llunﬂxsg) >1-¢, n e N.
Therefore {£(i o u,)}, ., is tight on ¥ and the proof is complete. O
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Now let’s state and prove our tightness results.

Lemma 5.2. For any p > 2, g € [2,6) and b > i the set of laws {L(M,) : n € N} on the
Banach space
LP(0,T;L9) N C([0,T]; X7")

is tight.

Proof. Firstly, let us prove { L(M,,) : n € N} is tighton L?(0,T;L?) forall p > 2 and g € [2,6).
To this end fix p > 2, a € (0, %), b > ;ll and ¢ € [2,6). Since ¢ < 6 and the embedding
V= D(A%) — X7 = D(A”) is compact for y < %, we can choose y € (43—1 - %, %), such that,
Lemma 11.3 yields a compact embedding

LP(0,T;V) N WP (0,T;X"") — LP(0,T;X").
Therefore
P(||Mn||Lp(o,T;V)nwa,p(o,T;X—h) > r) = P(”Mn”LP(O,T;V) + | Mullwar x>y > V)
r r 4 2 )
< P(IMallerioran > 5) + B (IMallwerorses > 5) < SE(IMallEoron + 1Mallyen e sy) -

Let X7 := LP(0,T;V) n W*P(0,T; X‘b). By estimates (4.21) and (4.4), there exists a constant
C, such that

C
P(IMpllx, > r) < > Vr, n.
r

hence “
E(I1Mnllx,) sl+/ —dr=1+C, VneNl.
1 r

By Lemma 5.1, the family of laws {L(Mn) ‘ne N} is tight on L?(0,T; X?). Fory > % - 237/’

we have X? = H?Y(D) — L9 continuously. Hence L”(0,T; X") < LP(0,T;L%) continuously

and {L(Mn) ‘ne N} is also tight on L? (0, T;1L?).

Secondly, we prove the laws {£(M,) : n € N} are tight on C([0,T];X?) for all b > zlt' To

do this, we fix some b > % and choose b’ € (%, b). Since b’ < b, by Lemma 11.4 we have

WP (0,T; X~*") — C([0,T];X") compactly for a € (0,%) and p > 2 satisfying a > %.

Therefore by estimate (4.21) and Lemma 5.1 again, we conclude that {L(Mn) ‘n € N} is tight

on C([0,T];X?).

Therefore { £L(M,) : n € N} is tight on L”(0,T;L7) N C([0,T];X") and the proof is complete.
|

To prove the tightness results about { L(E,)} and { L(B,)}, we need the version ([12], Def. 3.7)
of Aldous Condition ([2]), i.e. Definition 11.6 and the tightness criterion Lemma 11.7.

Lemma 5.3. The sets of laws { L(E,)} and { L(B,,)} are tight on the space L2 (0, T;L*(R?)).
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Proof. Here we will only prove the result about { L(E})}, the proof about { £L(B},) } is exactly the
same.

In order to use Lemma 11.7, let us set H = L?(R3) and choose an auxiliary Hilbert space U such
that the embedding U < Y is compact. (The existence of such U is actually worth to justify, we
put it in the Lemma 11.5 in the Appendix.)

Since the embedding Y < L?(R?) is bounded, the embedding U — L2(R?) is also compact.
Next we will check the condition (a) and (b) in Lemma 11.7.

Firstly, let us observe that by estimate (4.3), condition (a) of the Lemma 11.7 is satisfied.
Secondly, we will check the Aldous condition (Definition 11.6) in the space U*. To this end, fix
e > 0,n > 0 and a sequence of F-stopping times {7,,}. The embedding Y* < U* is compact so
it is bounded and thus there exists a constant C; > 0 such that || - ||y« > Cy]| - ||y+. Hence together
with the Chebyshev inequality and estimate (4.9), we have

P (”En(Tn + 9) - En(Tn)”U* 2 77) <P (”En(Tn + 0) - En(Tn)”Y* 2 C177)

1 1 Wl || qF co
< LB (E(p +0) = Ex(r)l4) < —F / N g €O
Cin Cin Js, ds |- Cin

6> 0.

Hence for 6 < %817, we have

sup sup P (|1Ex(th +6) — Ep(to)|lu- = ) < &.
neN 0<0<6

The Aldous condition (11.1) has been verified.
Therefore by Lemma 11.7, the laws {£(E,)} are tight on C([0,T];U*) N L% (0,T; H) and the
lemma follows. O

By the previous tightness results and the Prokhorov Theorem, we have the following result of
weakly convergence of laws.

Proposition 5.4. There exists a subsequence {(M,,, By, En,)} of {(My, By, Ey)}, such that the
laws L(M,,, By, , En,, Wi) converge weakly to a probability measure u on [LP(0,T;L9) N
C([0,T];X7")] x L2 (0,T;L*(R%)) x L2,(0,T;L*(R3)) x C([0,T]; H), where p € [2,00), q €
[2,6) and b > 1.

6. Construction of new probability space and processes

Now we are going to use the Skorokhod Theorem to construct our new probability space and
processes as the weak solution of Problem 2.7.

Lemma 6.1. For p € [2,0), g € [2,6), b > }‘, there exists a probability space (ﬁ, 7~", ﬁ) and a
sequence {(My, Ey, By, Win)},
of

[LP(0,T;L9(D)) N C([0,T]; X7%)] x L2,(0,T;L*(R?)) x L2 (0,T; L*(R%)) x C([0,T]; H)

-valued random variables defined on (ﬁ, % , ﬁ) such that
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(a) On the product space

[LP(0,T;1L9(D)) N C([0,T];X%)] x L2 (0, T;L2(R?)) x L2 (0, T;L*(R%)) x C([0, T]; H)

L(Mn» En’ Bn’ Wh) = £(Mn» En’ En’ Whn)’ Vn € N
(b) There exists a random variable (1\7 , E , E, Wh) :

(Q, F,P) — [LP(0,T;L%) n C([0,T];X?)] x L2(0, T; L*(R?))
xL2(0,T; L*(R%)) x C([0, T]; H),

such that

(i) On the product space

[LP(0,T;L9(D)) N C([0,T];X7?)] x L2(0, T; L*(R?)) x L2,(0,T; L*(R*)) x C([0,T]; H)

L(M,E,B,W;) = p,
where u is same as in Proposition 5.4. Moreover, the following convergence results hold P-a.s.
asn — oo,

(ii) M, — M in LP(0,T;L4(D)) N C([0,T];X?),
(iii) E, — E in L2(0,T;L2(R3)),

(iv) B, — B in L2(0,T;L2(R%)).

(v) Wiy — Wy in C([0,T]; H).

To prove Lemma 6.1, we need the standard Skorohod theorem [15, Thm 11.7.2] for separable
metric spaces as well as the following Jakubowski’s version of Skorohod theorem:

Lemma 6.2 ([22, 13], Thm A.1). Let X be a topological space such that there exists a sequence
of continuous functions f,, : X — R, m = 1,2,... which separates points of X. Let us denote
by & the o-algebra generated by the maps { f,}. Then

(i) every compact subset of X is metrizable,

(ii) if {um} is a tight sequence of probability measures on (X, §), then there exists a subsequence
(my), a probability space (Q, F,P) = ([0, 1], B([0, 1]), Leb.) with X-valued random variables
&k, & such that p,y, is the law of & and &x converges to & almost surely. Moreover, the law of ¢
is a Radon measure.

Proof of Lemma 6.1. LP(0,T;L4(D)) n C([0,T];X") and C([0,T];H) are separable metric
spaces, so by the Skorohod Theorem for the separable metric spaces [15, Thm 11.7.2], there
exists a probability space (€, 1, P;) and corresponding random variables take values in

[LP(0,T;L9(D)) N C([0,T];X")] x C([0,T]; H)
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such that the related results in Lemma 6.1 hold.

To prove the results relative to the space L%V 0,T; Lz) in Lemma 6.1, we will use the Proposition
5.4 and Lemma 6.2. Let us recall, that for any separable Hilbert space H, the elements of H*
separate points in H, so the countable dense subset of H* also separate points in H. We also have
that the Borel o-algebras generated from strong and weak topologies are coincide, so {u,,} is
tight on (H, &) equivalent to {u,,} is tight on (H, B(H)).

Then the product probability space and the corresponding random variables of above two related
results are the aims we are looking for and this completes the proof of Lemma 6.1. O

Remark 6.3. We set F to be the filtration generated from Wh and M and 1\7” for all n. 1.e.
F =0 {Wy(t), M(t), M,(t) : t € [0,T],n = 1,2,3,....}

So now we have a filtered new probability space Q, F,F, P). Since (M,,, Wj,) and (M,,, Wj,) have
same distribution, and the increment W), (1) — Wj,(ss) is independent of o-{M,,(r) : r < s}, we can
see that Wy (1) — Wi (s) is independent of F, forall 7 > s.

Remark 6.4. As stated in Lemma 6.1, Wh has same distribution on C ([0,T];H) as Wj. Hence
it can be proved that {it o Wh} is also a F-Wiener process on H (See Lemma 11.8 in the
Appendix), where

>0

i : C([0,T];H) > f > f(t) € H.

And for convenience, we will use Wh(t) to denote i; o W, B
Since we assumed that {/,} ; is an ONB of H as in Remark 2.8, W), has the following representation:

W () = Z Wi(th;,  1€[0,T],
j=1

where <~ >
_ Wi(t), h;
W;(t) := —ZJH.
7115

It can be shown that VNVJ(t) is N (0, 7) distributed for each j and form a Gaussian family and so
are independent for all j =1,2,---.
The map:

- Wi (0 1y ilj>H = W;(1)
17115

1s continuous almost surely. So Wj has continuous trajectory almost surely for every j.

The independence of increments of VT/j for each j follows from the independence of increments
of VT/;,. Therefore Wj, j=1,2,--- are independent 1-dimensional F-Brownian motions.
Similarly, we also have

Win(t) = > Win(0Dhj, 1€ [0,T],
j=1

for some independent 1-dimensional F-Brownian motions Win, j=1,2,--.
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Let ﬂn, En and En be as in Lemma 6.1, we have the following result:
Proposition 6.5. The processes M, B, and E, have the following properties:

(i) M, € C([0,T];H,) almost surely and L(M,) = L(M,) on C([0,T];H,);
(i) E, € C([0,T);Y,) almost surely and L(E,) = L(E,) on C([0,T];Y,);
(iii) B, € C([0,T];Y,) almost surely and L(B,) = L(B,) on C([0,T];Y,).

Proof of Proposition 6.5.(i) Since C([0,T];H,) c LP(0,T;L'(D))NC([0,T];X?), if we take
¢ to be the embedding map, then by the Kuratowski Theorem 11.9, the Borel sets in C([0, T']; H,,)
are the Borel sets in L”(0,T;L'(D)) N C([0,T];X~?). On the other hand, by Lemma 6.1,
L(M,) = L(M,) on LP(0,T; LY (D)) N C([0,T];X?), so L(M,) = L(M,) on C([0,T]; H,).
By Lemma 3.6, P{M,, € C([0,T];H,)} = 1. Hence P{M,, € C([0,T];H,)} = 1.

(ii) By the Kuratowski Theorem 11.9, the Borel setsin C ([0, T']; Y,,) are Borel setsin L2(0, T; Y,,).
And since L*(0,T;Y,) is closed in L?(0, T;L?(R?)), by the Lemma 11.10, L*(0,T;Y,,) is also
closed in the space L2 (0, T;L?>(R?)). Hence the Borel sets in L2(0, T; Y,,) are also Borel sets in
L2(0,T;1L?(R%)). Therefore the Borel setsin C([0, T]; Y,,) are the Borel setsin L2,(0, T; L?(R?)).
By Lemma 6.1, £(E,) = L(E,) on L2 (0, T;L2LR3)), so L(E,) = L(E,) on C([0,T];Y,). By
Lemma 3.6, P{E,, € C([0,T];Y,)} = 1. Hence P{E,, € C([0,T];Y,)} = 1.

(iii)) Exactly the same as the proof of (ii).

This complete the proof of Proposition 6.5. O

The next result shows that the sequence (1\7,1, §n, En) satisfies the similar a’priori estimates as
(M, B, E,) in Proposition 4.1.

Proposition 6.6. Let us define
Pn = 1| — ¢ (My) + 1p(B, — 1L M,) | + AM,,

Then forall p > 0, b > zlt’ there exists C > 0 such that for all n € N,

”Mn”L“(O,T;H) < || Mol|s, P-a.s., (6.1)
E||En||ZW(O,T;L2(R3)) < Ca (63)
EllMn X Ball]2 g gy < C- (6.5)
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BIR NP
ElIBall w0 722@3y < (6.6)
— T, _ _ 2 5
E HMn M, On ‘ <dC, .
([ o x (.0 x5.0) [, @) < ©7)
_rT — - 2
E / . [Mn(t)x(Mn(t)xﬁn(t))]H dt<C, 6.8)
0 X-b
=~ ||P
_|| 4E,
E <C. .
= <C 6.9)
L>(0,T;Y*)
~ ||P
_| 4B,
E <cC. 1
dt = (6.10)
L>(0,T;Y*)

Proof. Note that all the maps, 7, 0 ¢’, 1,0 1p o yr;LY, A, all the cross products, the norms etc, are
measurable maps on the corresponding spaces. Therefore by the Proposition 6.5 and Proposition
4.1, we get the estimates (6.1)-(6.10). O

Remark 6.7. From now on we will set p =g =4 and b = % in Lemma 6.1. That will be enough
to show the existence of the solution of the Problem 2.7.

Proposition 6.8. As defined in Lemma 6.1, the M satisfies the following estimates:

esssup [|M(0)|lu < |Mollu,  P-a.s., 6.11)
t€[0,T]

And for some constant C > 0,

esssup |M(0)|lx-» < ClMollz, P —a.s.. (6.12)
te[0,T]

Proof. The results follows from Lemma 6.1 (b) (ii), and L* e H s X? continuously and the
estimate (6.1). |

We continue to investigate properties of the process M, the next result and it’s proof are related
to the estimate (6.4).

Lemma 6.9. The process M defined in Lemma 6.1 satisfies the following estimate:

E[ess sup ||1\7(t)||%,’] <oo, r=>0. (6.13)
te[0,T]
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Proof. Since L*" (ﬁ; L*(0,T;V)) is isomorphic to [sz_il(fl; L'(0,T; X_%))]*, by the estimate
(6.4) and the Banach-Alaoglu Theorem we infer that the sequence {M,} contains a subsequence
(which will be denoted in the same way as the full sequence) and there exists an element
v € L¥(Q; L™(0,T;V)) such that M,, — v weakly* in L2 (Q; L*(0,T;V)) as n — oo. So it
remains to show that M = v.
We have _

lim (M, 0) = (v.¢), g€ L¥T1(Q; (L0, T;X72))),

which means that

T - T —
lim/Ez/o <M,1(t,a)),(p(t,a))> dtdp(w):/ﬁ/o (t,w), p(t,w)) dt dP(w).

n—o0o

On the other hand, if we fix ¢ € L*(Q; L3(0,T;L%)), we have

sup/~
n JQ

< su M, ||> 2 dP < sup ||M, |3, ~ 2 < 00,
fénmwmwwmmm%(m 0 IVl oo 0 ot <

2 2

T
[ Witlistiol s il B
0

T —~
/ L4 <Mn(t),(,0(t)>L% dr
0

dP(w) < sup /

Q

So the sequence fOT 14 <A7n(t), ¢(t)>L% dr is uniformly integrable on Q. Moreover, by the P
almost surely convergence of M, to M in L*(0,T;L*), we infer that fOT L4 (Mn(t), go(t))L% dr

converges to fOT 14 (]\7 (1), go(t))L% dt P almost surely. Thus for n — co, we have

T T
./fz./o L4 <M,,(t, w), <p(t,w)>L% dt dP(w) — ./?2./0 L4 (M(t, w), @(t,m))L% dr dP(w).
Hence we deduce that
T _ T . _
// 4 (v(t,w), p(t,w)) 4+ dtdP(w) = / / 14 <M(t,a)), o(t, w)) 4 dt dP(w)
aJo L3 aJo L3
By the arbitrariness of ¢ and densness of L4(§; L%(O, TLL%)) in sz—il(ﬁ;Ll(o, T;X‘%)), we

infer that M = v and since v satisfies (6.13) we infer that M also satisfies (6.13). In this way the
proof of (6.13) is complete. O

We also investigate the following property of Band E.

Lemma 6.10. The processes B.E defined in Lemma 6.1 have following regularities:

T
) R OV 6.14)

T
E/O ||E(r)||§L2(R3) dt < oo. (6.15)
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Proof. The proof of (6.14) and (6.15) are similar to the proof of (6.13). O
Next we will strengthen part (ii) and (iv) of Lemma 6.1 (b) about the convergence.

Proposition 6.11.
T
lim E/ M (1) = M(1)]IF, dr = 0. (6.16)
n—oo 0

Proof of (6.16). By the Lemma 6.1, M, (1) — M(z) in L*(0,T;L*) n C([0, T]; X ) P-almost
surely, M, (1) — M(¢) in L*(0,T; L4) P-almost surely, that is

hm/ 1M, (t) = M(0)|I},dt =0 P-a.s.,

and by (6.4) and (6.13),

T 2
sng( /0 ||Mn<r>—M(r)||;¢4dr) < 27 sup (Il oy + I ) <

hence,
lim ]E/ IMu(1) = M(1)|{,dt = E ( lim / 1M (1) = M()]I7 dt) =0.
This completes the proof. O

Corollary 6.12. There is a subsequence {M, .} C {M,} such that M, . = M almost everywhere
inQx[0,T] XD ask — oo.

Remark 6.13. For convenience, we will still denote the {1\7Ink} as in Corollary 6.12 by {M,} in
the rest part of this paper.

Proposition 6.14.
T
im B [ (B (5) = (916 s =0 6.17)

Proof of (6.17). By Corollary 6.12, M, — M almost everywhere in Qx [0,T] x D. And since
¢’ is continuous,

, = 2
¢ ()| =0,

lim
n—oo

almost everywhere in Q x [0,T] x D. Moreover, ¢’ is bounded, so there exists some constant
C > 0 such that |¢’(x)| < C for all x € R3. Therefore for almost every (w, s) € Q x [0,T],

J,

_ 4
¢ (M(w,5,x))| dr < 16CHm(D) < oo,
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— — 2
Hence ¢’ (M, (w, s)) — ¢’ (M (w, s))| is uniformly integrable on D, so
—~ —~ 2 —~
lim Hcp’(M,,(a), $) - & (M(w, s))HH —0, Ox[0.T]-a.e..
n—oo
Therefore for almost every (w, s) € Q x [0,T1],

~ —~ 2
T (M (0,)) = ¢/ (¥ (@, )

< 2|[¢/ (a0, ) ~ o (0, )| +2 [t (B (0,9)) ~ o G0, ). 0.

Moreover since
_pT
E /
0

_ 12 ~
19’ (M) — go’(M)HH is uniformly integrable on Q x [0, T]. Hence

— _ 4
e’ (My(w, s)) — ¢' (M(w, S))HH ds < 16TC*m(D) < oo,

T
tim B [ ! (01,(5)) = ' GE)IE, ds =0

This completes the proof of (6.17). O

Proposition 6.15. For any u € L*>(0,T;H), we have

T
lim E / (u(s), malp(By — B)(s))y ds| = 0. (6.18)
n—oo 0
Proof of (6.18). By (iv) of Lemma 6.1, we have
T —_~
lim / <u(s),7rnlz)(Bn — B)(s))H ds|=0, P-a.s..
n—00 0

Moreover, by (6.6) and (6.14) we have

2

o~ T —_~ —_~
]E‘/O (u(s),ﬂnlz)(Bn - B)(S)>H ds

T T
< 2l g g B ( /0 1108, (s) 13 ds + /0 ||1@B(s>||1%ﬁds) < o,
Hence )fOT <u(s), 7tulp (B, — §)(s)>H ds‘ is uniformly integrable on Q, so

lim E

n—oo

/T (u(s), a1 p(By = B)(s))y ds| = 0.
0

The proof of (6.18) has been complete. O
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Proposition 6.16.
V;M, — V;M weakly in L*(Q; L*(0,T;L?)), i = 1,2, 3. (6.19)

Proof. Let us fix ¢ € Lz(ﬁ; L?*(0,T;V)), by (6.16) M,, — M in Lz(ﬁ; L?*(0,T;H)), so we
have:

n—oo n—oo

T T T
E/ (M, Vip), dx = lim E/ (My, Vi), dx = — lim E/ (ViM,, @)y dx
0 0
By the estimate (6.4), {Mn};"zl is bounded in Lz(ﬁ; L?(0,T;V)), so the limit of the right hand
side of above equation exists. Hence the result follows. O

Next we will define M x p and show that the limits of the sequences {M X Pn}n> {M,x (M, x 0n) In
and {JTn M, x (M, X Pn)) } are actually M X p, M x (M x p) and M X (M X p).

Proposition 6.17. Forp > 1andb > }, there exist Z, € L*?(Q; L*(0,T; H)), Z, € L*(Q; L*(0,T; L3))
and Z3 € LZ(Q, L%(0,T; X)), such that

M, X p, — Z; weakly in L**(Q; L*(0,T; H)), (6.20)
My x (M, % 5,) —> Zy  weakly in L*(Q; L*(0, T;L3)), (6.21)
on(My X (My X pr)) — Z3  weakly in L*(Q; L*(0,T; X 7). (6.22)

Proof. The spaces L?” (§~2; L?(0,T;H)), Lz(ﬁ; L%*(0,T; L%)) and L2(Q; L*(0,T; X)) are reflexive.
Then by equations (6.5), (6.7), (6.8) and by the Banach-Alaoglu Theorem, we get equations (6.20),
(6.21) and (6.22). ]

Proposition 6.18. _
7 = Z3 in the space L*(Q; L*(0,T;X7)).

Proof. Notice that (L%)* =13 and X? =H?*». X’ c L3 for b > }P hence L3 C X?, so
L2(Q: L2(0,T: L)) c LA L2(0,T; X7?Y).

Therefore Z, € Lz(ﬁ; L?*(0,T;X7")) as well as Zs.
Since by definition X? = D(A?) and A is self-adjoint, we can define

n o
Xrlz) = ﬂnxzz<x’ej>]}]1€j ZXEH, Z/l§b<x,€j>ﬂz_]I < 00

J=1 J=1

Then X” = 2, Xb, L2(Q; L*(0,T; X%)) = U, L2(Q; L*(0,T; X2)).
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Firstly, we prove the result for each u,, € L2(Q; L2(0,T; X?)). To do this, let us fix n and take
u, € L*(Q; L*(0,T; X,f)), then for any m > n, we have

Lz(ﬁ;LZ(O,T;X’b)) <ﬂm(ﬂm X (Mm X ﬁm))a un>L2(§;L2(O,T;X”))

—~ T S~ —~

- & /0 st (W (0) X (T (1) X (1)), 100 (1)) 5
—~ T —~ o~

- & /0 (o (W (6) X (W (8) X P (1)), 100 (1))
—~ T S~ —~

. /0 (M (1) X (Mo (6) X Bin(0)), (1))

—_~ T _~ _~
“B [ s (B0 X (B 0) X (0D, (0) .,

T LA(@L2(0TX D)) (M X (Myn X pin), “">L2(ﬁ;L2<0,T;Xb>> :

Hence let m — oo on both sides of above equality, we have

L2@207x0) (3 Un) (@12 07:x0) =L2@s1207%0)) (22 Und 12 @120,13x))

Vu, € L*(Q; L*(0,T; X2)). N
Secondly, for any u € L2(Q;£2(0, T; X?), there exists L?(Q;L*(0,T; X,f)) > u, — u as
n — oo, hence for all u € L?(Q; L?(0,T; X”), we have

@207+ L3 @ rorxey) = M0 @0 (43U 2@ oxe)

n—oo

= lim
n—oo

2@ 200750y (22 Un) @200 Sr2@r207-0) (222 W @ r20mx0))

Therefore Z, = Z3 € L(Q; L2(0, T; X?)) and this concludes the proof. O
In next Lemma, we look into Z;.

Lemma 6.19. Z, is the unique element in L* (ﬁ; L%(0,T;H)) such that foranyu € L* (ﬁ; L0, T; Wh#)),
the following equality holds

n—oo

o= [T - _ T
lim E/O (Mn(s) X pn(S), ”(S)>H ds = E/O (Z1(5),u(s))y ds

_ T, _ .~ 3. pT _ _
- E/o (#(0) x (¢ (W10)) + 10 (B = M) (). u(1)) dt+;E/0 (VM (1), M (2)  Viu(r) ), dr.

Proof. Let us recall that

Pn = ﬂ'n[ - ‘pl(Mn) + ID(gn - ”;E(Mn)] + AM}’U

so we take three parts to prove the desired result.
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Firstly we show that

lim E / (M (1) X AM,, (1), u(t)); dt = > E / (ViM (1), M (1) X Viu(1) ) dt.
0 0

n—oo

3
i=1
Proof of above equality: for each n € N, we have

3

(M (1) X AM, (1), u(8))2 = >~ (Vi (1), My (1) X Viue(1)), (6.23)
i=1

for almost every ¢t € [0,T] and P almost surely. Moreover, by the results: (6.19), (6.4) and (6.16),
we have fori =1,2, 3,

T T
'E [ 4w i x V) B [ (L 8y x Vi)
0 0

T T
< E/ (ViM = ViM,, M x Vv), dt|+ E/ (ViM,, (M - M,) x Viv),, dt
0 0

T B LY I ,T i
s(E / ||v,~Mn||ﬁdt) (E / ||M—Mn||;¢4dz) (E / ||vl-v||;{4dr)
0 0 0

T
E/ (ViM = VM, M X V), di
0

+ — 0, asn — oo,

Secondly we show that

lim E/O (M, (1) X 10" (M, (1)), u(1)),» di = E/O (M(1) x @' (M (1)), u()),, dr.

n—oo

Proof of the above equality: By (6.16) and (6.17), we have

—~ T o~ —~ —~ —~
‘E /0 (W (5) X 10 (BT (s)) — W1 (5) % ¢/ (BT (s)). u(5)),, ds

—_~ T —~ —_~ —_~
< E/o ‘([Mn(s) - M(s)] X u(s),ﬂngo’(Mn(s))>H‘ ds

o~ T o~ o~ o~

B [ [(0106) %), 7 (5D = (F19))] 0

T _ I ,T I T B !
s(E /O ||Mn(s>—M<s>||14ds) (E /0 ||u(s>||14ds) (E /O ||¢'(Mn<s)>||§zds)

T I pT i pT B B 2
+(E /0 ||M(s>||14ds) (E /0 ||u<s>||;¢4ds) (E /0 ||nnso'<Mn<s>>—¢'<M<s>)||§;ds) -0,
as n — o9,
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Finally, we will show that

fim E/OT <Mn(z) w1315 (B, —nﬁfﬁn)(t),u(z))U dr = E/OT<M(z) x 1D(E—ﬁ)(z),u(t)>Lz dr.

n—oo

Proof of the above equality: By (6.16) and (6.18), we have

~ T, — = — — ~
‘E/O <M,,(s) X Tl (By — ni M) (s) — M(s) X 10(B — M)(s), u(s)>H ds

< E/OT ({[Mn(s) — M(s)] % u(s), mlp(By — n;‘{ﬁn)(s)>H) ds

T — ~
+E / <M’(s) X u(s), Tplp(By — 1 My)(s) = 1p(B - M)(s)>H ds
0

T _ I/ pT i T B - 3
s(E /O ||Mn(s>—M<s>||14ds) (E /0 ||u(s>||;¢4ds) (E /0 ||1D(Bn—n;YMn><s>||izds)

& [ I, o) (& e o) (B il o, (5) — 1M )Is o)

—~ T S~ —~ S~
+E / <M(s) Xu(s), mlp(B, — B)(s))H ds
0

—> 0, as n — oo.

So far we have shown that

n—oo

—_~ T ~
lim E[} <M,,(s) X pn(s), ”(S)>H ds

_ 3
= E/OT <1\7i(t) x (¢ (M (1)) + 1p(B — M) (1)), u(t)>H dr + Z (Vi (1), Mo (1) X Viu(8))..

i=1

for all u € L4(§; L*(0,T; W), Since L4(§; L*(0,T; W'#)) is dense in Lz(ﬁ; L?*(0,T;H)),
we also have

n—oo

- T _ _pT B
lim E / (Mo (5) X Pa(s),u(s))y ds = B / (Zy(5),u(s)) s, u € LH(Q; L4(0, T3 W'4)),
0 0

and such Z; is unique in L2(£~2; L%(0,T; H)).
This completes the proof. O

Notation 6.20. We will denote M X p := Z,.
Remark 6.21. By the Notation 6.20, the Lemma 6.19 shows that M x pE Lz(ﬁ; L?*(0,T;H)) and

lim E/O (Mn(s) X ]5,,(s),u(s)>H ds = E/O (M(s) X p(s), u(s))H ds,

n—oo

for all u € L2(Q; L2(0,T; H)). By (6.13), we also have

M x (M x p) € L3 (Q; L*(0, T; L3 (D))).
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Lemma 6.22. Foranyn € L4(§; L*(0,T;L*%) we have

—_~ T _~ _~
m B [ 3 (F1,05) % (F1,05) % 7 9).1(5)) 5y

~ T

= E/O L3 (Z2(5),m(s))13(p) ds (6.24)
—_—~ T —~

= E/O 3 (M(s) x Zl(s),n(s)>L3(D) ds (6.25)

Proof. Letus denote Z, := M, X p, for each n € N. L*(Q; L*(0,T;L*)) c L*(Q; L%(0,T;L?))
which is the dual space of L2(£~2; L%(0,T; L%)). Hence (6.21) implies that (6.24) holds.

Next we are going to prove (6.25).

By (6.16), M € L*(Q; L*(0, T;L*)), hence by the Holder inequality, we have

T T
EA|mxm@msE£|mﬁmm@w

T T
<E [t B [ il o <o

Sonx M e Lz(ﬁ; LE(O, T;1?)) and similarly R M, € éz(ﬁ; L%(0,T;L?)).
By (6.20), Z1, € L*(Q; L?*(0,T;L?)). And n x M,, € L*>(Q; L*(0,T;1L?)). Hence

2= [ (0,00 % 2100 m(0) s
- /@ (Z1n(x),0(x) X My (x)) dx = (Z1n, 1 X My) 2 (6.26)
By (6.20), Z, € L2(Q; L%(0,T;L?)). Andp x M € L*(Q; L*(0,T;L?)). So
(M xZin) = /@ (M(x) X Z1(x),n(x)) dx
= /@ (Z1(x),n(x) X M(x)) dx = (Z1,n x M), (6.27)
By (6.26) and (6.27),

3 <M}’l X Zln’ ]7>L3 .3 <M X Zl’ n>L3 = <Zln,77 X MH>L2 - <Zla77 X M)]LZ
L2 L2 N
= (Zin—=Z1.n X M), +(Zin. 1 X (M = M), , .

By (6.20), and since 1 X M € L2(£~2; L2(0, T: Lz)),

n—oo

_~ T —_—
lim E/O (Zln(s) —Z1(s),n(s) X M(s))L2 ds = 0.
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By the Cauchy-Schwartz inequality,
~ ~ 2 ~ ~
(Zinn X (My = M) 5 < | Z1all25 1l % (M, = M),
< NZuwlZ (il s + 1M, - M} ,) — 0, as n — oo,

Hence

n—00

—~ T _~ _~
lim E./o <Zln(s), nx (M, — M)(s))L2 ds =0.

Therefore,

lim B /O 3 (M(5) X (M (5) X Bn(5)),7(5)),2 ds = B /0 3 (M () X Z1(5),7(5)) .2 d.

n—oo
This completes the proof of the Lemma 6.22. O
Remark 6.23. By the notation 6.20, the Lemma 6.22 has proved that
Zo =M x (M X p)
in L2(§~2; L?*(0,T; L%)). So
M, X (M, X pp) — M x (M X p) weakly in L2(Q; L*(0, T;L%)).

The next result will be used to show that the process M satisfies the condition |M (z,x)| = 1 for
allt € [0,T], x € D and P-almost surely.

Lemma 6.24. For any bounded measurable function ¢ : D — R, we have
<21 (s, w), gaAA/i(s, w))H =0,
for almost every (s,w) € [0,T] X Q.

Proof. Let B C [0,T] X Q be a measurable set and 15 be the indicator function of B. Then
T T
E/O I15eM,(2) — 1peM (1) ||12 df = E/O Il [M,(2) — M(1)]lr> ds

< llpllB /O 18, (1) — M)z di < CllglB /0 ¥ (6) = B0l i,

for some constant C > 0. Hence by (6.16), we have
T
lim E/ 1M, (t) — 1ppM (2)||;2 dt = 0.
n—oo O

Together with the fact that M, X p, converges to Z; weakly in L2(Q; L?(0,T;1L?)) we can infer
that

0= lim E /O 15(5) (My(5) X Pu(s), @My (5))» ds = E /0 15(5) (Z1(s), ¢M (5)),, ds.

This complete the proof. O
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7. The existence of a weak solution

In this section, we will prove that the process (1\7 , §, E ) from Lemma 6.1 is a weak solution of
the Problem 2.7.
To explain how we will prove the result, let us define

én(t) = M, (1) — M, (0)

1

_/0 {/1171'11 (M, X pp] = Aamy [Myy X (M X py)] EZ (M ) [Gjn (M, )] }
Jj=1

(7.1)
Because M,, satisfies (3.12), we have

En(t) = ;-/O Gjn (M,) de(S)-

Then the proof will consists in three steps:

Step 1 : We are going to find some E as a limit of 5, which are similar to &, defined in (7.1) as
n — oo.

Step 2 : We will show the second "="in (7.1) holds for the limit process E, but with M instead of
M, and W; instead of W}, etc.

Step 3 : We will get rid of the auxiliary function ¢ and finish the proof.

7.1. Step 1
Let us denote

'gn(t) = Mn(t) - M,,(O) - ‘/O {ﬂ'n [/lIMn X ﬁn] — Ao7y [Mn X (Mn Xﬁn)]

453,05 () [os ()] s

Lemma 7.1. For each t € [0,T] the sequence of random variables é?n(t) converges weakly in
L*(Q; X7) to the limit

E(1) = M’(t)—MO—/O {[/llﬂxﬁ]—/lz [M x (M x p)]

532 () (7) [ ()] o

asn — oo,
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Proof. The dual space of L2(Q; X?) is L2(Q; X?). Lets € (0,T] and U € L2(Q; X”). We have
L2(QXb) (&), U>L2(§~2;Xb) =B [x+ (&), U) ]

= E{ <M”(t)’ U>H - <Mn(0)’ U)H -4 /0' <Mn(s) X ﬁn(S), ﬂ'nU>H ds

+4, /Of (M, (s) x (My(s) X Pn(5))), maU )y ds — % ZO; /ot <G}n (1\7}”) [Gjn ( ~n)] ,ﬂnU> ds}

Next we are going to consider the right hand side of above equality term by term.
By the Lemma 6.1, M,, — M in C ([0, T];X‘b) P-a.s., so

sup ||Mu(1) = M(D)|lx-» — 0, P —a.s.
te[0,T]

and x-» (-, U) x» is a continuous function on X~ hence

lim 5 (My(1),U) ), =50 (M(1),U),, P-a.s.

By (6.1), sup;c[o.1 |M,, (1) < |Molm, so that we can find a constant C such that

‘X—b <Mn(l‘), U>Xb

< CE||U|I%,Esup My (1)l < CENUI,ElIMoll < .
n

supE
n

2 SN2 BUAT (112
] < sup E||U|I3, Ell M (D) 115,
n

Therefore, the sequence x-» <A7n(t),U ) w» 18 uniformly integrable. So the almost surely
convergence and uniform integrability implies that

1lim E[x» (Mo (1), U) ] = Elx0 (M(1),U) 1.
By (6.20),

n—oo

lim E/O (M, (5) X Pa(s), 1aU ),y ds :E/O (Z1(5),U)y .

By (6.22)

n—oo

. t . . . t
lim & / st (Ta(Ma(5) X (M (5) X n(5))), U) , ds = B / (Za(s). Upxs ds.
0 0
By the Holder’s inequality,

1M, () = M2, < 1Ma(0) = M (0)].
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We will show that for any U € L? (Q ( :L%(0,T; H)

sl t

’1113010152/0 (G0 (#0) |G (#10) | 7 L ds= EZ/ G‘” ) |64 (#)] ,U>H ds.
j=1

Using (6.1) we can prove

(65 (1) [63n ()] ), | < il e,
it remains to show that
Jim (G5, () [650 (#,) | m0), = {(67) (1) 65 ()] ),

This follows imediately from the convergence of M, (1) to M(¢) for every t € [0,T] P-a.s.
Hence

Nim 2@y (€0 (0 U) o g,

= E[X_b (M(1),U);, = x-8 (Mo, Uyyo — A1 /0 (Z(5), Uy ds

+ /O’X_b (Zy(s), Uy ds — %i <G;. (M) [G,- (M')] ,U> ds
=1

Since by Lemma 6.19 and Lemma 6.22, we have Z; = M x pand Zy = M x (M X p). Therefore
for any U € L*(Q; X?),

nh—>n;10 LZ(EZ;X_I’) <'§:n(t)’ U>L2(§;Xb) = Lz(ﬁ;X_b) <§(t), U>L2(§;Xb) .
This concludes the proof. O

7.2. Step 2
In this step we are going to show that

&0 =Y, [ GUGs) o). (.3
j=179

We will finish this step by the approximation method. To do this, we need the next Lemma for
preparation. Let us define, for each m € N, a partition {s:" = %, i=0,. .,m} of [0, T]. Tt will
be convenient to define on [0, 7] processes

Tja(s) = Gju (Ma(s)) - (7.4)
and

(s)—ZG (8, (s77)) T (s)—ZO'J,, ) s 1(5) - (7.5)
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Lemma 7.2. For any € > 0, We can choose m € N sufficiently large such that:

(i)
e e _ 2 2
linm_ilolpE JZ:;‘/O [O'jn(s) —0'1’.’,’1(s)] dW;,(s) » < %;
(ii)
2
lim B Z " (5) de(s)—Z m(s)dW;(s)|| =0,
s e
(iii) X
linm_)soljpE 2( T (s) — a'jn(s)) dW (s) < %2,
= x5
(iv) )
Tim B / Z jn(s) — G (M(s))) aw;(s)|  =o.
x-b

Proof.(1) By It6 isometry, our assumptions on ¢ and #;, there exists some constants C > 0, such
that

2
t
|ja(s) = ()| dWu(s)
X-b
o ¢ oom—l~ s:_?i] _ _ 2
=38 [ oner ool a= 3 2 [ o (#.09) - 6 i ), 0
j=1 j=1 i=1 Si
) 5 m—1~ sl’,:'_l _ _ 2
o[> (ZE J I O AT
j=1 i=1 Si
m—1~ ST _ 2 . m—lE ST — M . 2 d
<c 1E/ it s s, e 3, / W)= 0 (57, ds
mol st ~ 2
re g5 [ fren -, 0

=C (11 (n) + Ip(m) + I5(n, m)) .

By the estimate (6.16), lim;,—,c 1(n) =
Since M € C([0,T];X?), for every & > 0 we can find m such that

82

I(m) < c for m > myg.
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For any m > 1

Ii(n,m) < TE sup HM(S)—Mn(s)

2
s€[0,T] X-b

By Lemma 6.1 (ii),

_ _ 2 ~
lim sup HM(S) - Mn(s)be =0, P-a.s.,

=0 se[0,7]

so by the dominated convergence theorem, lim,_, /3(m, n) = 0 for every m. Finally, combining
these facts together we obtain (i).

(i1) By the estimate (6.1), remark 6.4 and Jensen inequality we have

E ; /0 o (s) dvT/j,,(s)—; /0 o (5) AW, (s)

2

X-b

[ oo m—1
<B| > > [[Gn (0 s7)) |, [Win (6 A s20) = W (6 ) = (W (e ) = W (1 52|
j=1 i=
_ 00 m—1 2
<CE| > [lnjll. > ‘VT’jn (t ASTL) = Wi (£ A s]") = (~,- (t A st) =Wy (A Si—"))‘
j=1 i=1

00 m—1 2
<y |l E (Z Wi (¢ A 5220) = Wi (1 57) = (W (1 4 520) = W (e A s;">)\)

> — — _ 2
<Con Dl B D Wi (8 ) = W o 1 7) = (W (1 ) = W (1 A7) )|

For m fixed we have
m—1 ?
B N _ _ 2
supE(z Wi 0 2 5520) = W ¢ A 57) = (W e A sfy) = W (msé"))\) <o
n.Jj i=1

Therefore, we can pass with n to the limit under the sum and expectation above and since W,
converges to W in C ([0, T]; RN) we obtain

2

lim B Z; /0 o (s) den(s)—Z; /0 o (s)dW,(s)||  =0.
J= J= xX-b

(i11)) The proof of (iii) is same as the proof of (1).
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(iv) By It6 isometry, we have
2

/Z on(s) — G (M(s))) dW; (s) :iE/OZ

G ([v?n(s)) - (M(S))H;b ds.
x-b =1

By our assumption on 4, the estimates (6.1) and (6.12), we have

t oo t
Gjn (Mn(s)) - GJ‘J.' (M(S))H;—h < supZ C ”hj”;w E/ (HM"(S) 4_b +
oA 0 8

Jircof.

)ds<oo
b

and
o ()3 (). =2 () - (). + 2 (00) -2 )

<l i) - o], +2ou (i100) - ¢ (i)

By the Lemma 6.1, 1\7,, —> Min c([0,T]; X‘b) ﬂPs—a.s., therefore
2
,,IEEOHGJ" (Mn(s)) G (M(s))HX_b —0,P-as.

and (iv) follows by the uniform integrability.

After the above preparation, now we can finish the Step 2 by the following Lemma.

Lemma 7.3. For eacht € [0,T], we have
00 t
(1) = Z/O G" (M) W, (s),
=1

in L2(Q;X0).

Proof. Firstly, we show that

gn(t) = Z/ ]n den(s)

P almost surely for each t € [0,7] and n € N.

Letusfixthatz € [0,7] andn € N. Foreachm € N we define the partition {s;" = ‘T ,i1=0,..., m}
of [0,T]. By Lemma 6.1 and Propositon 6.5, (Mn, En, EnWhn) and (M, B,, E,, Wh) have same
distribution on C([0,T]; H,,) x C([0,T];Y,) x C([0,T];Y,) x C ([0, T];H), so for each m, the
H-valued random variables:

—_

£ =35 G (M (52) (W ¢ A 52) =Wy (0 4 57)

j=11i

3

Il
(e
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and

—_

£~ 3" Gy (1 (1)) (W 1 1 52) = (0 57)

j=11i

3

Il
(=)

have the same distribution. For each j, we have

m—1 t 2
Tim B[ Y G (Mo (7)) (W) (£ A st2y) - W, ((zAs;ﬂ))-/o G 1n (Ma(s)) AW, (5)|| =0
=0 H
and
m—1 t 2
1im E|| 3" Gy (1, (57)) (W) (00 52,) ~ W, ((tAs;"))-/O Gy (11,(5)) ()| =0,
i=0 H
SO

t

/O thn(M,,(s)) dW;(s) and /O Gj,,(z\"in(s)) AW (s)

have the same distribution. Hence

[e0] t o t
> / Gn (My(5)) dW;(s) and Y / G o (M(5)) dWu(s)
=170 =170
have the same distribution. Therefore
& t
6= [ G (1,067 W9
=1

and o
B0, | G (#125)) @)

have the same distribution. But
© t
6=, [ (0,05 W0, P-as
j=1

and thereby
£(1) = Z/O Gjo (Ma()) dWju(s), B - aus.
j=1

We will show that gn(t) converges in Lz(ﬁ; X-b ) to
(] t - -
> / G (M(s)) AW (s)
j=170
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as n — oo. Indeed, using notation (7.4), and (7.5) we obtain for a certain C > 0
2
© t
CE|lE. (- /O G" (M(s)) AW (s)
j=1

X-b

o0 t _ o0 t _ _ 2
;/0 oin(s) dW;,(s) — ;'/0 G‘; (M(s)) dw;(s) »

2

<E 2/0[ (O'jn(s) — aj”,’l(s)) den(S)

X-b
2

+E ;/0 o (s) den(s)—;'/OtUﬂ(s) dW; ()

X-b
2 2
(o) t © t
vE | / (cr;.';(s) - aj,,,(s)) aw;(s)|  +E | / (ajn(s) - (M(s))) awv; )| .
j=1 70 X0 j=170 X-b
and invoking Lemma 7.2, we conclude the proof. O

Corollary 7.4.

| =

W) = Mo+ [ [T xp] - 2a [# x (W x 7)) +
0

(63 () (a7 ()]s
) [t (i) a0 7.6)

Jj=1
in L2(Q; X7?).
Proof. The corollary follows immediately from Lemma 7.1 and Lemma 7.3. O

7.3. Step 3

In order to get rid of the auxiliary function ¢ from the equation (7.6) and finish the proof of the
existence of the weak solution, now we need to prove the constraint condition of M, i.e. condition
(iii) of the main Theorem 2.10.

Lemma 7.5. Let M be a process defined in Lemma 6.1. Then for each t € [0,T], we have
P-almost surely

IM(t,x)| =1, forae xeD. (1.7)
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Proof. We will use a version of the Itd formula proved in Pardoux’s paper [27], see Lemma 11.11.
Letn € C;°(D,R) and let y denote a function

vy:HsMv+— (M, qgM) € R.

Then y € C°H), y'(M) = 2yM and y” (M) (v) = 2nv for M, v € H.

In view of definition of the problem and (6.4), (6.5) and (6.8), all the assumptions of Lemma
11.11 are satisfied. Therefore,

Lemma 11.11 yields for € [0, T] P-a.s.

(M(1),nM (1)), — (Mo, nMo)y

o <M7 =i+ 13 (a7 () [ (7) ,2nA71(s)>Xb i

+§;/Ot <2UA7(S)’G]"/.’ (1\7)>H dw; (s) + i/ot <77G]‘/.’ (1\7}) ,G‘J? (1\?})>H ds = 0.
Hence we have
(1AM (O = 1Mo 2 gy = (M (). 13 (8)); = (Mo, o), = 0.

Since 5 is arbitrary and |My(x)| = 1 for almost every x € D, we infer that |M(t,x)| = 1 for
almost every x € D as well. O

Note that, if ‘M(t, x)‘ = 1 then ¢ (M(t, x)) = 1, so we can get rid of it, which means that now we
have the following equalities:

G" (M(t,x)) =G, (M‘(r,x)) , (Gf) (M‘(r,x)) [Gf. (M'(t,x))] -G, (M(r,x)) [Gj (M'(z,x))] .
Hence we have the following result.

Lemma 7.6. The process (1\7 JE, E) is a weak martingale solution of Problem 2.7, that is,
(M, E, B) satisfies (2.14), (2.20) and (2.21).

Proof of (2.14). By Lemma 7.3 and Lemma 7.5, we have w(@(r)) = 1forz € [0,T]. Hence we
deduce that for 7 € [0, T], the following equation holds in L*(Q;X~?).

# () :M0+/Ot{[/111\7><ﬁ]—/12 [Mx(l\?xﬁ)]+%iG}(1\7)G,(1\7)}ds

j=1
(o]
>
=170

:M0+/0 [A1M x 5= 2,M x (M x p)] ds+i{/oth(M)ode(s)}.

J=1

G, (1\7) W, (s)

t
t

Then (2.14) follows from our explaination of M x 0, see Lemma 6.19. |
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Proof of (2.20). By Lemma 6.1 and the equation (3.12), we have

B, (1) — B,(0) = — /O t i [VxE,(s)]ds, P-a.s. (7.8)

We also have
(a) E, — E in L2 (0, T;L2(R%)) P almost surely, and
(b) B, — Bin L2(0,T;L2(R%)) P almost surely.
Hence for any u € H'(0,T;7Y),

t t
/ <B(s), du(s)> ds = lim <Bn(s), du(s)> ds
0 ds [p2ps) = Jo ds [poms)
dB, ! ~
= — lim/ < (S) (s)> ds = lim/ <7TE[VXE,,(S)],M(S)>L2 g3 ds
n—o Jq ds n—oo Jo (R3)
L2(R3)

t t
= lim (V X E,(s), ﬂ;Yu(s)>L2(R3) ds = lim / <En(s), V x HEM(S)>L2(R3) ds
n—oo 0

n—oo

Since
nll—>n;10 /0 <En(s), V x n,?u(s))Lz(R% - (E(s), V x u(s)>L2(R3) ds
< nll—>n;10 t <E (5),V x (n u(s) — u(s))> 2 ®) ds + lim /t (En(s) — E(s),V X ”(S)>L2(R3) ds

lim ( / V()2 0, s ) ( / I u(s)—u(s)IIYds) 40=0. P-as.

<
we have
t . t .
nh_)nolo/o <En(s), V x ﬂfu(S))Lz(N) ds = /0 <E(s), V x ”(S)>L2(R3) ds
Therefore

Bl~  du(s) e
/0 <B(s), is >L2(R3) ds:/O (E(s),VXLt(s)>L2(R3) ds

forall u Hl(O, T,Y).
Hence for t € [0,T],

t —~
B(t) = By —/ VXE(s)ds, €Y', P—a.s..
0

Proof of (2.21). Similar as in the proof of (2.20). Let p = ¢ = 2 in Lemma 6.1, we have
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(a) M, — M in L%(0, T; H) P almost surely,

(b) E, — E in L2(0,T;L*(R%)) P almost surely, and

(¢) B, — Bin L2 (0,T;L2(R?)) P almost surely.
Hence by (3.12) we have for all u € H'(0,T;Y),

/t <E(s), du(s)> ds = lim t <En(s), du(s)> ds
0 ds [ "o ds [
== Jim [ (m 1o (E,(5) + /(9] = 19 x (Bu() = My ()] u(s) , s

/0 <§(s) — M(s),V % u(s)>L2(R3) ~(1pE() + £(5).u(5))2 g, ds.

Hence for ¢t € [0,T],

t J— t
E(t) = Ey +/ VX [B(s)—M(s)]ds— / [1pE(s) + f(s)]ds, €Y", P—a.s.
0 0
Therefore the proof of Lemma 7.6 is complete. O

8. Some further regularities of the weak solution
Next we will show some further regularity of M.

Lemma 8.1. Fort € [0, T] the following equation holds in Lz(ﬁ; H).

M(t) = My + t [UM x 5] = 22 [M x (M xp)]
0

+3 2,0 (7)o, ()] = 3 ()

J=1

:M0+/Ot{ﬂlﬁxﬁ—ﬂzﬂx(ﬁxﬁ)} ds+2{/otGJ-(M)odﬁ/j(s)}.

Proof. We will only show the following two terms of (8.1) are in L2(£~2; H), the other terms can
be dealt with similarly.
Firstly, we consider the term fot M x (M x p) ds. Making use of Jensen’s inequality, (7.7) and
Remark 6.21, we have

2 —~
=E
L2(Q:H)

t
= CE-/O’ L |M X (M X,E)lzdde < CE”M Xﬁlliz(O,T;H) < ©0o.

t t
/Mx(Mx[))ds /Mx(fo))ds
0 0

2
H
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Soforallt € [0,T], [ M x (M x p)ds € L*(Q: H).
Secondly, we consider the term 72, fot M x (M x h;) dW;. Making use of Burkholder-Davis-
Gundy inequality, Jensen’s inequality, (7.7) and our assumption on /;, we have

© t

Z/ M x (M x hj)dW, <
=170 r@m
5[z

t
/ MX(Mth)de
0

L2(Q:H)

2 \b s e !
dx SCZ(/E/ |M><(M><hj)|2dsdx)
‘o \Wp Jo

j=1
< C Il < oo.
j=1
Soforallt € [0,T], ] 1/0 M x (M X h; ) dw; e L2(Q H). The proof is complete. O

Lemma 8.2. The process M introduced in Lemma 6.1 satisfies:
— —~ 1
M € C%0,T;H), P-a.s., 0¢€]0, E)‘

Proof. By Lemma 8.1, we have
i - = [ {/llﬁx]o“ Wil x (%) + S 6 (i) o, ()] }dT
+ Z / ) aiv, ()
/ F(s)ds + Z / ) aiv, ()

for0 < s <t <T. By the constraint (7.7), the estimate (6.11) and the regularity of M x p as in
(6.20), we have

T
[ iFORa < F-as,
0

hence the process

V(t):L[F(s)dSEH

has trajectories in C'/2([0, T]; H). Putting

N(t) = Z / dW (1)
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and invoking the Burkholder-Davis-Gundy inequalities we obtain for any p > 2

p p
o0 l‘ o0
E[IN(1) - N(s)II” < C,E Z/ G, (1\7)”;I ar| <c| Y mlia| -5
j=1vs Jj=1

Then the Kolmogorov continuity test, see Lemma 11.12, yields
p 1
N eC’(]0,T];H), 6¢€ 0,5 .

since M (¢) = V(¢) + N(t), the lemma follows. O

We can also prove that AM € L'(Q; L'(0,T;L")). To do that, we need the following Corollary
of Lemma 7.5.

Corollary 8.3.
ViM(t,x) L M(t,x),  a.e.(t,x)€[0,T]XxD,P—a.s.,i=1,23. (8.2)

Proof. By the equation (7.7) and by the chain rule of weak derivatives, we have
1 ~ — ~
0= SVil (1) = (Vi (1,0), M (1,))

for almost every (¢,x) € [0,T] X D, P-almost surely and i = 1, 2, 3. Hence the proof is complete.

O
We will also need the following results.
Proposition 8.4.
M x AM, — M x AM weakly star in L*>(€; L*(0,T; (VN L®)")) as n — oo. (8.3)

Proof. For any u € L*(Q; L*(0,T; (V N L*))), note that by the equation (7.7) and (6.13), we
also have M x u € L*>(Q; L*(0,T; (V N L*))). Hence by (6.19) we have

T
'E/ (§ x Af, - 71 x A u),, dr
0

T
= 'E / ey (A, — AML M xu) - dr
0 VL

3 T
SZE/ ‘(ViMn—ViM,ViMXu+M><V,~u>H‘—>0, asn — oo,
i=1 70
The proof is complete. O
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Proposition 8.5. We have

3
—M X (M xAM) =M Z |V.M|? + AM in the space  L*(Q; L*(0,T; (VNL®)")). (8.4)
i=1

Proof. Letus arbitrarily fix u e~L2(ﬁ; L*(0,T; (VNL®))). Similar as in the proof of Proposition
8.4, we also have M x u € L*(Q; L*(0,T; (V N1L*®))). By (8.3), (8.2) and by (6.19) we have the
following equality:

L@120r:vryy M X (M XAM), 1) 1265 120 7.y
= lim (M x AM,, M xu),,

n—oo

VM,1,VM><(M><u)+M><(VM><u)+M><(M><Vu))L2

VM, M(ViM u) + VM (M, u) + MM, Vi) = Vi)

Il
IM"’ 83

3
(ViM, ViM (M, u) = Vi) 12 = 12 g osevnsery | M Z \V:M|? +AM, u
i=1 L2(Q:;L2(0,T;(VNL®)))

The proof is complete. O

Lemma 8.6. We have the following regularity result about AM,
AM € L' (Q; L' (0,T;LY)). (8.5)

Proof. By the proof of Lemma 8.1, we have M x (AA? X AM) € Lz(ﬁ;Lz(O, T;H)). And by
(6.13), it is easy to check that M 21.321 |V;,M|?> € L'(Q;L'(0,T;L")). Hence by (8.4), we have
AM e L'(Q; L'(0,T;L")). O

9. Proof of the main result

Finally we are ready to finish the proof the main result (Theorem 2.10) of this paper.

Proof of Theorem 2.10.(1) The results follows from Lemma 6.9, Lemma 6.10, Lemma 6.19 and
Lemma 8.6.

(i1) The results follows from Lemma 8.1 and Lemma 7.6.
(iii) The result follows from Lemma 7.5.

(iv) The result follows from Lemma 8.2.
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11. Appendix: Proofs of some auxiliary results

Here are some auxiliary results and their proofs.

Proposition 11.1. The sequence {Z;?:] Wih;}, introduced in the Remark 2.8 is a Cauchy
sequence in L*>(Q; C([0,T]; H)).

Proof. Let us introduce the notation a,, := {Z;?:] W;h;},, and consider a,.x — a,.

n+k
lanek — anll 2(@:ccr0.11:8)) = Z Wih;
j=ntl L2(Q:C([0.T]:H))
n+k n+k %
s Z Winill 2 @ucqom = Z E( sup ||Wj(l‘)hj||]%1)] :
j=n+l j=n+l rel07]

By the Doob’s maximal inequality, we have

E( sup ||Wj(t)hj||ﬁ) < 4T ||h;||1Z.
te[0,T]

Hence we have
n+k

lansk = anllr20ic o2y < 2VT Z 1l

Jj=n+1

Therefore by our assumption on /; in the statement of Problem 2.7 (the equation (2.11)), {a,} is
Cauchy in the space L>(Q; C([0, T]; H)). O

The next result used in the proof of Lemma 4.2.

Lemma 11.2. [I7] Let p > 2 and a € |0, %) be given. There exists a constant C(p,a) > 0
such that for any progressively measurable process & = Z;’;l & € LP(Q x [0,T];H) with
Z‘]’.‘;l ||§J-||]%I < oo, we have

p

T[| > %
< C(p,a)E/O >leiol]| .
j=1

E JZ:; /0 'g_,(r) dw; (1)

Wa-p (0,T;H)

53



The next two results used in the proof of Lemma 5.2.

Lemma 11.3. [/7] Let By ¢ B C By be Banach spaces, By and By being reflexive and the
embedding By <— B to be compact. Let p € (1,00) and a € (0, 1) be given. Then the embedding

LP(0,T; Bo) N W*P(0,T; By) — L?(0,T; B)
is compact.

Lemma 11.4. [17] Assume that By C B are two Banach spaces with compact embedding, and
a € (0,1), p > 1 satisfying a > 117' Then the space W*P(0,T; By) is compactly embedded into
C([0,T]; By).

The Lemma 11.5 and Definition 11.6 and Lemma 11.7 are used in the proof of Lemma 5.3.

Lemma 11.5. The Hilbert space
U=HR:RHny(?)

is compactly and densely embedded into Y, where the space Y (x?) is defined as

Y(x?) = {er:/R3 |f(x)|2|x|2dx+/R3|V><f(x)|2|x|2dx<oo}.

Proof of that U is compactly and densely embedded into Y. The embedding is dense follows from
that C° (R3;R?) is dense in Y. So we only need to prove the embedding is compact.

Let us take an arbitrary bounded set V. C U. We want to show that for any & > 0, there exists
n(e) € Nand yq,...,yn(e) € Y such that

n(e)
Vel B
i=1

Now let us arbitrary fix an € > 0, we claim that there exists R > 0, such that for all v € V, we
have

/B;; (WP + 19 x v () ) dx < 2.

In fact if it is not the case, then for any R > 0, there exists v € V such that

J

&
W1 > [ (e + 19 v P) P ax > SR2
Bk

(|v(x)|2 +|V x v(x)|2) dx > g

c
R

Then

which contradict to the boundness of V in U.
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By the Rellich-Kondrachov Theorem, H?(Bg; R?) compactly embedded into H! (Bg;R?), so the
embedding HZ(B R; R3) <— Yk is also compact, where

Yg:={y e Y:y()=0for |x| > R}.

Hence there exist n(g) € N and yi,...,yu) € Yg such that for any v € V there is some
j€A{1,2,...,n(e)} such that

[ (v =3P +19x 03) =3 ) e < £

Br

Since y; = 0 outside Bg, we actually have

v =551 = [ (1v6) =35 0F + 19 % (5(2) = 3, ()
= [ (M0 =3P+ 19 x (00 - 3 ()P

Br

),

Therefore the embedding U <— Y is compact and the proof is complete. O

(|v()c)|2 + |V x v(x)|2) dx < &.

c
R

Definition 11.6 (Aldous condition). Let (Q, ¥, P) be a probability space with a filtration F. Let
(S, p) be a separable metric space with the metric p. We say that {X,,(¢)}, ¢ € [0, T], of S-valued
processes satisfies the Aldous condition iff Ve > 0, Vn > 0, 36 > 0 such that for every sequence
{7} of E-stopping times with 7, < T a.s. one has:

sup sup P{po(X, (7, +6), Xu(71)) 2 1} < €. (11.1)
neN 0<6<6

We will also need the following Tightness Criterion.

Lemma 11.7 (Tightness Criterion). ([12], Cor 3.10) Let (Q, F,P) be a probability space with
the filtration F. Let H be a separable Hilbert space, U be another Hilbert space such that the
embedding U — H is compact and dense, U* be the dual space of U. Let {X,,(t) }nen, t € [0,T]
be a sequence of continuous F-adapted U* valued process such that

(a) there exists a positive constant C such that

supE <C.

neN

sup || X, ()l
s€[0,T]

(b) {X,}nen satisfies the Aldous condition (11.1) in U*.
Then the laws of X, on C([0,T];U*) N L% ([0,T); H) are tight.

The next Lemma states that the W, introduced in Lemma 6.1 is a Q-Wiener process.
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Lemma 11.8. Let H be a separable Hilbert space. Let (Q, ¥, P) be a probability space and W,
is a H-valued Q-Wiener process on it for some covariance operator Q. Let (Q, F,P) be another
probability space and W, is a H-valued adapted stochastic process on it. W), and Wy have same
distribution on C([0,T];H) for some T > 0. Then W is also a Q-Wiener process.

Proof. To show Wh is a Wiener process, we will show that the following four conditions are
satisfied:

(1) Wi(0) =0, P-as.;
(i1) Wh has continuous trajectories, ﬁPv’—a.s.;
(iii) W), has independent increments;
(iv) L (Wi(1) = Wa(s)) = N(0, (1 = $)Q).
Now let us prove them one by one. We will repeatedly use the fact that all the cylindrical sets

in C([0,T];H) are Borel sets and the assumption that W), and W), have same distribution on
C([0,T]; H).

(1) Wi(0) =0, P-as.;
Note that {x € C([0,T];H) : xo = 0} is a cylindrical set, so it is a Borel set, therefore we have
the following equalities:

P(W,(0) = 0)
=P{@ e Q: Wy(®) € {x € C([0,T];H) : xo = 0}
=P{lweQ: W(,w) € {xeC(0,T];H) : xo = 0}}
=P(W,(0) =0) = 1.
Hence the condition (i) is proved.

(i1) Wh has Congnuous trajectories, ﬁPv)—a.s.;
Since W), and W), have same distribution on C ([0, T]; H), we have

P{W), € C([0,T];H)} = P{W, € C([0,T]; H)} = 1.
Hence the condition (ii) is proved.

(iii) W), has independent increments;
ForO <t <ty <t3 <ty <T,any A, B € B(H), we have the following equality:

{Wi(t2) = Wi(t1) € A} 0 {Wi(ts) — Wi(t3) € B}
={BeQ:W,(-,@) € {x:x, —x, € A} N {x:x, —x4, € B}}.

A,B e B(H), so {x : x;, —x;; € A}, {x : x;, — x4, € B} are cylindrical sets and hence they are
Borel sets, so {x : x;, —x;; € A} N {x : x;; — x4; € B} is also a Borel set in C([0,T]; H). Since
W, and W), have same law and W), has independent increments, we have

@({5 €Q:Wy(-,@) € {x: Xy =X, €AY NA{X 1 Xy, — X4y € B}})

= P({w €eQ:Wy(,w)e{xx,—x, € AN {x:1x; — x4 € B}}).
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Hence
P({Wi(t2) — Wi(t1) € A} N {Wi(ts) — Wy (13) € B})

P({a) eQ:Wy(,w)e{x 1 x, —x4 € AN {x 1 x; — X4, € B}})

= P({Wp(t2) = Wi(11) € A} N {Wy(14) — Wy(t3) € B})
(
(
(
(

P({Wn(12) = Wi(11) € A})P({W(14) — Wy(13) € B})
Wy € {x € C([0,T];H) : x;, —x;, € A})P(W), € {x € C([0,T];H) : x, — X, € B})
Wy € {x € C([0,T];H) : x,, — x;, € A})P(W,, € {x € C([0,T];H) : x;, — x;, € B})
{Wi(t2) — Wi(t1) € A})P({Wy(ts) — Wi(23) € B})

Il
o

P(W
=P

Hence Wj,(t2) — W, (1) and Wy (14) — Wy, (¢3) are independent, so the condition (iii) is proved.
(iv) L(Wy(t) = Wi(s)) = N(O, (t — 5)Q) for all 5,1 € [0, T].
Similarly as before, since W;, and Wy, have same law, we have
P{W),(1) - Wi(s) € A} =P{@ € Q: Wy,(-,@) € {x : x, — x; € A}}
:P{a) eQ:W,(,w) e {x:x;—x5 € A}} =P{W,(t) - Wy(s) € A}.
for all A € B(H) and s,t € [0, T]. Therefore since Wy, is a Wiener process, we have & (Wy(1) -

Wi(s)) = L(Wi(1) = Wi(s)) = N(O, (t — s)Q) for all s, € [0,T]. Hence the condition (iv) is
proved.

Therefore the proof of Lemma 11.8 is complete. O
The next two results are used in the proof of Proposition 6.5.

Lemma 11.9 (Kuratowski Theorem). [28] Let X1, X be Polish spaces equipped with their Borel
o-field B (Xy), B(X»), and ¢ : X; —> X3 be a one to one Borel measurable map, then for any
E € %(X]), QO(E) € %(Xz).

Lemma 11.10 ([29], Page 66, Thm 3.12). Suppose E is a convex subset of a locally convex space
X. Then the weak closure E,, of E is equal to its original closure E.

The next result is a version of Itd formula, which is used in the proof of Lemma 7.5.

Lemma 11.11. [27](Th. 1.2) Let V and H be two separable Hilbert spaces, such that V — H
continuously and densely. We identify H with it’s dual space. And let M*(0,T;H) denote the

space of H-valued measurable process with the filtered probability space (L, (%;):e[0.1], P) which
satisfy: ¢ € M*(0,T;H) if and only if

(i) @(t) is F; measurable for almost every t;

(ii) E [} lo(n)|*dr < co.
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We suppose that

ueM*0,T;V), uygeH, veM?*0,T;V),
T [ee]
E [ Yl d <o,
with

u(r):u0+/0 v(s)ds+Z/0 2 (s) dW;(s).
j=1

Let y be a twice differentiable functional on H, which satisfies:

(i) v, v andy" are locally bounded.
(ii) v and vy’ are continuous on H.

(iii) Let Z'(H) be the Banach space of all the trace class operators on H. Then VQ € &' (H),
Tr[Q o y”] is a continuous functional on H.

(iv) If u € V, ¥'(u) € V; u — y'(u) is continuous from V (with the strong topology) into V
endowed with the weak topology.

(v) 3k such that ||y’ (u)|ly < k(1 + ||u]ly), Yu € V.

Then P almost surely,

Y (1)) = y(uo) + / v V(). (u(s))y ds+ Y. / i (¥ ((5). 25(5)),; AW, (s)
0 = Jo

+%;‘/0 H(y”(u(s))zj(s),zj(s)>H ds.

The last Lemma is used in the proof of Lemma 8.2.

Lemma 11.12 (Kolmogorov continuity). Let {u(t)}c[o,r] be a stochastic process with values in
a separable Banach space X, such that for some C >0, & > 0,6 > landallt,s € [0,T],

6 1+
Ellu(t) - u(s)|y < Clr =5/,
Then there exists a version of u with P almost surely trajectories being Holder continuous functions
with an arbitrary exponent smaller than %.
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