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For the mean field induction equation 0;B + nV2B = V x F in a conducting volume V, where B is
the mean magnetic field, 9; is rate of change, 7 is magnetic diffusivity, using the second order correlation
approximation (SOCA) the electromotive force F is F' = a-B. The following antidynamo theorem (ADT)
is derived: if there is no generation of azimuthal F' from azimuthal B, that is when 14-a-1y = agg = 0,
where 1,4 is the unit vector in the ¢ direction, (s, ¢, z) cylindrical polar coordinates, then an axisymmetric
magnetic field will decay. This agg = 0 ADT is derived in two parts. Firstly, the magnetic field contained
in meridional planes (containing the axis of symmetry) is shown to decay to zero. Once the meridional field
has decayed, the azimuthal component of the magnetic field is shown to decay. -

As a gauge of the magnetic energy, ||b||? = fv b2dV, where V is a finite conductor, b = B-1,/s, is con-
sidered. The resulting ||b||?> magnetic energy analysis demonstrates that; for & = (s, z), and ae = 0, once
the meridional field has decayed, induction can contribute energy by increasing the Magnetic Reynolds num-
ber, however, diffusion detracts energy to more-than account for the inductive contributions and, consistent
with the ADT, the field decays. Numerical results and field plots using the model o = 51,1y, illustrate the
interaction mechanisms responsible for the diffusive dominance as induction is increased.

Using the SOCA and Green’s-tensor analysis an explicit formulation for this critical ag is derived. It is
shown for a conductor filling all space, for zero mean flow using the SOCA, if ever member of the ensemble
of turbulent flows and the mean magnetic field are co-axisymmetric then agg = 0.

The analysis of Braginskii (1964), where the fields are analysed as perturbations from axisymmetry, is
extended to compressible velocity fields appropriate for the solar and stellar dynamos. This new analysis,
as well as the original incompressible treatment in Braginskii (1964), also produce an a4 component for
a reformulation of the problem into ‘effective’ mean, magnetic and velocity fields. The work of Soward
(1972) which generalises that of Braginskii (1964) to higher orders and more general field decompositions
for incompressible flows, is analysed to provide a concise expression, and generation mechanism for agg.
Each of these disparate approaches provide insight into mechanisms for generating this critical oy regen-
erative component and produce remarkably similar generation mechanisms dependent on the helicity of the
meridional perturbation velocity field.

Conclusions for non-magnetic stars are proposed and implications for hidden dynamos are drawn.

For the mean field induction equation ;B + nV?B = V x F in a conducting volume V, where B is
the mean magnetic field, 9; is rate of change, 7 is magnetic diffusivity, using the second order correlation
approximation (SOCA) the electromotive force F is F' = a-B. The following antidynamo theorem (ADT)
is derived: if there is no generation of azimuthal F' from azimuthal B, that is when 1g-c:1y = age = 0,
where 1,4 is the unit vector in the ¢ direction, (s, ¢, z) cylindrical polar coordinates, then an axisymmetric
magnetic field will decay. This agg = 0 ADT is derived in two parts. Firstly, the magnetic field contained
in meridional planes (containing the axis of symmetry) is shown to decay to zero. Once the meridional field
has decayed, the azimuthal component of the magnetic field is shown to decay. -

As a gauge of the magnetic energy, ||b||? = fv b2dV, where V is a finite conductor, b = B-14/s, is con-
sidered. The resulting ||b||? magnetic energy analysis demonstrates that; for o = a(s, z), and gy = 0, once
the meridional field has decayed, induction can contribute energy by increasing the Magnetic Reynolds num-
ber, however, diffusion detracts energy to more-than account for the inductive contributions and, consistent
with the ADT, the field decays. Numerical results and field plots using the model o = s1.14, illustrate the
interaction mechanisms responsible for the diffusive dominance as induction is increased.

Using the SOCA and Green’s-tensor analysis an explicit formulation for this critical agg is derived. It is
shown for a conductor filling all space, for zero mean flow using the SOCA, if ever member of the ensemble
of turbulent flows and the mean magnetic field are co-axisymmetric then agg = 0.

The analysis of Braginskii (1964), where the fields are analysed as perturbations from axisymmetry, is
extended to compressible velocity fields appropriate for the solar and stellar dynamos. This new analysis,
as well as the original incompressible treatment in Braginskii (1964), also produce an a4 component for
a reformulation of the problem into ‘effective’ mean, magnetic and velocity fields. The work of Soward
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1972 which generalises that of Braginskii (1964) to higher orders and more general field decompositions for
incompressible flows, is analysed to provide a concise expression, and generation mechanism for 4. Each
of these disparate approaches provide insight into mechanisms for generating this critical a4 regenera-
tive component and produce remarkably similar generation mechanisms dependent on the helicity of the
meridional perturbation velocity field.

Conclusions for non-magnetic stars are proposed and implications for hidden dynamos are drawn.

Keywords: aggs = 0 antidynamo theory; Mean field electrodynamics; a4 generation; alpha phi phi antidy-
namo theorem; non-magnetic stars

1. Introduction

This work derives the mean field counterpart of the axisymmetric antidynamo theorem (ADT)
originally established in Cowling (1934). A velocity can be said to act as a dynamo if a
magnetic field satisfying (4) does not decay to zero as t — oo. For a self-excited dynamo, v
and B must satisfy further conditions. An ADT may establish conditions under which such an
interaction cannot perpetuate a dynamo. Thus an ADT is a collection of results that establish
necessary conditions for dynamo action (Ivers 1984).

Ivers and Phillips (2014) prove the separate mean-field, two-dimensional (2D) and planar
ADTs for homogeneous turbulence with zero mean flow. It is, however, possible to relax these
conditions. Ivers and Phillips (2014) show that for a turbulent ensemble of 2D flows of the
form vop = vy(z,y,t)1, + vy(z,y,t)1y + v.(z,y,t)1;, where 1, is a Cartesian unit vector in
the direction of x etc., then o = agp given by (1la). For a derivation and definition of «, see
subsection 2.1. The mean-field 2D ADT proves that for o = asp, then a 2D mean magnetic
field will decay. Ivers and Phillips (2014) also show that for a turbulent ensemble of planar
flows, given by vp = vi(x,y, 2,t)1; + vy(z,y, 2,t)1,, then a = ap, (1b). The mean-field
planar ADT proves that for ap, then a general magnetic field will decay.

Oz Oy Oz, 0 0 oy, 0 0 oy,
oD = |y ayyay |, ap=] 0 0 ap |, copr=| 0 0 ap (1)
Qg Olzy 0 Qg Qzy Oz Qg Qzy 0

Krause and Riidiger (1974) conflate these concepts and define turbulence to be ‘two-
dimensional’, if any velocity in the turbulent ensemble is 2D and planar, vrp = vy (2, y, 1)1, +
vy(x,y,t)1,. This more restricted form of velocity, is a consequence of the Proudman-Taylor
theorem (Proudman 1916) for rapidly rotating fluids. Krause (1976) showed that for two-scale
isotropic ‘two-dimensional’ homogeneous turbulence then @ = aapp, (1c). Krause argued that
a = aspp cannot produce dynamo action, even for three-dimensional mean magnetic fields
with space and time dependence e*7+7 if 0 < |k| < 1. However, the approximate argument
(Krause 1973, 1976) fails if o does not make a positive contribution to Re~y and thus does
not constitute a rigorous proof unless the alpha-effects, for which it is true, are characterized
independently of the argument (see Ivers and Phillips (2014)). The individual mean field 2D
and planar ADT are rigorously proven for all wave-vectors k # 0 in Ivers and Phillips (2014).

Riidiger (1978) invoked the arguments of Krause to explain the observation that magnetic
[nonmagnetic|] A-stars are mostly slow [fast] rotators. However, some care must be taken in
generalising the results for a given by (1) that are established for a infinite conducting region
E3, to finite conductors. The ADT established herein which proves that an axisymmetric
magnetic field cannot be sustained if agy = 0 ((r,0,¢) spherical polar coordinates), can
however, be invoked in a finite conductor and may be used to preclude dynamo action under
such conditions.

In Moffatt (1970), an a of the form apr = a3 (I — A1,1,), where I is the identity tensor, is
derived for a reflectionally-asymmetric random superposition of inertial waves, where A — 1
in the rapid rotation limit. Again, here care needs to be taken in applying ADTs. As shown
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in Ivers and Phillips (2014), an ensemble of turbulent flows vp in E? will produce aapp.
Thus, the Proudman-Taylor theorem and the combined 2D and Planar mean field ADT may
together preclude dynamo action in the rapid rotation limit. However, apy and aopp are
consistent if and only if a = 0. Because ayy, is derived in Moffatt (1970) and Busse (1970)
from higher order, ageostrophic terms the dynamo escapes these ADTs.

It is also tempting to use the mean field 2D ADT as, for A =1, a,, = 0 as in asp. However,
the arguments of Krause (1976) and the mean-field planar ADT of Ivers and Phillips (2014)
do not apply to models in a finite volumes, as they assume a uniform conductor filling all
space and cannot simply be applied to finite conductors. Thus this argument cannot be used
to explain the lack of steady axisymmetric solutions at A = 1 of Busse and Miin (1979).
Nor can they be used to explain the apparently asymptotic ADT behaviour near A = 1 for
the axisymmetric solutions of Riidiger (1980). The results of Phillips (1993), Phillips (2013),
Phillips and Ivers (2014) provide counter examples for these apparent paradoxes and aim to
correct Kono and Roberts (1994).

As an extension to the model above for rapid rotation, Phillips and Ivers (2014) also explored
a=aua((l-C)I+C1,1,). AsC —- 1, @« - a,, = a,,1.1,. To explain the observed
antidynamo behaviour as C' — 1, Phillips and Ivers (2014) prove that the axisymmetric
interaction equations are independent of a,, at C' = 1 and thus the field decays. This -
ADT is proven for a sphere and thus is distinct from the asp and aspp ADT results of Ivers
and Phillips (2014) proven in E? and in turn can be applied to finite conductors. For this
a,,-ADT all components are zero except for «,,, and as such, is a special case of the ADT
proven herein where just one, a4, component is zero. The ADTs reviewed above are the mean
field counterparts to the laminar; axisymmetric ADT of Cowling, and the Planar ADT, and
many extensions thereof. Table 1 gives a selection of the most restricted laminar and mean
field ADTs and shows how they are related; noting the many generalisations through many
works.

Each of the ADTs in table 1 are closely related and share both analogous results and common
methods. In section 10 it is proven that, if every member of the ensemble of fluctuating
velocities is co-axisymmetric with the same axis of symmetry as the mean magnetic field in
E3, then agy = 0. The ADT derived herein uses an extension of the ADT of Cowling (1934).
In subsection 3.1, for agy = 0 the contribution from o is compared to a laminar flow (vq1).
The methods of Ivers and James (1984), used to prove an extension of Cowling’s theorem of
Ivers (1984) and for compressible flows that are not necessarily zero on the boundary, are then
adapted and extended to prove that the axisymmetric meridional field will decay to zero.

Once the meridional field has decayed, the azimuthal field is shown to decay in subsection 3.2
by using extensions and modification of Ivers (1984) and Ivers and James (1984). For other
variations of Cowling’s theorem see also Backus and Chandrasekhar (1956), Backus (1957),
Braginskii (1964), Lortz (1968), Hide (1979)

The laminar, Cartesian analogue of the Cowling (1934) axisymmetric ADT is the 2D ADT.
The 2D ADT proves that a 2D velocity, chosen to preserve 2D symmetry of the field, will result
in the decay of a 2D field; see table 1. Results of varying generality have been established by
Cowling (1957), Zel’dovich (1957), Lortz (1968), Vainshtein and Zel’dovich (1972), Lortz and
Meyer-Spasche (1982a), Lortz and Meyer-Spasche (1982b), Lortz and Meyer-Spasche (1984),
Lortz et al. (1984), Stredulinsky et al. (1986).

Just as Phillips and Ivers (2014) provide counter examples for the misuse of the mean
field 2D and planar turbulence ADT for finite conductors, the work of Bachtiar et al. (2006)
suggests a counter example for the misuse of the laminar planar velocity ADT, established in
E3, by modelling the interaction of a laminar planar velocity (vrp) in a finite conductor.

There are other examples of inappropriate uses of ADT to explain physical systems. The
ADT proven herein does provide an explanation of why a dynamo may fail in a finite con-
ducting fluid, such as non magnetic stars or planets. The work herein also has implications
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Table 1. Summary of a selection of antidynamo results showing the most restricted forms of the ADTs.
For the laminar ADTs, the ‘Velocity’ rows give the form that will preserve the symmetry of the decaying
field. For the mean field ADTs; the « is proven to result from the accompanying turbulent velocities in
E3. The ‘Field Decays’ rows give the form of the magnetic field that will decay from the accompanying;
v for laminar ADTs; and the a for the mean field ADTs. Each of; Cowling’s axisymmetric, the toroidal
velocity and the agy = 0, ADTs, are proven for finite conducting fluid volumes.

Antidynamo . . . . .
Independent of one direction No component in one direction
theorems
Laminar antidynamo theorems
Two dimensional Planar velocity
Velocity V=0 (2, y)1e+vy(z,y)1y+v.(z,y)1. v=vz(z,y,2) 1o +vy(z,y, 2)1y

Field decays B=DB;(z,y)lz+By(z,y)1y+B.(z,y)1.

Cowling’s Toroidal velocity
Velocity v=0r(r,0)1-4vg(r,0)1g+v4(r, 0)14 v=uvg(r,0,9)Lg+v4(r,0,0)14
Field decays B=DB(r,0)1,4+Bg(r,0)19+By(r, 0)14

Mean field antidynamo theorems

Two dimensional turbulence Planar turbulence
Velocity W =l (2, 9) Lo+ 0 (@, 9) 1y H 0L (@, )L 0 =0h(m, g, 2) Lo 0 (2,1, 2) 1y
i Qry Qry Orz . 0 0 agz
, inE3 , in E3
o vV | ayz oy gz v 0 0 ayz
Qzx Qzy 0 Qzy Olzy Qzz

Field decays B=B(%,y)1s+By(z,y)1y+B.(z,y)1,

The agpy =0 ADT

Velocity v = (7, 0)1r+vy(r, 0) 19 +vy(r, 0) 1,
Qpry Qrg Org
, in E3
@ v | aer Qg Qg

Qpr agg 0
Field decays B=DB,(r,0)1,+Bg(r,0)1g+By(r,0)1,

for proposed hidden dynamos where the field is proposed to be wholly contained within the
conductor; see for example Ivers and James (1984), Kaiser et al. (1994).

In section 2 the governing equations are derived. In section 3 the axisymmetric, aggy = 0
ADT is proven. In section 4 the weighted energy analysis for [i,(By/s)?dV is conducted. In
section 5 the energy analysis is applied to a hidden dynamo model. In section 6 the spectral
methods for the investigation of the hidden dynamo model are given. In section 7 the numer-
ical methods for solving the hidden dynamo model are outlined. In section 8 the numerical
methods for solving the energy analysis are derived. In section 9 the numerical results of the
linear stability analysis and the magnetic energy analysis are presented. An explicit expression
for agy using the second order correlation approximation and the Green’s tensor is derived
in section 10. This analysis is also used to show that axisymmetric turbulence in E3 leads to
age = 0. In section 11 an alternate expression for a4y is produced using the methods of Bra-
ginskii (1964) extended to compressible flows as appropriate in stellar interiors. In section 12
the work of Soward (1972) is examined as it produces a concise and informative insight for
generating aye. Discussion and conclusions are presented in section 13.



March 6, 2023

Geophysical and Astrophysical Fluid Dynamics gafdIV'3'3'23

The azisymmetric agy =0 ADT and cygy generation 5

2. Governing equations

For an electrically conducting fluid, with prescribed velocity v, using Ampere’s Law Vx B =
pd in Ohm’s Law J /o = E + v x B yields
E =1nVxB—-wvx B, (2)

where B is the magnetic induction field, FE is the electric field, and J is the electric current
density. The permeability of free space u, The electrical conductivity ¢ and the magnetic
diffusivity n = 1/(po), are uniform.

The magnetic vector potential A, where VxA = B and FE are related by E = —0;A—V o,
where @ is the electric scalar potential and 9y is the derivative with respect to ¢ etc. Eliminating
FE yields,

0tA=-nVxB+vxB-Vo. (3)

Using Faraday’s Law of induction V x E = —9;B and Gauss’ Law V-B = 0 in the curl of
(2) gives the induction equation

;B —nV?’B = Vx (v x B). (4)

2.1. The second-order correlation approximation and the Green’s tensor solution

To produce mean field counterparts of (3) and (4), used herein, the velocity and magnetic
fields are decomposed into mean and fluctuating parts v = v + v’, B = B + B’, where the

overline denotes an ensemble average. Taking the mean of (4), using F'=0,F' xG =0,
F +G=F + G, etc. gives

DB := (3, —nV?*)B-Vx (v x B)=VxE. (5)
where the mean turbulent emf € := v’ x B’. Subtracting (5) from (4) yields
DB ' =Vx (v xB+QG). (6)

where G := v’ x B’ — v’ x B'. If the second order correlation approximation (SOCA) is used,
in which V x G is neglected compared to the other terms, then

DB =Vx (v x B) = VxF. (7)
The solution of (7) is expressed in terms of the Green’s tensor G(r,t;&,7)" solution to
DG (r,t;£,7) = (3 — V) G — Vx (@ x G) = §3(€ — 7)d(r — t)1, (8)

where 62 and & are Dirac delta distributions and I is the identity tensor, subject to the
conditions G(r,t;€,7) =0 for t < 7 and G(r,t;&,7) — 0 as | — 7| — oo (Bréuer 1973).
Contracting (8) with V x F'(&,t) and integrating over £ and 7 gives

D// G(r, 1;€,7)-Vex F(&,7)d¢dr = V< F(€,1). (9)
R3xR
Thus from (9) a particular solution of (7) is
B!\(r.t) = // G(r,t:€,7)-Vex F(€, r)dP¢dr. (10)
R3xIR

The solution of (7) is B'(r,t) = By(r,t) + B (r,t), where By is the solution to (7) for
VxF =0.

TThe upright Green’s tensor G is distinguished from the vector G.
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For B}, =0, (10) yields
// ,7) Vex [V(€,7) x B(€,7)] d¢dr. (11)
R3xIR
Integration by parts in (11) shifts the derivative to G
// [v/(€,7) X V¢ x GT(r,t;ﬁ,T)} d3edr. (12)
R*xIR

The mean electromotive force (emf) € is the ensemble mean, of the vector product of v'(r, t)
with (12), thus

£— // V(1) x [Ve x GT(r t:€,7)Tx v/(€,7) - B(&,7)d*dr.  (13)
R3xIR

Expanding B(&,7) in a Taylor series about 7 and t,

B(¢,7)=B(r,t)+ (£ —7)-V,B(r,t) + O(|€ — ) + (1 — )0, B(r,t) + O(|7 — t[*). (14)

Using (14) in (13) and neglecting terms O(|€ — 7|?), O(|t — 7|) then the mean field induction
equation (5) becomes

%B=nV’B+Vx(aB+3-VB+7vxB), (15)

where, in coordinate-independent form

o= / / V(1) % [Ve x GT(r 1:€,7) % v/(€, 7) d*¢dr, (16)
R3xIR

b= [ v x[Vex G nxvign s -ndear  an
R3*xIR
For v = 0 and a conductor filling all space then the Green’s tensor is isotropic and given by
G(r,t;€,7)=G(r —&,t—71)I, where
0, t <0
Glr,t) = { exp(—|r[2/4nt)
(47tnt)3/2

18
. t>0. (18)

For this specialisation [Vex GT(r,t;€,7)]T = [I x V¢G(r—¢€,t—7)]. Changing the variables
of integration to & = r — ¢, 7/ =t — 7 and then dropping the primes in (16) and (17) gives

o= // V) x [T x VeG(&, )] x v (r — &1 —7)d*¢ dr. (19)
R3xIR

// T X VeGE N xv(r —&f—7) £ B¢ dr.
]R3><]R

The analysis above can be applied to magnetic vector potential equation (3). Alternatively,
‘uncurling’ the mean field induction equation yields

A =-nVxB+aB+3:-VB+vxB-Vo. (20)

Henceforth, the Taylor series (14) is truncated at the first term. Thus 3 is omitted.
The following scaling is adopted

r/ro —r, v/vg— v, tn/r% —t, roag/n — Rarovo/n — Ry, @/ — @, (21)
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where the ry denotes a typical dimension of the conducting volume V and the subscript g
denotes a typical value. Using (21), (15) and (20) become

B =V’B+ Vx(Roa-B+ R x B), (22)
0tA=-VxB+ Ry,a-B+ R,vx B—Vo. (23)

3. The axisymmetric agy = 0 antidynamo theorem

A field F is azisymmetric in E3 if there is a cylindrical polar coordinate system (s, ¢, z),
such that the cylindrical polar components of F' are independent of ¢. Thus,

F =F(s,z,t) = Fy(s,2,t)1s + Fy(s, 2, t) 1y + F.(s,2,t)1,.

A meridional field is given by F, := F — F-1,. Here B is axisymmetric. Using V-B = 0,
then V-B,, = 0, thus the mean magnetic field B can be represented in terms of the azimuthal
magnetic field B414 and the meridional flux function x;

§:B¢—|—Bm:§¢1¢+Vx(ll¢>. (24)
S

There is no imposition on either a or v to be axisymmetric. However, without loss of generality
a and v are taken to be axisymmetric because departures from axisymmetry will generate
non-axisymmetric B. The axisymmetric age = 0 ADT is proven in two parts. Firstly in
subsection 3.1 |x| is shown to decay to zero. Then in subsection 3.2, once y has decayed,
Jis |Bg/s|dV is shown to decay.

3.1. Decay of x

Theorem 3.1 Axisymmetric agy =0, [x| = 0 ADT:

For a conducting volume V' with non-conducting exterior ‘7, where V and V are individually
connected', for B = B(s,z,t), agy = 0 in V and |B| = O(r~3) as r — oo, then |x|, decays
to zero*.

The ¢ component of (23) in V' is

%atX = [—Vx§+Raa- (§¢1¢+V>< (% 1¢)) + R,o x (§¢1¢+Vx (% 1¢)>} 1y

(25)
Using V x(14/s) = 0, then
X 1 1
{a-Vx (g 1¢)} '14) = gld)-(a X VX)-1¢ = —g(ld)-a X 1¢)-VX. (26)
The last term in (25) produces
_ X . o1
['v x V x (g1¢>] 1y = B [0 x (Vx x1y)] 14 = g’U‘VX- (27)
Using (26) and (27) in (25) yields
dix — °V+(s7?Vx) = sRaassBy — Ra(1p-a x 14)-Vx — R,0-V. (28)

TV connected, means that any two points in V are associated with a curve that lies wholly in V; likewise for V.
1t is not necessary to state the conditions & = (s, 2), T = B(s,2), V = V (s, 2) as part of theorem 3.1 as, if they
were not satisfied, then B would not remain axisymmetric
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By comparing the last two terms of (28) the action of a through
1¢-a X 1¢ = a(bzls — Oz¢512 = Vg1 (29)

is equivalent to the analogue laminar velocity Uq1. Thus, for age = 0, (28) is transformed into
the ¢ component of the scaled (3) for Rv := R,U + RoUa1, Where v = v(s, 2) is an equivalent
‘laminar’ velocity. Because v,; and hence v are not necessarily incompressible and may flow
across conductor boundaries then extensions to the Cowling (1934) ADT are required. To
this end, the proof that |x| decays to zero of Ivers (1984) and Ivers and James (1984) are is
extended to include oo and adapted below.

The ¢ component of the scaled (3) gives®

2
P{x} = Vx — g]-s'VX — Rv-Vx—0;x=0 inV. (30)
The ¢ component of VX B =0 is
) N
E{x} =V - ;asx =0 inV. (31)

The P and £ operators are parabolic and elliptic, respectively.
Ivers and James (1984) (section 4.1) use theorem 5 and 7 of Protter and Weinberger (1967)
to prove the following theorem, where Vo, = V UV, stated here for uniform 7.

Theorem 3.2 Comparison theorem for y:
For P and & as in (30), (31), if

Plu} <0 nV; Eu}<0 inV; (32)
IX| <u at t=0; u>0 as s—0 or 71— oo; (33)
then |x| < w in Vo fort > 0.

Thus, if a comparison function u can be found that decays and satisfies conditions (32),
(33), then, by theorem 3.2, |x| will decay.
To establish a decaying u, Ivers and James (1984) section 4.2 considers the trial function

upF(s)e P, s < 1;
t) = 34
u<8727 ) {UOF(l)ept, s Z 1’ ( )

where ug > 0, F(s) > 0, p > 0 are determined from the conditions of theorem 3.2.
Using (34) in (30) and introducing x and A to aid in the solution for F' then

P{u} = e Py { <6§F — éasF + k0 F + )\) — (k + Rvs05)F + pF — )\} )
Equation (32) is satisfied if, for s < 0, k = supy {—Ruvs, 0}, p = infy{\/F}, 0,F >0, A > 0,
02F — éasF + KO, F = =)\ (35)
The solution of (35) is F(s) = Fy + AFi(s), where

s 1
Fl(s):/O pe_”p/ ée“cd(dp. (36)
p

Also (33) is satisfied if ugp = max{|x|/F(s)} at t = 0.
The maximum of Fj(s) occurs at s = 1, thus max{p} = A/F(1) > 0. From theorem 3.2

x| < upF(s)e™ M FD < ugF(1)e ™ FW = yoFy [1 4 ar] e/ @+ = woFyH(t,7,a), (37)

8The discussion of Ivers and James (1984) and Ivers (1984) is simplified here because 7 is uniform herein.
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where 7 = Fi(1), a = A/ Fp.

For each value of t and 7, H(t, 7, a) will have an optimum value of a. Using 0,H (t,7,a) = 0
gives a = (t — 7)/72. Because a = \/Fy > 0 then this analysis is valid for a > 0, i.e. t > 7.
For t < 7 the optimum for H is a — 0 giving H(t,7,0) = 1. Thus from (37)

x| < uoFoE(t;7), (38)
where the optimum envelope is
1 t<rT;
Et;r)=<" - 39
(57) {iel_t/T, t<T. (39)

From (38), (39) the bounding function ugFyE(t; 7) decays monotonically to 0. For ¢ > 7 the
decay time is approximately 7. From (38), the flux function will decay to zero, however, not
necessarily monotonically. For details see section 4.2.1 of Ivers and James (1984).

Here it is noted from (36) the ‘eventual’ decay time 7 = F(1) is dependent on x =
sup{—Ruvs,0} and thus dependent on Rvs. So even though the envelope ugFyE(t;7) will
decay, the decay rate is dependent on R and vs. This may have the effect of extending the
decay of |x|. For example, Ivers and James (1984) (pp:180) observe that: 7 > 10'7 diffusion
time units when R ~ 107.

This proof that |x| decays to zero is independent of compressibility.! It is also noted that
the behaviour of v at the boundary does not affect the conclusions. Thus the proof holds for
Rv = R,U + R,U41 given by (29). This concludes the proof of theorem 3.1.

3.2. Decay of [, |By/s|dV
Here the meridional field is assume to have decayed to zero. Thus y = 0.

Theorem 3.3 Axisymmetric agy = 0, decay of [, |B¢/s|dV ADT:

For a conducting volume V' with non-conducting exterior V where V and V are individually
connected, for for B = B(s,z,t), x =0, age =0 in V and |[B| = O(r=3) as r — oo, then
[y |Bo/s|dV, decays.*

Using 1,V xE = sV- (E X 1¢/s) on the ¢ component of the right hand side (22) yields
atB¢ =sV. {( VX B¢1¢) + Raa (B¢1¢) + R v X (B¢1¢)) X 1¢/$} . (40)
The diffusion term is simplified using V x(14/s) = 0,

V x(Bgly) x 14 = (V(Bgs) x 14) x %1(25 = —sV (By/s) — 2Byls/s. (41)

Using (41) in (40) and b := B,/s gives
0:b=V-(Vb+201,/s — Ry1y x a1yb — R,0D) . (42)

From here the working of Ivers and James (1984) section 5.4 is extended and modified to
accomodate the mean field v effect. The volume V (¢) is partitioned into component volumes
Vi (i =1,2,...), where for each Vj, §¢ does not change sign. Because of the behaviour of
§¢ /s% as s — 0, each V; is considered to exclude the region inside a cylinder radius s = e.
The limit as € — 0 is subsequently considered. Thus the surface of V; is decomposed into the

fThe proof of Ivers and James (1984) is also independent of variable conductivity.
tAs for theorem 3.1, it is not necessary to state the conditions & = «(s, 2), T = B(s,2), V = V (s, 2) as part of
theorem 3.3 as, if they were not satisfied, then B would not remain axisymmetric.
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surface on the cylinder S;c = V N {s = ¢} and S;. Integrating (42) over V;, and using the
divergence theorem gives

/ at]b|d1/;zlim/ (V] 4+ 21b[1,/5 — Raly x a-lgb— Roolbl}-dSi  (43)
Vi €20./5,48..

By comparing the last two terms of (43) the action of
1¢ X a~1¢, = zpls — as¢>1z = Va2 (44)

is compared to an analogue lamina velocity Uqe.
Using |b| = 0 on S;, and V|b|-dS; = 0,,|b|n-dS;, then (43) becomes

/ 3, |bldV; = / dn|bldS — lim/ {V|b] + 2|b|1,/s — RaTasbh — R,o|b|} -27s1,dz.

:/ an\b\dS—47r/ ]b[dz—l—?wlim/ 5 {=0,[b| + RuTulb| + Rucra|b|} d,
Si Ii s—0 Ii

(45)

where I; = lim._, Si. As B is differentiable and axisymmetric in V' then By = O(s) as
s — 0. Thus the first term in the last integral of (45) is zero. Because v is axisymmetric
then 75 — 0 as s — 0 and the second term in the last integral of (45) is zero. Similarly, o is
axisymmetric i.e. all the polar components have o4 = a.4(s, 2) etc. Expressing o4 in terms
of the Cartesian components gives o4 = .y cos ¢ — o, sin¢. Thus a,y — 0 as s — 0 and
the last term in the last integral of (45) is zero. The s factor in the last two terms of (45)
mean that they are zero for relatively well behaved v and «. Likewise b = 0 on S; results in
(46) being independent of ¥ and « on S.

Summing (45) over all V; and using 9; [, [b|dV = [, 0;|b|dV + [, |blvg-dS, where the
velocity of S, vg = 0 here, then (45) yields

at/ |b|d%:/an|b|d5—47r/|b|dz, (46)
174 S I

where I =V N {s =0} and S is the surface of V.
The decay of [, |b|dV is guaranteed unless there exists a speculative non-trivial solution
b =by(s,z,t) to the ¢ component of (22), (L + C){bo} = 0, where

2
L:=V?+ g1S-V — R,o-V — 9,

C:=—-R,VU— R, VUar = —R, VU — Ro(0s(50:¢)/5 — 0,0154), (47)

such that the RHS of (46) is zero. That is, at any time ¢y > 0 (i) 9,,bp = 0 on S;, Vi and (ii)
bp =0 on a I, given [ is not empty.

To dismiss such a by Ivers and James (1984) (pp. 205, 206) is adapted by considering the
pre-constructed function Z(s, z,t) = —|bgle~!, where ¢, is an upper bound on C of (47).
Thus (£+C —ca){Z} = 0.} Because Z takes its maximum of zero on the exterior S; U I;, then
Protter and Weinberger (1967) theorem 7 implies that either (iii) 9,Z > 0 on S; U I;, or (iv)
Z is constant for ¢t < ty. Because (i) and (iii) are inconsistent, as observed by Ivers and James
(1984) (p. 206), then the only solution is by = 0 V¢. Thus no such non-trivial by exists.

Noting that, as |b| > 0 in V then 9,|b] < 0 on S, where n increases from in V' to S, then for
b # 0 the RHS of (46) is negative. Thus [i,[b|dV must be strictly monotonically decreasing
for all ¢. This concludes the proof of theorem 3.3.

It is reasonable to assert that 0z¢/5 + 050z — 02054 is finite for well behaved, differentiable, axisymmetric c.
tBecause ¢ is an upper bound on C, then the undifferentiated term C — co < 0 and theorem 7 of Protter and
Weinberger (1967) can be utilised.
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Ivers and James (1984) section 5.2 and 5.3 provides a proof for the decay of b = By/s under
restrictive conditions. This proof uses analogous methods to those outlined in section 3.1 above
for x, but for b. The Comparison theorem for b is proven using ‘fortuitous’ extensions and
observation of theorems 5, 6, 7, and remarks of Protter and Weinberger (1967). A comparison
function b is then established using similar separation of variable methods as in section 3.1
above. This comparison function can be shown to decay monotonically to zero under the

condition ¢s71(kp) < 1, where ¢4 is an upper bound on C, = —RV-v,
1 q ¢
nlm) = [ e [ femrapac (48)
0 0

is the counterpart to 7 = Fi(1) (36), and kj, = sup{Rvs,0} in V for ¢ > 0.

However, to use this comparison theorem/function method for theorem 3.3 the analogous
lamina velocity Dao (44) is identified, and D2 has no predetermined bound on the dilatation
rate V-0,9. Thus this method proves ineffective for the purposes of establishing theorem 3.3.

4. Magnetic energy analysis

It is instructive to consider the magnetic energy budget for the magnetic field §¢1¢ once Y
has decayed to examine the interaction of inductive and diffusive contributions. An alternate
form of (42) with ¥ = 0, obtained by using (44) and V:(b1s/s) = V(b) - 15/s, is

3:b = V2 +2Vb-15/s — R,V (bTa2). (49)

The integral of b?> over V is considered here as a weighted gauge of the magnetic energy
I EidV/Q. Multiplying (49) by b and using V (b?) - (15/s) = V-(b*15/s), gives
1, 5 b? _
atib =bV°h+ V. ;]-s — ROV - (bD42) . (50)

Because of the behaviour of the first term on the RHS of (50) as s — 0, V here, as in section
3.2, is considered to exclude the region inside a cylinder radius s = €. The surface of V is
partitioned into the surface on the cylinder Sc = V N {s = ¢} and S. The limit as ¢ — 0 is
then considered. Thus, using V' = V(s, z) the integral over V of (50) becomes

2
at/ 1b2dvz/ bv2bdv+/ V. <b15> dV—Ra/ bV (bTqa2) dV. (51)
v 2 v 1% s 1%

Using V+(bVb) = Vb- Vb +bV?b, and b = 0 on S, the first term on the RHS of (51) is
I
/ VAV = bVb - dS — / Vb VbdV = —/ (Vb)2dV. (52)
v €0 Jsis, v v
Using the divergence theorem on the second term on the RHS of (51), gives

b2 b2 b2
/v- <1> dV’ = Tim {/ 1s-dS+/ 1s-dS}. (53)
v S e—0 S S S. S

For b =0 on S the first term on the RHS of (53) vanishes. The last term in (53) becomes

% %
lim/ Z1,-dS = —2r lims/ (5:2) 4, —27r/b2(0,z)dz, (54)
e—0 S. S I I

s—0 S
where b(0, z) := lims_, b(s, z) and I = VN {s = 0}. The last term in (51) is transformed using
V- (b? Ta2) = bV (bTa2) + V(b) - (bTa2) = b*V-Tao + V(0?) - Tpa,
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the divergence theorem, and b = 0 on S, to give

1
/bV- (bTqa2)dV = lim b%aQ-dS—/ bV(b)-vang:/ b’V TaedV.  (55)
v =0 Jgys, v 2 )y

Thus using (53)—(55) in (51) produces the b? ‘energy’ equation for c,

at/ Lipay = — / (Vb)>dV — 27r/b2(0, z)dz — Ra/ b’V-(14 x a-14)dV. (56)
v 2 v I 2 Jy

It is possible to increase the magnitude of the last induction term of (56) by choosing, for
instance, V+(14xa-1y) to be negative throughout the sphere and increase R,. The subsequent
contribution of induction to the rate of change of fv b2/2dV would increase. Because the first
two terms on the right hand side of (56) do not include R, explicitly, it is tempting to imagine
that simply increasing R, would sustain a working dynamo. Indeed, if the contribution from
the diffusion terms in (56) where not to counteract a positive increase from induction then
the resulting energy would grow. Such a dynamo would satisfy the conditions for a so-called
hidden dynamo because the resulting magnetic field §¢1¢ would be invisible from outside
V. However, such a dynamo would contradict the antidynamo theorem proved herein. Thus
the energy analysis indicates that the diffusion terms in (56) must detract more than the
induction term contributes for all such models.

5. Decay of axisymmetric B for g = 0: No hidden dynamo

To demonstrate the decay and energy budget of an agg = 0 model, consider:
Model 1 a = sl 1, (57)

in an electrically conducting sphere r < 1. The magnetic field is axisymmetric and the merid-
ional component has decayed (x = 0). The exterior is electrically insulating and there are no
sources at infinity, thus §¢ =0atr>1.

Model 1 has gy = 0, and thus satisfies the ADT established herein. The contribution of (57)
to (56) is given by V- (14 x a-ly) = 0,5(s024)/5 — 0,059 = 2. Also, from s1,14 = —21,1, +
y1.1,, the model is analytic at the origin. Thus (57) avoids unbounded (Cartesian) derivative
at the origin that could produce numerical convergence problems and unphysical contributions.
The differentiability of scalar and vector spherical harmonics is given in subsection 6.2.

For a single uncoupled eigenmode where b(s, z,t) — €7b(s, 2), then (56), (57) reduces to

v / bAV = — / (Vb)2dV — 27 / b?(0,2)dz — Ry / b2dV. (58)
v 14 I |4

Using the p-norm notation with p = 2,

Vb2 = / (VB2AV, [b2 = 27r/b2(0,z)dz, bl ;:/ BRav, (59)
Vv I 1%
then (58) becomes
YNblP = =[IWbl* = [b* — Rallb]*. (60)

It will be demonstrated that for model 1, as the contribution to induction is increased,
through increasing — Ry, the contribution to diffusion through —|b|? and —||Vb||? will decrease
to counteract induction. Thus, even though the contribution from —R,||b||? in (60) may be
regenerative, v remains negative through the counteractive, depleting effects of diffusion and
the dynamo eventually fails.
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6. Spectral representation of the linear stability eigenvalue problem

6.1. Vector spectral equations

Solutions to (22) are sought in the form
,B—-V?’B=R,VxF. (61)
Here, B and F are represented as vector spherical harmonics, see Jones (1970), James (1976),

n+1

Z Z Z Bnnl nn17 (62)

Mm=—00 n=max(|m|,1) n1=n—1

where Y7, (6,6) = (~1)" " A(n) Y <" " 1)Ym heg, (63)

£=-1,0,1 m&—m —§

e_1= (1, —i1,)/2'/2, e = 1., e1 = —(1, +i1,)/2Y2, A(n) = (2n 4+ 1)"/2, the 2 x 3 array is
a Wigner 3J coefficient (see, e.g. Brink and Satchler 1968),

(n—m)!

1/2 .
(n—i—m)'] 0, Pn(p) e™? for m > 0;

Y (0,6) = (—1)™ A(n)(1 — pu2)™/? {

Y = (-1)"Y, ™ for, m < 0; and P,(u) = ag(,ﬂ —1)"/(2™n!), p = cosé.

From 1/47 § Y, Yy 5, dQ = 6,50, 5, 6mnr; Where 6,5 = 1, if i = j; 6,5 = 0, if i # j; and
Y (or Y) indicates complex conjugation, the Y/ N, components of B and F are given by,

1 _
Fiy, = e f F.Yy y, d2. (64)

To incorporate V-B = 0 the toroidal, poloidal representation is used
B=T+S8S=Vx(Tr)+VxVx(rS),

where r = r1,.. The potential functions T', S are represented as scalar spherical harmonics as,
[T,S] =30 > [T (5 8), S ( t)]Y,;(0,¢)e". The By, are related to T, and Sy
by

n ats, By, = ifnn + DT, By, = 0D g g
’ A(n)
(65)
where 3771 := 9, 4+ (n 4 1)/r and " := 0, — n/r.
By 1nvert1 g (65) the toroidal, poloidal spectral forms of the induction equation are

iRFAy
[N(N +1)]1/2
(66)

Rq
A(N)

M _ —
(v=Dn)Ty = N2 (N +1)1/2

a%—1 aN+1 M M _
- FN,N—l , (y—Dn)Sy =

where D,, := 0" ;0" L.
Here, the general spectral equations are derived for F' = asin61,1,4-B, where a = a(r). For
model 1, (57) a(r) = r. From Phillips (1993) or the polar forms of Y77, (see, James 1976),

1 /2.
1.=Y9, and 1y = —— 0\/g iy, . (67)
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Thus by representing a as, a =30 __ 3 °°_, apeY"e, (64) and (67) yield

1 _
FY = 1 j{asinﬁ 1.-B 1,V y, dQ
b 7-[- b

1 M
\[1 YD ar an%Y,Z‘@Y YL Y)Yy, A (68)

Mgy Mg MM, MM

The integral of five scalar and vector spherical harmonics in (68) may be reduced
by expressing the product of two harmonics as one. For example, Y(l)yl-YT]\,’aN1
YN Ny 1A $ Y(1)71-Y% NIYJJ\V{: A€ Y]G{/N{. To evaluate such integrals the following result
of Jones (1970) is used

1
E Y:Za’nla Ymbnlbymcdﬂ
Ng Mg 1 Nig N1b Nc Ng Np N
= (=1)"™ ™ A(ng, N1a, N, N1b, a , (69
( ) (na Nia, My, N1b nC){nlb ny nc}( 0 0 0 ) <ma me mc> ( )

where the 2 x 3 array in brasses is a Wigner 6J coefficient and A(n,n;) = A(n)A(n1) etc.
From Brink and Satchler (1968) useful special cases of 3J and 6J coefficients are

ng np 0 (=1)" 76, 0, Om, —m, ng np 0 (=1)™ 6 Oy
= and =
meg myp 0 A(ng) Ng Ne Nf A(ng,ne)

where orders and degrees take only integer values for the formulee herein.
Using (67a), (69), (70), the symmetry of 3J and 6J coefficients, and the complex conjugate

relations Y, = (—1)"Y, ™, Y%Nl (—1)N+NAHMy ]‘J{, then

, (70)

1

Similarly, using (67b), (69) to reduce Y(l)’l-YJJ‘\,/{]\,1 to a sum of scalar Y’s and (71) in (64)
results in an integral of three scalar Y’s. The remaining integral has been evaluated by Adams
(1900) as

1 Ng Np N Ng Np N
Y Yy, tedQ = A “ © “ .
4 <”“’"b’”c)< 000 ) (ma me me

Thus the vector spherical harmonic components of F' = asin 91¢,-§ 1, are given by

F{fy, = Z Z Z ape By, V61 (—1)N T A(ng, m,ny, N, Ny, N, N') x

N ,Ma NyN1,M N’ M’

nn 1 ni N'1 N N 1 n N1\ /(N Ning\ (N Ni ng (72)
11N/ 0 00/\M-MO)\m-m0 000 m-—-Mm,)
For model 1, from the result of subsection 3.1 and x = 0, only the toroidal equation

(66a) is required. The F' ]]\\," n, contributions to (66a) are calculating using (72) directly. The
By, contributions are converted to T} contributions using (65b). Here, for o = s1.1,,
a=r, a8 = r, and all other a;' are zero. This method of using the Y y y, formalism has
the advantage that the spectral forms are summarised in (72) and any errors at this level
are usually catastrophic and immediately evident. This same method has been utilised for a
wide spectrum of problems from laminar velocity models to models of anisotropic diffusion
and other mean field o models. Thus many, common components for these problems in the
numerical program have been benchmarked. The method also avoids errors in converting back
to interaction-type spectral equations.
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6.2. Behaviour of a at the origin

From the Herglotzian definition of the spherical harmonics, for any integer & > 0,
P 2Ry m (9, $) is a homogeneous polynomial in z, v, z, and thus, an analytic function of x,y, 2
at the origin. However, r”*zkHYHm(H, ¢) has singular Cartesian derivatives in x,y, z of order
n + 2k + 1 at the origin. Thus, the scalar function f, is an analytic function of z,y, z at the
origin, if the coefficients of its spherical harmonic expansion f = Zn,m fm(r)Yy, (0, ¢) are

of the form, fI"(r) = "> 2, fmkp2k where the fi"* are independent of r. Likewise, from

(63), Y7, is a linear combination of Yy,, (6, ¢) of order n1, and complex cartesian unit vectors
ec. Thus F = Zn m Fnn, (DY 3, (6, 9) is an analytic function of z,y,z at the origin, if
() =" oo B n]f 2k where the F),% n1 are independent of r. As an example for model 1

a=sl,1y=1i/2 /3 Y9, rtY?; will be analytic at the origin.

7. Formulation of the eigen-problem for model 1

For model 1, from the result of subsection 3.1 (or 3.J and 6.J selection rules), x = 0, (66a), (72)
and (65b), then the radial functions T, (r) always occur in one of the forms T;,(r), 05, T, (r),
D, T, (r), where T, (r) = T2(r) etc. These specific forms are discretised using second-order
finite-differences on a uniform grid, r; = jh, j = 1,2,..., Jmax, b = 1/Jmax. This programming
technique adds extra levels of redundancy. An analytic extension of the radial functions across
the origin is used to fold-back the differencing scheme at r = 0 to » > 0 (see Ivers and Phillips
2003). From subsection 6.2, if

T = O™ + "2 44 ), (73)

then 7' is a polynomial in (z,y, z) and thus analytic at the origin. To satisfy §¢ =0atr=1
and (73), T,,(0) = T,,(1) = 0 and the T}, equations are omitted at »r = 0 and r = 1.

For a single mode By, (r,t) = By (r)e* of (62), the original problem is represented by
the eigenvalue problem [A + R,B]e = e, for the eigenvalue—eigenvector pair (v, e) where
the magnetic Reynolds number R, is prescribed, and A, B, are matrices discretising; the
diffusion, and the induction term with F = asinf1,-B1, of (61).

The eigensolutions (v, e) were sought using inverse iteration with partial pivoting, for a
single eigenvalue or with quadratic root-finding to determine the two eigenvalues closest to a
shift, and the implicitly restarted Arnoldi method (Sorensen 1992).

7.1. Decoupling the magnetic field interactions

Herein a vector field F'(r) at the point 7 is denoted as symmetric [anti-symmetric] in the
equatorial plane (§ = 7/2) if its planar reflection F'(r) is equal to positive [negative] the
un-reflected quantity at the reflected point F(r*°f), that is F™i(r) = F(r*!) [F™i(r) =
—F(r*")]. Likewise, a scalar function f is symmetric [anti-symmetric], if f(r,m — 0, ¢) =
f(rv 0, ¢) [f(?",ﬂ' -0, ¢) = _f(r7 0, ¢>}

For a0 = 51,14 the scalar function s is symmetric, the vector fields 1, is anti-symmetric and
1, is symmetric. Hence, the tensor s1,14 is antisymmetric. The symmetric [antisymmetric]
part of (61) with F = a-B and a = s1,1, (noting x is antisymmetric) reveals that symmetric
[antisymmetric] B will decouple and evolve independently. By the same argument symmetric
a will destroy this decoupling. Thus for x = 0, m = 0, B decouples into the symmetric
(Th,T5,T5,T7, . . .) and antisymmetric (1o, Ty, T4, T3, . . .) classes.
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8. Energy budget analysis: spectral methods for evaluating ||b]|?, ||Vb||? and |b]?

For B axisymmetric and x = 0, then B = —0¢T 14. Here T'= >">° | T,,A(n) P, (cos ), thus

B=- ZTA )0 Py (cos 0)14 (74)

The T;, from the eigen solutions e and + could be used directly in (74) to calculate B, which
in turn can be used to calculate ||b||?, | Vb||? and |b|? for the energy analysis of (60). However,
it proves simpler and less error prone, to use a spectral representation of b directly as

Z by (r) P (cos ), (75)

calculate the b,, from the T}, obtained from the eigensolution (A, e) (using (79)) below, and
then use b, directly for ||b||%, || Vb||?> and |b|>. Thus an expression for b, in terms of the T}, is
required.

Using the identity, 0, (Py+1(p) — Po—1(1t)) = A%(n) P, (u) recursively in the form 9, P, (n) =
A%(n—1)P,_1(p) + 0, P,—2(p) yields

0uP(pt) = A2(n — 1) Py (p) + A*(n — 3) Py—g(p) + ... = | > A36)P(w),  (76)

where A2(n) = (A(n))? etc. and Zl a.c denotes a sum from a to b in steps of c. For (76) the
upper limit for the sum is to the least non-negative integer. Thus, from (74) with u = cos 6
By 1
b=—"2=— :—fZTA 500 Pn(cos0) ZTA (). (77)

s rsm@

Using (76) in (77) then b = r=13°°° A%(n)P,(p) > izni12A@)T;. The orthogonality of

Legendre polynomials,

1
[ PP = 26/ 2%, (78)
is then used with (75) to give
> AW (79)
i=n+1,2

8.1. Ewaluating [, b*dV
Thus using (78),

2w pm o pl X > 1 o b2
211 _ P, p. 2 _ n_ .2
/Vb dv —/0 /0 /0 g bi P;(1) E bjPj(p) v sinfdrdfde = 47r/0 () rodr.
=0 7=0 n=0

8.2. Ewaluating [,,(Vb)?dV

From Vf = 9,f1, + 3g(f)Lg/r, Vb = 30° 1 03,by Pr(p)1, — S2€ 5% 15,0, Py (n)1g. Thus
[, (Vb)?dV = I1 + I, where, using (78),

I = Z b1 Py (1) Y 0rbn Po(p)dV = 4r
n=0 0

Vi=o

[e.9]

(80)
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sin? 0 >
I, = / = > 00, P (1) Y 0n0, Pa(p)dV. (81)
v =0 n=0

To evaluate Iy the orthogonality of the 6 derivatives of the Legendre Polynomials is estab-
lished using integration by parts, 9, ((1 — p?)9,P, (1)) = —I(l + 1)P,(1), and (78). Thus

| au(Eat)au(rim)singas =~ [P
0 0

7 0p(sin #0g Py (1)) sin 0 d

Sin

o o as
_/O PAI+ DR sinfdf = Zri (52)

Using (82) in (81)

D,
1227/ Zblagpl Zbagp dudr—47r/ Zbﬁ”/gjL r. (83)

—Li=o
Combining (80) and (83) gives

211 _ Lo (0r00)° 2”+
/V(Vb) dV—47r/0 T,;)/p(”) dr + 4n / Zb

8.3. Ewaluating [, b*(0,z)dz.
If the volume V' is the unit sphere, then I = [—1,1] thus

/IbQ(O,z)dz = /Zil b2 (0, 2)dz + /:Ob?(o, z)dz = /Z1 b2 (0, —2)dz + /1 b*(0,2)dz. (84)

=0 z=0

To calculate (84), the limit as 6 — 0 is considered for

1 1
I3 := / b (r,m — &)dr +/ b2 (r, 0)dr.
r=0 r=0

/ !Zb Py(cos(m — 3)) 2dr+/ [Zb, Plcoséld

Now P,(cos0) =1 and P, (cosm) = (—1)" thus

2 1 o 2
lim I = / [Zb dr + / . [12:% bl(r)] dr. (85)

It is noted for n and [ either odd or even, the integrals in (85) will sum to twice the second.

8.4. Boundary conditions for b, ;

Using (79), and (73), then b, = O(r™ +r" T2 4 r7t4 4 ) at the origin. Thus, at 7 = 0, b, = 0
for all n > 1. However, using (79), and L'Hopital’s rule

bo,o = A(1) lim (T} /r) = A(1) lim 0,73,
r—0 r—0
where by, ; is b, at the jth gridpoint; likewise for T;, ;. From T = (’)(7’1 + 3. .) an odd

extension of 77 is used across the origin. Thus by using central differencing across r = 0,
arTl =~ (T171 — Tl,—l)/2h = T171/h. Thus b070 =~ A(l)TLl/h
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From (79), (73) then 0,b, 0 = 0, for n = 0,n > 2. However, for n = 1 using L'Hopital’s rule
Orb1o = A(1,1,2) lim 3. (To/r) = A(L, 1, 2)02Ty /2.
r—
By using an even extension of T, across the origin and central differencing, a?.TQ’O ~ (Th,—1 —

2Ty 0+ To1)/h? = Ty 1 /h%. Thus 9,b1 0 ~ A(1,1,2)T21/h%.
At r =1, left sided differencing is used, thus 0,0y yaxj = (bn vaxj—2—4bn Maxj—1430n Maxj ) /2.

9. Numerical results

To simplify the discussion of the results it is useful to normalise (60) by ||b]|?, thus
v =~ Vol /IIbl* = b]*/[Ib]|* — Ra = —Dv — Dz — Ra. (86)

Here the contributions to v from diffusion are quantified by; Dz = [b|?/||b]|?, along the z axis;
and Dy = || Vb||?/||b]|?, from the gradients of b throughout the volume V. The contributions
to v from induction are quantified by —R,,.

From (86) a benchmark of the convergence of the numerical code is the relative error

€rel == (Y + Dv + Dz + Ra) /| Ral- (87)

Table 2 shows the least negative growth rate ~y, the effects of Dy, Dz and the relative error
€rel given by (87), for R, = —100, 100 for model 1.

Table 2. Numerical results for model 1, a = s1.14, magnetic Reynolds numbers R, decay rates (v), Dv, Dz and
the relative error €,e1. All solutions are steady (Im{~} = 0). The truncation is nmax = 40, Jmax = 800.

Symmetric T1,73,T5 ... Antisymmetric T, 74,76 . . .

Ro Y Dy Dz Erel v Dy Dz €rel
—100 -202.595  102.535  200.057 -7.682 E-06 -210.356  110.129  200.225 -1.626 E-05
—80 -162.629 82.554  160.075 -2.206 E-06 -170.498 90.206  160.292  -3.339 E-06
—60 -122.693 62.589  120.104 -1.610 E-06 -130.755 70.343  120.412 -2.640 E-06
—40 -82.849 42.672 80.177  -1.546 E-06 -91.350 50.655 80.695  -3.409 E-06
—20 -43.732 23.094 40.638  -1.748 E-06 -53.830 31.854 41.976  -5.633 E-06

0 -20.191 10.043 10.147 o] -33.217 20.416 12.801 [e]
20 -43.732 20.570 3.166  2.112 E-04 -53.830 29.329 4.503 1.339 E-04
40 -82.848 40.296 2.597 1.119 E-03 -91.350 47.980 3.401 7.825 E-04
60 -122.691 60.376 2.476  2.682 E-03 -130.754 67.733 3.137  1.940 E-03
80 -162.625 80.588 2.424  4.835 E-03 -170.497 87.753 3.028  3.553 E-03
100 -202.589  100.945 2.396  7.523 E-03 -210.35 107.943 2.970  5.583 E-03

To discuss these results it is useful to observe the corresponding field configuration and
geometries. Figure 1 shows the level contours of §¢ in the meridional half plane, of the slowest
decaying mode for; (a) R, = —100, (b) R, = 100, B equatorially symmetric (T}, n odd); (c)
R, = —100, (d) R, = 100, B equatorially antisymmetric (T}, n even). For the symmetric
mode at R, = —100 the resulting field rolls are distributed principally within the North and
South hemispheres. However, for R, = 100 the field rolls are expelled outward toward the
boundary of the sphere and the resulting toroidal field gradients are principally concentrated in
narrow regions closer to 7 = 1. For the corresponding antisymmetric modes, the field gradients
are likewise concentrated toward r = 1 for R, = 100. Additionally, this antisymmetric mode
must have §¢, = 0 on the equatorial plane.
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(a) (b) (c) (d)

Figure 1. Level contours of §¢ (B = §¢1¢) of the slowest decaying mode for, from left to right; (a) Ro = —100,
(b) Ra = 100, B equatorially symmetric (T, n odd); (¢) Re = —100, (d) Re = 100, B equatorially antisymmetric
(Tn,n even). Because (61) with F = r61.1,-B is invariant for By — —B, (x = 0), the light contours levels of B, are
negative the dark contour levels in (c) and (d).

160 [~ B

-7;>Dy> Dz

-100 -80 -60 -40 -20 0 20 40 60 80 100

Figure 2. Graphs of numerical solutions for the equatorially symmetric mean magnetic field B (T, n odd) for model 1;
a = sl;14 in a sphere with insulating exterior. The results are for the modes with greatest ; all solutions are steady
(Im{y} = 0). The graphs show —v blue (top at Ro = 100), Dy = ||Vb||?/||b]|?> red (middle at R, = 100) and
Dz =|b2/||b||? yellow (bottom at Rs = 100) vs R4. The results demonstrate the inductive and diffusive contributions
to equation (60). As the induction contribution to (56) is increased through increasing — R, diffusion counteracts this
and the growth rate v remains negative.

Figure 2 demonstrates how v, Dy and Dy respond to differing inductive effects characterised
by —R,, for the symmetric mode with greatest v of model 1. All solutions are steady. For
increasing |R,| the dynamo decays more rapidly.

For R, increasing from zero, induction detracts more energy from the system. The diffusion
due to the field along the z axis (—Dy) reduces in magnitude. The D  contribution originates
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from the Vs component of the diffusive part of E x 1,/s (see (40) and (41)). The resulting
V-(b*14/s) term in (50) results in the integral along z through the divergence theorem. To
evaluate [, b%(0,2)0z the limit as € — 0 is taken for b(¢, z) as in (54). Using L'Hopital’s rule
lim,_,q b2(e, z) = 88§¢(s, 2)s=0. Thus, Dz is a measure of the s gradients of E(ﬁ as s — 0. From
figure 1 (b), the expulsion of the fields towards r = 1 results in lower field gradients along
s = 0 over the interval z = [—1,1]. This, in turn, progressively reduces |Dz| as R, — 100. In
this R, interval the diffusive effects of the gradients in V' and induction, through —Dy — R,,,
almost completely account for the decay rate ~.

In contrast, for R, decreasing from zero, induction will contribute energy to the system. As
indicated above, it is tempting to infer that the dynamo may be driven by this induction. How-
ever, as —R,, increases, both Dy and Dy increase to counteract the inductive contributions
and each dynamo remains decaying. It is interesting that, as induction increases (R, — —100),
Dy alone closely counteracts the energy contributions from induction as —R, — Dy = O(—3).
As a result, v closely follows —Dz as R, — —100. Thus, as R, — —100, the increase in Dy
almost completely accounts for the increasing decay ratef.

T T T T T T T T T

180 - b

-100 -80 -60 -40 -20 0 20 40 60 80 100

Figure 3. Graphs of —, ||Wb]|2/||b]|2 and |b|2/||b||? vs Re as in figure 3, except the mean magnetic field B is equatorially
antisymmetric (T, n even).

Figure 3 shows v, Dy and Dyz vs R, for the symmetric mode with greatest v of model 1.
Again, for this antisymmetric mode the field is expelled toward r = 1, at R, = 100, as
indicated in figure 1 (d). Thus, the s field gradient is reduced along s = 0 in z = [—1,1], and
again Dy — 0, for R, — 100. For R, < 0, the Dz component of diffusion is close to that
of the symmetric mode. However, the Dy, diffusive component for the antisymmetric mode is
greater than for the symmetric mode over the full range of R,. This is due to greater field
gradients throughout the sphere for the antisymmetric model as is apparent in figure 1 (c), (d).
The fact that this antisymmetric mode must be zero on the equatorial plane also contributes
to greater Dy for this model. As a result of the greater contribution from Dy, the decay rate
is significantly different than Dz (v + Dz = O(—10)).

TThis observation exemplifies how care must be taken in analysing the behaviour of diffusion as s — 0, as Dz may
play a critical part in the dynamo behaviour.
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The values of €., (table 2), generally increase for |R,| increasing from zero. It is proposed
that this is due to the fields exhibiting greater structure as |R,| increases, thus requiring
higher truncation levels to resolve. This hypothesis is reinforced by the greater field structure
and localised field gradients for R, = 100 than for R, = —100 (see figure 1) which results in
a larger |€.e1|. The values of €., however, lie within satisfactory limits.

For both symmetry modes of model 1, the inductive contributions, through increasing —R,,,
are more than counteracted by the energy depleting effects of diffusion, through decreasing
—Dy — Dy, and the dynamos continue to fail.

10. Derivation of ay4 using the second-order correlation approximation and the
Green’s tensor solution

Here the analysis of section 2.1 is used to find agg, where v is derived using the emf £ :=
v/ x B’ with B’ given by (11). To find ays the B = Byl, contribution to B’ is used to
calculate 1,4-£. Here the B = By1, contribution to B’ is denoted by B'?(r,t). Using (11)

B(r //]RMR r5€,7) Vex [V/(€,7) x By(€,7)1,] d*€dr. (58)

From

14:E(r,t) = 14-v'(r,t) x B'(r,t) = v,B, —v,B’, (89)

to calculate a4 the components Bff .= B*.1, and B,’j’ := B'®.1, are required. For v = 0
then, the Green’s tensor is isotropic G(r,t,&,7) = G(r —&,t — 7)I, where G is given by (18).
Thus (88) gives

B/¢> //IR3X]R _g’t_T)Sgla¢§(vg(€’7-)§¢(£,7'))d3£d7” (90)
B;(z)(”',t) = //[R3><]RG(T - E,t — T)sgla¢£(v;(£7r)§¢(£7T)) d3£d7', (91)

Using a¢§¢ =0, changing the variables of integration to & = r —§, 7/ =t — 7, then dropping
the primes, (90), (91) become

/¢ ) -7 r— — ) d? T,
B //]RR o, (vilr &t = ) Bolr — &t - 1) dgdr, (92

B/¢ //]RSX]R £’ Sp_ - a¢)r 5( ( E t— T))B¢(T - £ t— 7') dSEdT (93)

Expanding By (r—¢&,t—7) in a Taylor series, By(r—§&,t—7) = By(r,t)—&-V By(r, t)+O(|€]?),
neglecting terms of order &, in (92), (93) then using these in (89) yields

(T //IPMR (&,7)s, L v (r, )0y, _vi(r — &t —7)d*¢dr

[ Gens i, - ndedn (o)
RxIR

If every member of the ensemble of fluctuating velocities is co-axisymmetric with the same axis
of symmetry as the mean magnetic field, then 040’ (7, t) = 04v,(r,t) = 0. Using 04v.,(r,t) =
04V, (7, t) = 0 in (94) yields agy = 0. This concludes the proof of theorem 10.1 below.

Theorem 10.1 g4 = 0 for co-axisymmetric v and B:
If every member of the ensemble of fluctuating velocity fields v’ is co-axisymmetric with the
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mean magnetic field B and © = 0 in E®, then age = 0.
An alternative approach of producing an expression for ayg is to expand (7) as
;B —nV?’B' = B-Vv' —v."VB+v'V-B-BV-. (95)

By using V-B = 0, assuming V-v’ = 0, and imposing v'-V B = 0 then only the first term on
the RHS of (95) is retained, as used in Jones (2011). The result of imposing these assumptions
is that an extra term is produced in B, where vy is replaced by dg4vy — vy in (92). To
proceed it would be necessary to impose assumptions about the comparative magnitude of
v;). However, this extra —v;) term is a result of the derivative of the coordinate vector, 14

and as such, is an artefact of the coordinate system. Indeed, if the —v'-V B term in (95) is
retained, another term, which again results from the derivative of 14, will cancel with the
extra —'viz) in (92). Thus, care must be taken here because the term —v’-V B includes terms

proportional to §¢ from 0414 and as such, cannot be discarded as only including derivatives
of B. Hence, the term —v'-V B contributes to a. The result of not discarding terms in (95)
and thus producing (94) means that the result applies to a greater range of problems because
it uses fewer assumptions in the derivation?.

The proof of theorem 10.1, applies to a conductor filling all space. To extend this analysis to
a finite conducting region, the Green’s function for this problem would have to be investigated
in greater detail and is beyond the scope of the present study.

To obtain a simplified physical interpretation of this cyg interaction, consider the asymptotic
limit G(&,7) = §2(€)5(7). For this zero-distance-of-influence regime, (94) reduces to

Qgpe(r,t) = s_l[v’ (r,£)0gv%(r, t) — vi(7,1)04v. (7, t)]. (96)

z

Thus (96) demonstrates that a departure from axisymmetric v}, can generate e Section 3
proves that this ags mechanism for generating meridional B from azimuthal B, is critical
for axisymmetric dynamo maintenance. In this sense, the departure from axisymmetry in
v}, mitigates Cowling’s axisymmetric antidynamo theorem through this a, interaction. The
work of Jones (2011) which follows Olson et al. (1999) also provides and informative insight
into age under different assumptions.

11. Derivation of ays with compressible velocity using the methods of Braginskii

An alternative derivation an ag component is produced in Braginskii (1964) using the analysis

of nearly axisymmetric dynamos for highly conducting fluids. Here the analysis of Braginskii

(1964) is reviewed and extended to compressible fluids for applications in stellar interiors.
The analysis of Braginskii (1964) uses an azimuthal average given by

1 2

(F)=F F(s,¢,z)de.

. % 0
Herein, the overline or angled brackets are used alternatively, depending on context and con-
venience. The mean of a vector is defined as the mean of the cylindrical polar coordinates,

U :=Usls + U1y +0,1, etc.

The magnetic and velocity fields are progressively decomposed as mean, B, ¥; and perturba-
tion B’, v"” components, where the mean components are axisymmetric and the perturbation

fIndeed this alternative approach does not lead to the proof of theorem 10.1 without the imposition of further
assumptions.
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components have no axisymmetric part (B’ = 0, etc). These components are then decomposed
into, mean and perturbation; azimuthal and meridional parts;

B =B+ B =Byly+ B, + B = Byl, + Vx(Aly) + Byls + B, (97)
V=T+V =Tly+ T + v =Tgly + O + U1y + V), (98)

where meridional (m subscript) indicates no azimuthal component. The analysis of Braginskii
(1964) assumes

Vo = Vo = V-(T4ly) = Voo, = Vo' = V-(v),14) = Vvl = 0. (99)

Herein all of these conditions are relaxed and all of the velocity components (98) are compress-
ible. The effect of relaxing the incompressible conditions extend the analysis considerably.
The mean of, the ¢ components of, (3) and (4), noting 9,P = 0 gives

1
atA + gim . V(SA) = 77A1A + E- 1¢, (100)

_ B _ T _
6tB¢ + sv,, -V (;) = nA1B¢> +V <1;¢> X V(SA) . 1¢ + V x (8) . 1¢ — (V'fm) B¢,

(101)
where € = (v’ x B’) and

A1f(s,2) = =1y - VXV x(fly) = V2 f — 8% — sV (;V(Sf)> = év. <82V (i)) _

To find an expression for B’ to use in (101), the mean of (4) is subtracted from (4), yielding
3B —nV*B' =Vx (v x B +v xB+G), (102)

where again G = v’/ x B’ — v’ x B’. Equation (102) compares with (6) for different averaging
operations. However, Braginskii (1964) refrains from setting G = 0 (as used in the SOCA). A
useful way to proceed is to find an expression for B/, and then assume V-B’ = 0 to determine
B;s‘ To this end, using the full decomposition of (97), (98), subtracting the ¢ projection of
(102) from (102) gives

- B,
0By, —n[V’B], = _vfawB?n + Bl VO — U VB, + 20150,
+[Vx (v x B +G)], — (V5,,) By, (103)

where, for a vector v, 014V = 04(vs)1s 4 04(ve) 1y + 0g(v2)1..
To solve for B, an antiderivative of 914 is used. For f’, where (f’) =0, then f’':= [ f'd¢
such that (f’) = 0. For a perturbation vector v’, then

v = / v dp 1, + / vdg 1y + / v'd¢1,  suchthat  (v/) =0. (104)

Thus integrating V-B = 0, gives By = —sﬁm and by assuming V-B’ = 0 [V-B = 0],
then Bj = —sﬁm [By = —sV-B,,].
Using the operator (104) on (103) and the material derivative D; := 0; + Uy, - V gives

v B ~ = ~ —
B = ?%;n + VXV X By + Gl + n[V? Bl

s m

+B,, - V¥, — D;B'y, — (V0,) By (105)
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11.1. Expansion of perturbation magnetic field components as a series in R~'/?

The perturbation magnetic field is then expanded in a power series in € = (n/ LV)l/ 2_R12
where L is a characteristic length and V ~ T, thus, inferred from (B3.6) (equation (3.6) of
Braginskii (1964) etc.) is

B, =Y B, =SB\, B B ~Be" (106)
n=1 n=1
From Braginskii (1964) (p:729) we also infer that:
B’m,Biﬁ ~ Bise, 'v;n,'v;) ~VyE, T ~ Vg2, By, ~ Bge?, 0 ~n/L%  (107)

Terms of order € in (105) give

B
B/ = 224 (108)
Vg
Additionally, assuming V- (B;&Ll) + B;f”) =0 then B(/b(l) = —sV-B\"). Thus from (108)
B B B
BV = —sv. (%;n) 1,=—s <¢V-6§n +V <¢> -%) 1,. (109)
Vg Vg Vg

For compressible flow the V.o, in (109) does not vanish and the analysis diverges more
significantly from Braginskii (1964). Here V-0’ = V.o, + vg/s, is used in (109), because
this produces a term proportional to v’ in B’("). This, in turn, simplifies £?) = v/ x B'(1) as
follows. Equation (109) then becomes

B B B
By = 221, - sV <¢> B 1y — s=2(V-0')1,. (110)
Vg Vg V¢
Combining (108) and (110)
B B B
B/(l) = T(b’vl — SV (¢> . 6;n1¢ — quﬁ(v-ﬁl)l(z) (111)
Vg Vg Vg

From (108), 8((;) = (v, X B;&P) = 0 because v/, and BV are parallel. Using (111), the
vector triple product and integration by parts

B B
ED = (v x BW) = _s [V (¢> (o vi,)} x 1y — s> (V) 0),) x 1,

Vg Ug
s N By By .
=5 [<v§n X D), ) x V <U¢>} X 1y — sa (V') vy,) x 1,
(B By,
=vwV <v¢> — sa (V') v),) x 14, (112)

where w = ([u),, X U,]¢)s/2, ul, = vl,/Us. The last term in (112) extends (B3.13).
To find B;%z), terms of order €2 in (105) yield

B® = 2 vxG

(2)]
Vo

m- (113)
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(2)

Using [V X (fUm X 19)]m = 016(fom)/s and [V x &, Jm = 14 x /s then from (113)

B = 2 (Vo) x BO)y — [V xE
Vg )
B B B B
-v <¢> -0, vy, — Dgwly X V <¢> — 20V v, + (V) 0.
Ug Vg Ve Ys Yo
(114)

The last two terms in (114) extend (B3.15). From (114) and (v’) = 0, despite the new terms,

5((;) = 0 and thus the next term to generate B,, is 8((254).

To find 8((754) = (v, x B;,({O’)>, (105) is again used with the appropriate terms for B\Y. The

new compressible term in (105) now contributes together with terms arising from V-v'. Using
vector calculus, integration by parts and some algebra I/we???? obtain

) =5V (sv), x B,)s0),)) — 15 (s [v), x B),] V)
—i—f(;)_l(V-(s [U;n X Em]d)/ﬁ'm)) — E{Ws[vin X Em]¢V-ﬁ/>
+04 H(s[v, X (B’ Vm)|g) — T4 (V0 ([0}, % Binl)

5 (sl % (V2B o) — 057 (sl x DiBmls). (115)

Terms 2, 4, 6 in (115) extend (B3.17), the v/, in term 3 differs by a possible typo.
The last term in (115) simplifies using (108), and (D;(v x v)) = 2(v x D,v), thus

~Tg sl x Dt]/_t\i’m](z)) = —swDy (Bys™") — s7'Dy (swBy) + s~ 0 Byw. (116)
The Dy(Bys™') in (116) is eliminated using (101). Using (116), (101) in (115) yields
) =51V ([sv), x By lot0,)) — 05 (s [v), x B),], V)
1551V (s [0 * Bn] , )} — 04 (sl * Bo V)
+05 slv, % (B Vom)lo) = 05 (V0) (5[], x Blilo)
075 Hs[vl, X [V2Bmls) — wndi By — w[V (Tgs ™) x V(sA)],
—w[VxED]y — s7IDy(swBy) + 5 T Byw + w(V Tpm) By, (117)
To complete the calculation for 8((1)4), B'? is used in terms 1 and 2, £ ) is used in term 10

and B'(M is used in the remaining terms. New, compressible terms will result from; term 1
using (114), term 7 using (111), term 10 using (112). The new terms 2, 4, 6 will also produce
new contributions using B'(Y), B'(?)| together with the new term 13. After using extensive
vector calculus and algebra, together with integration by parts I/we???? obtain

5554) = —s 'Dy(swBy) — s 'V x (wigly) - V(sA) — s 'V x (wigly) - V(swBy)
—wAL By + 7o (s[v}, < [V2Bylmls) + 2075 p - 1.5,
+(04 1V [s*[ul, x plyl,]) By — s H(—sp-V(swBy)) — p- V(sw) By
—swig 'p- Vs By +p- V(sA) +w[Vx(sp x 1)y By — w(V0,,)By, (118)

where p(s,z) = ((V-0')u],). The notation Bj, corresponds to B'M (111) with V-2’ = 0,
for comparison with Braginskii (1964), thus the last eight terms in (118) are the compressible
extensions to (B3.18). The following mapping summarises the extensive algebra: 3 +9 — 2,
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1410 5347412, 7—5+6,2 8494104 — 11, 6+13 — 13, 12+ 5 = 0, where i — j
indicates the ith term(s) of (117) produce the jth term(s) of (118).
Using (118) in (100), yields the effective azimuthal mean field vector potential equation,

0; A + s 1 Vep - V(SAe) =nA1A. + Fe§¢, (119)

where the new effective vector potential and mean velocity are
A, = A+ w§¢, Vep = Uy + V x (w@b 1¢) — Sp, (120)
Te = nlpg + 20705 -1, + T, (121)
Dorag = 87 ([, X Upal) + 57 ([, X dgun]o) + 2V (zul + sul) - Vintiz),  (122)

Vi =105 +1,0,, u,, = u,1ls +u.1,, and
T, = (V(s*[ul, x plg)n,) —p- V (sw) — swvg ' p- Vi, —wV e (sp) — wV-v,,. (123)
Using (112) in (101) yields the effective azimuthal mean field induction equation.

3:By + sUep - V(Bygs 1) =nA1By + V(Uys™ 1) x V(sAe) - 14 + ¥ By, (124)
where U =51V, (s°p) — V-0, (125)
Equation (119) may be regarded as the azimuthal component of
0tA. = —nV xB. + a¢*B. + Uep X Be — VO, (126)
where the effective axisymmetric magnetic field is given by

B.:=By1ls+Vx(A.) =By1ls+ Vx(4:1y). (127)

Likewise, (124) may be regarded as the azimuthal component of
3:B. —nV?B, = Vx (- Be) + Vx(Tep x Be). (128)

Equations (126)—(128), represent a reformulation of the physical problem into an effective
model.

For ¥ = 0, the I'.B, term in (119) generates an azimuthal component of the effective
emf through 0;4. from By. In this context, the I'c of (119) represents an alpha effect from
apply®1y. Below, for simplicity, the tensor product will be dropped 14514 := 15®14 etc. It is
also significant that the I'. B term is the only ‘mean-field’! term beyond the effective-laminar
terms involving @,, in (119) and (124)%. Thus no other components of c. are generated. As
a consequence, for the effective model (126)—(128), for ¥ = 0, then ae = agplgly = Telyly.

For U # 0, however, the UB,, term of (124) generates By (through 9;B) from By. An
alpha effect of the form oy = au4lsly + a.41.1, will generate E(b (and its derivatives)
from Bg. However, such an ay will also result in U-dependent terms in (119), which are not
generated with the present analysis. Thus the compressible ¥ contribution to (124) is not
readily expressed in terms of an analogous a.—effect and as such constitutes an effect beyond
that produced by conventional mean-field analysis.

Because the \Il§¢ term in (124) represents an interaction that generated §¢ from §¢, it is
tempting to consider this W effect as a possible mechanism to perpetuate a hidden dynamo.
However, in general for v’ # 0, then I'; # 0 and A, will also be generated through (119).

Alternatively, consider I'e = 0 and ¥ # 0, which could result from, (i) v;, = 0 but vj, # 0
and Vv, # 0, or (ii) v = 0, but V-v,, # 0. For (i) or (ii), then (124) and (125) indicate

T Acknowledging that TVep, Be and A, are generated through v’.
1To leading order in €, for ¥ = 0.
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that B, is generated from By. However, for (i), (119) and (124) are equivalent to equations
governing compressible laminar flow. For (ii) the flow is compressible and laminar. Thus for
(i) or (ii) the analysis of Ivers and James (1984) proves that an axisymmetric field will decay.
As indicated above, it is noted that the decay time of such a compressible laminar model may
be many free times. Interestingly the inclusion of v:b # 0 in (i) does not affect the antidynamo
result.

Of course, (124)—(128) represent A, and By as independent, however, A, = A + wBy and
hence the generation of A, from Fe§¢ in (119) may result in generation of both meridional
V x (Al,) and azimuthal B,1,, components of the original field. Thus, this I'. contribution
is not confined to an & = aglyly contribution in the original (un-effective), formulation of
the model. However, even though this analysis does not lead to an agg—effect of the original
problem the analysis of section 3 equally applies to equations (124)—(128) for the effective
model. Thus for I'; = 0, then 14-a.-14 = 0 and section 3 proves that B, will decay

12. Derivation of a4 with reference to Soward 1972

Soward (1972) greatly extends the results of Braginskii (1964) to encompass different ordering
of the field components and extending the analysis to higher orders of €. This work also derives
expressions for aggs in more generality and provides a valuable insight into the generation of
this component. In Soward (1972) the different axisymmetric, perturbation, azimuthal and
meridional components of B and v are re-partitioned to explain and extend the analysis of
Braginskii (1964). In Soward (1971) it is shown that given 741, and v’, then an axisymmetric
velocity V' could be found so that Tyl + v’ + V has closed stream lines. Soward (1972) is
restricted to V-v = 0.

As an example of the analysis of Soward (1972) applied to the ordering of Braginskii (1964)
the velocity is re-partitioned as

vV ="Tply+ V' + Ty (129)
V=Tply+ V" +V + T = 0o + Vem, (130)

where v/ ~ O(€), Uy, Bem, V. ~ O(e?) and vy = vo(s, ¢, z). By comparing (129) and (130),
V =T — Uem = —V X (Tpwly), discovered in Braginskii (1964).

The process then is to take the leading term in the expansion of v to be the closed-streamline
velocity vg = Tylg + v' — V x (Uswly), rather than v414. This approach has the advantage
that the perturbation field v’ is absorbed into the leading @y term, however it produces the
added complication of integrating along the closed-streamline paths of vy. To address the
analysis, a transformation is considered from axisymmetric circles with position vector @ to
the the closed streamline loops with position vector X,

X = X(a,t). (131)

Figure 4 illustrates the transformation (131). The process is to consider that the real magnetic
and velocity fields on the closed loops B(X,t) and v(X,t) are transformed from imagined
magnetic and velocity fields b(x,t) and u(x,t) on the axisymmetric circles.

Restricting X to preserve volume is equivalent to the Jacobian determinant condition,
(132a)

J(X)| =V X[=1, = Vx:(0:X)=0, (132)

where V is the gradient with respect to x, etc.
Using (132a) and the imposition (132b), then the transformation given by

B(X,t) =b(x,1)-VoX, v(X,t)=0X +u(x,t)VsX, (133)
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Figure 4. The (blue) ‘loop’ is helically wound around the (red) axisymmetric circle. The position vector to the loop
[circle] is X [x]. The transformation to the real magnetic [velocity] field on the loop B(X,t) [v(X,t)] from the imagined
magnetic [velocity] field on the circle b(X,¢) [u(X,t)] is given by (133a) [(133b)]. The (black) vector from the circle to
the loop represents n = X — «.

preserves the solenoidal magnetic field and the incompressible velocity conditions as,
Vx:B(X,t) =Vgb(x,t) and Vx-w(X,t)=Vgu(z,t).

Conditions (132) with the transformation (133) are also shown to preserve the advection
part of the induction equation as

[0:b— Vg x (uxb)]:VyzX =Vx x[0,B—Vxx(vx B)]. (134)

The result of tailoring the transformation (133) and using (132) is that the order v’ com-
ponents of order ¢ = R~'/2, in Braginskii (1964) will appear in the transformed diffusion
term.

To investigate the resulting diffusion operating on b(x, t) the imagined fields are decomposed
into axisymmetric and perturbation components as b(x,t) = b+ b, u(x,t) = w + v’ where
b, u' ~ O(e?). With this less restrictive condition on the ordering of the component fields,
the transformed diffusion operator produces a wide range of effects as given by I' and A in
(S2.46)" and (S2.47). In particular, using sy = RI'22, (S2.44), (S2.45) and (S2.31b), produces
new expressions for ayg4 for more general, and higher (e) order models.

In view of absorbing v’ ~ O(€) into X, the transformation (SC1) is considered as

X(z,t) =z +en(R,x,t). (135)

To considerably restrict the analysis and reproduce the results of Braginskii (1964) the real
field representation of Braginskii (1964) on the loops X needs to be related to the imagined
fields on the circles . To this end the real velocity field at x is Taylor expanded about X as

v(x,t) =v(X,t) —en-Vxv(X,t) + O(?). (136)
The real field v(X,t) is then related to the imagined field at «, u(x,t) by (133b) and (135)
v(X,t) = u(z, t) + e{0n + u(x, t)-Von}. (137)

Using (137) twice in (136) relates the real field to the imagined field and 7, thus
v(x,t) = u(x,t) + e{dm + u(z,1)-Vaen — n-Vau(zx, t)} + O(2). (138)

Comparing the representation (138) with the ordering of Braginskii (1964), v = v, +v'+0O(€?)
provides a relationship between v’, T, and i to O(e) as
sv, = (sat + %aé) . svfb = (80 +0404) 1g + NsVp — 5N+ V3. (139)

Using (139), sV-v' = 1404 (V-n) . Thus, using V-1 = 0 reproduces the V-v' = 0 condition of
Braginkii. The condition (132a), used extensively throughout the analysis, produces V-n = 0,
to leading order.

tEquation (2.46) in Soward (1972) etc.
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To reproduce I'g,., (122), using (S C10) for |0;n| < [0zm| and V-n = 0 then I/we obtain
2
RT'9g = 573<7756¢77z + a¢(77z)a%¢775>

2 1
+5(05(35715)05 () +3:(34715)0:n= + (3211z + 3sms)Bgnz) + O(e). (140)
Ounly by including the extra 0sns term in (140) and using (139a) with |9:m| < [0zm|, do we
recover the I'g,.,, (122), of Braginkii.

Soward (1972) produces the most concise and possibly the most intuitive representation
for general ayg = RI'22. For X (x,t) given by (133) and (132), using (52.45) gives y22(X) =
p22(X). Then using (52.31b) for p92(X) and I'yi(s, z,t) = (vi;(X)) yields

R [*™1 1
agp = Rl'2a(X) = —— | ~04(X)-[Vx x (195 X)]d¢. (141)
0

Equation (141) demonstrates that ayg4 is an azimuthal average of the helicity of 94(X)/s,
and as such is a measure of the rate that the path of X wraps around the path of x as
represented in figure 4. This helicity in X represents the departure of the magnetic field from
axisymmetry and is responsible, through diffusion, for generating e4 and B,,, and thus can
provide a means of circumventing the agy = 0 ADT proven herein and Cowlings theorem.

The extension of the Braginkii analysis to compressible flow, given by (119)-(125), produces
a new effective velocity field D, (120b), which includes a compressible component due to p.
Thus an extension of the work of Soward (1972) to incorporate compressible flow would need
to accomodate the new v.,. To do so would require a new, more general transformation that
would need to encompass a new compressible v’. As such the volume preserving properties of
a new transformation would also require new analysis to ensure the solenoidal condition for
the magnetic field is preserved. The extension of Soward (1972) to compressible flow, which
would reproduce (119)-(125) as a byproduct, would provide generalised, compressible results
to higher order and is the subject of current investigation.

13. Discussions and conclusions

The mean field counterpart to the theorem of Cowling (1934) is proven in section 3. This
age = 0 antidynamo theorem proves that an axisymetric field will fail in a finite conducting
volume V, if just one of the components of o, namely a4, is zero!. By comparing the emf, in
(23) then the emf arising from o can be expressed as U x B = o, B, where

Qs Osp gy 0 —v, Vg
Ay = | Qps Opp Az | = v, 0 —vg]|- (142)
Qzs Ozgp Qzy —Vy Vs 0

Thus, stated in terms of a,,, Cowling’s theorem requires the six conditions,
Qps = =g, Qgz = —Qzs, Qzp = —Qgy, Qgg = 07 Oy = 07 (143)

and agy = 0. The agy = 0 ADT reduces these six conditions to just one; agg = 0.

Indeed once the agy = 0 ADT is established then Cowlings theorem can be proven by
simply identifying that for laminar 7, the oy component of o, is zero (142) and Cowling’s
theorem is thus proven.

T Again, it is not necessary to specify that a be axisymmetric as violation of this condition would destroy the
axisymmetric magnetic field condition.
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Of course, subsections 3.1 and 3.2 use theory that has been specifically developed, in the
present work and Ivers and James (1984), to demonstrate the decay of x for (30) in V and
(31) in V, and for the decay of b = By/s in (42). However, this theory can be established
independently of Cowling’s theorem.

Because the theory developed herein demonstrates that all of the five conditions of (143)
are redundant for the proof of the agy = 0 ADT. And because Cowling’s theorem can be
proven using the agy = 0 ADT, then the conditions (143) are superfluous, even irrelevant for
the proof Cowling’s Theory and many of its extensions.

Furthermore, if just this one a4 = 0 condition is satisfied then none of the remaining o,
Qsghy Qlszy Qghsy Olhzy Olzs, Oz, Oz, cOMponents can prevent the eventual decay of an axisymetric
field. For instance, even though the ays and ay, components can reproduce meridional field
from meridional field (see (28) and (29)), this is insufficient to sustain the dynamo. Likewise,
as¢ and o4 can reproduce azimuthal field from azimuthal field (see (42) and (44)). However
again, this alone will not indefinitely sustain an axisymmetric dynamo (see, for instance,
section 9 for model 1). Also none of the ags, @z, @5 @, components appear in (28) or (42)
and hence do not provide regenerative maintenance in axisymmetry. The spectral interaction
equations for the ag, component and all others were first derived in Phillips (1993).

From the discussion above, the physical interactions that generate ags provide valuable
insight into the critical mechanisms for axisymmetric dynamo maintenance. To examine these
mechanisms a number of different analyses that produce a4 are explored.

The derivation of aggs using the second order correlation approximation and the Green’s
function analysis in section 10, shows that agg is generated through the interactions of the
fluctuating meridional velocity v}, and gradients of v/, (see, for instance, (94)). Moreover, for
the conditions of (94), it is the cross-correlation between the orthogonal, s and z components
and gradients, which generate agg. Of course o can also be generated from other mechanisms
such as from o through the green’s function for non-zero mean flow (see, (8) and (10)) or from
V.-u,,.

This analysis also demonstrates circumstances under which this a4 vanishes. One such case
is when all members of the ensemble of perturbation v’ are co-axisymmetric with B in E3,
then agy = 0 (see table 1).

New oy expressions are derived in section 11 using the methods of Braginskii (1964). This
independent method of using a decomposition of B and v into axisymmetric and ‘purely
variable in ¢’ components, and an expansion of order ¢ = (n/LV)l/ 2 produces different
ape expression and regenerative mechanism. For the assumption that all components of the
velocity are incompressible (99) then ags = Tpag!, (122) for the effective fields (120) with
p=0.

To extend this analysis to the compressible plasmas of stelar interiors the work of Braginskii
(1964) is generalised by relaxing the conditions of incompressibility (99) for all components
of w. For the present analysis the stellar interactions would need to be nearly axisymmetric.
However, the extension of this work to different ordering of field components using the methods
of Soward (1972) could relax this condition. For this extension of the analysis, an o, is again
generated where agy = I'e (121), together with a new regenerative mechanism for By given
by WBg; see (124), (125).

This independent method of producing a4 = I'c demonstrates that this effect can be gener-
ated by contributions from many sources such as V-, V-9, V7,. However, one dominating
generation mechanism is the interaction of u,, = v}, /U, with the primitives (antiderivatives),
means and gradients of u/, (see (122)).

These two different approaches demonstrate that a common generation mechanism for this

TTo simplify discussion the I'c and I'prag in section 13 are the scaled counterparts using (21).
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critical oy component is the interaction of the meridional perturbation velocitiest with their
gradients and antiderivatives.

The core mechanisms that generate these a4 interactions for these different approaches can
be more clearly demonstrated for specific physical conditions. For instance, using the SOCA,
and the Green’s function in the asymptotic limit G(&,7) = §3(£)6(7), (96) is

1
gy = ~[idvL — vLDyuL] = v}, VX0, (144)

Using the alternative approach of an azimuthal average, expansion in order €, assumptions
(99), (106), (107), as in Braginskii (1964), then the first two terms of (122) give

1 ~ 1 ~ ~
s = oty X o)+t X Db )o) = (@) ¥ xl) = () oV ). (145)

The most concise insight into the generation mechanism for this a4 is given using Soward
(1972) as

g0 = —R{04(X)Vx % (10,X)). (146)

Equations (144), (145) and (146) demonstrate that, whether we use; an ensemble mean, the
SOCA, and a Greens function analysis; an azimuthal average, expansion of order € and adopt
‘effective fields; or we use a transformation X to incorporate the perturbation fields, this
critical aigy can be generated by the mean helicity of meridional perturbation velocities, that
is either v/, in (144), or u,, or w/, in (145) or the transformation X as a means of representing
non-axisymmetric perturbation components of the field and flow. The different derivations
of agg demonstrates the critical importance of the helicities of the meridional perturbation
velocities for circumventing either Cowling’s ADT or the a4y = 0 ADT derived herein.

The derivation of the avgg = 0 ADT is the first mean field ADT which derives conditions for
a under which an axisymmetric dynamo will fail within a finite conductor. All other mean
field ADT’s are proven for infinite conductors filling all space (see table 1). Thus this ags = 0
ADT establishes the first conditions for a finite conductor where the magnetohydrodynamic
interactions may produce no axisymmetric field. Thus this is the first mean field ADT that
give mechanism where a turbulent conducting fluid may have no accompanying axisymmet-
ric magnetic field. And as such may provide an insight into the physical mechanism within
conducting fluids that produce no observable magnetic fields such as non-magnetic stars.

Conversely the analysis of the generating mechanisms for producing a4 may provide an
insight into the physical mechanisms that save a mean field axisymmetric dynamo from failing.
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