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Abstract

The paper is directly motivated by the pricing of vulnerable European and American op-
tions in a general hazard process setup and a related study of the corresponding pre-default
backward stochastic differential equations (BSDE) and pre-default reflected backward stochas-
tic differential equations (RBSDE). We work with a generic filtration F for which the martingale
representation property is assumed to hold with respect to a square-integrable martingale M
and the goal of this work is of twofold. First, we aim to establish the well-posedness results
and comparison theorems for a generalized BSDE and a reflected generalized BSDE with a
continuous and nondecreasing driver A. Second, we study extended penalization schemes for
a generalized BSDE and a reflected generalized BSDE in which we penalize against the driver
in order to obtain in the limit either a particular optimal stopping problem or a Dynkin game
in which the set of admissible exercise time is constrained to the right support of the measure
generated by A.
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1 Introduction

In this work, we consider the generalized backward stochastic differential equation (GBSDE) and the
reflected generalized backward stochastic differential equation (RGBSDE). More specifically, given
a continuous, nondecreasing process A, we are interested in a generalized BSDE of the form

Y, =& — / ZsdM;g +/ g(s,Ys) dA, (1.1)
1¢,7] 1¢,T]

where M is a square-integrable martingale with respect to a reference filtration F and A is an

adapted, continuous, nondecreasing process. Furthermore, we study a reflected generalized BSDE

given by

Y; :§T—/ Z dMS—i-/ g(s,Ys)dAs + Kp — K, (1.2)
1¢,T7] 1t,7]

where ( is the lower obstacle and the nondecreasing process K satisfies the appropriate Skorokhod

conditions (see (4.1)). To avoid confusion, we shall refer to the process A as the driver whereas, as

usual, the mapping g is called the generator of a GBSDE.

Our motivation for studying equations (1.1) and (1.2) comes from the study of a BSDE and
RBSDE in the progressive enlargement G of F through observations of a random time, which can
be interpreted as a default time of some credit-risky entity, and their subsequent applications to the
pricing of vulnerable options of either a European or an American style. In particular, the form of
the driver A in equations (1.1) and (1.2) is not arbitrary since it is directly related to the choice of
a particular model for the default time, as was studied, e.g., in a recent paper by Jeanblanc and Li
[27] and numerous previous works on credit risk modeling. A study of a BSDE in the progressively
enlarged filtration G has been explored in two main directions. On the one hand, one can work
directly in the enlarged filtration G, as done in Blanchet-Scalliet et al. [3], Eyraud-Loisel and Royer-
Carenzi [16], Grigorova et al. [23] and Dumitrescu et al. [8]. On the other hand, in papers by
Kharroubi and Lim [30] and Crépey and Song [5], the authors developed an alternative approach,
which hinges on reducing the BSDE in the filtration G to a reference filtration F and subsequently
examining the F-reduced BSDE, which is also known as the pre-default BSDE in applications of the
theory of BSDEs to credit risk models.

The present work is motivated by the above-mentioned F-reduction approach and stems from
the recent works of Aksamit et al. [1] and Li et al. [34] where the pre-default GBSDE as well as
the pre-default RGBSDE were examined and applied to solve super-hedging problems for vulnerable
European and American options within a fairly general setup. In particular, the driver process A
appearing in the pre-default GBSDE and RGBSDE satisfied by the pre-default price of a vulnerable
European or American option corresponds to the hazard process associated with the default time
while the generator ¢ is used to model the uncertainty in the hazard process.

The existing literature on (generalized) BSDE and RBSDE are numerous and a non-exhaustive
list include Pardoux and Zhang [37], Ren and El Otmani [41], Essaky and Hassani [10, 11], Essaky
et al. [12, 13] and Eddahbi et al. [9]. We mention also Grigorova et al. [20, 21, 22], Hamadéne
et al. [24, 25] and Klimsiak et al. [31]. However, to the best of our knowledge, no single piece of
work encompasses the general framework which is adopted in papers by Aksamit et al. [1] and Li et
al. [34] and hence we have found it necessary to study the generalized BSDE within the framework
consistent with the setup of [34].

Our first goal is to obtain, under Assumptions 2.1 and 3.1 complemented by the postulate that the
driver A is bounded, the well-posedness and comparison results for a GBSDE and RGBSDE, as given
by (1.1) and (1.2), respectively. In particular, we establish comparison results in Propositions 3.1 and
4.1, while the existence and uniqueness results are given in Propositions 3.4 and 4.4. Furthermore,
we show in Proposition 3.5 that for a GBSDE the boundedness assumption on A can be lifted and the
existence and uniqueness result can be extended to the case where A is square-integrable under the
additional assumption that the generator ¢(t,y) is non-negative and nondecreasing in the variable
y. We expect the same technique to be applicable to an RGBSDE and hence omit the details here.
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Our second goal is to present the penalization scheme for (1.1) and (1.2) where we penalize
against the driver A. Similar to the classical case where A; = t, the limiting process obtained from
the penalization scheme correspond to either the value process of an optimal stopping problem (see
Theorems 3.1 and 4.1) or the value of a two player zero-sum game (see Theorem 4.2). Compared to
existing results on penalization of an RBSDEs, such as Hamadeéne et al. [25], the new feature here
is that the set of admissible exercise times is restricted to the right support of the random measure
generated by the driver A.

Finally, it is worth mentioning that the assumption of continuity of A is not essential and thus,
at least in principle, in can be relaxed. In particular, it would be possible to work also with a purely
discontinuous driver by considering a left-continuous nonlinear driver and hence a laglad GBSDE,
as opposed to a cadlag GBSDE considered in the present work. Then the set of admissible exercise
times for the optimal stopping problem, which can be obtained by considering the limiting process
of the penalization scheme, would be restricted to the jump times of A (in financial applications, this
would formally correspond to the case of Bermuda options). An extension of the setup and results
obtained in the present work to the case of a general driver is the topic of our ongoing research.

2 Preliminaries

Our goal is to analyze some classes of generalized BSDEs and reflected generalized BSDEs with
respect to the filtration F. We work throughout under the following set of standing assumptions,
which specify the inputs in a generalized BSDE (GBSDE).

Assumption 2.1. We assume that we are given the following objects:

(i) a probability space (€2, F,P) endowed with a filtration F satisfying the usual conditions of right-
continuity and completeness;

(ii) an R%valued, square-integrable martingale M, which is assumed to have the predictable repre-
sentation property for the filtration F;

(iii) an F-adapted, nondecreasing and continuous process A, which is square-integrable so that
E[A%] < co. By convention, we set Ag_ = Ay = 0;

(iv) an Fr-measurable and square-integrable random variable 7.

We introduce the space H?(M) = {Z € P(F) : ||ZH${2(M) < oo} with the pseudo-norm

Zhean = Bl )]

where the martingale M is assumed to be square-integrable so that E[[M]r] < co. Let T (F) denote
the class of all F-stopping times with values in [0,7]. It is known that the space S*(F) = {X €
O(F) : ||X||%2(F) < 0o} with the norm

1/2
Xhsoe) = [E( essoup 1,
T€T(F)

is a Banach space (see Proposition 2.1 in Grigorova et al. [20]).

We denote by K (resp., K) the class of all cadlag, nondecreasing, F-predictable (resp., ladlag,
nondecreasing, F-predictable) processes. Recall that a stochastic process X with sample paths
possessing right-hand limits is said to be F-strongly predictable if X is F-predictable and the process
X is F-optional (see Definition 1.1 in Gal’¢uk [18]). In particular, all processes from the class K is
F-strongly predictable. Furthermore, any process K € K with Ky = 0 has a unique decomposition
K = K¢+ K where K§ = K¢ = 0, K¢ is an F-adapted, continuous, nondecreasing process and K% is
an F-predictable, cadlag, purely discontinuous, nondecreasing process. More generally, if K belongs
to K and Ky = 0 then the decomposition becomes K = K¢+ K%+ K9 where K9 with K =0isan
F-adapted, caglad, purely discontinuous, nondecreasing process. If X and Y are arbitrary F-optional
processes, then the inequality Y > X means that Y, > X, for every o € T(F).
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For future reference, we recall the classical version of the Doob-Meyer-Mertens decomposition
theorem (see Mertens [35] and El Karoui [14]) and the basic properties of the Snell envelope. We
stress that the filtration F is assumed to satisfy the usual conditions of Assumption 2.1 (i). The
interested reader is referred to Gal’é¢uk [18] for an extended version of the Doob-Meyer-Mertens
decomposition where these assumptions about the filtration F are relaxed.

Let us recall the notion of a strong supermartingale, which is known to coincide with the classical
concept of a supermartingale if a process is assumed to be cadlag. We will also use later the concept
of a strong £9-supermartingale where £9 denotes the nonlinear evaluation generated by solutions to
a (generalized) BSDE with generator g (see Peng [38, 39]).

Definition 2.1. A process X is called a strong supermartingale if it is F-optional and for all
7,v € T(F) such that 7 < v we have
X, > E[X, | F]. (2.1)

Remark 2.1. It is well known that any strong supermartingale is a ladlag process, that is, it has
almost all sample paths with right-hand and left-hand limits so that the processes X_ and X are
well-defined. Moreover, any strong F-supermartingale is a right-upper-semicontinuous process so
that X > X .

Definition 2.2. We say that X is the Snell envelope of an F-optional process £ if:
(i) X is a strong supermartingale such that X > ¢&;
(ii) for any strong supermartingale such that ¥ > ¢ the inequality ¥ > X holds.

Remark 2.2. The following simple observations will be useful:

(i) if X is a strong supermartingale, then the Snell envelope of X is equal to X;

(ii) the F-Snell envelope is monotone, in the sense that if 7 > &, then the Snell envelope of 7
dominates the Snell envelope of .

Theorem 2.1. Any strong supermartingale Y of class (D) has the unique Doob-Meyer-Mertens
decomposition Y = Yy + N — B¢ — B4 — B9 where N is a uniformly integrable martingale, B¢
is an F-adapted, nondecreasing, continuous process, B* is an F-predictable, nondecreasing, purely
discontinuous process, and B9 is an F-adapted, caglad, nondecreasing, purely discontinuous process.
Furthermore, Ng = B§ = B4 = Bj = 0.

3 Generalized BSDEs

We first consider a generalized BSDE with the generator g :  x [0,7] x R — R and the terminal
condition &7 € L2(Fr). The mapping g : 2x [0, T] xR — R is assumed to be P(F)®B(R)-measurable
where P(F) is the o-field of predictable sets in £ x [0, 7.

Definition 3.1. A pair (Y, Z) is a solution to the generalized BSDE with data (M, A, g,&7) if Y is
an F-adapted, cadlag process, Z is an F-predictable process, and the following equality holds, for
every t € [0,T],

yt:gT_/ zdeS+/ o(s,Ys) dA, (3.1)
1¢,7] 1¢,T7]

where the It6 integral f]o j Zs dM; is a martingale and the integral fot g(s,Ys)dAs is an F-adapted,
continuous process of finite variation.

We will frequently examine the existence and uniqueness of a solution (Y, Z) to the BSDE (3.1)
in the product space S?(F) x H2(M). Then we say that a solution to the GBSDE (3.1) is unique in
S?(F) x H?(M) if for any two solutions (Y', Z') and (Y, Z") belonging to S?(F) x H?(M) we have
that ||Y/ — Y”||52(]F) =0 and ||ZI — Z/IHH?(M) =0.

We start by establishing in Section 3.1 the comparison property for a GBSDE and we obtain in
Section 3.2 some a priori estimates when the driver A is bounded. This allows us to study in Section
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3.3 the well-posedness results for the GBSDE (3.1) in the space S?(F) x H?(M) when the driver A
is either bounded or square-integrable. In Section 3.4, for a given F-optional and bounded process
7, we examine the sequence (Y™),cn of solutions to the GBSDE penalized GBSDEs

=(p— / Z dM —|—/ n(Y —ns) T dAs
17.7] 17,71

and we show that the limit Y :=lim,,_,, Y™ can be interpreted as the value process of a particular
optimal stopping problem.

3.1 Comparison Theorem for a Generalized BSDE

Our first goal is to establish the comparison property of solutions to (3.1) and thus we work under a
temporary assumption that a solution to the GBSDE (3.1) exists but is not necessarily unique. For
brevity, we denote

Gy(Y) := / 9(s,Ys) dAs, Hy(Y) := / h(s,Ys) dAs.
10,t] 10,t]
Proposition 3.1. Let the mappings g,h: Q x [0,T] x R — R be such that the GBSDEs

Y, = &r —/ z, dMS+/ o(s,Y2) dA, = & —/ ZodM, + Gr(Y) — Gy(Y)
1¢,7] 1¢,7] 1¢,T7]

and

f@:g}_/ ZSdMS+/ h(s,ffs)dAs:ET—/ Z,dM, + H(V) — H,(¥)
1¢,7] 1¢,T7] 1¢,7]

have solutions (Y, Z) and (SN/, 2) Assume that &p > ET and the functions g and h satisfy the
following conditions:

(i) g(w,t,y) > h(w,t,y) for every (w,t,y) € Q x [0,T] x R,

(i) g(w,t,-) is a nonincreasing function for every (w,t) € Q x [0,T].

Then the inequality Y > Y is valid, that is, P(Y; > Y;, Vte [0,7]) =1.

Proof. We adapt the proof of Lemma 8.3 in Peng [39]. It is important to recall that the processes
Y and Y are cadlag. For a fixed € > 0, we define the F-stopping time 7¢ := inf {t > 0:Y; < fft —c}
where, by convention, inf ) = T'. Note that if for all ¢ > 0 we have P(7¢ = T') = 1, then Y > Y.
Indeed, for e, = L, there exists D,, such that P(D,) = 0 and 7°" (w) = T for w ¢ D,,. Thus for
w ¢ D, from the definition of 7° and the equality 7°" (w) = T, we obtain Y; > lN/t — &, for every

€ [0,T[. Then for D := U;Z, Dy, we have P(D) = 0 and for w ¢ D, we have Y; > Y; for every
t €[0,T[. Since Yp =&p > §T = Yy we conclude that Y > Y.

We now argue by contradiction. If the inequality Y > Y does not hold then, by the first step,
there exists € > 0 such that P(E) > 0 where E := {7 < T} € F,-. We fix ¢ and we define
7 i:=711p + T]lEc and v:=inf{t >7:Y;, > Yt} so that v < T since, by assumption, Yr > Yo
Since Y and Y are cadlag processes it is clear that Y, < Y on E, the interval |7, [ is nonempty on
FE, and the inequality Y, > Y is valid.

For brevity, let us write U := G(Y) and U := H(Y) so that the F-adapted, continuous process
U := U — U satisfies

Ui =Gy(Y) = Hy(Y) = (G(Y) = Go(Y)) + (Go(Y) — Hy(Y))

- / (9(5,Y2) — g(s,V2)) dA, + / (905, V) — h(s,72)) dA,.
10,4

10,¢]
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We deduce that 1zU is a continuous and nondecreasing process on [, v] since g(w,t,y) > h(w,t,y)
for all (w,t,y) € Qx[0,T] xR, the inequality Y < Y holds on [r, v[, and for every (w,t) € Q x[0,T]
the function g(w,t,-) is nonincreasing. We observe that on F

YV, -Y, =Y, -V, - (Zy — Zg)dM, + U, —Uy.
1.0

Therefore, the process Y — Yisa supermartingale (hence also strong supermartingale) on [7, ] and
Y, =Y, > 0. Consequently, Y, — Y, > 0 and thus Y; > Y, on E, which leads to a contradiction
since Y, <Y; on E € F, and P(E) > 0. O

When using the penalization method to show the existence of a solution to the reflected GBSDE
with a lower obstacle &, one may employ the mapping f : Q x [0,7] x R — R,, which is given
by f(t,y) = (& — y)™ where £ is a predetermined F-optional process. The following corollary to
Proposition 3.1 will be useful in the proof of the penalization result (see Section 3.4).

Corollary 3.1. Let the mapping f : Q x [0,T] x R — R be nonnegative and such that f(t,-) is
nonincreasing. For every n € N, let the pair (Y™, Z"™) be a solution to the GBSDE

Y = g — / 70 dM, + / nf(s, V) dA,. (3.2)
1.7 1t.7]

Then Y™ > Y™ for every n € N, that is, P(Y;"™ > Y*, Vt € [0,T]) = 1.

Proof. Tt suffices to apply Proposition 3.1 to the GBSDEs with generators g(¢,y) = (n+ 1)f(t,y)
and h(t,y) =nf(t,y). O

3.2 A Priori Estimates for Solutions to a Generalized BSDE

In addition to Assumption 2.1, we make the following standing assumption on the generator g of
the GBSDE (3.1).

Assumption 3.1. Let the mapping g : Q x [0,7] x R — R satisfy, for every ¢ € [0, T},
@ B[ [ lo0F da] < voe (i) loth) -9/ < Dy ), Yo/ R
Our first goal is to establish a useful a priori estimate for a postulated solution in S?(F) x H?(M)

to the GBSDE (3.1).

Proposition 3.2. Let Assumptions 2.1 and 3.1 hold with a bounded process A. If (Y, Z) € S*(F) x
H2(M) is a solution to the GBSDE (3.1), then there exists a constant ¢ > 0 such that for every
a, B >0 such that B > 2L + o~ we have

B swp [P + [ clzPain] <cBlelaP o [ cleoPa) 63
te[0,T] 10,77 10,7

where e; := ePAt,

Proof. Note that de; := Be;dA; and 1 < e; < P4 for every t € [0,7] since f > 0 and thus e
is a bounded process. We first establish the a priori estimates for a postulated solution (Y, Z) €
S2(F) x H?(M) to the BSDE (3.1). By applying the Ito formula to e;|Y;|? and the Young inequality
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with a > 0, we obtain
Vil + / x| Z. d[M),
1,7

SeTlsTF—ﬂ/ eS|YS|2dAS+z/
1¢,T7] ]

esYs(g(s,0) + L|Ys|) dA, — 2/ esYo_ ZydM,
t,T]

16,71

§6T|§T|2+a/ es|g(s,0)|2dAs+(2L+a71—ﬁ) /
1t,T ]

es|Ys? dA, — 2/ esYs ZsdM,
t,T)

16,77

and thus

er|Yi|? +/ es| Zs[? d[M], < ep|ér|? +a/ es|g(s,0)]* dAs — 2/ esYs_ ZsdM, (3.4)
1,7 1¢,7] 6.7

for any a, 8 > 0 such that 8 > 2L + a~!. By taking the supremum and expectation in (3.4) we
obtain

(3.5)

E[ sup €t|}/t|2:| SE[6T|§T|2+Q/ es|g(s,0)|2dAs] —|—2E[esssup’/ esYo_ZsdM,
te[0,77] 10,77 tefo,1] 1 J]0,

Since A is a bounded process an application of the Burkholder—Davis—Gundy inequality with p = 1
21@[ sup ’ / esYs_ ZsdM,
10,¢]

gives
1/2
} gzclEK/ e§|YS|2|ZS|2d[M]S> }
t€[0,T] 10,7

1 1/2 1/2
IE[(— sup et|yt|2> (&%/ eS|ZS|2d[M]S> } (3.6)
2 t€[0,T] 10,77

1
—E[ sup etmﬂ +4c§E[/ eS|ZS|2d[M]S]
4 e 10,7}

IN

IN

where the constant ¢; is independent of «, 3, L and the last inequality holds since 2ab < a? + b?
for all real numbers a,b. Furthermore, by taking the expectation in (3.4) and using the martingale
property of the integral with respect to M, we obtain

E[/ es|Zs)? d[M]S} SE[6T|§T|2—|—Q/ es|g(s,0)|2dAs} < o0 (3.7)
10,77 10,77

where the second inequality follows from Assumption 3.1 (i) and the boundedness of A. By combining
(3.5), (3.6) and (3.7), we obtain

3
- { sup et|Yt|2] < (1 —|—4C%)E|:€T|§T|2 —l—a/ es|g(s,0)]? dAS}
4 t€[0,T] 10,7

and thus

E[ sup et|Yt|2+/ 65|Z5|2d[M]S:| SCE[6T|§T|2—|—Q/ es|g(s,0)|2dAs}
t€[0,T) 10,77 10,77

2
where the constant ¢ := ngi > 0 is independent of «, 5 and L. O

The next results deals with the stability of solutions to a GBSDE with respect to the terminal

~

condition &7 and generator g. Let us denote Y = Y1—Y2, Z = Z'— 7% and G, = g*(t, Y2)—g2(t, Y3).
As in Proposition 3.2, we denote e, := 4.
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Proposition 3.3. Let Assumptions 2.1 and 3.1 hold for ¢*,i = 1,2 and the nondecreasing, con-
tinuous process A be bounded on [0,T] so that Ar < ca for some constant ca. If (Y, Z') €
S2(F) x H?*(M) is a solution to the GBSDE with data (M, A,g* &) for i = 1,2, then for every
a, 3 >0 such that 8 > 2L + a~*, we have, for every t € [0,T],

e Vi]? < E[6T|§T|2+a/] . es|gs|? dAs }'t]. (3.8)
t,

Proof. An application of the It6 formula to et|l7t|2 from [t,T] and the Young inequality with a > 0
gives

el Tif? + / ol Zf? d[M],
1,7

SeT|2T|2—ﬂ/ es|f@|2dAs+2/ esﬁ(L|ﬁ|+|§s|)dAs—2/ eV Z,dM,
1¢,7] 1¢,T7] 1¢,7]

<erlrP+a [ clglast@ieat-p) [

es|Val? dA, — 2/ Yo ZydM,
1¢,7] 1¢,7]

16,71

and thus for any «, 3 > 0 such that 8 > 2L + o~}

el Ti[? SeT|2T|2+a/

16,77

€5|/g\5|2 dAg — 2/ esi}s—Zs dMs.
1¢,T]

To complete the proof it suffices to take the conditional expectation with respect to F;. |

3.3 Existence of a Solution to a Generalized BSDE

The next two propositions deal with the existence and uniqueness of a solution to the GBSDE
(3.1) with a Lipschitz continuous driver. We first present the existence result under an additional
postulate that the driver A is bounded. It will be subsequently extended in Proposition 3.5 to the
case of Assumption 2.1 (iii) where the driver is assumed to be square-integrable.

Proposition 3.4. Let Assumptions 2.1 and 3.1 hold with a bounded process A. Then the GBSDE
Y, = & _/ Z.,dM, +/ o(s,Ya) dA, (3.9)
1¢,7] 1¢,T7]

has a unique solution (Y,Z) in the space S*(F) x H?(M).

Proof. To prove the existence and uniqueness of a solution to the GBSDE (3.9), we use the standard
method based on the Banach fixed point theorem. For any Y € S?(F) and 8 > 0, we define
||Y||§§(F) = E[supte[O’T] e¢|Yy|?] where e; = 4t and we observe that the norms || - [|s2(r) and
[l -1 s3(r) are equivalent on S?*(F). We denote by S3(F) the space S*(F) endowed with the norm
IE ||3§(F). Let the mapping ® : S5(F) — S3(F) be defined as follows: for any given w € S3(F) we
set ®(w) := Y™ where the pair (Y™, Z") is a unique solution to the GBSDE

Y =& —/ Z" dM, +/ g(s,ws) dAg (3.10)
14,7 14,7

and the fixed generator is clearly independent of Z*. To show that a unique solution to (3.10) exists,
we observe that the process ©, which given by

@t = Y;w +/ g(s,ws) dAs = YOw +/ Z;U dMS’ (311)
10,t] 10,¢]
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is a martingale where the existence of a process Z* € H?(M) follows from the postulated predictable
representation property of M. Hence the unique solution (Y*,Z%) € S3(F) x H*(M) to (3.10) is
determined by

Y= E{& +/ 9(s,ws) dA;
.7

]-'t} = ®(w).

Our next goal is to demonstrate that there exists a unique process @ € Sf, (F) such that ®(w) = w.
Then the corresponding process z € H2(M) can be found from equality (3.11) combined with the
predictable representation property of M, that is, from the equality

W +/ g(s,Ws) dAg = Wy —l—/ Zs dM.
10,t] 10,¢]
It is clear that it suffices to show that the mapping ® : S3(F) — S3(FF) is a contraction when § is
sufficiently large. To this end, we take w’,w” € S3(F) and denote Y = ®(w') and Y = ®(w”).
For the simplicity of notation, we write y := Y — Y% = &(w') — ®(w"), z := Z*" — Z*" and
w:=w" —w"”. Tt is clear from (3.10) that y satisfies the GBSDE

Y = —/ 2o dMy + / (g(s,wl) — g(s,wl)) dA,
1¢,T7] 1t,7]

where |g(s,w’) — g(s,w?)| < Ljws| since g(s,-) is a Lipschitz continuous function with constant L.

The foregoing computations are similar to those used in the proof of Proposition 3.2, so we only
sketch some significant steps. By applying the It6 formula to e;|y;|> and subsequently the Young
inequality with @ > 0, we obtain

et|yt|2 +/ es|zs|2 d[M]s S _ﬁ/ es|ys|2 dAs + 2L/ €sYs |ws|dAs - 2/ €sYs—Zs dMs
T 1t.7] ] 16,7]

) )

1
S_ﬂ es|ys|2dAs+_ /
1.7 @ e,

< al? / es|ws|* dA, — 2/ esYs—zs AMg
1¢,7] 1¢,7]

es|ys|2 dA, + oL? /

es|ws|? dA, — 2/ esys—zs AMs (3.12)
1,7

16,77

where we have assumed that 8 > a~'. For brevity, we denote

J(w) := aL? / es|ws|* dA,.
10,77

By setting t = 0 in (3.12) and taking the expectation, we obtain
E[/ es|zs|2d[M]s] < E[J(w)]. (3.13)
10,71
Furthermore, it follows from (3.10) that, for every ¢ € [0, 77,

eolyel? < J(w) —2/

esYs—zs AMg < J(w)—|—2’/ esYs—zs AM
1¢,7] 16,17

and thus, by taking the supremum over ¢ € [0,7] and the expectation on both sides, we get

E[ sup €t|yt|2} < E[J(w)] + 2E[ess sup ‘ / esYs—2zs AM
te[0,7) t€[0,T] ¢,

} (3.14)

1
< E[J(w)] + —IE{ sup et|yt|2] +4C%E|:/ es|zs|2d[M]5]
4 |, 10,77
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where we have used the Burkholder-Davis—Gundy inequality similarly as in (3.6) and thus the
constant ¢; is independent of L, « and /5. By combining (3.13) and (3.14), we obtain

3

1 IE[ sup et|yt|2] < (1 +4c¢) E[J(w)],
t€[0,T]

which in turn implies that

3
e E|: sup et|yt|2:| < OéL2(1 =+ 401) E|:/ 65|w5|2dA5:|
t€[0,T) 0,T]

<al?*(1+4¢)E [AT sup  et|ws| ] acaL? 1+401)E{ sup et|wt|2}
t€[0,T] t€[0,77]

since Ap < ca. Consequently, for all w', w” € S3(F),

4
9(w) = BBy e) < Facal?(1+ 46D — w3 = e’ — 0’|

We conclude that ® is a contraction when 3 > o~ ! and o > 0 is such that v < 1, that is, when
a < %cglL_2(1 +4c2)"t and B > a1, Then, from the Banach theorem, there exists a unique fixed
point of the mapping ® : S3(F) — S3(F). This shows that the GBSDE (3.9) has a unique solution
when the inequality A7 < ca holds. O

In the next proposition we relax the assumption that the driver A is bounded and we work
instead under Assumption 2.1 (iii) that A is a square-integrable process. However, since the method
of proof hinges on the comparison property we need to assume that the generator is nonnegative.

Proposition 3.5. Let Assumptions 2.1 and 3.1 hold and the function g(w,t,-) be nonnegative and
nonincreasing for every (w,t) €  x [0,T]. Then the GBSDE

Y, =&r — / ZsdM, —|—/ g(s,Yy) dAs (3.15)
1¢.7] 1t,T1
has a unique solution (Y, Z) in S*(F) x H2(M).

Proof. Define the sequence A™ := A A n of continuous, nondecreasing, bounded processes so that
can = n for every n € N. We will use the comparison property for solutions to the GBSDE in order
to obtain a solution to (3.15) with A as a limit of solutions to (3.9) with A replaced by A™.

We already know from Proposition 3.4 that for every n € N the GBSDE
Vet [ zpaos | glsvmda (3.16)
1¢,7] 1¢,T]

has a unique solution (Y, Z") € S?(F) x H?(M). To complete the proof, we will show the following
assertions:

(a) the sequence (Y™),cy is increasing, in the sense that Y"1 > Y™ for every n € N;

(b) there exists a constant ¢ independent of n such that

E| sup e|V;"[? —|—/ €5|Z;l|2d[M]S:| < CE|:6T|€T|2 +a / es|g(s,0)|> dA™ |, (3.17)
t€[0,T) 10,77 10,7

() the limit (Y, Z) = lim ;500 (Y™, Z") in S%(F) x H?(M) is a unique solution to the GBSDE (3.9).
(a) To establish the claimed comparison property Y"1 > Y™ we fix n and we apply the method

from the proof of Proposition 3.1 to the pair Y and Y where Y := Y™+ and YV = Y. We set
& =n=¢&p and g = h and we define

U, = Gt(Y):/ o(s,Ys) AT T, = Ht(f/):/ o(s, V) dA™.
10,t] 10,¢]
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Then we have that
Vo= Uy = Uy = Gi(Y) = Hi(Y) = (GoY) = Go(Y)) + (Go(Y) — Hy(Y))

- / (9(5,Ys) — g(s, 7)) dA™ + / g(s.Y2) d(ATH — Am),
10,¢] 10,t]

Since the generator g(w,t,y) is assumed to be nonnegative and nonincreasing in y and the process
A+l — A" is nondecreasing, the continuous and F-adapted process 1V is nondecreasing on [, V]
where the event E and the stopping times 7 and v are defined as in the proof of Proposition 3.1.
To complete the proof of the proposition, it now suffices to check that all other arguments from the
proof of Proposition 3.1 are still valid.

2
(b) An inspection of the proof of Proposition 3.2 shows that the constants ¢ = % and ¢; are
independent of the process A and thus assertion (b) is valid.

(¢) The uniqueness of a solution to (3.15) has already been established in Proposition 3.1 and thus it
remains to show that (Y, Z) = lim,, oo (Y™, Z") is well defined in S?(F) x H2(M) and is a solution
to the GBSDE (3.15).

First, we note that the sequence (Y™),,cn converges increasingly to a process Y. From inequality
(3.17), there exists a constant ¢ independent of n such that ||Y"||S§(F) < csince, by assumption, &7 is

square-integrable and E[f]() T lg(s, ())|2 dAS] < oco. Hence we deduce that lim,, o ||V — Y||§2(]F) _
1 B

0, which means that (Y™),cn converges to Y in the space SZ(IF) Consequently, the sequence

(Y™)pen is a Cauchy sequence in Sg (F).

Second, we will demonstrate the convergence of the sequence (Z™),¢cn. For every n,m € N such
that n > m, we observe that

K = / o5, Y1) dA? / g(s, V) dA™
10,t] 10,¢]

< / l9(s, ") — g(s,Y™)| dAT
10,t]

s/ LIYS"—STIdA?=L/ [y dAT
10,t] 10,]

where we denote y, = y;""" =Y, — Y/ > 0. Let us set 2, = 2,""" := Z' — Z[". By applying the
1t6 formula to e|y;|* where e := ¢#4¢ and the Young inequality with a > 0, we obtain

e ul? + / Nz d[M], = B / enlys[? AT + 2 / ey R — 2 / My 2y dM,
1,7 1t,T] 1,7 1t,T]

)

1
<-p / eys|? dAT + = / eys|? dA™ + L*« / e"ys|? dA™ — 2/ elys—zs dMj
Jt.7] @ T Jt.7] Jt.7]

< alL? / eys|* dAT — 2/ enys—zs dM;
T) 1t,7)

t,

where we have assumed that 8 > a~!. By setting t = 0 and taking the expectation, we obtain

E[/ eg|zs|2d[M]s] < L?]EU e§|ys|2dAQ]. (3.18)
10,7 10,7

Consequently,

12" — 2™ B, =E[/}

)

22— zrpapn)) <u| [ ez - zrpam|
T) 10,77

< alL? ]EU]O . ey —ym? dAg] = aLl’ne™ Y™ = Y||35 )
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Since (Y™ ),en is a convergent sequence, there exists a further subsequence (Z™* )y such that
o0
Z ||ka+1 — ka||’;.[2(M) < 00,
k=1

which shows that (Z™*).cy is a Cauchy sequence in the space H2(M) so that it converges in H2(M)
to a limit Z. It is now easy to conclude that the pair (Y, Z) € S?(F) x H?(M) is a unique solution
to the GBSDE (3.15). O

It is worth noting that if the generator satisfies the assumption of Proposition 3.5 and is bounded
so that |g| < ¢4 for some constant ¢4, then the sequence (K™),en of increasing processes given by

K= [ gl vrydar
10,¢]
converges to the increasing process K, which equals
K, = / g(s,Ys) dA,
10,¢]

and the convergence is uniform in ¢, for almost all w. We have

K, — K| = ‘/ g(s,YS)dAS—/ (s, Y dA”
10,¢] 10,¢]

< ‘/ g(s,Ys)dAs —/ g(s, YV dAg| + ‘/ g(s, Y'Y dAs — g(s, Y dA?
10,t] 10,¢] 10,¢]

10,t]

< L/ |Ye = Y]'| dAs + ¢y L(Ap — A})
10,¢]
and thus

sup |Ky— K| < L/ |Ye = Y'| dAs + ¢y L(Ar — A})
t€[0,7] 10,77]

< LA7 sup ‘Yt — Y;"‘ + ch(AT — A%),
t€[0,T]

which entails that sup, (o 7 |K; — KJ'| converges to 0 almost surely when n tends to co.

Corollary 3.2. Let Assumptions 2.1 and 3.1 hold and n be an F-optional and bounded process.
Then for every n € N the GBSDFE

Y =&p — / ZtdM, + / n(ns — YT dAs (3.19)
1¢,7] 1¢,T7]

has a unique solution (Y™, Z") in S?(F) x H?*(M) and the inequality Y™ > Y™ is satisfied for

every n € N.

Proof. The first assertion is an immediate consequence of Proposition 3.5. To show that Y"1 > Y™,
we observe that it suffices to take g(¢,y) := (n+1)(n: —y)* and h(t,y) := n(n: —y)™ in Proposition
3.1 (see also Corollary 3.1). O

It is worth noting that since Y™ < Y™+ there exists a process Y such that Y™ ~ Y. Furthermore,
by the monotone convergence theorem and Proposition 3.2, if the process A is bounded then there
exists a constant ¢ such that

E{ sup |Yt|2] <e.
0<t<T
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3.4 Penalization Scheme for a Generalized BSDE

To examine the penalization scheme for the generalized BSDE, we define S := S™ U {T} where
S"™ = S"(A) is the right support of the driver A. Recall that the right support of a nondecreasing
process A is given by S"(A) := {t € Ry : Ve > 0 A; . — A; > 0}. Furthermore, we denote by 7T (F)
the class of all F-stopping times 7 taking values in [0,7] and such that P(7 € S) = 1. Similarly,

T:.7(F) is the set of F-stopping times from 7 (F) such that P(r € SN [t,T]) = 1.

Before proceeding to the penalization scheme, we present the following auxiliary result, which is
an extension of Lemma 6.1 in [15].

Lemma 3.1. Let n be an F-optional, bounded and right-continuous process. Then for any stopping
time v € T(F) we have

lim (608, (=A") + (L, pnée. (=A") « A")r] = &rlipory + Ml ey
where A" == nA.

Proof. Since A — A% = 0 on the event {v = T'} we have

. AR — T AT —AY _
A Evr(=A") = lim ™7 = Tg=r).
Since v takes values in the right support we have that A%, — ', > 0 on the event {v < T} and thus
lim 00 (A7 — A%) = —oo. We claim that, on the event {v < T'},
. AL —AT pn
lim nse dl'y = nyliy<ry (3.20)
[v.T]

since the sequence of bounded and positive measures p,, := ]l]]U)T]]eAS*Ag dA?, n € N converges to
the Dirac measure at v on the event {v < T'}, that is, to the measure y := 1, .7}6,. Equality (3.20)
can be formally established using the time change on [0, 7] generated by A. To this end, we define
the increasing, right-continuous process C' by Cs = inf{t € Ry : A; > s}. Then an application of
the time change formula (see, e.g., Chapter 0 in Revuz and Yor [42]) gives

/ ’I]SGAZ_AZ dAY = / nsne"(A"_AS) dAg
1v,T] v, T]
= / ﬂ{u<cng}7705nen(Ayis) ds
0

where to obtain the second equality, we have used the equality Ac, = s, which holds since A is a
continuous process. From the fact that {v < Cs} C {A, < s} and the change of variable u = s — A4,
we obtain

o0

oo
/ 1<o,<ryno,ne™ = ds:/ LvcCa, +u<T}Ca, 4ume” " du
0 0

= EX |:H{V<CAV+X/HST}UCAV+X/H
where in the last equality we have used the observation that ne™"% u > 0 is the density of %X
where X ~ exp(1) and is independent of Go.

Since on the event {v < T}, the stopping time v takes values in the right support of A and
v < v+ X/n, we deduce that A, x,, > A,yx/ms1) > A, for a sufficiently large n € N. This
observation, together with the right-continuity of the processes n, C' and A, allows us to conclude
that

nlgI})OEX ]l{V<CAV+X/nST}nCAV+X/n :ﬂ{VSCAl,<T}TICAV'

Finally, since on {v < T} the stopping time v takes values in the right support of A we have
Ca, = inf{s: A, > A,} = v, which allows us to conclude that 1(,<c, <r}1cs, = LT} O



GENERALIZED BSDES AND REFLECTED GBSDES 15

Theorem 3.1. Let Assumptions 2.1 and 3.1 hold, &p be bounded, and n be an F-optional, bounded,
nonnegative, and right-continuous process. Consider the sequence of unique solutions (Y™, Z™) €

S2(F) x H?(M) to the generalized BSDE
Y — & — / Zm dM, +/ n(ns — Y1) dA,. (3.21)
1¢,T7] 1¢,7]

Then the sequence Y™ is increasing and converges almost surely to the process V', which satisfies,
for every t € [0,T],

Vi, = esssup E[gT]l{q—:T} + 777']1{7—<T} |]:t} (3.22)
TETt,T(F)

Proof. Tt is known from Proposition 3.5 that the generalized BSDE (3.21) has a unique solution
(Y™, Z™) in §*(F) x H?*(M). We note that the sequence Y™ of processes is monotonically increasing
as n — oo (see Corollary 3.2) and the limit ¥ = lim,,_,o Y™ is well defined.

Step 1. Our first goal is to show that the cadlag, F-adapted process Y™ satisfies, for every n € N
and all ¢ € [0, T,

Y= esssup E[&rTr—py + (0 AY ) rory | Fi] (3.23)
TG?ﬁ,T(F)

For a fixed n € N, we set 7" := {rly—ry + (e A Y{") sy and we observe that
v = Er ANYP) L=y + (e AY" ) Lery <Y

Furthermore, the GBSDE (3.21) can be represented as
Y =¢&r — / ZYdMs+ Ky — K} (3.24)
16,77
where the F-adapted, continuous, nondecreasing process K™ is given by
K] = / n(ns — YT dA,.
10,¢]

Recall that we assumed that n (and hence also v™) is a right-continuous process. We claim that
(3.23) is valid, that is, for every ¢ € [0, 7],

V" = esssup K[y | F]. (3.25)
TET’LT(]F)

Equality (3.25) is obvious for t = T so it suffices to consider any ¢ < T. We have, for any 7 € T 1 (F),
V" =E[Y] + K! - K['| F;] > E[Y | Fi] > E[v| F].

which implies that Y, > ess SUP_ 7, . (F) E[vﬁ |]-"t].

For the converse inequality, we define the stopping time 7, := inf{s € [t,T]| K — K} > 0}, which
belongs to T¢,7(F), and we observe that K7 — K;* = 0 due to the continuity of K™. Furthermore, on
the event {7, < T'} we have K > K7 on |7, T, which entails the inequality lim sup,, |, (7, —Y,;") > 0
and thus, since the processes 7 and Y™ are right-continuous, we conclude that n., —Y' > 0, which
in turn implies that Y =72 . On the event {7, = T} we have that K7 — K{* = K — K" = 0 and
Y =~I. From (3.24), we now get

v [ ma=s - [ zow-vpgiF],
It.7e] It 7]

which leads to the inequality ;" < esssup .7, ) E[Wﬁ | .7-',5} since 7, € T1.7(F). We conclude that
equality (3.25) (or, equivalently, (3.23)) holds.
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Step 2. We set vy, := {T]l{t:T} +mlyery and we show that lim,,_,~ Y,” =V, where

V; := esssup Ely, | 7. (3.26)
IJGT’ET(F)

It follows from (3.23) and (3.26) that Y™ <V and Y 1Y <V where the F-optional process Y is
given by Y = lim 4o Y. Furthermore, it is clear that the process Y is nonnegative and belongs
to S%(F) since it is dominated by the process V belonging to S%(F).

It is clear that Y7 = & = 47 and thus it suffices to show that Y, 1,7y > 1,1y, <1y for any
F-stopping time v taking values in S. From the monotone convergence theorem and the comparison
property established in Proposition 3.1 we obtain, for every 0 <7 <v < T,

E[Y, | F] = lim E[Y]'|F] < lim V' =Y.

Using the fact that V is bounded, we deduce that Y is a bounded strong supermartingale and, as a
consequence of Theorem 2 in Mertens [35] (or, more specifically, the Lemma on page 51 of [35]), we
have Y > Y,. Next, from the form of Y™ we have, for every 7 € T(FF),

SEOTI = LBl +B [ -y aa]

By letting n go to oo and applying the dominated convergence theorem, we obtain the equality
ﬁ}r,T]] (ns — Y5)T dAs = 0. We claim that the last equality implies that Y, 1y, > nlg,<ry for

all v € T(F). Suppose, on the contrary, that there exists a stopping time v € T (F) such that
the event F = {n, > Y, > Y, 4} N{r < T} has a positive probability. Then we deduce from the
right-continuity of 1 that there exists ¢, which may depend on w € E, such that n; —Y; > 0 for
all t € [v,v +¢] N[y, T]. However, since v € T (F), we deduce that A, — A, > 0 for almost
every w € F and this contradicts the equality jﬁny]] (ns — Ys)T dAs = 0. We this conclude that YV

dominates v on S.

Finally, by using the fact that the essential supremum and conditional expectation can be in-
terchanged, we can conclude that V' is the smallest strong supermartingale dominating v on S(A),
which in turn implies that, for every ¢ € [0, T},

Y, > esssup [y, | F] = Vi,
IJE?ET(F)

as was required to show. O

4 Reflected Generalized BSDEs

Our next goal is to study reflected generalized BSDEs (reflected GBSDEs or, simply, RGBSDEs)
with a lower obstacle given by a predetermined bounded and F-optional process ¢. It is known that
if the process ¢ is bounded and F-optional, then the process ¢ given by (; := lim SUPgpy, < Gt for all
t €]0,7] is known to be F-predictable and left-upper-semicontinuous (see, e.g., [22] or Theorem 90
on page 225 in [6]). The process ( is called the left-upper-semicontinuous envelope of ¢.

Recall that by K (resp., K) we denote the class of all cadlag, nondecreasing, F-predictable (resp.,
ladlag, nondecreasing, F-predictable) processes and T (F) (resp., T?(F)) stands for the class of all F-
stopping times (resp., F-predictable stopping times) 7 taking values in [0, T]. The following definition
is consistent with the classical case where M = W is a Brownian motion and the driver A; = ¢ for
every t € [0, 7.

Definition 4.1. A triplet (Y,Z,K) is a solution to the reflected generalized BSDE with data
(M, A, g,¢)ifY is an F-adapted, 1adlag process, Z is an F-predictable process, K is a nondecreasing,
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F-predictable, ladlag process, and the following conditions are met

Y, =(r — f]]r,T]] ZydM, + f]]ﬂT]] 9(s,Ys)dAs + Kpr — K, V1 € T(F),
}/t thv Vit e [OaT]v (H{Y,>f}°KC)T:Oa (41)
(Y, —)AKE =0, VT € TP(F), (Yy —()AYKI =0, V7€ T(F),

where the It6 integral f]o 4 Zs dM; is a martingale and the integral f]o 4 9(5,Ys) dA; is an F-adapted,
continuous process of finite variation.

Our first goal is to establish in Section 4.1 two variants of the comparison theorem for a reflected
GBSDE and obtain in Section 4.2 some useful a priori estimates. Subsequently, we will study in
Section 4.3 the existence and uniqueness of a solution (Y, Z, K') to the RGBSDE (4.1) in the space
S2(F) x H2(M) x K. Finally, for a given F-optional and bounded process 1 we will consider in
Section 4.4 the sequences of penalized RGBSDEs

Y7 = (p — / 2" dM, +/ n(Y? — )t dA, + K& — K™
17,77 17,77

and

V' =(r - / ZraM, — | n(Y] —n)"dA, + Kf - K}
17,77 17,7]

with the lower obstacle ¢ and we will examine the limits ¥ := lim, ;. Y™ and Y := lim 00 yn.
It will be shown that the process Y (resp. the process Y') can be interpreted as the value process of
a particular optimal stopping problem (resp., a Dynkin game) where the right support of the driver
A plays an important role in the specification of the respective reward process.

4.1 Comparison Theorems for a Reflected GBSDE

We aim to show that the comparison property of Proposition 3.1 can be extended from a GBSDE to
the case of a reflected GBSDE. The first variant of the comparison theorem for a reflected GBSDE
is established under an additional assumption that the filtration F is quasi-left-continuous so that
the martingale M does not jump at any F-predictable stopping time.

Proposition 4.1. Suppose that the filtration F is quasi-left-continuous. Let the mappings g, h :
Q% [0,T] x R = R be such that the reflected GBSDEs with the lower obstacles { and ¢

YT:CT—/ ZSdMS+/ g(s,Y;)dAs + K — K,
17,7] 1777

and

}A}T:ZT_/ stMs+/ h(svi}s)dAS_Fi{'T_i{'T
17.7] 17,7]

have solutions (Y, Z,K) and (lN/, Z, IN(), respectively. If ¢ > C and the functions g and h satisfy the
following conditions:

(i) g(w,t,y) > h(w,t,y) for every (w,t,y) € 2 x [0,T] x R,

(ii) g(w,t,-) is a nonincreasing function for every (w,t) € Q x [0,T],

then the inequality Y > Y is valid.

Proof. We will extend the proof of Proposition 3.1. It is important to observe that the processes
Y and Y introduced in the statement of Proposition 4.1 are ladlag whereas they were cadlag in
Proposition 3.1, For a fixed ¢ > 0, we define the F-stopping time 7¢ ;= inf{t > 0:Y; <Y; — ¢}
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where, by convention, inf ) = 7. As in the proof of Proposition 3.1, we argue that if for all £ > 0
we have P(7¢ = T') = 1, then the asserted inequality Y > Y holds.

Let us now assume that the inequality Y > Y does not hold. Then there exists ¢ > 0 such that
P(r¢ < T) > 0. We fix ¢ and we denote E := {75 < T} € F,-. Next, we define 7 := 751 + T1ge
so that {r < T} ={r* < T} € F;.

Step 1. We start by showing that the inequality Y, < YT+ holds on E. To this end, let us consider
any event w from E. We have that either (a.1) Y; < Y; — £ so that Y, < Y, or (a.2) Y, > Y, — ¢
but Y4 < YT+ —eso that Y4 < YT+, which is the desired inequality.

Hence it remains to show that in case (a.1) we also have that Y, < YT+ To this end, we first
observe that Y, > Y, —¢ > Y, > G > CT and thus the process K is right-continuous at 7 (from the
respective Skorokhod condition), which in turn implies that Y is right- contmuous at 7. Recall that
Y, =G VY IfY, > (, then Y is also r1ght continuous at 7 and thus Y., = =Y, >Y, = =Y.
Finally, if Y, = (;, then Y, < (; and thus YT+ = YT >G> Yo

We have thus shown that the inequality Y., > 177+ holds on E, for almost all w. Then we
define the F- stopplng time v := inf {t >7:Y; > SNQ} and we note that v < T since, by assumption,
Yr =(r > (T = YT Since Y, > Y, -+ on F it is clear that the interval |7, 1] is nonempty on the
event E = {17 < T} € F-. Tt is also worth noting that E belongs also to F,_ since 7 < v on E (see
Proposition 2.4 in Nikeghbali [36]).

Step 2. Our next goal is to show that the inequality Y, > }7,, is satisfied. It manifestly holds on the
event ¥ = T and thus it suffices to shown that it is valid on {v < T} as well. If Y,, > Y, then the
desired inequality manifestly holds and thus it suffices to examine the event {Y, < }71,, Y, > }7,,+}.
We will show by contradiction that the probability of that event is null. Since Y, = (, VY, it
suffices to consider two cases: (b.1) Y, > Y,y and (b.2) Y, =Y, .

In case (b.1), we have Y, = ¢, and thus Y, > Y, = (, > (. This implies that Y is right-
continuous at v, which in turn yields Y, =Y,y > Y, > Y, and hence contradicts the assumption

that Y, <)~/.

In case (b 2), we have Y, =Y, 4 and thus Y >Y, =Y+ > Y,,+, which 1mp11es Q,, >Y, >
(. Hence C,, > (y, which is a contradiction since, by assumption, the inequality C < ¢ holds. We
thus see that the inequality Y, > Y is proven.

Step 3. We are now ready to show that if P(E) > 0 then a contradiction arises. From the first step, we
deduce that there exists a sufficiently small constant ¢ = d(g) > 0 such that P(C) :=P(7+d§ <v) >0
and Y 45 < SN/TJF(;. Hence we define the F-stopping time o := (7 +0)1g +T1ge and we consider the
interval [o,v]. We henceforth work on the event E € F,. As in Section 3.1 we denote

G(Y) ;:/ g(s,Y,)dA,, Hy(Y) ;:/ h(s,Ys)dA,
10,¢] 10,¢]

and we also write U := G(Y) and U := H(Y) so that the process U := U — U satisfies
= Gy(Y) = Hy(Y) = (G1(Y) = G:(Y)) + (Go(Y) — Hy(Y).
Since g(w, t,y) > h(w,t,y) for all (w,t,y) € Qx [0,T] x R, the inequality ¥ < Y holds on [o,v] and

for every (w,t) € Q x [0,7] the function g(w,t,-) is nonincreasing, it is easy to check that 15U is a
continuous and nondecreasing process on [o,v]. We observe that on [o, /]

Yt—i:Yy—ffu—/ (Zs — Zs)dM, + (K, — K;) — (K, — K,_) + U, — U,
1t.v]

where in fact the process K is constant on [o, [ since Y >Y > ¢ > C on [0, v[ and thus K; = K,,_
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for ¢ € [o,v]. Consequently,

YV, —Y, =Y, Y, +AK, — AK, — (Zs — Zg)dM, + (K, — K;) + U, — Uy, (4.2)
1]

By taking the F,-conditional expectation, we obtain

Y, Y, >E[Y, - Y, + AK, — AK, | F,]
=E[(Y, -V, + AK ) pj oy | Fo] +E[(Y) - Y, + AK, — Af?,,)nw?uw} | Fo]
> E[(Y, =Y, + AK, — AK) 1 s ooy | Fo]

where in the last inequality we have used the facts that Y, — }71, >0 and AK, > 0. Next, we show
that

E[(Y, =Y, + AK, — AK )Lz o | Fo] = 0.
We first notice that on the event {AK, > 0}

(Y, =Y, + AK, — AK,)1 (Z, — Z,) AM, 1

{AK,>0} — {AK,>0}

since it is easy to check that Y,_ —Y,_ = 0 on {AK, > 0}. The filtration F is assumed to be
quasi-left-continuous and thus the equality AM, = 0 holds for any F-predictable stopping time 7
(see Theorem 5.39 in [26]). Since the process K is strongly F-predictable, by Theorem 3.33 in [26],

the set {AK >0} = {AK? > 0} is included in the union of the graphs of a family of F-predictable
stopping times. Hence we can conclude that AM1 (AR>0} = 0 and thus Y, > Y,. However,

Y, — SN/U <0on FE € F, and thus Y, = SN/U on E, which contradicts the definition of o. O

In the second variant of the comparison theorem we relax the assumption that the filtration F is
quasi-left-continuous. However, the method of proof requires to postulate that the random variable
Ar is bounded, and not merely square-integrable. Finally, we denote the stochastic exponential of
a semimartingale X by £(X) (see Theorem 5.1 in [19]) and we set & (X)) = E(X)/Es(X) for every
s <t.

Proposition 4.2. Suppose that the process A is bounded. Let the mappings g,h: Qx[0,T]xR = R
be such that the reflected GBSDEs with the lower obstacles ( and ¢

YT:CT—/ stM5+/ g(s,Y;)dAs + K — K,
17,77 Eeal

and

v :gT_/ stMs+/ h(s,Vs) dA, + Ky — K-
17, 7] 17,7]

have unique solutions (Y, Z, K) and (Y, Z,K) in S%(F) x H2(M) x K. Suppose that the functions g
and h satisfy the following conditions:

(i) g(w,t,y) > h(w,t,y) for every (w,t,y) € @ x [0,T] x R,

(i) g(w,t,-) is a nonincreasing function for every (w,t) €  x [0,T].

If the obstacles satisfy ¢ > E and are right-upper-semicontinuous, then the inequality Y > Y s valid.

Proof. Step 1. We first show that the process Y given by

YTZCT—/ stMs+/ 9(s,Yy)dAs + K1 — K,
]]T,T]] ]]T,T]]
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is a strong £9-supermartingale where the nonlinear evaluation £9 (see, e.g., Peng [38, 39]) is defined
through the solution to the GBSDE

Vit [ ziavi [ gsvi)aa. (4.3)
17.7] 17,7]

We fix 0 € T(F) and we denote YV, := Yy —&9,(Y,), Z:=Z — Z' and § := g(-,Y) — g(-,Y’). We

define p := (g/Y)1 (v20y and we note that the process p is clearly bounded since g is a Lipschitz

continuous function in y so that the continuous process X; := 10,4] Ps dAg is well defined. The

integration by parts formula yields, for every F-stopping times 7 < o,

gT,T(X)YT = / gT,S—('X)gs dAs - ST,S(X)psYs dAs
17,01 17,01

+/ 5T,S(X)dK;+/ Ers(X)dKY,
17,01 [rol

- / Er.s(X)Z, dM,.
Im0l

Since the processes p and A are bounded the stochastic exponential £(X) belongs to S?(F) and
thus, by the Kunita-Watanabe inequality, the stochastic integral with respect to M is a uniformly
integrable martingale. By taking the JF,-conditional expectation and using the assumption that
7. = p.Y ., we obtain

Y, =& (X)Y, _IE[/]] () ng+/ & (X) dKY, | Fr| 20,

-7l
which shows that Y, > 0 and thus Y, > &2 _(Y,). We have thus shown that Y is a strong £9-
supermartingle.

Step 2. Our next goal is to show Y can be characterized as the value process for a nonlinear
optimal stopping problem associated with £9 and (. Since Y is a strong £9-supermartingale and
the nonlinear evaluation £9 has the monotonicity property we have that Y, > &2 (Y,) > &2 (¢s)
for all F-stopping times 7 < ¢, which in turn implies that

YT Z sup 5£,U(<U)'

To show the reverse inequality, we fix 7 € T(F) and we define the F-stopping time of := inf{s >
7:Ys < (s +¢}. Since the obstacle ¢ is upper-semicontinuous, using similar techniques to those in
Section 4.4, one can show that Y, < (5= +¢ and Y is an £9-martingale on [7,05], that is, Y is the
solution to (4.3) on [7,0%] with the terminal condition Y. Using first the monotonicity property
of £9 stemming from Proposition 3.1 and then Proposition 3.3 with ¢! = ¢ = ¢, we deduce that for
arbitrary € > 0

Y: = (Yoe) < g-g,oi (Cdf +e) < gﬁ,ai (Cdf) +Ce < sup 55)0_(((,) + Ce.

o €Tr,11(F)

g 1=
T,0% p

We have thus shown that for every 7,0 € T(F)

Y = sup 5$_U(Cg),
o €T, (F) i

which means that Y is the value process for a nonlinear optimal stopping problem associated with
the nonlinear evaluation £9 and the reward process (.

Step 8. Suppose that h < ¢g and the mapping ¢ is nondecreasing in y. Then from the comparison
property of solutions to a GBSDE established in Proposition 3.1, we obtain for every 7 < o,

gﬁg(ga') S gf,g(ca)

and the assertion now follows by taking the supremum over all stopping times from 7 (F). O
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Let the mappings f, f : Q x [0,7] x R — R, be given by f(t,y) = (nx —y)* and f(t,y) =
—(y — ny) T, respectively, where 7 is a predetermined F-optional process. If we set g(t,y) = nf(t,y)
and h(t,y) = (n+1)f (t y) for n € N then g and h are nonnegative functions nonincreasing in y.
Notice that §(t,y) = nf(t,y) and h(t,y) = (n + 1)f(t,y) are nonpositive and nonincreasing in y.
Then we have the following corollary to Proposition 4.1.

Corollary 4.1. Assume that the mapping [ : Q x [0,T] x R — Ry is nonnegative (resp., nonpos-
itive) and such that f(t,-) is nonincreasing, for every t € [0,T]. For every n € N, let the triplet
(Y™, Z™ K™) be a unique solution to the reflected GBSDE

Y = Cp — / Zm dM, +/ nf(s, Y dA, + KB — K" (4.4)
17,71 17,77

with the lower obstacle (. Then the inequality Y"1 > Y™ (resp., yntl < }7") holds for every
n € N.

Proof. Tt suffices to apply Proposition 4.1 to g(t,y) = nf(t,y) and h(t,y) = (n + 1) f(t,y) where f
is nonnegative (resp., nonpositive). It is obvious that ¢ is a nonincreasing function and h(w,t,y) >

g(w,t,y) (resp., g(w,t,y) = h(w,t,y)) since g is a nonnegative (resp., nonpositive) function. Hence
Proposition 4.1 1mphes that Y"1 > Y™ for every n € N (resp., Y™ < Y™ where (Y™, Z", K") is
a solution to (4.4) with the generator nf(s, Y*)). O

4.2 A Priori Estimates for Solutions to a Reflected GBSDE
We first deal with a prior: estimates for solutions to the reflected GBSDE.

Proposition 4.3. Let (Y, Z!, K%) € S%(F) x H2(M) x K for i = 1,2 be a solution to the reflected
GBSDE (4.1) with data (M, A, g",¢) for i = 1,2, respectively, where the processes A and ( are
bounded. Then for every 3 > 0 there exists a constant ¢ > 0 such that the processes Y = Y1 —Y?
and Z = Z' — Z? satisfy

E[ sup et|Yt|2+/ 65|Z5|2d[M]5:| SCE|:/ es|gs|? dAS} (4.5)
10,7 10,7

t€[0,T]

where e; := et and g, := g'(s,Y}) — g%(s,Y2).

Proof. The proof is similar to the proof of Proposition 3.2. Since § > 0 we have that de; := Be; dA,
and 1 < e; < efea for every t € [0,T]. Denote K = K' — K? and recall that K has a unique
decomposition K = K" + K9 where K" is an F-adapted, cadlag, nondecreasing process of finite
variation and K9 is an F-adapted, caglad, purely discontinuous, nondecreasing process of finite
variation. Hence we obtain

Y, = Gs dA, — ZydM, + K5 — KT + K% — K.
17.7] 17,71

By applying the Gal’éuk-Lenglart formula (see, e.g., Theorem 8.2 in Gal’¢uk [17]) to e;]|Y;|? and the
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Young inequality with a constant a > 0, we obtain

Vil + [ ez,
16,7]

=-8 es| Vs dA, + 2/ esYsgs dA, — 2/ esYs ZsdM, + 2/ esYs_ dK!
1¢,7] 1¢,T7] 1¢,7] 1¢,T7]
+2/[T[esYSng+— D e(Ve—Yi )= Y ea(Yor — Vi) (4.6)
t,

t<s<T t<s<T

< (a7t - ﬂ)/ es|Yi|2 dA, + a/ es|gs|> dA, — 2/ esYo_ ZydM, + 2/ esYs dK"
1¢,7] 1¢,T7] 1¢,7] 1¢,7]

+2/ VoKL — Y e(Va—Ye )P = 3 ea(Ver — V)2,
[t,7] t<s<T t<s<T

Next we show that f]t’T] esYs— dKT <0 and f[t’T[esYs dKJ, <0 for every t € [0,T]. We note that

K" = (K'Y — K%¢) 4+ (KY4 — K%4). From the Skorokhod conditions in (4.1) we obtain, for all
s €[0,T7,

Yo dKDe = (V]! = () dK Y — (Y2 = () dKL*
< (V) =GR} = (V2 = ) AR} = —(¥7 = G) dK 1 <0

where the last inequality holds since the process K¢ is nondecreasing. By symmetry, we obtain
Y, dK2¢ > 0. Furthermore, for any s € [0, 71,

Yo AKPT = (VL = G)AKM — (Y2 — (AR
< (Ysl— - C_S)AKsLd - (YSQ— - CS)AKsl’d = _(Ys2— - CS)AKsLd <0

and Y, AK2% > 0. Similarly, f[t)T[eSYS dKj, = Y i<seT esYsATKY for all s € [0,7T]. Note that
VAATKY = (Y]~ Y2ATKD — (V) - YHATK?
and, for all s € [0,T],
(V) — Y2)APKD = () — G)ATKY — (V2 — Q)ATEDS = —(v2 — G)ATEM <0

and (V! — Y2)ATK29 > 0. Hence (4.6) gives, for any 3 > a1 and t € [0,T],

et|Yt|2+/ es|ZS|2d[M]5§a/ es|§s|2dAS—2/ esYs ZsdM, (4.7)
Jt.7] Jt.7] Jt.7)

and thus, by taking the expectation on both sides, we obtain

E[/ eS|ZS|2d[M]S} gaE[/ es|gs|2dAS]. (4.8)
1¢,T7] 1¢,T7]

In addition, taking the essential supremum and expectation in (4.7) gives

E{esssupeT|YT|2} §E|:Oé / es|§5|2dAs] +2E[esssup’/ e Y, _Z.dM;
T€T(F) 10,7 T€T(F) 10,7]

} . (4.9)

An application of the Burkholder-Davis—Gundy inequality with p = 1 similar to (3.6) yields

2E[esssup‘/ esYs_ZsdMy
10,7]

1
] < —E{esssupeT|YT|2] +4C%E[/ es| Zs|? d[M]S} (4.10)
TET(F) 4 0,7

TeT(F)
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where the constant ¢; is independent of a, 8 and the last inequality holds since 2ab < a? + b2 for all
real numbers a,b. By combining (4.8), (4.9) and (4.10), we obtain

3
—E{esssupeT|YT|2} <1 +4c?)aE[/ es|gs|2dAs]
4 [ reTm 10,7

and, finally,

E[esssupeT|YT|2+/ es| Zs)? d[M]S] < CE[/ es|gs)? dAs}
rET(F) 10,7 10,77

7+16¢2
where ¢ = %a. O

Assume that the generator g' is Lipschitz continuous with a constant L. Then

|gs|2 = |gl(87§/;1) - 91(873/52) +gl(87Y92) - 92(87Y92)|2
< 2|gl(57}/51) - gl(s,}/s2)|2 + 2|gl(57}/52) - 92(55}/52”2
<2L2Y) - V2P 4 209

where we denote gs = ¢'(s,Y.2) — g°(s,Y.2). Consequently, in (4.6) we get

(ofl—ﬂ)/ eS|YS|2 dAs—i-oz/ es|§5|2dA5 §ca75_’L/
1¢,7] 1¢.17]

es|Ys|2dAS+2oz/ es|gs|* dA,.
16,7

16,71

where ¢ 5.1 = (7! + 2aL? — 8). Then, by arguing as in the proof of Proposition 4.3, we obtain
the following modification of (4.7), which is valid for every 8 > a~! + 2aL?

et|Yt|2+/ es| Zs|? d[M], §a/ es|§s|2dAS—2/ esYs ZodMs. (4.11)
J¢.7) Jt,T) Jt,T]

By taking the conditional expectation of both sides with respect to F; we get

}}] SE[/ es|gs|? dA,
1¢,7]

which holds for a sufficiently large 5. If, in addition, an increasing process A is bounded, we obtain
the existence of a constant ¢ such that for all ¢ € [0, 7]

et|Yt|2+1E[/ es| Zs|? d[M]s
10,7

]:t:|7

1Y, |2 ch[ sup |§S|2’]-'t}
set,T]

In particular, if [¢" (s, y) —g°(s, y)| < € for all (s,y), then sup,¢ (o 7 [V;' = Y?| < ce for every t € [0, 7.

4.3 Existence of a Solution to a Reflected GBSDE

We now examine the existence of a solution (Y, Z, K) to the reflected GBSDE (4.1). For brevity,
we only work under the assumption that the driver A is bounded but we conjecture that the proof
can be extended to the case of a non-negative, nondecreasing generator and square-integrable driver
by proceeding analogously to the proof of Proposition 3.5. We first establish the existence and
uniqueness of a solution to the reflected GBSDE (4.1) when the generator g does not depend on Y.

Lemma 4.1. Let Assumptions 2.1 and 3.1 hold and g(s,w,y) = g(s,w) := gs be a fixed process. If
the processes A and ¢ are bounded, then the reflected GBSDE (4.1) with data (M, A, g,() admits a
unique solution (Y, Z,K) € S*(F) x H*(M) x K.
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Proof. For v € T(F), we first denote

Y(v) := esssup E{CT +/ gs dAs }'l,} (4.12)
Tv.7]

T€T,,r(F)

By the classical aggregation result (see, e.g., Theorem 8.2 in Grigorova et al. [22]) there exists a
ladlag, right-upper-semicontinuous process Y such that, for all v € T(F),

Y, =Y () (4.13)
and the process (Y; + jiO 1 9s dAs)¢cio,r) is the smallest strong supermartingale that dominates the
process [C. + [, 1 9s dAs].

Step 1. We show that Y € S?(F) is a candidate for the first component in the solution (Y, Z, K) to
the reflected GBSDE (4.1). An application of Jensen’s inequality gives, for all v € T (FF),

|V, | < esssup E[’CT’—F‘/ gsdA,s’ ]:u]
€T, 7 (F) Jv.7]
< E[esssup|CT| +/ lgs| dAs ]'—u] =E[X|F]
T€T(F) 10,7

where X := esssup, ¢z [¢r| + f]o 77195/ dAs. The Cauchy-Schwarz inequality yields

BLX?] < cllcln + TE| [ g Paa]

10,77

where ¢ > 0 is a positive constant, which may vary from line to line. Since esssup, ¢ vV, |2 <
supe(o.77 [E[X | F¢]|* the Doob martingale inequality in L* gives

E[esssup|yy|2] gE[ sup |E[X|ft]|2} < cE[X?) < ¢|IC] 2, +CTEU |gs|2dAs}
veT (F) te[0,T 10,7

where the penultimate inequality is due to the right-continuity of the process E[X|F]¢c(o,77-

Step 2. We will show that there exists a pair (Z, K) € (H?(M),K) such that (Y, Z, K) satisfies the
reflected GBSDE and ( is indeed an obstacle. Since (Y;+ f]o 0 9s dAs)iefo,1] is a strong supermartingle
and ¢ satisfies Assumption 3.1 by the Doob-Meyer-Mertens decomposition (see Theorem 2.1) we
obtain

yt:_/ gsdAg+ Ny — K¢ — K¢ — K9 (4.14)
10,1

where N = Z « M is a uniformly integrable martingale by the predictable representation property
of M and K = K¢+ K%+ K9 is a ladlag, nondecreasing, F-predictable process satisfying the
Skorokhod conditions in (4.1) (see [14]). Recall that Y7 = Y(T') = (7. From (4.12) and (4.13), we
obtain Y, =Y (v) > (, for every v € T (F). Therefore, by a classical result of Theorem IV.84 in [6],
we conclude that Y; > (;, 0 <t < T, a.s.

Step 3. Now we establish the uniqueness of a solution to the reflected GBSDE (4.1). Let (Y’, Z")
be another solution to (4.1). By Proposition 4.3 with g'(-) = ¢(:) = g, we obtain Y =Y” in S?(F)
and Z = Z' in H?(M). Then the uniqueness of K follows from the uniqueness of the Doob-Meyer-
Mertens decomposition. |

We are in a position to prove the existence and uniqueness of the solution to reflected GBSDE
(4.1) with a general generator g.

Proposition 4.4. Let Assumptions 2.1 and 3.1 hold with a bounded process A and ¢ be an F-
optional, nonnegative, bounded process. Then the reflected GBSDE (4.1) with data (M, A, g,()
admits a unique solution (Y, Z,K) € S*(F) x H*(M) x K.
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Proof. We will extend the proof of Proposition 3.4. Note that Y € S?(FF) in (4.1) is not necessarily
right-continuous and we equipped S? with the norm ||Y| |§§ ) = Elesssup, e e-[Y7 |2] under which
S? is still a Banach space. We observe that for 5 > 0 the norms ||- |[s2 () and |[|-| |5§ () are equivalent
on §*(F) and denote S3(F) the space S*(F) endowed with the norm || - || s2(r)- Next we adopt the
Banach fixed point theorem.

Let the mapping ® : S3(F) — S3(F) be defined as follows: for any given w € S3(F) we set
®(w) := Y™ where the triplet (Y, Z", K™) is a unique solution to the reflected GBSDE (see
Lemma 4.1)

Y = (p— / Z¥ dM, +/ 9(s,ws) dAs + K — K (4.15)
1¢,7] 1¢,T7]

where Y > ( and the fixed generator is independent of Z*.

Our next goal is to demonstrate that there exists a unique process w € Sg (F) such that ®(w) = .

Then the corresponding process z € H2?(M) and k € K can be determined by (4.15), that is, we
would obtain

i :gT_/ zdeer/ g(s, @) dAs + kr —
J¢t,7] J¢,7]

with ko = 0 and the nondecreasing process k satisfies the Skorokhod conditions in (4.1). Tt is clear
that it suffices to show that the mapping @ : SE, (F) — S% (F) is a contraction for a sufficiently large (3.

We take w’,w" € S5(F) and denote Y = ®(w') and Y = ®(w"). For the simplicity of notation,
we write y := Y — Y = ®(w') — d(w”), z:=2Z¥ —Z¥" k=K — K" and w := w' —w". It is
clear from (3.10) that y satisfies the reflected GBSDE

Y = —/ zs dM +/ (9(s,w)) — g(s,w")) dAq + by — ky
1t.T] 1t,T)

where |g(s,w}) — g(s,w?)| < Ljws| since g(s,-) is Lipschitz continuous with a constant L. By
applying Proposition 4.3, we obtain

7+ 16¢2
E[esssupeT|wT|2+/ es|zs|2d[M]5] < aLQME{/ es|ws|? dAS}
rET(F) 10,77 3 10,77

where a > 0, 8 > é and a constant ¢; > 0 is independent of «, 3, L and thus

9 9 9 7+ 16¢2 9
E|esssupe.|w,|* + esl|zs|“d[M]s| < acaL*(T +1)————E| esssup e, |w,|
rET(F) 10,7 3 €T (F)

where ¢4 > 0 is such that A7 < ¢4. Thus we conclude that ® is a contraction when 0 < a <
czlL_Qm and 8 > a~! and thus there exists a unique solution (Y, Z,K) € S*(F) x
1

H2(M) x K to the reflected GBSDE (4.1). O

4.4 Penalization Schemes for a Reflected GBSDE

To formulate results on penalization schemes for the reflected GBSDE, we recall that S = S™ U {T'}
where S™ = S"(A) is the right support of the process A. The first penalization scheme is analogous
to the case of a penalized GBSDE, which was examined in Section 3.4. Similar to Theorem 3.1, we
will show in Theorem 4.1 that the process Y = lim,,_,» Y" can be interpreted as the value process
of an optimal stopping problem with the reward process v given by

Tt = CT]l{t:T} + [V 77]1§)t]1{t<T}- (4'16)

We henceforth postulate that Assumptions 2.1 and 3.1 are satisfied with a bounded process A.
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Theorem 4.1. Let the F-optional and bounded process ¢ and (resp., the F-optional and bounded
process ) be ladlag and right-upper-semicontinuous (resp., right-continuous). Consider the sequence

of solutions (Y™, Z™, K™) to the reflected GBSDE

YT =(r— / Zy dMg + / nns — YT dAs + Kt — K (4.17)
17.7] 17,7]
where an F-adapted, ladlag, nondecreasing process K™ satisfies the Skorokhod conditions with the
lower obstacle (. Then the sequence Y™ converges monotonically to a process Y, which satisfies, for
every t € [0,T7,
Y, = esssup E[v,|F] (4.18)
o€Te,1(F)
where the process v is given by (4.16). In addition, the triplet (Y, Z, K) = lim 0o (Y™, Z™, K™) is
a unique solution to the reflected BSDE

Y; :CT_/ ZsdMs + K1 — Ky (419)
1t,7]

where an F-adapted, ladlag, nondecreasing process K satisfies the Skorokhod conditions with the
lower obstacle (.

Proof. We start by noticing that the existence of a unique solution (Y™, Z", K™) € 8*(F) x H*(M ) x
K to the reflected GBSDE (4.17) follows from Proposition 4.4. Furthermore, the sequence Y™ of

processes is monotonically increasing as n — oo (see Corollary 4.1) and the limit ¥ = lim,, 00 Y™
is well defined.

Step 1. Our first goal is to show that, for every n € N,

V" = esssup E[Y)' Ay, | F]. (4.20)
o€Te, 7 (F)

To prove (4.20), we fix n and we observe that Y™ is a supermartingale and thus, for every o € T 7 (F),
Y > E[Y]' | Fi] > EB[Y] A | Fi] (4.21)

where the second inequality is obvious. To show the reverse inequality, we fix ¢t € [0,T[ and we
define v = o' A 7" € Ty r(F) where for any fixed § > 0 we set (as usual, inf ) = T)

ol i=inf{s e [t,T]: Y < (s +e}, " :=inf{se[t,T]: K — KI' > 0},

where € := 0.5(Y;*—(;)d and the continuous, nondecreasing process K™ is given by I?f = f]o . n(ns—
Y™t dAs. We will check that Y,* = Y,* A ((C +¢) Vnlg), on the event {v < T} = {0} < 77" <
TU{r' <o} = E1 U Es. Tt is obvious that Y, = {7 on the event F3 := {v =T}.

On the event By = {t < of < 7" < T}, we have Vi — (p— > € and thus AKgild =0,
which implies that Y is a martingale on [t,c}']. Furthermore, if A*K;}g > 0, then the Skorokhod
condition gives Y = (op and if A*K:i@g = 0, then Y™ is continuous at o' and (op < Y7i <
Cop + € since ¢ is assumed to be right-upper-semicontinuous. We conclude that on E; we have
Y=Y "AN(( +¢) =Y"A(((+¢e)Vnlg), where the second equality is a trivial consequence of
the first one.

On the event Ep = {77* < o}'}, the process Y is right-continuous at 7;* and hence from the
definition of 7;* we obtain Yo =Y, <fepy =0rp where the last inequality follows from the right-
continuity of 7. We note also that the F-stopping time 7;* has values in S so that n;» = (nls).» and
thus we have Y,' = Y* A(nls), = Y' A(((+¢)Vnlg), on E; where the second equality is obvious.
It is also clear that Y™ is a martingale on [t,7;'] since the continuous, nondecreasing process K"
and the nondecreasing process K™ are constant on that interval.
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Recall that € = 0.5(Y;" — ;)0 and the processes Y™ and ¢ are bounded so that ¢ < ¢d for some
constant c. Let us denote v; := ((( +¢) V nls)ilycry + C(rl—r). Since Y™ is a martingale on
[t,v] we have

Y = E[Y) | F] =E[Y) A | Fi] SE[Y? Ay | F] +e6 <E[Y, Ay, | F (4.22)

where the last inequality holds since 0 is any positive number. By combining (4.21) with (4.22) we
conclude that (4.20) is satisfied for every n € N.
Step 2. We are now ready to show that (4.18) is valid. For any 7 € T, 7(F) equation (4.17) gives
Y — (- / 2" dM, +/ n(ns — Y™ T dA, + K7 — K
17,71 17,71

and, by applying the comparison theorem for a generalized GBSDE (see Proposition 4.2), we obtain
the inequality Y™ > Y™ where (Y™, Z™, K™) solves the linear reflected GBSDE
TP [ Zras+ [ onn - VRda.+ Ry - Rr
777 1= 7]

:cT—/ Z:dMS+/ n(ne — V) dA, + K — R7
|7,7]

1771
ng—/ 7:dMS+/ nns —Y.)dAs =Y,
17,77 17,71

where the inequality holds since the generator ¢"(t,y) = n(n: — y) is linear and the process K is
nondecreasing on [7,7]. Furthermore, by solving the linear GBSDE

Y, =¢r— / Z" dM, +/ n(ns —Y.)dAs
17,71 17,71

we obtain Y > }A/T" > 7’: where

>N

YT = E[CT(S‘T)T(—A") + (1H77Tﬂn57).(—An) . An)T |]:7—}

where the sequence of random variables & 7(—A") converges to 1,—7} as n — oo and thus, by
Lemma 3.1 and the right-continuity of 7, we obtain

Y, = lim Y > lim YV, = lmgy + 000y (4.23)

n—r00 n—oo

Using the fact that Y > Y'>0andY > ¢, we deduce that for any stopping time o € T; 1 (F), on
the event {o < T'}, we have from (4.23)

Yo > (o V (7711§)0
and Yr = (r on the event {0 = T'}. Consequently,
Yo > (rlo=ry + ¢ V (Mlz)olio<T} = Yo
Since we clearly have V" < esssup,cr, .. () E[vg |]-"t], it suffices to show that

Y; > esssup E[v, | F].
c€Tz,r(F)

The above inequality follows from the observation that, by the monotone convergence theorem, the
process Y is a supermartingale dominating the reward process v and the minimality property of the
Snell envelope. We thus conclude that (4.18) holds.

Finally, the representation of Y as the solution of the reflected BSDE (4.19) follows by noticing
that the process 7 is again upper-semicontinuous and applying the classic Doob-Meyer-Mertens
decomposition to (4.18). O
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We conclude this work by examining another penalization scheme for a reflected GBSDE where
the process ( is still the lower obstacle but the role of the process 7 differs from the previous result
and thus the limiting process Y is expected to represent the value of a Dynkin game and hence also
to be a solution to a doubly reflected GBSDE (see Remark 4.1).

Theorem 4.2. Let the F-optional and bounded process ¢ (resp., the F-optional and bounded pro-
cess ) be right-upper-semicontinuous (resp., right-continuous). Consider the sequence of solutions
(Y™ Z™ K™) to the reflected GBSDE

ZCT_/ Z" dM, — (Y —ne) " dAs + K — K
17,71 17,77

where K™ satisfies the Skorokhod conditions with the lower obstacle C. If the inequality ¢ <n holds
on the set S, then the sequence Y™ converges monotonically to the process Y which satisfies, for
every t € [0,T7,

Y; = essinf esssup E(O(o,7)| F;) = esssup essinf E(O(0,7)| F) (4.24)
7€Te,7(F) 0 €Te, v (F) oc€Ti, 7 (F) 7€T e, (F)

where O(o,T) := Colirsoy + (9 n)fﬂ{rﬁa}'

Proof. Let (Y™, Z™, K™) be the unique solution in S%(F) x H2(M) x K to the reflected GBSDE (see
Proposition 4.4)

=(r— / ZdM, — n(Y? —no)t dA, + Kj — K" (4.25)
17.7] 17.7]

where yn > ¢ and the Skorokhod conditions are satisfied by an F-adapted, nondecreasing process
K™. We note that the sequence Y™ s monotonically decreasing as n — oo (see Corollary 4.1) and
the limit Y = lim ne—soo Y™ exists.

Step 1. We will first prove that

Y; > essinf esssup E[¢oLirsor + (CV M) rlir<oy | Fe- (4.26)
T7€Tt,7(F) 0Ty, (F) -

To establish (4.26), for any fixed ¢ and n, we define 7" := inf{s € [t,7] : L™ — L? > 0} where
L = 10,4] n(f/s" — 1)t dAs. Since the process " is continuous, the graph of the stopping time
7' is contained in S N [t,T], which implies that 77* € T, (F). Suppose, on the contrary, that
7 & Tir(F). Then the event {7 < T} N {7 € S} has a positive probability and, for any
fixed w € {7 < T} N{7* € S}, there exists § = §(w) > 0 such that Azpys = Azp. However,
this contradicts the definition of 7" since L™ is absolutely continuous with respect to I and thus
Lr, 5 =Ln.

-~

The continuity of A entails that 37" > liminfgyzr ns on {ﬂ" < T} and, consequently, using
also (4.25) and the right-continuity of 7 we deduce that Y7 = Y;t% L+ A*I?%;g > }N/;t%l 4+ > 7z In
addition, we have Yﬂn > (7p since (Y", Z",K") solves the reflected GBSDE (4.25). We conclude
that Y2 > (CV 1)z on {7 < T} and, manifestly, Y = (1.

We now take an arbitrary stopping time o € T 7(F) and define v := 7' Ao so that Y™ is a strong

supermartingale on [t,v] since L" = L?. Then Y,* > ¢, on By := {7 > ¢} and Y;* > (C V7)), on
E, .= {7} < o}. Consequently, for any o € T, r(IF),

Y >R[] F] > E[Clirnsor + (CVN)aplizn<oy | Fil (4.27)



GENERALIZED BSDES AND REFLECTED GBSDES 29

from which we deduce that
Y" > esssup E[Cgll{T nsoy +(CVN)rrlizr<s |]-"t]
o€Te,r(F)
> essinf esssup E[(oliraoyp + (CV0)rlircoy | F.
TETt (F) €T, (F)
Finally, the sequence Ynis decreasing and Y = lim n—oo Y™ so that we obtain (4.26).
Step 2. In this step, we will establish the inequality

Y; < esssup  essinf E[(olirso) + (VD) rLir<oy | Fi] (4.28)
o€Te, v (F) €T ¢,7(F)

by showing that, for any € > 0, there exists o1 € Ti,7(F), which may depend on ¢, such that for an
arbitrary 7 € T 7 (F) we have

Vi SE[Cor T irsay + (CV0)rlirs,y | Fi] +e (4.29)

For a fixed t and € > 0, we define 67" := inf{s € [t,T]: Y™ < (, +¢}. Recall that the sequence
Y™ s monotonically decreasing as n — oo and Y = lim ne—soo Y™ so that oy > 0’"+1 We define an

F-stopping time ; := lim ,,—,o, 67 From the lower bound in (4.27) we know that Yt" > 0, while the
comparison theorem for reflected GBSDEs gives, for every n € N,

Y, <Y< Xy =(p — / ZodMs + K — K; = esssup E[¢, | Fi] < ¢ (4.30)
1¢,T7] 7E€T:,r(F)

where (X, Z, K) is a solution to the reflected BSDE implicit in (4.30) with the lower obstacle ¢ (see
Section 4.1) and thus the second equality is due to the well-known relationship between a solution
to the reflected BSDE with null generator and the value process of an optimal stopping problem
with the bounded reward process (.

From the assumption that ( is right-upper-semicontinuous we deduce that ?gg < (s» + € where

the inequality is trivially satisfied on the event {5}' = T'}. Since Y™ is a ladlag process, it would be
possible to have sample paths satisfying: }7% > (57 + € and there exists § > 0 such that yn < C+e
on o, a7 + ¢]. However, by the right- upper semicontinuity of ¢, this would imply the inequalities
Y hy < Gop +eand A*K %9 > 0. This would lead to a contradiction since, from the Skorokhod

condltlon for K™9, the 1nequahty A"’K%’@q > 0 implies that Yaf =(op < (on +e< YE"?. In view of
these considerations, we conclude that Y™ > Y™ —¢ > C on [t,67[ and Y™ > Y™ —¢ > { on |t,57].
Together with the Skorokhod condition for the process K™, this gives

K2 — K} = / dE™" + / dK}Y =0. (4.31)
It.o7] [t.oll
If we take v := 7 A 67 where 7 € T, 7(F) is arbitrary, then
Y =E[Y) - / n(Y! = )T dAs + K — KJ' | Fi] < E[Y;| F]
It.v]

B[V L (rsapy + Y L r<apy | Fi]
E[C&g]l{7->a;1} + (Y™ VeV M+ lir<apy | Fe] + ¢
<E[Coplirsopy + (Y V VD) Lreoy | Fi] +E[[Y = Yo | F] + CE[Ly5, 00 ()| Fi] +€

IN

where on the event Ey := {7 > 7'} we have used the inequality }75’% < (sp + ¢ while on the event

E5 := {7 < 3]} we have used the trivial inequality }77." < 377" V (; V n;. By considering the limit
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superior in n and using the conditional reverse Fatou lemma (see Theorem 2 in [44]) together with
the right-upper-semicontinuity of ¢ and the monotone convergence theorem, we obtain

Y SE[Go Dirsoy + (VY VEVD) A prcoy | F] +e

Next, we will show that Y can be omitted from the conditional expectation above. For any 7 €
T (F), equation (4.31) gives

Y =Y2 — / Z"dM, — n(Y? —ne)*t dA,.
T JIner I7.071

_ We now use similar arguments as in Step 2 in the proof of Theorem 4.1. We observe that
Y7 < (on + € and, for all (w,s,y) € Q x [0,7] x R,

(¥ = ns) " (@) 2 Loz, 1(8)(y = 1) " (W) = Lo,5,7(5)(y — 1) (w)

where the function g(w, s,y) := 10,5,1(5)(ns—y)(w) is nonincreasing in y, for every (w, s) € Q2x[0,T].
By applying the comparison theorem for a GBSDE (see Proposition 3.1) on the interval [, 2], we
see that Y < Y™ where (Y, Z™) solves the following linear BSDE

Y/ =(on +€— / ZrdMs — n(Y]' — 775)11[[0754] (s) dAs

Iro7] Iroz]

= (om —I—E—/ Z;ldMS—F/ n(ns — Y")dAT".
Ir.o7]

Ir.a7]

Let us denote A" :=nA. Since 7 < o, < g < T, Corollary 3.2 gives

Y =E[(Gn +€)&r 5, (—A™) + (1)1 507 (—A™) « A™) 1 | F;]
E[C&,— 57,67(_14”) + (]1]]7-,&7]]7757,»(—14") o An)T |]:T] + E[[C&Z} - C&,—]gr,é'f(_An”]:T} +e

IN

where in the last inequality we have used the inequality &, 5 (—A™) < 1. The quantity &; 5, (—A")
converges to 1y,—5 y as n — oo and, by the subadditivity of the limit superior, the conditional
reverse Fatou lemma and the dominated convergence theorem, we obtain

lim sup E[[C@ — (5. )85, (—A™) | ff}

n—oo

< limsup E[[C&;ﬁ&-,@ (=A™)] -7:7-} - nlgnoo E[Cafgr,af (=A™)] -7:7-}

n—roo

< E[[hmsupcw = G L {r=5my |-7:7-} <0
n— o0

where the last inequality holds since ¢ is right-upper-semicontinuous along stopping times (see
Remark B.3 in [32]). For any fixed € > 0, we conclude from the subadditivity of the limit superior
and Lemma 3.1 that

Y, <CGlprsy + 0 lirco,y e < (CV0)r +6

and thus SN/T < (¢ V1), for every stopping time 7 in T 7 (F), which gives the desired upper bound
in (4.29).

Step 3. Since we always have that

essinf esssup E[O(o,7)|F;] > esssup essinf E[O(o,7)|F]
7€Tt,7(F) 0€Ts, 7 (F) o€Te, 7 (F) TE€T ¢, 7 (F)

we obtain (4.24) by combining (4.26) with (4.28). O
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Remark 4.1. It is natural to conjecture that the process Y given by (4.24) can be represented
through a solution to a doubly reflected BSDE. Although we do not examine that issue in the
present work, let us point out that in the case where the processes  and ¢ are cadlag and A; = ¢, it
was demonstrated in Theorem 3.1 of Hamadeéne et al. [25] that the limit Y satisfies locally a doubly
reflected BSDE with the lower and upper obstacle equal to ¢ and 7, respectively. In addition,
Theorem 4.1 in [25] shows that if the obstacles are completely separated, in the sense that the
inequality 1 > ¢ holds, then Y is a solution to a doubly reflected BSDE.

From the point of view of the present work, we expect analogous results to be valid. However,
since the exercise set of the minimizer in (4.24) is constrained to the right support of the measure
generated by A, we expect the limit Y to satisfy a doubly reflected BSDE with possible constraints
on the Skorokhod condition. More specifically, we expect that the reflection process associated
with the upper obstacle 1 only increases at times when a solution Y hits the upper obstacle 1 and,
simultaneously, the process A increases (more precisely, on the right support of the random measure
generated by A).
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