SINGULAR ANISOTROPIC ELLIPTIC EQUATIONS WITH
GRADIENT-DEPENDENT LOWER ORDER TERMS

BARBARA BRANDOLINI AND FLORICA C. CIRSTEA

ABSTRACT. We prove the existence of weak solutions for a general class of Dirichlet anisotropic
elliptic problems of the form
Au+ &(x,u, Vu) = ¥(u, Vu) + Bu + f

on a bounded open subset @ C RY (N > 2), where f € L'(Q) is arbitrary. Our models are
Au = — Zj\;l 0;(|0;u|P? ~20;u) and ®(u, Vu) = (1 + Zj\;l aj\aju|pj) |u|™ 2w, with m, p; > 1,
aj >0for1 <j <N and ij:l(l/pk) > 1. The main novelty is the inclusion of a possibly
singular gradient-dependent term W(u, Vu) = Z;\Ll |u|% 2w |9;u|%, where §; > 0 and 0 <
q; < pj for 1 < j < N. Under suitable conditions, we prove the existence of solutions by
distinguishing two cases: 1) for every 1 < 7 < N, we have §; > 1 and 2) there exists 1 < j < N
such that §; < 1. In the latter situation, assuming that f > 0 a.e. in €2, we obtain non-negative
solutions for our problem.

1. INTRODUCTION AND MAIN RESULTS

This paper is a continuation of our study initiated in [16] to obtain existence of solutions for
general anisotropic elliptic equations in a bounded, open subset  C RY (N > 2), subject to a
homogeneous Dirichlet boundary condition, © = 0 on 9€2. We impose no smoothness assump-
tions on the boundary of €2. The equations under consideration feature a low summability data
f € LY (), a lower-order term ®(z,u, Vu) satisfying a “good sign” condition, an “anisotropic
natural growth” in the gradient and no upper bound restriction in |u| (see and (L.14)).
The novelty of our work here, compared with [16], consists in the introduction of a possibly sin-
gular gradient-dependent term W¥(u, Vu) (as in (L.3)) which cannot be incorporated in ®. The
main contribution in this paper is to show that, under suitable assumptions, our problem (|1.11))

admits solutions u in the anisotropic Sobolev space Wol’?(Q) such that ®(x,u, Vu) € LY(Q).
This answers a question we raised in [16].

Let Wol ?(Q) be the closure of C2°(2) (the set of smooth functions with compact support in
2) with respect to the norm Hu||W1,7(Q) = ijzl |0;ul| 17i (), where we assume that
0

1<p;j<pjt1<oo forevery1<j<N-1 and p<N. (1.1)

Here, p is the harmonic mean of py,...,py, that is, p := N/ Z;V:l(l/pj). We write 0ju for
the partial derivative Ou/0x;. We use W‘lj,(Q) for the dual of W(}’?(Q) and (-,-) for the

duality between W*L?I(Q) and Wol’?(Q). Since p < N, the embedding WOI’?(Q) — L*(Q)
is continuous for every s € [1,p*] and compact for every s € [1,p*), where p* := Np/(N — p)
stands for the anisotropic Sobolev exponent (see Remark in the Appendix).
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Before introducing our general problem in Section [[.2] and the main results associated with
it (Theorems and [1.4)), we present a model. For every (¢,£) € R x RY, we define

N
Bo(t, &) = <a0 +> aj|§j|Pj> t™ =%t with m > 1, a9 >0, a; >0 for 1 <j <N, (1.2)
j=1
N
(&) = Y [H¥2t]]Y with 6, >0and 0 < ¢; <p; forall 1 <j<N. (1.3)
j=1

Let h € W_l’?l(Q) and f € L'(Q) be arbitrary. The model for our problem is as follows:
N
- Zaj(|8ju|pj*28ju) + @o(u, Vu) = ¥(u, Vu) + h+ f in €,
j=1 (1.4)
we WEP(Q),  ®o(u, Vau) € L(Q).
Regarding {6;}1<j<n, we distinguish two cases:

Case 1: (Non-singular) For every 1 < j < N, we have §; > 1.
Case 2: (Mildly singular) We have 6; < 1 for some 1 < j < N. In this case, we will impose
some restrictions, such as h = 0 and f > 0 a.e. in 2, to obtain non-negative solutions of (|{1.4]).

To give the notion of solution of (|1.4)), for v € Wol’?(Q) NL>®(Q) and Uy € VVol’H (€2), we define
Ty (v) ;:/ W (U, VU) v da. (1.5)
{IUo|>0}

By a solution of (1.4)) we mean a function Uy € Wl’?(Q), which is non-negative in Case 2, such
that ®¢(Uy, VUy) € L*(Q) and for every v € Wol’ (©) N L>°(9), we have Iy, (v) € R and

N
/QZ |8on|pJ’_28on 8jv dxr + ‘/Q (I)U(Uo, VU()) vdr = IUO (U) + <h,1j> + /Q fvdx. (1.6)
j=1

We leverage ®g to get the existence of solutions of (1.4) for every f € L'(£2). This is reflected
in a (lower bound) condition on m > 1. To be precise, we define

0.1
NﬁiZ{lﬁjSN!ﬂijZQ ‘JpJ‘ZP},
Pj — g

(1.7)
P : , _Pi—4 (_Yp
2 ={1<j<N: ajg >0, mj>1}, wherem;:= -p].
4j bj —aqj
When either N or P3 is non-empty, we need m > 1 to satisfy
m > max Pi_ and m > min {0;,m;} for every j € P3. (1.8)
JENG Pj — qj

We first illustrate our main results for the model problem in ([1.4)).

Theorem 1.1. Let (1.1)-(1.3) and (L.8)) hold. Let h € W‘LF/(Q) and f € LY(Q) be arbitrary.
When f # 0, we assume that minj<j<y a; > 0. Assume Case 1 or Case 2 and, in the latter,
let h=0 and f >0 a.e. in Q. Then, (1.4) has a solution Uy € WOL?(Q). Moreover, for f =0,
we have that ®o(Ug, VUy) Uy and W (Uy, VUy) Uy belong to L' () and (1.6]) holds for v = Up.

1.1. A brief history of the problem. To understand how our results fit within the literature,
we review what is known in the isotropic case, where the model problem is the following:

—Apu + AMu|™?u = c(u)|Vul? + f in Q,
(1.9)
u=0 on 0f2.



Here, —Apu = —div (|Vu|P~2Vu) is the p-Laplacian operator with 1 < p < oo, A > 0, m > 1,
g > 0 and ¢(-) is a continuous, non-negative function. We start by considering A = 0, ¢(-)
constant and f summable enough. The case 0 < g < p — 1 is well-known. Indeed, the existence
of a solution u in VVO1 P(Q) follows easily from a priori estimates, which are obtained using u as a
test function. This is part of the general theory of pseudo-monotone operators by J. Leray and
J.-L. Lions (see, for example, |35]). When f has low summability, the main questions appear to
be solved (see, for instance, [7], [10] and the references therein). The limiting case ¢ =p — 1 is
more difficult since the operator —A,u — ¢|Vu|? is not coercive for large c. This difficulty has
been first overcome by Bottaro and Marina in [14] when p = 2, and by various authors in the
nonlinear case (see, for example, [10}22]).

We now focus our attention on the case p — 1 < ¢ < p. When ¢ = p, the existence of a
bounded weak solution is proved in [12] when f € L"(2) with r > N/p. The case f € LN/P(Q)
is treated in [26], which shows that there exists a positive constant C' = C(3, N, p) such that, if
11l /0y < C' then a solution u € W, P(Q) of problem exists such that exp (%|u|) -1e€

W, P(€). Similar results are proved in the case p — 1 < ¢ < p (see [25,]33] and the references
therein). The authors of [6] consider the case p — 1 < ¢ < p and look for sharp assumptions on
f in order to have a solution obtained as a limit of approximations (SOLA).

As far as we know, the more challenging case is ¢ > p: it requires a completely different
approach and it appears to be largely open (see, for instance, [18] and the references therein).

The case A =0, ¢(u) = u® with a > 0 and p = ¢ = 2 is considered in the paper |1]. Among
other things, the authors prove that if « > 0 and f > 0 is sufficiently small, then there exists
a positive solution in H}(Q). In [2] (see also [8,[19,32]) any value of « € R and 1 < ¢ < 2 is
allowed. The authors prove that: if « < —1/q and f € L'(£2), then there exists a distributional
solution; if —1/¢ < a < 0 and f € L"(Q2) with r > N/2, then there exists a solution in H{(9);
if @ > 0, then there exists a solution only if f is small enough. In [31] the presence of an
absorption term, which corresponds to A > 0 and m = 2, is used to prove the existence of a
bounded solution in Hﬁ)c () when o < 0, p=¢ =2 and f is a bounded, non-negative function.

Sharp a priori estimates for solutions to anisotropic problems with A = 0 and ¢ = 0 have
been proved by Cianchi [20] (see also [4L5]) by introducing a convenient notion of rearrangement
satisfying an anisotropic version of the Pdlya-Szegd principle. For other results on anisotropic
problems we refer the interested reader to the recent papers [3,[21}23}24},27-29].

We end this section by recalling the paper [13] (see also [15,/17,30] and [34] for the anisotropic
equivalent), where the Dirichlet homogeneous problem relative to the equation —Au = f/u® is
considered. The authors distinguish three cases: 0 < a < 1, « = 1 and a > 1. The first two
cases can be treated using approximation techniques and providing the existence of a unique
solution in H}(€). The validity of a strong comparison principle is a fundamental tool in order
to prove the monotonicity, and also a uniform bound far from zero, of the sequence of solutions
of the approximate problems. We stress that this kind of arguments cannot be generalized to
the anisotropic setting because of the lack of a strong maximum principle (see [37]).

1.2. Our general problem. We remark that the principal part in (1.4]) is the anisotropic -
Laplacian operator Au = — Zé»v:l 9;(|0;ulPi=20ju). Tt is the prototype of a coercive, bounded,

continuous and pseudo-monotone operator A : VVO1 Q) — W‘lv?l(Q) in divergence form
N
Au = —Zaj(Aj(:c,u, Vu)). (1.10)
j=1

In this paper, we give existence results for general singular anisotropic elliptic problems such as
Au+ ®(z,u, Vu) + O(x,u, Vu) = ¥(u, Vu) + Bu + f in €,
{u € W&’?(Q), ®(z,u, Vu) € LY(Q),

where f € LY(Q2) and A is as in (T.10) with A4;(z,t,€) : @ x R x RY — R a Carathéodory
function for each 1 < j < N (that is, measurable on Q for every (¢,£) € R x RV and continuous
3
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in t,& for a.e. x € Q). Moreover, ®(x,t,£), O(z,t,&) : 2 x R x RN — R are also Carathéodory
functions. For any r > 1, let ' = r/(r — 1) be the conjugate exponent of r.

The conditions on A, ® and © are similar to those in [16]. We assume that there exist
constants vp,v > 0 and non-negative functions n; € LPi (©) for 1 < j < N such that for a.e.
x €€, for all t € R and every &, EERN, we have

N

Z (.’L‘ t § §i > 1o Z ’éz‘pl [CoerCiVitY]7

i=1 i=1

N

> (Aile,t,€) = Ay, 1,6)) (6 — &) >0 if€#£E  [monotonicity], (1.12)

s
Il
—

N 1/}
|Aj(z,t,8)| <v {nj(ac) PP <Z ]fi\pi> ] [growth condition].
i=1
We note that in the growth condition in ([1.12]), we take the greatest exponent for |t| regarding
the anisotropic Sobolev inequalities. For the pseudo-monotonicity of A, see |16, Lemma 2.7].
Assume that there exist a constant Cg > 0, a non-negative function ¢ € L'(Q) and a
continuous non-decreasing function ¢ : R — R* such that for a.e. 2 € Q and all (¢,£) € RxRY,

O(z,1,8)| < Co, tR(x,1,8) 20, [®(x,1,8)| < o([t]) (Z\§]|pﬂ+c > (1.13)

|®(x,t,&)| > |Po(t,€)|, where P is as in (L.2). (1.14)

Compared with [16], we have the extra assumption (|1.14) to deal with the new term ¥ in (1.3).
The operator B in (1.11)) belongs to the general class B¢ introduced in [16]. By BEC we

denote the class of bounded operators B W ?( Q) - w-t 7(Q (Q) satisfying two properties:
(P1) The operator A — B from Wol’? () into W‘l’ﬁl(Q) is coercive in the sense that

(Au — Bu,u)

— OQ.
[l

— oo as [ull,17
Wy 7 () o

(P2) If uy — uw and vy — v (weakly) in W&’?(Q) as £ — oo, then
lim (Buy, vg) = (Bu,v).
L—o0

We recall from |16] that our assumption (P,) is somehow reminiscent of (iii) in the Hypothesis
(II) of Theorem 1 in the celebrated paper [35] by Leray and Lions. Every operator satisfying
(P,) is strongly continuous (see [16]) and thus pseudo-monotone (cf. [38, p. 586]). However,
unlike A, the operator —B is not necessarily coercive (see Example .

Let BE€, be the class of operators in B¢€ satisfying the extra condition

(Ps3) For 1y > 0 in the coercivity condition of and each k > 0, it holds

Vo Z 10; uHLpJ @ — (Bu, Tiu) — 0o as ||u||W0177(Q) — 00.
We use T}, for the truncation at height &, see ([1.19)).
To indicate that the operator A is associated with the class B¢ and B, , respectively, we
shall write BE(A) and B, (A), respectively. We recall from [16] examples of B in BE(A).

Example 1. Let F' € L(p*)/(Q) and h,h € W‘l’ﬁl(Q) be arbitrary. Let p, o € Rfor 0 < k < 4.
For every u € W&’?(Q), we define
(1) Bu = h;
(2) Bu=F +plu/!2uwithl <9¥ <pif p>0and 1 <9< p*if p<O0;
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(3) Bu = (ao—i—alHuH?ﬁ(Q) +a2|(7z,u>][’l) (ash + auF'), where r € [1,p*); we take by €
(0,p/p}) and by € (0,p1 — 1) if g #0; by € (0,p — 1)land be € (0,p1/p) if ag =0;

(4) Bu = —Zévzl 9; (Bj + |ul?~ u), where §; € LFi(2) and o; € (0,p/p) forall 1 < j < N.

In each example, B belongs to the class BE((1 — ¢)A) for every € € [0,1).

Definition 1.2. A function Uy € W(}’ﬁ(Q), which is non-negative in Case 2, is said to be a
solution of (1.11) if ®(x, Uy, VUy) € L*(Q) and for every v € WOI’W(Q) N L>(Q),
Sve,0,£(v) = (BUy,v) if ¥ =0, (1.15)
Ste.0.7(v) = (BUy,v) + Iy, (v) if ¥#0, (1.16)
where Iy, (v) and Sy,e,f(v) are given respectively by (1.5)) and

Sv.0.f(v) == (AUO,U)+/ q)(l',Uo,VUo)Udl'+/ @(a:,Uo,VUo)vdx—/ fvdz.
Q Q Q

To simplify the notation, we have not included A and ® in the symbol Sy, e r(v). When
f =0, we simply write Sy, e(v) instead of Sy, e, f(v).

Assuming (|1.12)) and (1.13]), we have shown in |16, Theorem 1.3] that when ¥ = 0 and f = 0,
then (1.11) has a solution Uy for every B in the class BE(A). Moreover, ®(z, Uy, VUy) Uy €
LY(Q) and holds for v = Up. If, in addition, there exist constants [,y > 0 such that

N
|®(x,t,&)| > ’yz &;[P7 for all |t] > 1, ae. z € Qand all £ € RY, (1.17)

j=1
then (I.11])) with ¥ = 0 has at least a solution for every f € L'(2) and B in the class B, (A).
In this paper, under suitable hypotheses, we prove the existence of solutions for (1.11)) with

¥ in (T.3) (see Theorems|l.3]and 1.4 below). Let v¥ = max{%v,0} be the positive and negative
parts of v. In Case 2, we look for non-negative solutions of ((1.11)) and assume, in addition, that

(Bv,v) >0, (Bw,z) >0 forall v,w,z € W&’ﬁ(Q) with w, z > 0,
f(z) >0, O(z,t,6) <0 forae zeQandall (t,€) € R xRY, (1.18)
®(2,0,0) =0 and Aj(z,0,0)=0ae z€§, forall 1 <j<N.

Without further mention, we henceforth understand that (|1.18)) holds whenever Case 2 occurs.
Our main results are stated below.

Theorem 1.3. Let (1.1)), (1.3), , and (1.12)—(1.14) hold. Let f = 0 in (1.11). Suppose
that B belongs to the class BE((1 —¢e)A) for some e € (0,1). Assume Case 1 or Case 2. Then,

there exists a solution Uy € Wol’?(Q) NL™(Q) of (1.11)). Moreover, both ®(x,Uy, VUy) Uy and
U(Uy, VUy) Uy belong to L'(Q) and (1.16)) holds for v = U.

When N U P = (), then Theorem gives that admits a solution for every m > 1.

If in the framework of Theorem we have minj<;j<xy a; > 0 (in relation to (1.14))), then we
obtain the existence of solutions fo for every f € L'(Q) and B in the class B, ((1—¢)A)
for some € € (0,1). More precisely, we prove the following result.

Theorem 1.4. Let (1.1)), (1.3), (1.8) and (1.12)~(1.14) hold and, in addition, mini<;j<n a; > 0.
Let f € LY(2). Suppose that B belongs to the class BE, ((1—¢)A) for some e € (0,1). Assume

Case 1 or Case 2. Then, (1.11)) has at least a solution ugy € WOI’?(Q).

1.3. Notation. As usual, in the following sections, we will denote by C' a positive constant,
the value of which can change from line to line. For k > 0, we let T : R — R stand for the
truncation at height k, that is,

Te(s) = s if |s| <k, Tk(s):k,% if [s| > . (1.19)

5



Moreover, we define G, : R — R by
Gr(s) = s —Ty(s) forevery s € R, (1.20)
so that G = 0 on |-k, k|.
For every u € Wy ? (Q) and for a.e. x € Q, we define
A5(w)(@) = Aj{,u(z), Vu(z)) for every 1 < j < N,
D(u

)(2) i= @(x, u(z), Vu(z)),  Po(u)(z) = Po(u(z), Vu(z)),
O(u)(z) := O(z,u(z), Vu(z)), P(u)(z) = ¥(u(z), Vu(z)).
For u,v,w € Wol’ (Q), we introduce &, (v, w) as follows
N
Eu(v,w) == Z [Aj(z,u, Vv) — Aj(z,u, Vw)] 0j(v — w). (1.21)
j=1

We set 7 = (p1,p2,...,pn) and P’ = (p},ph, . .. Dy )-
As usual, y,, stands for the characteristic function of a set w C RY.

1.4. Strategy for the proof of Theorems and We first take f = 0 in and
in the framework of Theorem we obtain a solution Uy (with additional properties that
®(Up) Uy € L*(2) and ¥(Uy) Uy € L*(Q2), allowing us to take v = Up in (1.16)). The difficulty
in our analysis arises from the interaction of the absorption term ® with the gradient-dependent
lower order term ¥. We point out that ¥ cannot be integrated into ® since they have the same
sign but appear in the opposite sides of . Moreover, ¥(u) is not part of Bu either (except
in very special cases such as ¢j =0 and 1 < ; < p for all 1 <j < N). Hence, we cannot tackle
U(u) directly in the framework of our paper |[16]. We overcome this obstacle by approximating
W(u) by bounded functions W,,(u) with [[¥p,(u)||Lec (@) < Nn for every n > 1 (see Section .
We consider a sequence of approximate problems corresponding to (1.11) with f =0 and ¥
replaced by {¥,},>1. Then, for each n > 1, by applying Theorem 1.3 in [16], we obtain the

existence of a solution U,, € WO1 7(Q) N L™($) for the approximate problem
AU+ @U)+0O6U)=",U)+BU inQ,
{ UeWh7(@Q), &U)e L)

Moreover, U, is non-negative in Case 2 in view of the hypothesis (1.18]) (see Lemma . We
capture the properties of U, in Proposition - 2.3 to be proved in Section @l We are able to get
a suitable upper bound for [, ¥(U,) U, dr via Lemma To show that {U,}, is bounded

in Wy 7(Q) and also in L™(Q), we rely on and the property (P;) of 9B in the class
BE((1 — ) A). Hence, up to a subsequence, {U }n>1 converges weakly in both VV1 7( Q)

L™(Q) to a function Uy € Wo ?(Q) N L™(Q). It turns out that Uy is a good candidate for a
solution of ([1.11). In addition to ¥, (U,), we need to handle another gradient-dependent term,
namely, ®(U,,). To deal with these terms, we show in Proposition that, up to a subsequence,

(1.22)

and

Un, — Up (strongly) in W&’?(Q) as n — 00. (1.23)
To prove ((1.23)), it is enough to show that for a subsequence of {U, },, we have
N
Eu, (UL, UF) =D [Aj(x,Un, VUZ) — Aj(x, Uy, VU] 0;(UE —Uy) = 0 in L'(Q) (1.24)
j=1

as n — o0o. Indeed, from (T.24) we obtain that, up to a subsequence, VU — VUSE a.e. in €
and U — U (strongly) in W&’?(Q) as n — oo. For details, see Lemma in the Appendix.

Broadly speaking, the proof of ([1.24]) is inspired by the approach in the celebrated paper
[9] dealing with Leray-Lions operators from Wol P(Q) into W12 (Q). We point out that, in
our case, the analysis becomes more technically involved given the anisotropic setting with the

modified growth condition in ([1.12)) and the inclusion of B and W. Based on the property (Ps) of
6



B and a careful use of the absorption term, we show that lim sup,,_, ., HGk(Un)le,p(Q) < Wi,
0

where limg_,o W = 0, see Lemma [5.2] This is an essential tool not only in the proof of
(1.:24) but also in that of Lemma [A.4] (see Remark [A.5). The technical details in the proof of
Proposition are deferred to Section [0}
Then, by Proposmons 3l and 2.4 we can apply Vitali’s Theorem to obtain that
<I>(Un) — ®(Up) in LYQ) asn — oo. (1.25)

We end the proof of Theorem [1.3] by showing that, up to a subsequence of U, we have

Ty, (v) = hm/\ll ) vdz = Sy, 6(v) — (BU, v) (1.26)

for every v € W, ?( Q) N L*>®(Q). For details see Section 3.
We remark that it is possible to make the proof of Theorem work with only the strong

convergence in Wo1 7 (Q) for the truncations Ty (U, ), namely, proving that up to a subsequence,

T0(Uy) — Ti(Up) in WP (Q) asn — oo, for every k > 1. (1.27)

It is this latter strategy that we adopted in our paper |16] for ¥ = 0 (inspired by [11]), first
to obtain the existence of solutions for f = 0 and then building upon it also for f € L'(Q). But
unlike Theorem the approximation argument for f = 0 in [16] concerned the absorption
term ®.

For Theorem dealing with a low summability term f € L'(2), we use a well-known
approximation: we replace f in by a sequence {fy,}n>1 of L°(Q)-functions such that
|fnul < |f| for each n > 1 and f,, — f in L*(2) as n — oo. For the approximate problem, we use

Theorem to gain a solution u,, € VVO1 " (2). The additional assumption minj<j<ya; > 0
and the extra property (Ps) for B in BE, ((1 — ¢)A) are needed to obtain in Proposition

that the solutions u,, are uniformly bounded in VVO1 "7 (92) with respect to n. Since here we test
the approximate problem with Tj(u,) (and not u,, which is potentially unbounded), we can
only derive that {®(uy)}, (and not {®(u,)u,}n>1) is uniformly bounded in L!(£2) uniformly
with respect to n. However, this suffices to get that ®(ug) € L}(£2), where ug is the weak limit
in WO1 7(Q) of (a subsequence of) {uy},>1. In Proposition we establish the analogue of

(1.27)). To this end, we use [16, Lemma A.5] (and a diagonal argument) to reduce the proof to
showing that for every k£ > 1 and, up to subsequence,

& (Ti(tn), Ti(ug)) — 0 in LY(Q) asn — oo. (1.28)

(For the definition of &,, see (1.21)).) To prove (1.28)), we adapt the approach in our paper [16]
by testing the approximate problem with

v = (Th(un) = Tie(uo)) exp (A (Th(un) — Th(uo))?)

for A = A(k) > 0 large enough. The new ingredient here corresponds to getting a good control
of I, for this test function (see Lemma.

Bearing in mind the strong convergence of T (u,) to Ti(ug) in Wol ?(Q) as n — 00, we can
obtain the analogue of (|1.25) and then pass to the limit in the approximate problem to obtain
suitable counterparts of (|1.26)) (see Lemma [7.7| for details). Putting together the above results,

"(Q) is a solution of (1.11]).

1.5. Structure of the paper. In Section [2] we consider the sequence of approximate problems
(1.22]) and we establish the existence of solutions, which are non-negative in Case 2. We state

the a priori estimates and the strong convergence of such solutions in I/VO1 7 (), deferring their
proofs to Section [4] and [6] respectively. Based on these properties, we complete the proof of
Theorem [I.3] in Section Bl In Section [§l we include several results that are invoked in Section [6l
Section [7] contains the proof of Theorem For the reader’s convenience, in the Appendix we
present some details which are modifications of arguments known in the literature or already
contained in our recent paper [16].

we conclude that ug € Wol ’
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2. APPROXIMATE PROBLEMS

We always assume that (|1.1] . and ( hold. Unless otherwise stated, we also
understand that ® satisfies 1-| and % belongs to the class BE((1 —¢)A) for some ¢ € (0,1)
(see Section [2.2] below for an exception). We first take f =0 in (L.11)).

2.1. Setting up the approximation. We introduce the sets
Ji={1<j<N: 6;>1}, J:={1<j<N: 0<0; <1}
Case 1 (respectively, Case 2) in Theorem corresponds to Jo = () (respectively, Jo # ().
Let n > 1 be arbitrary. For each 1 < 5 < N, we define
[t1]% 2ty [t2]%
1+ L)ty 95 o]

Hjn(t,t2) = for every (t1,t2) € (0,00) x R. (2.1)
In Case 1, for each 1 < j < N, we extend H; ,(t1,t2) on (—oo, 0] x R with the same formula as
in (2.1). In Case 2, for each j € J; (when J; is not empty), we extend Hj,,(t1,t2) on (—oo,0] xR
so that it becomes an even function in the first variable.
In Case 1 or Case 2, we define ¥,, from W&’?(Q) into L>(Q) as follows

U, (u) := Wy 5, (u) + Uy g, (w), (2.2)
where ¥, 1, (u) and ¥y, j, (u) are functions from  to R given by
Ui, (w)(2) = Y Hjn(u(2),05u(2)),  Wnp(u)(z) =Y Hja (u@)] +1/n,05u(z)). (2.3)
jen J€J2

Clearly, ¥, (u) € L*°(Q) for every u € W&’?(Q) and || Wy, ()| poo () < Nn.
As explained in Section we consider the approximate problem (|1.22)).

2.2. Existence of solutions for ((1.22). We point out that for the existence of solutions of
(1.22)), we do not need ® to satisfy (|1.14). Moreover, the operator B can be taken in the class
BE(A) (rather than BE((1 — €)A) for some € € (0,1)).

Lemma 2.1. Let (L.1), (L.3), ([1.12) and (L.13) hold. Suppose that B belongs to the class
BE(A). Assume Case 1 or Case 2. For every n > 1, problem (1.22) admits a solution Uy,
which in addition satisfies ®(U,) U, € L'(Q) and

i o / U,y (Un) U dz + (BU,, Uy,). (2.4)

Moreover, in Case 2, we have U, > 0 a.e. in €.

Proof. By applying Theorem 1.3 in [16], with © there replaced by © — W,,, we obtain that (1.22])
has a solution U, (in the sense of Definition with ¥ = 0), satisfying

Su., o / U, (Uy) vda 4 (BU,,, v) for all ve WP (Q)NL®(Q). (2.5)

Moreover, ®(U,) U, € L'(©2) and (2.4) holds. We now show that in Case 2, we have U, > 0
a.e. in Q. Since U,, may not be in L‘X’(Q), we cannot directly use v = U, in (2.5). However,

for every k > 0, we have Ty (U,,) € Wo ?(Q) N L>(Q). Hence, by taking v = Ty (U,;) in (2.5),
we obtain that

St o /qf U-) da + (BUn, Th(U)). (2.6)

Notice that || T, (U, )|, 17 () < <|lU; || for all £ > 0. Moreover, 0;(1(U,;)) — 0;U,; a.e.

@
in Q as k — oo, for every 1 S j < N, so that T.(U;) — U, (weakly) in WO’?(Q) as k — oo.
Since AU,, and BU, belong to W‘lj/(Q), it follows that

i (AU, T(U)) = (AU Uy) and i (BU, Ty(U;) = (BU, Uy).

—00 —00
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Recalling that ®(U,) U, € LY(Q), W, (Up)| 1o (o) < Nn and (1.13) holds, from the Dominated
Convergence Theorem, we can pass to the limit £ — oo in (2.6)) to find that

St o /\p VU dx + (BU, U, (2.7)

In view of (1.18]), we see that the right-hand side of (2.7) is non-negative. Using also the
coercivity condition in ([1.12]), we infer that the left-hand side of (2.7)) is bounded above by

N
- <1/0 Z/ |0;U,,|P7 dz + ®(U,) Uy, dz + / oU,) U, dz) . (2.8)
j=1 {Un<0} {Un<0} {Un<0}

From the sign-conditions on ® and © in ([1.13) and (1.18)), respectively, we see that all terms
contained in the round brackets of (2.8)) are non-negative. Hence, meas ({U,, < 0}) = 0 and so
U, >0 a.e. in €. 0

Remark 2.2. If, in addition, ® satisfies (1.14] - then for the solution U of - pmmded by
Lemma we have Uy, € L™ (). This follows from the property ®(U,

2.3. Strong convergence of U,. Throughout this section, we work in the framework of Theo-
rem[I.3] Then, Lemma 2.1 and Remark [2.2) give that for every n > 1, the approximate problem

(1.22)) has a solution U,, € I/VO1 7 ()N L™(Q2). In Proposition we derive essential a priori
estimates in Wol ?(Q) and in L™(Q) for the sequence of solutions {U,, },>1, which up to a sub-
sequence, converges weakly to some Uy both in VVO1 7(Q) and in L™(Q2). In Proposition

we show that, up to a subsequence, {U, },>1 converges strongly to Up in Wol Q) as n — oo,
see (2.12). We aim to prove that Up is a solution of (1.11) with f = 0. In Sections [4 and [6]
respectively, we prove Propositions[2.3 and which are the crux of the proof of Theorem

Proposition 2.3. Let ( , , and - - ) hold. Let f = 0. Suppose that B

belongs to the class %Qf((l - 5) ) for some ¢ € (0,1). Assume Case 1 or Case 2.

(a) There exists a constant C > 0 such that for every n > 1, the solution U, given by
Lemma satisfies

1Unllyy, 17 (q ) 1Unllma +/<1> de+/\1f YUndz < C. (2.9)

(b) There exists Uy € Wol’?(Q) N L™(2) such that, up to a subsequence,

Un, — Uy (weakly) both in W&’?(Q) and in L™(Q) as n — oo,

U, — Uy a.e. in€asn — oo. (2.10)

Proposition 2.4. In the framework of Proposition[2.3, up to a subsequence, we have
VU, — VU a.e. in Q as n — oo, (2.11)
U, — Uy (strongly) in Wol’?(ﬂ) as n — oo. (2.12)

Remark 2.5. Under the same assumptions as in Proposition [2.3, by Fatou’s Lemma we im-
mediately infer that ®(Uy) € LY(Q). Furthermore, using Fatou’s Lemma and ([2.9)-(2.11)), we
find that ®(Ug) Uy and ¥(Ug) Uy belong to L'(Q).

3. PROOF OF THEOREM [[.3] COMPLETED

Let m satisfy and f = 0. We show that the function Uy in Proposition is a solution
of . Once this is established, we readily obtain that holds for v = Uy in both Case 1
and Case 2 with a reasoning similar to Lemma Indeed, by taking v = Ty (Up) in and
letting k go to infinity, we get the claim.
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We now prove ((1.16]). As already pointed out in Section 1.4, we just need to check ((1.26) for
every v € Wol ?(Q) N L>°(2). We first establish the second identity in ((1.26)), that is

nh_{go/ U, (Uyp) vdz = Sy,.e(v) — (BUy,v). (3.1)
Proof of (3.1). Since U,, — Uy and VU,, — VUj a.e. in Q as n — oo, we have
O(U,) - ©(Uy) and A;(U,) — Aj(Uy) ae. in for1 <j<N. (3.2)

Let v € Wol’? (Q) N L*>®(Q) be arbitrary. Now, O satisfies ((1.13). Thus, by the Dominated Con-
vergence Theorem, we obtain that ©(U,)v — ©(Up) v in L1(Q) as n — co. Since {A;(Uy)}n>1

is uniformly bounded in LV (©2) with respect to n, from (3.2)) we get that, up to a subsequence,
A;(U,) = A;(Up) (weakly) in LP3 () as n — oo (3.3)

for every 1 < j < N. It follows that lim,_,c (AU, v) = (AUp,v). Using that U,, — Uy (weakly)

in Wol’?(ﬂ) as n — oo, the property (P;) for the operator B yields that lim,,_.. (BU,,v) =
(BUp,v). Thus, by passing to the limit as n — oo in (2.5, we gain (3.1) whenever

®(U,) — ®(Uy) (strongly) in L*(Q) as n — oo. (3.4)

Since ®(U,,) — ®(Up) a.e. in Q as n — oo and ®(Up) € L'(Q2) (see Remark , by Vitali’s
Theorem, it is enough to show that {®(U,)}, is uniformly integrable over Q. Let w be any
measurable subset of {2 and M > 0 be arbitrary. By the growth condition of ® in (1.13)), we
have

/wﬂ{lUnISM}

|®(U,)|dx < p(M <Z 110; Tas (U, ij( )—l—/wc(a:)dx>. (3.5)
On the other hand, using (2.9) and the sign-condition on ® in (1.13)), we see that

/ 1B( \dx<—/<I> VU, do < < (3.6)
wN{[Un|>M} M’

where C' > 0 is a constant independent of n and w. Since ¢ € L*(Q) and 8;T(U,,) — 8; T (Up)

in LPi(2) as n — oo for all 1 < j < N (see (2.12)), from (3.5) and (3.6) we get the equi-
integrability of {®(U,)}, over Q. By Vitali’s Theorem, we end the proof of (3.4). O

It remains to show the first identity in ((1.26)), that is

lim / U, ( Udg;—/ W(Up) v da (3.7)
o {IUo|>0}

for every v € Wy’ ?( Q)N L>®(Q).
Recall that N4 and P are given in (1.7). We define

0.1
N5::{1§j§N:ajqj:o, i <p},

¢ Pj =4 (3.8)
P%::{lngN:ajqj'>O, mjfl}.
It follows that
{1<j<N: ajq; =0} = Ny UNS, {1<j<N: ajq; >0} =Py UPS. (3.9)
For every 1 < j7 < N, we introduce the notation
Sy (U / U™ 0;Unl? dz,  Tg, g (Un) = /Q Ul 10,01 dL. (3.10)

To prove , we treat Case 1 in Subsection and Case 2 in Subsection
10



3.1. Proof of (3.7) in Case 1. Here, 6; > 1 for each 1 < j < N. Since Jy = 0, from (2.2)) and

(2.3), we find that ¥, (U,) = ¥, 5, (Uy,) = Z] 1 Hj (U, 0;Uy), with Hj (-, ) defined in (2.1)).
So, to prove ({3.7)), it suffices to show that (up to a subsequence)

lim / Hin (Un,ajUn)vdx:/ Uol%5~2Uq |0;Uo|% v dux (3.11)
Q Q

n—oo

for every 1 <j < N and all v € W&’?(Q) N L>(9).
Let 1 < j < N be arbitrary. By Proposition we have

Hjo(Un, 0;Un) — |Up|% 72Uy |0;Up|%  a.e. in Q as n — oo. (3.12)
We next show that there exists s > 1 (depending on j) such that
[ Hjn(Un, 0;Un) || Ls(0) < C (3.13)
for a positive constant C' independent of n. We distinguish the following two situations.
(a) Let j € Ny UNS (when ajg; = 0). We define s as follows
s=m'if je€ Ny and s=p' if j € N5.

Let ¢; be given by

1 9. ,
¢;j = (meas Q)% where )\—] =1- S—i - ;j (3.14)
By Holder’s inequality and Proposition we infer that
0;—1
10 (U 0500) 29 < €5 10l L ) 105Unll s ) < C

where C' is a positive constant independent of n.

(b) Let j € Py U PS (when ajg; > 0). Let Jp,p, (Uy) be as in (3. 10). In each of the situations
below, we use Holder s inequality and Proposition E 2.3| to obtain (3. 13) for suitable s > 1.

(b1) If m > (6; — 1)p;j/q;, then by choosing 1 < s < p;/q;, we see that

1_9 91'7 05— 1>PJ

1Hjin(Un, 9;Un)lls(0) < (meas (2))° 27 (T, (Un)) ™ 10;Unll 7oy 0

(b2) If 0; —1 <m < (0; — 1)p;/q;, then for 1 < s <m/(§; — 1), we have

0.—1 I_L

J(MW<>MHUMJ

bs) If 1 <m < 0;—1, then we always have m > m;. Indeed, if j € P=, then the assumption
J J a
(1.8) gives that m > min{6;, m;} = m;. If, in turn, j € P35, then m; <1 < m. Hence,
m > m; for j € P3 U P2 leads to

1

[1Hjn(Un, 05Un) || L) < (meas ()=

gj(m—m;) a; 1_qJ

1 (U 05Un) | 1y < (meas () 77 @wx>>wvm5

Thus, (3.13) holds with s = p/
This proves (3.13)) for every 1 < j < N. Then, using (3.12)), we have, up to a subsequence,

Hjp (Un, 0;Uy) — |Uo|% 72Uy |0;Up|%  (weakly) in L*(Q) as n — oo,

where s > 1 is chosen according to (a), (b1), (b2) or (b3) (for the latter, we take s = p’). Thus,

(3.11]) follows for every 1 < j < N and all v € Wol’ﬁ(Q) N L>().
11



3.2. Proof of (3.7) in Case 2. Let v be any non-negative function in W&’?(Q) NL>(Q). By
Lemma for each n > 1, we have U, > 0 a.e. in () and the same applies to Uy. Hence,
proving (3.7)) amounts to showing that

. |a UO|QJ
lim v, .U, + 9, udr = / vdz, 3.15
neseo Q( 7J1( ) J2 Z (Uo>0) UO ( )

where ¥, 5, (Up) and ¥, 5,(Uy) can be obtained from ({2.3)) replacing u by U,.

From Uj € W&’?(Q), it follows that VUy = 0 a.e. in {U[) = O}. For every j € J; we have 6; > 1
so that with the same argument given for Case 1 in Section we find that

nli_)n;(}/ U, (U, vdx_nlggoz/ﬂjn Un,0;Uy) vdx = Z/ U 0;U0|% v da.
jeI jeI {Uo>0}

Hence, using (3.7), we infer that there exists lim, oo [ Yn,J,(Un) vdz. To reach (3.15)), it
remains to show that

Unli
lim / U, 1,(Up)vde = Z/ ‘ajU_O(l,] vdz. (3.16)
J

1
n—oo
]€J2 UO>O} UO

To this aim, let us notice that, for every ¢ > 0, we have

/ U, 1, (Up)vde = / U, 1, (Upn)vdx + / U, 1,(Upn) vde. (3.17)
{Un>0'} UHSO'}

Fix ¢ > 0 such that o & &, where we define

€ :={0o>0: meas({Up=0}) > 0}. (3.18)
We show that

0;Up|%
(¢) lim U, 5, (Uy) vdx = Z / %U x,
n=%0 JUp>o} jet, /{Uo>a} Uy

(3.19)
(73) lim lim U, 5, (Uy) vdz = 0.

oc—0n—oo {Un <o}

Assuming that the assertions in (3.19)) have been proved, we end the proof of (3.16) as follows.
We have X(uy>0,1 < X{Up>oy} for 0 < 01 < 02, and the set € in (3.18) is at most countable.
B

Moreover, from (3.17)) and (3.19)), we see that
0;Up|%
/ | 109‘J dzﬁlim/l’nh Jvdx < oo.
]EJQ {U()>O'} UO n—

Hence, by the Monotone Convergence Theorem, we deduce that

lim lim U, 1, (Up) vdx = Z / 19 U0| '

0—0,0¢E N0 JIU, >0} jeds {Up>0} UO

Using (3.19)) and (3.20) in (3.17), we obtain (3.16]). It remains to show ([3.19).

(i) Let j € Jy be arbitrary. We conclude (i) by proving that

vdr < 00. (3.20)

1 qj
lim Hjn <Un + -, ajUn) vdz = / 19;Ul® UO' " vda. (3.21)
n—=o0 Jiy, >0l n {Up>0c} U
For every measurable subset w of §2, we have
1 o]l o< -4
Hjpn\Uy+ —,0;Uy | vdr < 7“8 Un | (meas (w)) P
wN{Up >0} n

From Proposition using that o ¢ &, we obtain that X{Un>o} — X{Up>o)} &-€. In the set
{Up # o}, as well as

(U + — aU)X{Un>0}U_> ‘ |

X{Up>0} U a-e. in Q as n — oo.
U
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By Vitali’s Theorem, we conclude the proof of (3.21]).
(7i) Let Z, : [0,00) — [0, 1] be the following function

1 fo<s<o
Zy(s) =% 2—s/o ifo<s <20,
0 if 20 <'s.
L7
For w € W' " (), we define

Z/A 8vd$+/<l> Zo(w) v da. (3.22)

Observe that Z,(Up) — X{y,—o0} a-e. in 2 as 0 — 0 and Uy € Wol’?(ﬂ) implies that VUy = 0
a.e. in {Uy = 0}. From , we have ®(x,0,0) = 0 and A;(x,0,0) = 0 a.e. in (2, for every
1 <j < N. It follows that £, ,(Up) — 0 as ¢ — 0. Hence, we conclude the assertion of (ii) in
by showing that

0< / U, 1, (Uy) vde < L4, (Uy) for every n > 1, (3.23)
{Un<o}
Jim Low(Up) = Lo p(Uo). (3.24)

From ([1.18), we have (BU,, Z, (U,)v) > 0 and O(U,) < 0 for every n > 1. Thus, by taking
v Zy(Uy,) > 0 as a test function in (2.5)) and using the coercivity condition in (1.12)), we see that

N
> ?2/ |ajUnypmda;+/ Zg(Uy) U (Uy) v daz. (3.25)
=1 o<Un<20} Q

Since Z,(Up) =1 in {U,, < o}, from (3.25)), we derive (3.23).

Using that Z,(U,) — Z,(Up) a.e. in  as n — oo, by Lebesgue’s Dominated Convergence
Theorem, for each 1 < j < N, we find that Z;(U,) 0jv — Z,(Up) O;v (strongly) in LPi(§2) as
n — 0o. This, jointly with , implies that

7}1_%02/‘4 Bvdx—Z/A (Uo) Z5(Up) Ojv de.

Similar to the proof of (3.4)), we have ®(U,,) Z,(U,) — ®(Uy) Z,(Upg) in L*(2) as n — co. Then,
using w = U, in (3.22)) and letting n — oo, we obtain (3.24)).
The proof of (3.16)), and hence of (3.15]), is now complete.

This ends the proof of Theorem O

4. PROOF OF PROPOSITION [2.3]
For each n > 1, the solution U, € Wl’?(Q) NL™(Q) of (1.22)) given in Lemma [2.1] satisfies

(AU, U,) — (BU,, Uy) +/<I> YUp da = — /@ de+/\1f D Undz.  (4.1)

(a) We prove that there exists a constant C' > 0 such that ( . ) holds for all n > 1.
We first show that {Up}n>1 is bounded in I/VO1 7 (©2). We have assumed that B belongs to

the class BE((1 —¢) A) for some ¢ > 0. Using the coercivity condition in ((1.12]), (1.14]) and
(3.10), we find that the left-hand side of (4.1) is bounded below by

EVp § N10kUn HLPk +{[(1 —e)A = BJUn,Un) + aOHUnHzlm(Q) + E : 4 Jmp;(Un). (4.2)
jePUPS
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We observe that a; > 0 for every j € P53 U P%. We now consider the right-hand side of (4.1]).
Using ((1.13]) and the anisotropic Sobolev inequality (A.2) in the Appendix, we find a positive
constant C, independent of n, such that

/@ YU, dx

By Young’s inequality, for each § > 0, there exists a constant Cs > 0, depending on ¢, such that

< CollUnlluro) < ClUnlys7 gy

) Up dz

By 1 , we have

< CZ 10k Un | Lo () < 52 |10k Un |y + C5 foralln>1.  (4.3)
k=1

N

/xp ) Un dm</\If ) Un d < Z 0.4 ( (4.4)

In Lemma below, we obtain a suitable upper bound for ZJ 1 Jg]’q](Un). To this end, we
need to dlstmgulsh the case m > 0;p;/q; from m < 0;p;/q; whenever j € Py UPS. We observe
that P53 U P23 = {1 <j<N: ajg; >0} is aunion of three sets:
Py UPS = ﬁ3>71 U /ﬁ—cg’z UPg 3, (4.5)

where we define

Py = {j €cPyUPS: m> Gjpj/qj} ,

Py o= {jePy: 0;<p, m<0Opj/q;}VU {j €eP3: m< Gjpj/q]'} ) (4.6)

Pys={jePy: 0;>p, m<0pj/q}.

Lemma 4.1. For any 6 > 0, there exists a positive constant Cs such that, for everyn > 1,

Z 0,5 (Un) < NO|Unl Ty +6 D T, (Un) + (1+N5Z|lakU!ka +Cs. (4.7)

j=1 ]GP—>UP_C, k=1

Proof. For the inequalities in (4.8 ., - - ) below, we use Holder’s inequality, then
Young’s inequality (see Lemma in the Appendix). In what follows, we understand that
0 > 0 is arbitrary and Cs > 0 is a suitable constant depending on 4.

(I) We first estimate Jg, q (U ) for every j € N3 UNS when we let ¢; and A; be as in
e Let j € N%. Condition (1.8]) gives that A; > 1 so that

39;.4;(Un) < CjHUnHLm 05Ul o5 ) < SUnlEom ey + 0110;Un \Lp] +Cs. (48)

e Let j € N5 Using Lemma and the amsotroplc Sobolev inequality (A.2]) in the Appendix,
we find a positive constant C', depending on N, ?, qj, 6; and meas (), such that

0.
~ 0; + he A
30,45 Un) < 05 [Unllloy 195U, 0y < CIOUAIESS T 10kUal By
ke{l,...N}\{7} (4.9)
< 62 |8kU ||LPk (Q) + Cs.
k=1
(II) We now estimate Jp; 4, (Up) for every j € Py U P35 when we define
1— % it j € Py,
j
, 1 0; e
¢j = (meas (Q))l/)‘f and — := -2 if j € Py 3, (4.10)
)‘j m ’
g;(m — m;) ifje/ﬁ??
bjp ’
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Recall that P3 = {1 < j < N : ajq; > 0, m; > 1}. Condition (1.8) implies that
m > min{#;, m;} whenever j € Pz and, moreover, min{6;, m;} = 6; if and only if 6; > p.
e For every j € P, we obtain that

e

9
J6;.4; (Un) < ¢ [10;Un HLP] N (jm,pj(UnD

e Let j € Py 5. In this case, we have m > 6; so that

<0 Ty, (Un) +6]|10;U, Hw + Cs. (4.11)

0. ™% 4

J j D ~ m
3650, (Un) < ¢ 1 Unll e Gomaps (Un))?7 < 6 T (Un) + 81| Un [T 2 + Cs. (4.12)

o Letje P—a>’2. Then m > m;. By Holder’s inequality, Lemma and the anisotropic Sobolev
inequality (A.2)) in the Appendix, we find a positive constant C' = C(N, 7, qj, 0, m, meas (2))
such that

0;— ma; qa; a; N (9. ";}qj)%
JGJ,qJ(U ) < ¢ |Un HLp( < (jm,pj(Un))p] <C (Jm,pj )pj H [ OkUn HLPk(Q ’

h=1 (4.13)

< 53y (U + 93 1T, 12 @) + Co-
k=1

By adding the inequalities in (4.8]), (4.9)), (4.11)—(4.13)), we complete the proof of (4.7). O

Proof of Proposition completed. From (1.14) and the definition of Py and P35, we
have ap > 0 and minjep?up?c a;j > 0. We choose d > 0 small such that

Eyvy > (N + 2)5, ap > N6 and jeIg—i}SP_s, a; > J. (4.14)

By (4.3)), (4.4) and Lemma there exists a positive constant Cy such that for each n > 1,
the right-hand side of (| is bounded above by

<N+252||akU|m + NO|Unl Ty +6 D T, (Un) + Cs. (4.15)
k=1 JjEPZUPS

For ease of reference, we introduce &,, as follows

Sy = HUn”Tm(Q) + Z jm,pj(Un) 2 0.
JEPZUPS

In view of , the quantity in (4.2) is bounded above by that in (4.15). Hence, using the
inequalities in (4.14]), we infer that for some small constant £; > 0, we have

<Z HakU ”ka > + <[(1 - 5)"4 - %] U’ﬂa Un> S 05 (4.16)

for every n > 1. Now, from the hypothesis that 8B belongs to the class BE((1 — €)A) with

€ (0,1), we have the coercivity of the operator (1 —¢)A — B from W&’?(Q) into W*L?I(Q).
Hence, implies that {U, },>1 is bounded in W(}’?(Q). Since ‘B : W(}’?(Q) — W‘l’ﬁl(Q)
is bounded, we find a constant C' > 0 such that [(BU,,U,)| < C for every n > 1. Using also

the coercivity assumption in ((1.12)), the inequality in (4.16) gives the boundedness of {&,,},>1.
Using this fact into (4.4)) and (4.7), we conclude from (4.4)) that

0</qf Uda;</\I/ VU, dz < C,

where C' > 0 is a constant independent of n > 1. Returning to and using (4.3)), we obtain

that the sequence of positive functions {®(U,,) Up }n>1 is bounded in L1(). The proof of (2.9)

is now complete. U
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(b) From (2.9), there exists a function Uy € W, 7(Q) NL™(€) such that, up to a subsequence,
(2.10) holds. This completes the proof of Proposition O

Remark 4.2. From (2.10)), we have Uf — Ui (weakly) in Wol’ﬁ(Q) as n — 0o, which yields
that lim, o (AUE, U —UZE) =0

5. APPLICATIONS OF PROPOSITION 2.3

Throughout this section, the assumptions of Proposition hold. For each n > 1 let U, be
the solution of ([1.22]) provided by Lemma

Lemma 5.1. Let w be a measurable subset of Q. Assume that {V,},>1 is a sequence in

1?( Q) N L™Q) satisfying |V,| < |Up| on w for all n > 1. Then, for every 7 € (0,1)
small enough and B € (1/7,m/T) fized, there exists a positive constant C, independent of w,
such that

N
> [ Wl 0Tl Vil do < C (Wallioiay + Valrs)  for alin=1. (5.1
j=1"%

Proof. Fix 7 small satisfying 0 < 7 < min{m — 1, miny<;<n{6;},1}. Since |V,| < |U,| on w for
all n > 1, we have |U,|""! < |V,|7"! on w so that

LU U Valda < [ (0% T, Vil do (5.2)
w Q

for every 1 < j < N. Recall from ({3.8]), (3.9), and (4.5)) that
{1<j<N}=NgUNSUPy UP;,UPg;.
By Hoélder’s inequality, with ¢; given (3.14]), for every j € N3, we have
/ |Un| =T 10U | % [Va| " die < ¢ ||Us IIL;_&)IIC’) UnllTos oy IVal 2o - (5.3)
By the definition of P?,z in (4.6), we can take 7 small such that
0<T<(9j—% foreveryjels\??
Dj ’

Using c¢; given by (4.10)), for every j € /ﬁ?’z, we derive that
mgq;

i—T i T ~ q*]: Oi=m==;" T
/Q\Unlef 10;Un|® V" dz < ¢ (T, )™ [Unll gy ™ 1Vl Zoge)- (5-4)

We fix g € (1/7,m/7). From (L.§)), we have A\; > 1 for every j € N+, where )\; is given by
(3.14). We choose 7 > 0 small such that (m — 1)7 < m/\; for every j € N+, which implies

1,7 1
that A\jm/(m + 7);) < B. Hence, for every j € Ny, by defining ¢; n_, = (meas (Q))*J’er s,
we obtain that

T ) r 0 —1 . -
/QIUnIGJ 10;Unl % [Val™ dz < .5 [1Unll o ) 105U [ T () 1 Vil | 75 - (5.5)

We diminiih 7 such that 0 < 7 < (p; — ¢;)/p; for every j € /PS?J. Using that m > p;0;/q; for
every j € P, by Holder’s inequality, we infer that
0 0]-— (0 —7)
/Q Ul N0 U Vol de < ;5 (Fmaps) ™ 105Unl oy )™ [VallFes(ey (5.6)
Pj—4a4 _
= (meas (2)) 7
16
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Finally, for every j € Pz 5, we have p < 8; < m < 0;p;/q; in view of (L.8). We let 7 > 0 small
such that 7 < (m — 0;)/(m — 1) for every j € Py 5. Then, Hélder’s inequality yields that

mq;

4 0;—7——=
0. — : - J .
/Q‘Un’ IO Un| ¥ |Vy|" der < Cj,P3 3 (jm,pj)pj HUn”Lm(Q) " HVnHzfﬁ(Q) (5.7)
moitT 1
for every j € Py 3, where we define ¢; p, | 1= (meas (Q)) " = 7.
From (5.2)—(5.7)), jointly with the a priori estimates in (2.9)), we derive ({5.1]). O

We remark that
Gr(Up) = Gi(Up) (weakly) in W&’?(Q) and in L™(Q)) asn — oo

1Ge(Un)llLr) = 1|Ge(Uo)llrr) asn — oo, where 1 <7 <m, (5:8)
and
Gr(Uf) = 0 (weakly) in W(}’?(Q) as k — oo. (5.9)
For every k > 1, we define
Znk = Ul = Ti(UY). (5.10)

In the proof of Lemma below, we need several properties of {sz i }n, which we summarise
next.
Properties of {2, },,. From (2.9) and (5.10), we see that {2, },, is bounded in Wol’? (©2) and
also in L™(Q2) and, up to a subsequence,

z:{,k — (U = Tu(U)) T = Gr(Uh) a.e. in Q as n — oo, (5.11)
z = (U —T(Uy)” =0 ae. in Q as n — occ. '

Hence, up to a subsequence, using also Remark in the Appendix, as n — oo, we have
Z:Lr,k — Gi(Ug") (weakly) in Wol’?(Q) and in L™(Q),
z:{k — Gi(Ug") (strongly) in LP(€2),

1,7 (5.12)
z, 1 — 0 (weakly) in Wy** (Q2) and in L™(9),
Zpp = 0 (strongly) in LP(Q2).
From (5.9) and (5.12)), by passing to a subsequence, we deduce that
nh_{go Hz;kHLP(Q) = “Gk<Ua_)|’LP(Q) —0 ask — oo,
o (5.13)
Jim [z, [l () = 0-

Let r € (1, m) be arbitrary. By Vitali’s Theorem and (5.11]), up to a subsequence, we get that

Jim (|20 ) = 1GR(UF)llr@) = 0 as b — oo,
(5.14)

nlgfolo 2k llzr @) = 0.

Since B satisfies the property (P2), from (5.12)) we have, up to a subsequence,
lim (BUy, 2, ) = (BUo, Gx(Uy")) and (BU,, 2, ) = 0.

lim
n—oo n—oo

By applying Lemma [5.1) we obtain Lemma to be used in the proof of Proposition

Lemma 5.2. There exist {Wy}i>1 and {Zy }i>1 with limy_oo Wi, = limy_,o0 Zi, = 0 such that,
up to a subsequence of {U,}, we have for each k > 1

liHlsupn%oo ||Gk(Un) W, (515)

lya? @) =

Hm sup,, o0 (AUp, 2,1 ) < Z. (5.16)
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Proof. By a well-known diagonal argument, it suffices to show that for every k > 1, there exists
a subsequence of {U,} such that (5.15) and (5.16]) hold. Let & > 1 be arbitrary.

We prove . Since Gy (Uy) = U,, — T, (U,,) and 0;T3(U,) = 0;Up X{|Un|<k} for 1 < j < N,
by the coercivity assumption in , we have

AUn, G / ) 0,Un da
< k Z |Un|>lc}

(5.17)
zuoz/ 0,0 de = S ,Gu(U %
j=1

{IUn >k} =

Since t G(t) > 0 for every t € R, by the sign-condition in (1.13)), we find that G (U,,) ®(U,,) > 0
for all n > 1. Then, by Lemma we can test (2.5) with v = Gx(U,,) and using ([1.13]), we get

<‘AUna Gk(Un)> < <‘AUn, Gk(Un)> +/ Gk(Un) (I)(Un) dx
@ (5.18)
/q, U) dz + |(BU,, Gy n)>!~|—C@/Q\Gk(Un)|da:.

Since B satisfies the property (FP»), using (5.8) we infer that

|<’BUn,Gk(Un))|+C@/Q |G (Un)| dz — [(BUo, Gi(Uo)) |+ Col|Gr(Uo) | 10y as 1 — o0. (5.19)

By (2.2)), we see that

N
[y Gwyar <Y [ oGl (520)
Q =

{|Un|>k}

Observe that 0 < |Gy(Uy)| < |Un| on {|Uy,| > k}. Hence, by Lemma [5.1] for small 7 > 0 and
B € (1/7,m/7) fixed, there exists a positive constant C, independent of n and k, such that

N
> / o [0 U G (U)o < C (G + IGK U Ersiey) - (521

From ( and -, using it follows that

lim_>sup | #alU) Gu(Un) di < € (IGHU0) Foqey + IGHT0) ) = R
Using this fact, JOlntly with -, (5.18) and (5.19)), we arrive at
Vo hmsupz 10;G(Un)l s () < Rk + [{BUo, Gi(Uo))| + CollGi(Uo)ll 115 (5.22)

Since G(Up) — 0 (weakly) in W&’ﬁ(Q) and in L™(Q) as k — oo, using that 75 € (1, m), we
find that (up to a subsequence), G1(Up) — 0 (strongly) in LP(Q2) and in L75(Q) as k — oo.
Hence, limg_,o, R, = 0 and, moreover, the right-hand side of converges to 0 as kK — oo.
The proof of is complete.

We now establish (5.16). Let £ > 0 be arbitrary. We take v = Ty(z,) € W&’?(Q) N L>®(Q)
as a test function in (2.5) and, proceeding as in the proof of Lemma by letting ¢ — oo, we
get that (2.5) holds for v =z}, € VVO1 ?(Q) N L™($2). This, jointly with (|1.13)), implies that

(AU, 25,) < /Q W (Un) 5ty do + (BU, 25,0 + Co /Q oty de. (5.23)

From the definition of ¥, in (2.2), we have

/ U (Un) 2y doe < Z/ yUny(’fHajUny%z;k dz. (5.24)

nk>0



Observe that 2z, < U, on {2z, > 0}. Then, from Lemma for sufficiently small 7 > 0 and
B € (1/7,m/7) fixed, there exists a positive constant C, independent of n and k, such that

Z/z - |Un|9j71’ajUn|qu:£k de < C (HZ;kHEp(Q) + ||Z:£k||zfﬁ(sz)) : (5.25)
n,k

By using (5.23)), (5.24), (5.25)), (5.13) and ([5.14)), we conclude (5.16) with Zj given by
Z = O (|Gr (U T + 1GRUF) 7 rs(gy) + (BUo, Gr(UH) + Coll Gr(UF ) 110
From (5.9), (5.13) and (5.14]), we have limg_, Zy = 0 since 75 € (1, m).

This ends the proof of Lemma U
For A > 0, we define @) : R — R as follows
ox(t) = texp (M?) for every t € R. (5.26)
We define Iy(n, k) by
Io(n k) = Collealzip) ) = | ¥ulUa) eaGp) de = (BUnir(z0) (5:21)

Lemma 5.3. Up to a subsequence of {Uy,}n, we have limsup,,_, . Io(n,k) <0 for each k > 1.
Proof. It suffices to show that for each k > 1, by passing to a subsequence of {U,}, we have
limsup,,_, fo(n, k) < 0. Since U, — Up and px(z,, ;) — 0 (weakly) in Wol’?(Q) as n — 00, by
the property (P») for 8, we have lim,,_,o (BU,, —90)\(2;,;.3» = 0. Moreover, up to a subsequence,
©x(z, ;) = 0 (strongly) in L'(Q2) as n — co. Thus, it remains to show that

lim sup / U (Un) pa(z,, 1) dx) <0. (5.28)

n—oo

From (2.2)), we have
S R ZCATNCAEEED Sl B AL AN

jen Un<0
< M /\U 10=10;U % 27, dav
J€J1

Let j € Ji be arbitrary. In view of Lemma [5.1] for sufficiently small 7 > 0 and 3 € (1/7,m/7)
fixed, there exists a positive constant C, independent of n and k, such that

/{IU S U %=1 0;U,|% Zypde < C (HZ;,kHEP(Q) + Hz;kllﬁa(g)) : (5.30)
n —Zn,k

(5.29)

We write 2 as the union of {|U,| < z,,} and {|U,| > z,,}. Since §; > 1, we see that
|Un|%1 < (2,,)% L on {|U,| < 2, }. This and (5.30) imply that

/Q (U100 % 2,y dz < C (|2 7o) + 12mpl Trs ) + /Q |0Un|% (2,,,)% . (5.31)

With and in mind, to conclude , it suffices to show that for each j € Jp, each
term in the right-hand side of converges to zero as n — 0o.

In light of and , we see that the right-hand side of converges to 0 as
n — oo using here that 73 € (1, m). For every j € Ji, let a; € (0,0;) satisfy 1 < ¥; < m, where
we define 9; = (6; — «oj)p;/(pj — ¢;)- Since z, 1. < k, by Holder’s inequality, we have

/ ‘6jUn’qj (Z;k)ej dr < ko‘j/ ’(%’Un‘qj (z;k)ej—oaj dr < kO‘juajUanLjpj(Q Hznk\ ;19]?;‘_]2)

The choice of «; ylelds that hmn_>Oo z = 0. Then, for every j € Jp, the last term in
J nklI1 L% (Q)

the right-hand side of ([5.31]) converges to 0 as n — oo. This completes the proof of (5.28)).
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6. PROOF OF PROPOSITION [2.4]

As explained in Section we conclude (2.11)) and (2.12) by showing that (1.24) holds.

We observe that in Case 2, we need only prove that &y, (U,5,Uf) — 0 in LY(Q) as n — oo
since all U,, and, hence, Uy are non-negative functions. Similarly, we can establish the other

convergence claim in (I.24). We thus show the details only for &y, (U,F, Uy ) in (1.24) and leave
the modifications for &y, (U, ,U; ) to the reader noting that instead of z, j in (5.10)), one needs
to work with yy, , defined by y,, , :== U, — Ti(Uy ).

In light of the monotonicity assumption in (1.12)), we have €y, (U5, Uy) > 0 a.e. in Q. Hence,
to attain (.24)) for &y, (U,F, Uy ), it remains to show that

limsup/ &y, (UF, U ) dx <0. (6.1)

n—o0

7 (@)

Notation. Let w be a measurable subset of 2 and v, w,z € W,
E;u,(v,w) = Aj(z,Uy(z), Vo(z)) — Aj(z, Up(x), Vw(z)),

. We introduce

6.2
E,.(v,w,z) Z/E]Unvwazdm (6.2)
If either of the variables v, w and z or w depends on n, we drop the subscript n in E,, ,,(v, w, 2).
Fix k > 0. We define z, j as in (5.10). From (1.20]), we see that Gr(Uf) > 0 a.e. in Q. Since
we infer that

| €0 U U de =Ea(T(UF .U U = Ui + BalUf TuU).25) 6
+ Bo(U TUD) ~20) + Ba(Tu(UG). U Gr(U)

We show that, up to a subsequence of {U,}, there exist p1; € L (Q) for 1 < j < N such that
Jim Bo(Tu(U3), U Gy(U3) / s 0,Gu(UF) . (64)

Indeed, by the growth condition in ([1.12)), there exists a positive constant C, independent of n
and k such that, for 1 < j < N, it holds

y + / y Jr / y + /
145, U VIO g 0 + 145 Un VU g o+ 145U Uy < o (65)

Hence, passing to a subsequence of {U,}, we can find p; € Lp;'(Q) for 1 < j < N such that
E;u, (Th(UF), UF) — p; (weakly) in LPi(Q) as n — oc. (6.6)

This proves the claim in (6.4)).
We complete the proof of (6.1)) assuming that the next two results hold.

Lemma 6.1. For every k > 1, there exist Ri(k) and Ra(k) such that, up to a subsequence of
{Un}n>1, we have
limsup Bo (Ty(U), U Ui — Ugt) < Ra(k),
n—oo

lim sup EQ(U;7TIC(US_)7 Z:’]g) < R?(k))

n—oo
where limy_, oo Ry (k) = limg_,o Ro(k) = 0.
Lemma 6.2. For every k > 1, by passing to a subsequence of {Up}n>1, we have
limsup Eq (U, Te(Uy ), —2,;) < 0. (6.7)

n—00
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For the proof of Lemmata [6.1] and [6.2], we refer to Sections [6.1] and respectively.
Hence, by using a diagonal argument, there exists a subsequence of {U,, },,>1 such that for every

k >1 (6.4) holds and Lemmata and apply.
Consequently, using also (6.3)), we deduce that

limsup/ Eu (U, UF) de < Ri(k) + Ra(k +Z/ 1 ;G (U da (6.8)

n—oo

for every integer k£ > 1.
Hence, by using (5.9) and letting £ — oo in , we conclude the proof of (6.1)).

6.1. Proof of Lemma Let k > 1. By Lemma it suffices to show that there exist a
positive constant C, independent of k, and Ro(k) with limy_,~, Ro(k) = 0 such that

lim sup Eq(T(U"), U, U;m — Ug) < C limsup ||Gk(Un)||W1,7(Q) — Ro(k), (6.9)
n—oo n—oo 0
limsup Eq(U,T, Te(Uy ), z5,) < limsup(AU,, z,) + C limsup |Gk (Un)ll 1.7 - (6-10)
™ n—00 ™ n—00 0 ()

n—oo
Proof of (6.9). We define Ly(n, k), La(n, k) and L3(n, k) by
Li(n,k) := Equ, 1<y (Te(Ug), Uy, Uy = Uy,
Lo(n, k) := Equ, > (Te(Ug), Ug™, U;F),

N
Ly(n, k) := Equ, 1=k (Te(U), Uy, Uy ) = Z/U - E; v, (Te(US), U) 0;U4 da.

It follows that
Eo(Tw(US), Uy, U = US) =Li(n, k) + La(n, k) — Ls(n, k). (6.11)

Remark that x Un‘zk}aquj = X{U,>k}0;Gr(Up) for every 1 < j < N. Hence, by Holder’s
inequality and (6.5]), we obtain that

|La(n, k)| = | Bqu, 2 (Te(US), U, Gr(Un)| < ClIGi(Un)| (6.12)

Wa7 ()
where C > 0 is a constant independent of n and k.

By the Dominated Convergence Theorem, we see that limy_, o, Ro(k) = 0, where we define

N
R()(k) = Z /{U0>k} Ej,UO (O, Uo) aon dz. (6.13)

Using (6.11]) and (6.12)), we conclude the proof of by showing that
Jim Ls(n,k) = Ro(k) and Jim Li(n,k)=0. (6.14)
Let 1 <7 < N be arbitrary. We have
X{|Un|2k}8jUa_ = X{uo>k}9 U0 (strongly) in LP7(Q) as n — oo. (6.15)

Since Ejp, (Te(US), U = Ej v, (Te(Uy ), U ae. in Q as n — oo, using (6.5)) and passing to
a subsequence of {U, }, we find that

Ej v, (To(UH), U = Ejuy(Te(Uy), Uy) (weakly) in LFi () as n — . (6.16)
Hence, from (6.15]) and (6.16]), we infer that as n — oo
Ej v, (T(U), U)X qun 1260505 = Ejuo (Tu(U), Uy ) X o 51105U0  (strongly) in L (92).

This proves the first limit in (6.14) since E;y, (Tx(Uy), Uy) = Eju,(0,Up) on {Uy > k}.
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Let 1 < j < N be arbitrary. We note that the sequences {E; v, (Tx(U"), Us") Xt <k} n=1

and {A;(z,U,, VT(U;")) X{|Un|<k} }n>1 are uniformly integrable in LPQ(Q) with respect to n.
Since U,, — Uy a.e. in ) as n — oo, by Vitali’s Theorem, we obtain that as n — oo

B v, (LU, U Xqvai<ky = Eioo (Th(US), U Xqjugl<ny in LP3 (), (6.17)
Aj(2, U, VIUF)) Xiomi<iy — Aj (@, Uo, VIU)) xug|<ny in LP (). (6.18)
Recall that 9;U,7 — 9;U, and ajz;k - @-Gk(UJ) (weakly) in LPi(§2) as n — oo. Since
X{|Uo|<k} 0;Gr(Ug") = 0, using and (| , we conclude that as n — oo
Eju, (Ti(Uy), Uy )X{|Un|<k} 0;(Us —U) = 0in L'(9Q), (6.19)
Aj(x, Un, VTR(U)) XU, 1<k 957, — 0 in LH(Q). (6.20)
Moreover, from and the squeeze law, we get the second limit in ((6.14]).
Proof of (6.10). We define Py(n,k) and P»(n, k) as follows

Z/ (2, Up, VI (US)) 052, du,
\Un|<k} ’

Z/ (@, Un, VTW(U)) 0;(—=F, ) da.
Un>k} ’

Since on the set {U, > k} we have zn’k = U, — T(U") and 8;U,, = 9;Gx(U,) for 1 < j < N,
the definition of Pa(n, k) yields that Pa(n, k) = P> 1(n, k) + Py 2(n, k), where

Py1(n, k) Z/U - (#, Un, VTi(Uy")) 905G (Uy) da,

Pyo(n, k) / Ai(x, Uy, VUy) 0;Uy dzx.
22( Z {Un>k}N{0<Up<k} 3@, Un 0) 9300

From (6.20)), we get hmrHOO Pi(n,k) =0. When z+k > 0, then U;} > 0 so that
U,=Ul on {Z:er: >0} and (AU, zF) = (AU, 21 ,).

no nk

Hence, we arrive at
EQ(UJ,T]Q(US_),Z,:’k) = (AUn,z;r,k) — Pi(n, k) + Pa(n, k).
Consequently, we end the proof of (| once we show that
lim sup Pa(n, k) < Chmsup |Gr( ")HWOI’?(Q)’ (6.21)

n—oo
where C' is a positive constant independent of k.
As for (6.12)), we find a positive constant C, independent of n and k such that

For 1 < j < N, by the Dominated Convergence Theorem, we get x {1, >k} X{o<v,<k}9Uo — 0
(strongly) in LPi(Q) as n — oo. Since Aj(x,U,, VUy) — A;j(z, Uy, VUy) (weakly) in L (Q) as
n — oo, we infer that lim,_,oc P2 2(n, k) = 0. This, together with (6.22)), proves (6.21]).

The proof of Lemma is now complete. O

Remark 6.3. We point out that the reasoning in the proof of lim,_ o L1(n,k) = 0 cannot be
extended to get lim, o Eq(T)(US),Us", U — Uf) = 0. Indeed, in the growth condition in
, we have taken the greatest exponent for |t| regarding the anisotropic Sobolev inequalities
so that we don’t have the compactness of the embedding Wol’ﬁ(Q) < LP"(Q). Hence, we cannot
infer that {E; u, (Tx(Uy), U ) }n>1 is uniformly integrable in Lp;(Q) with respect to n.
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6.2. Proof of Lemma We need to show that, up to a subsequence, (6.7]) holds, namely,

lim sup/ D(n,k)dz <0, (6.23)
n—00 Q
where we define D(n, k) by
N
=" [A(2,Un, VU, ) = Aj(2, Un, VTR(UF )] 05(— 2, 1)- (6.24)

J=1

We choose A = A(k) > 0 large such that 403 A\ > ¢%(k), where ¢ appears in the growth
assumption on @ in ([1.13]), while vy > 0 is given by the coercivity condition in (1.12). We define
©x as in (5.26). Our choice of A ensures that for every ¢t € R

o Ok), 1 o O(K) 1
At o0, |t] + 1> 0 and, hence, ¢)\(t) o loa(t)] > 5 (6.25)

Recall that Io(n, k) is defined in (5.27). For convenience, we set

N
= 3 [, 450 U VIO ) 02 i) o+ B0 U502

(6.26)
Z/ (2, Un, VUL 5 TH(U) + Aj (2, Un, VTL(UG)) 0520 5] 91(21)
We divide the proof of (6.23)) into two steps.
STEP 1. Let vy and ¢, ¢ be as in (1.12)) and m, respectively. We have
1 k)
2/QD(n,k:) dr < Iy(n, k) + Ii(n, k) + ¢(k) { ) +/ ) ox (2 1 dx} ) (6.27)

Proof of STEP 1. On the set {U,, > Ty (U;")}, we have D(n, k) = 0 since z, , = 0 and, hence,
djz = 0for 1 <j < N. In turn, on the set {U, < T(U;")}, we find that z, , = T (Us") — U,
and, by the monotonicity condition in (1.12)), it follows that D(n, k) > 0. Hence, we have

D(n,k) >0, 2z, €[0,kl,  @alzy) 05(=2, 1) = alz, 1) 95U = Ti(Uy)) ace. in Q (6.28)
for each 1 < j < N. Then, using (6.25), we find that
2/andw</an i)
From (6.24) and (6.26]), we observe that

| DR i) do = EaU U7 ), ~a(50) = B ) + (AT —oa (). (630

(2,1) dz. (6.29)

Since z, ; € W&’?(Q) N L>(£2), we have py(z,, ) € I/V1 ?( Q) N L*(€2) so that pa(z, ;) can be
taken as a test function in (2.5). Hence, using and Io(n, k) given by (5.27)), we find that

(AT, — /cp Yor(zy) do + To(n, ). (6.31)

In view of (6.29)—(6.31]), we conclude (6.27) by showing that

/ (Un) a(z, 1) dz < o(k) [fQD(”’k) PA(2, ) dz + Iz(n, k)

Vo

+ /Q o(z) pr(zm) dx] . (6.32)
To this end, we next prove that

0]

E 10, k) + (k) [ ela) oa(z,,) da (6.33)
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where I3(n, k) is defined by

Z/ Aj(2,Un, VU,) ;U (2, ) d. (6.34)
{0<U<T3(U)} '
Indeed, since 2, , =0 on {U; > Te(US)} and @(U,) <0 < PA(2, ) on {Up < 0}, we have
JRICAENEALEEY | O(Un) ¢r(z7) do < B(U) r(z5) o
(U} <T0.(UF )} ’ {0<UL<Ty (US)} ’
Next, from the growth condition on ® in ((1.13|) and the coercivity condition in ((1.12]), we get
N
®(U, 2 ) de < ok O;UnP? + c(x 2z, ) dx
/{0<Un<Tk(U8L)} (Un) 22z ) #(k) {0<Un<T{ (U} (;’ Ul ( )> PAlne)
k _
< X 1)+ 608) [ eta) pale)

Consequently, the assertion of (6.33)) is proved.
Since ¢(z;, ;) = 0 on {U,, > T},(U;")}, we have

N
Is(n, k) = z:/QAj(a:,Un,VUTf)ajUn+ PA(2, ) do = /QD(n, k)eoa(z, ) dz + Ix(n, k), (6.35)
=1

where Is(n, k) is given in (6.26]). From and -, we attain . This ends the proof
of (6.27)) and of Step 1. O

STEP 2. Proof of (6.23) concluded.
Proof of STEP 2. Since 0 < c(z) (2, 1) < ke ¢(z) ae. in Q and c(z ) Pa(2, ) = Oae. in

2 as n — oo, by the Dominated Convergence Theorem, we have lim,_ [, ¢(z) goA(zn ) dx = 0.
In view of Step 1 and Lemma we conclude Step 2 by showing that, up to a subsequence,

Jim Ii(n,k) =0 and Jim Iy(n, k) =0. (6.36)

From (5.12)), we have that both 2z, and ¢\ (2, ) converge to 0 weakly in Wol’ﬁ(Q) as n — oo.
In particular, for each 1 < j < N, it holds

9j(pa(z, 1)) = 0 (weakly) in L/ (Q) as n — oc. (6.37)
We recall that z,; = Te(Ug") on {U,, <0} and ex(z, ) =0 on {U, > Tk(U+)}.
1) We show that hmn_>oo Ii(n,k) = 0. If I 1(n, k) is the first term in I (n, k) in - then

L1(n, k) = z /M} (&, Un, VI(US)) 05 (o (Tu(UG) d -

T Z/ Aj(x, U, VTR (UR)) 95 (pa(2,, 1)) d.

{0<U, <T (U}
Let 1 < 5 < N be arbitrary. By the Dominated Convergence Theorem, we get
X{U,<0} 3j(<p)\(Tk(U6r))) — 0 (strongly) in LP7(Q) as n — oo. (6.39)

Hence, using that A;(z, Uy, VTL(Uy)) — Aj(z, Uy, VI(U)) (weakly) in Lp;'(Q) asn — 00, we
obtain that the first term in the right-hand side of converges to 0 as n — co. Furthermore,
on the set {0 < U, < Ti(U)}, we have U, < k and the family {|A;(z, Uy, VTk(U;))[P }n>1 is
uniformly integrable. Then, based on A;(z, Uy, VTk(Uy)) — Aj(z,Uo, VT1L(Uy)) ae. in Q as
n — 0o, by Vitali’s Theorem, we infer the strong convergence as n — oo

Aj (x, Un, VTk(U(T)) X{OSUnSTk(UJ)} — Aj (l’, U(), VT]AUJ)) X{OSUOSTk(UJ)} in LPi (Q) (6.40)
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This, jointly with (6.37]), implies that the second term in the right-hand side of ([6.38)) converges
to 0 as n — oo. This proves that lim, o I11(n, k) = 0.

We now show that the remaining term in the definition of I1(n, k) in (6.26)) converges to 0
as n — 0o, that is, lim, o Eq(Un, U, a(2, ;) = 0. By the definition of E,.(-,-,-) in (6.2),
since z,, ;. = =T.(Uy) = —2nx on {U, <0}, we get

FoUn Ui a2 Z gy (4900 U V) = 4400, VU] Dior T U)o

As for , by passing to a subsequence of {U,}, we get that
{Aj(2,Up, VU }ny  {Aj(2,Un, VU and  {Aj(x, Un, VT(US)) I
converge weakly in LY (Q) as n — co. This and (6.39) yield limy, 00 E(Un, Uy, ¢a(2, ) = 0.

2) We show that lim,_,o l2(n,k) = 0. From and 0 < Zop S k a.e in €, we have

PA(z, ) = 0ae inQasn—ooand 0 < py(z, ) < ke)‘k a.e. in Q. Thus, by the Dominated
Convergence Theorem, for each 1 < j < N, we ﬁnd that as n — oo

ea(zn1) 0 Tk(Ug) = 0 and xqu, <0y pA(Tk(Ug)) 9jzn i — 0 (strongly) in LP7(Q).

Consequently, we get

N
Z/ Aj(x, Uy, VU o2, ) @-Tk(UJ) dr —0 asn — oo,
Q 9
(6.41)
Z/ (2, Un, VT (UD)) ox(Ti(US)) Ojznrdr —0 asmn— oo.
Un<0}

For 1 < j < N, we have z, ) = —z, on {0 < U, < Tx(Uy)} so that using (6.40) and the
weak convergence 0;z, , — 0 in LPi(£) as n — oo, we arrive at

Aj(z,Upn, VT (UY)) X{0<Un<T3 (U )} djznk — 0 in L'(Q) asn — oco.

It follows that

Z/ Aj (2, Upn, VTR (US)) oa(2, 1) Ojzn i dx — 0 as n — oo. (6.42)

{0<U.<Tx(UF)} ’ '

Since ¢ (z;, ) = 0 on {U, > T (Uy )}, from (6.41) and (6.42)), we find that lim, o I>(n, k) =0

completing the proof of (6.36)) and of Step 2. O
This finishes the proof of Lemma U

7. PROOF OF THEOREM [[.4]

Let , , and (| - ) hold and, in addition, minj<j<ya; > 0. Here, we
suppose that the functlon fin 1-) is not identically 0. In Case 2, we assume that f > 0 a.e.

in Q. We approximate f by a sequence of functions f, € L*°(£2), taking for instance

f(z)
L+ |f(@)l/n

In particular, in Case 2, we have f,, > 0 a.e. in ). We remark the following properties

|ful < |f] ae. in Q, f, = fae inQ and f, — f (strongly) in L'(Q) asn — oco.  (7.1)

for a.e. z € Q.

fn(x) =

With this approximation, assuming that % belongs to BE((1 — ¢)A) for some € € (0,1), in
either Case 1 or Case 2, we can apply Theorem for the problem generated by (1.11)) with
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fn instead of f. Then such an approximate problem admits at least a solution u,, namely,
{-Aun + (I)(un) + @(un) = \Il(un) + Bu, + fr, in Q,

un € WEP(Q),  ®(un) € LYQ).
Moreover, ®(uy,)u, and ¥(u,)u, belong to L}(Q), I, (v) := f{\un|>0} U (up)vdr € R and

(7.2)

Sun.0.£, (V) = Ty, (V) + (Bup,v) for every v € Wol’? (Q) N L (Q). (7.3)

Furthermore, (7.3 holds for v = w,.
In the rest of the paper, we understand that u,, is a solution of (7.2 with the above-mentioned
properties that we obtain from Theorem [I.3]

But, unlike Theorem E to prove that {uy}n>1 is uniformly bounded in Wj 7( 2), we need
B to satisfy the extra condition (P3) associated with (1 — ) A, namely, for every k > 0,

(1—¢e)wy Z ||0; uHLp] @ — (Bu, Tk (u)) — oo as HUHW(}’7(9) — 0. (7.4)

Thus, B belongs to the class BE, ((1—e)A). This assumption is made throughout this section.
All the results in this section are derived in the framework of Theorem [.41

7.1. A priori estimates. In order to obtain a priori estimates for u,, solving (7.2)) we need
the following result, which is in the spirit of Lemma

Lemma 7.1. Let k > 1 be arbitrary and ®¢ be given by (1.2). Then, for every p > 0, there
exists a constant C, > 0 such that for alln > 1, we have

L (Ti(un)) <pZ||aun||LpJ<m+p o (200N 4 G (7.5)
j=1 Un |2

Remark 7.2. The property ®(uy,)u, € L'(Q) and (1.14) ensure that Jiun sy [Poun)| do < o0
forallk>1 and n > 1.

We define

Im—1(k, un) :/ || da, Tm—1,p; (ks up) == / |Un|m_1|3jun’pj dx.
{lun|>k} {lun|>k}

If in the definition of J, 1, (k, uy,), we replace m — 1 and p; by 6; — 1 and g;, respectively,
then we obtain Jg, 1.4, (K, un).

Proof of Lemma[7.1. We observe that

1

N
L, Tt (Fy i) < ———
1(k; un) + Z m=1p; (ky un) < ming<x<n Gk

j=1
Using the definition of I,,, (v), we see that

/ | Do (up)| dx < 0.
{lun|>k}

N
1, Tk Un Z/ |un‘9j|ajun‘qj dx + kzjej—l,qj (kaun)

<23 / 05l da + k3" T, 1.g, (k).

j=1 JE€J1

(7.6)

Let 6 > 0 be arbitrary. By Holder’s inequality and Young’s inequality, there exists a constant
Cs > 0 such that for every n > 1,

95

N N

: -
Z/Q |0up | dx < Z (meas () 71 [|0; unHij < 52 10; unHLp] + Cs. (7.7)
i=1 i=1

Let j € J; be arbitrary. To estimate Jgj,l,qj(k, Up ), We dlstlngulsh several cases:
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Case (a) Let ¢; =0 and #; > p+ 1. Then, j € N and from (1.8), we have m > 6;. Hence,
by Young’s inequality, there exists a constant Cs > 0 such that for all n > 1,

jgj_l,‘]j (k,un) = / |un|ej_1 dr <0 JIm-1(k,un) + Cs. (7.8)
{lun|>k}

Case (b) Let gj = 0 and 0; < p+ 1. We set 'yj =1-(0; —1)/p and C; = (meas (Q))7.
By Holder’s inequality, Remark [A.3land Lemma [A.T]in the Appendix, we find constants C' > 0
(depending on N, 7, 6; and meas (2)) and C5 > O such that for all n > 1,

9 —1
0;—1
90,145 (s tn) < C lun| Py < cH 0rnll T ) < 52 [0y + Cs. (79)
When ¢; > 0, we define (; as follows

(m—1)g,
Gi=0;—1— ——-F—.
j j Py

Case (c) Let ¢j > 0 and ¢; < 0. We set v; = 1 — ¢j/p; and C; = (meas(Q2))"7. Then, by
Holder’s inequality and Lemma there exists Cs > 0 such that

(7.10)

P;C5 0;—1

J
30,14,k un) < C; 100nll 75 ) (T py (R 0n)) ™0
< 0T - 1,p; (b, up) + 5"8 u”’ LPJ Q) +Cs.

(7.11)

Case (d) Let ¢; > 0 and ¢; > 0. We distinguish three sub-cases:
(d1) Let m; > 1 and §; > p. Then, j € Py and from (1.8)), we have m > 6; = min{m;, 6;}.
We set v := (m —6;)/(m — 1) and C; := (meas (©2))". It follows that
~ ~ S 3
Jej_lv‘Ij(k’ un) < Cj (Tm—1(k, up)) ™7 <Jm*1,pj (kaun))pj (7.12)
< 6jm71(k‘7 un) + 5jm71,pj (k, un) + 067

where Cs > 0 is a suitable constant depending on §.

(d2) Let m; > 1 and 6; < p. Then, from (L.8), we see that m > m; = min{m;, 6;}.

(d3) Let m; < 1. Here, we have m > 1 > m;.

We next treat sub-cases (d2) and (d3) together to get below. Using that m > m;, we
define
S M,y — 9 e 0,1, (7.13)
p pPj P |Pj b
We let C; = (meas (€2))". By Holder’s inequality, the anisotropic Sobolev inequality in
the Appendix and Lemma we find constants C' > 0 (depending on N, 7, 0, q;, m and
meas (2)) and Cs > 0 such that for all n > 1, we have

")/j::1—

4
Jp;—1 q](k un) < Cj HunHLp Q) <jm—1ypj(k’u”))pj

iy N ]
< C (Tt (kyun)) ™ H 10sunll 77, () (7.14)

< 6 Tm1p, (k, un +5Z||aunum + Cs.

i=1
Since § > 0 is arbitrary, the conclusion of Lemma follows from (|7.6)) based on the inequal-
ities in (7.7)—(7.9), (7.11), (7.12) and (7.14]). O

We can now proceed with the proof of the a priori estimates of u,,.

Proposition 7.3. The following hold.
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(a) There ezists a positive constant C such that for all n > 1, we have
ftallyg 7 0y + [ 1) do < C. (7.15)

(b) There exists ug € VV1 7( Q) such that, up to a subsequence of {up}n>1,

L7 (q)

Up, — ug (weakly) in W, , Uy — U a.e. in ) asn — oo. (7.16)

Proof. (a) We fix k > 1 large such that k™ (k — 1) minj<j<y a; > 1. We define

Ky = Z/ () D dz — (Bum, Te(un)).- (7.17)
|un|<k}

We have 0;Tj(un) = X{ju,|<k} Ojun a-e. in Q for 1 < j < N. By the sign-condition of ® in

, we see that ®(up) Ty (un) = ®(un) up > 0 on {|u,| < k}. Since || fullz1) < [1f]lL1 (), by
taking v = Ty (un) € WEP () N L®(Q) in (7-3), we find that
Kpr+k |D(uy)| dz < Co + L, (Ti(un)), (7.18)

{lun|=k}

where Cp =k (||fHL1 + Co meas (Q)) Lemma gives that for every p > 0, there exists a
constant C, > 0 such that . ) holds for all n > 1. Using (|7.5)) into (7.18)), we find that

Koo+ (k= p) /{I @l de < Co+ pz 1012, ) + Cor (7.19)
Un j=1

We fix 0 < p < min{l,ery}. Hence, using (7.17)), (1.14]), our choice of k and the coercivity
condition in ([1.12]), we derive that

N N
Lo Z Hajunnijfj(g) — (Bun, Ti(un)) < Co + PZ ||ajun“%?j(g) + Cp.
=1 =1

By the choice of p and ([7.4]), we conclude the boundedness of {u,}n>1 in Wol’?(Q). Since B

is a bounded operator from Wol’ﬁ(Q) into its dual, we have [(Buy,, Ty (uy,))| < C, where C is a
positive constant independent of n. Thus, from ((7.19)), we readily deduce that

/ 1D (un)|dz < C.
{un|2k)

Using the growth condition of ® in (|1.13)), we find that f{|un‘<k} |®(uy)|de < C for all n > 1.
This completes the proof of (7.15)).

(b) Up to a subsequence, the assertion in ([7.16|) follows from (|7.15]). O

7.2. Strong convergence of T (u,). Our aim in this section is to prove the following Propo-
sition [T.4]
Proposition 7.4. Up to a subsequence of {uy}n, we have

Vu, — Vug a.e. in Q and Ti(u,) — Tx(ug) (strongly) in WOL?(Q) as n — oo (7.20)
for every positive integer k.

Remark 7.5. We have ®(ug) € L*(2). Indeed, using the a.e. convergences of {u,} and {Vu,}
in (7.16) and (7.20)), respectively, we obtain that |®(u,)| — |®(ug)| a.e. in Q asn — oo. Then,
the claim follows from (7.15) and Fatou’s Lemma.
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To derive (7.20), we can proceed as in the proof of Lemma 4.2 in [16]. However, the new
ingredient here is Lemma [7.6] which is due to the introduction of ¥ in (1.11]).
We define Qj(n, k), R; (n k) Vj(n, k) and Wj(n, k) as follows

Q(n.k) = / et |10 (k — T (o)) dx for 1< j <N,
{un>k}
Rj(n. k) = / %5403 | (K + Tio (o)) dz for 1< j <N,
fun <=k} (7.21)
Vin )= [ 10510 |ty — T (110) | dac if j € Ji,
{0<]un|<k}
Wj(n, k) ::/ || %7 D500 | Y (u, — Th(ug)) da if § € Jo.
{T (uo)<un<k}
Let ¢y be as in the proof of Lemma (see (5.26))). For every n,k > 1, we set
Zn i = Ti(un) — Ti(uo). (7.22)
Lemma 7.6. We have
lim sup Iun (@A(Zn,k)) <0. (7'23)
n—oo
Proof. Since px(Zn i) = Zn ke)‘(Zn*k)g from ([1.3]) we find that
L, (92(Z Z gy Pl 0l O = Tig)) X
.S L Tl 0]k Ti(uo)) X d
4 kY
N 2
> 1 9520 B0 (11, — T (110)) Xt iz
Since |Z, x| < 2k a.e. in Q, using (7.21), we infer that
I, -
"(fjw ZQ]nk:—I—R(nk )+ Y KTV (n k) + Y Wi, k). (7.24)

Jjeh jeJ2
We separate the case j € Jo from j € J;.
(I) Let j € Ja, which pertains to Case 2 when w,, > 0 a.e. in  and, hence, up > 0 a.e. in

Q. We remark that (k — Ty (u0))X{u,>k} — 0 in LP3/9)"(Q) as n — oo. Since {Djuntn>1 is
bounded in LPi(Q)), by Holder’s inequality, we infer that

0<@Qj(n k) < kejil”@”ﬂ”%’j(g)”% - Tk(UO))X{unZk}HL(pj/qJ')’(Q) —0 asn — oo.
With a similar argument, we obtain that lim, . R;(n,k) =0
Let 0 < 7 < min;e 7, 6;. Hence, 7 € (0,1) and |uy,|% 1 (w, — Th(uo)) < k%7 (u, — Ti(up))™ on

the set {T)(uo) < un < k}. Since (un — Tk (u0))" X4, (uo)<un<k} — 0 in L®3i/5)'(Q) as n — oo,
proceeding as above, we obtain that

0 < Wj(n, k) < k"0l 7oy o | (wn = The(0)) X (o) <un <k | 10y @ —0asn— oo
(IT) We now assume that j € J; and we show that
Qj(n,k) =0 asn— oco. (7.25)
As in the proof of Lemma we distinguish several situations:

Case (a). Let ¢; = 0 and §; > p+1. In this case, j € N3 and hence, (1.8]) yields that m > 6;.
Case (b). Let ¢; =0 and §; < p+ 1.
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In Cases (a) and (b) above, we define v; =1 — (0; — 1)/r, where r = m — 1 in Case (a) and
r = p in Case (b). Then, by Holder’s inequality and (7.15]), we have

0;—1
0 < Q. k) < lunll oy 10k = Ti(u10)) X3y | 121y — 0 85 1~ 0.

For Cases (c) and (d) below, we define ¢; as in (|7.10).
Case (c) Let ¢; > 0 and ¢; < 0. Defining v; = 1 — ¢;/pj, similar to (7.11)), we get
Pj ( 0:—1

J
Q (n k) < Ha UnHL;DJ () (jm 1,p; (Un)) met H(k - Tk(uo))X{unZk}HLl/'Yj(Q)' (7'26)

Case (d) Let ¢; > 0 and ¢; > 0. We have three sub-cases, sce (d1)—(d3) in Lemma[7.1]
(d1) Let mj > 1 and 6; > p. Defining v; = (m — 0;)/(m — 1), similar to (7.12)), we see that

q;

¢ 24
Q;(n,k) < (Tm1(n)) ™ (Tm—1,(un)) 7 |[(k = Tu(0)) Xun st |17 Q)" (7.27)

We treat the remaining sub-cases (d2) and (ds3) together and define 7; as in (7.13)). Analogous
to (7.14)), we find that

_ 9
Qj(n7 k) < ||un||%p(g) (jmfl,pj (un)) bs H(k - Tk’(uﬂ)) X{unZk}HLl/Wj Q) (7'28)

By (7.15]), the right-hand side of each of the inequalities in ([7.26]), (7.27) and (7.28) con-
verges to 0 as n — oo. So, in any of the Cases (a)—(d), we get (7.25) for j € J;. With

the same reasoning, we obtain that lim, , Rj(n,k) = 0 for every j € Ji. Using that
(n — T5(10))X{0<|un|<k} — 0 in L®i/9)" () as n — oo, we find that Vj(n, k) — 0 as n — oo.
Thus, the right-hand side of ([7.24]) converges to 0 as n — oo. The proof of ([7.23)) is complete. [

Proof of Proposition Using Lemma A.5 in |16], to obtain (7.20)), it suffices to show that
for every integer k > 1, there exists a subsequence of {u,} (depending on k and relabeled {uy})
such that (1.28)) holds. We first note that

Eun (Th(un), Tk (10)) X{jun|>ky — 0 (strongly) in LYQ) asn— oo. (7.29)
Indeed, from ((6.2) and ([7.22]), we have

N
Sun (Tk(un Tk U() Z FRTS Tk un Tk(u())) 8jZn,k'

For all 1 < j < N, since 0;T;(upn) = X{|un‘<k}8jun, the Dominated Convergence Theorem yields
8]'Zn7k X{|un|>k} = —aqu X{|un|>k} X{|uo|<k} — 0 (strongly) in LPJ (Q) as n — 0. (730)

Similar to , by passing to a subsequence of {u,}, for each 1 < j < N, we see that
{Eju,(Tk(un), Ti(uo))}n converges weakly in LFi (©) as n — oo. Hence, we obtain (7.29)).

Using the monotonicity assumption in (1.12)), we get that &, (T%(un), Ti(uo)) > 0 a.e. in .
1.28

Hence, in view of ((7.29), to conclude (1.28]), it remains to show that, up to a subsequence,

lim sup Eu, (T (un), Tk (up)) dz < 0. (7.31)
n—00  J{|un|<k}
We set
k
Ao k) 1= G (Zns) — 2 o (2,0
N (7.32)

Fnk(v) = Z/{u - Aj(x,un, V) fr(n, k) 0jZy 1, dx, where v € Wol’?(ﬂ).

Since T (upn) = uy, on {|u,| < k}, from (6.25)) and the definition of €, in (1.21)), we infer that

1
9 {Jun|<k} Sun (Tk(un)aTk(UO)) dr < H:'n,k(un) - ?n,k(Tk(Uo))
Un | <
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The proof of ((7.31]) follows now by establishing that
(1) lim Fnie(Ti(uo)) =0, (ii) limsup Ty, x(u,) < 0. (7.33)
n oo n—oo

Since |Z,, 1| < 2k, we find a constant Cj, > 0 such that |fy(n, k)| < Cj, for all n > 1. For arbitrary
1 < j < N, with the same reasoning as for (6.18), we have that A;(z,un, VT (uo)) X{Jun|<k}
converges to A;(z,uo, VIi(u0)) X{juo|<k} (strongly) in LPi () as n — oo. Hence, using that
0jZn — 0 (weakly) in LPi(§2) as n — oo, we find that Aj(x, un, VIk(t0)) X{jun|<k} 9 Znk — 0
in L'(2) as n — co. Thus, by the squeeze law, we obtain the first limit in (7.33).

To prove (ii) in , we take as a test function in the function

0= oA(Zng) € Wo' P () N I¥(9). (7.34)

Compared with [16], we have the extra term I,,(v) in the right-hand side of (7.3). Then,
Iy, (px(Zn 1)) is the additional term which appears when bounding from above F, i(u,). By
following the ideas in the proof of Lemmata 3.2 and 4.2 in [16] (see Lemma in the Appendix
for details), we arrive at

Srn,k:(un) < Sk(n) + Iun (@A(Zn,k))v (735)

where, up to a subsequence of {u,}, lim, o Sx(n) = 0. From Lemma and (7.35)), we
conclude (ii) in ([7.33]). This ends the proof of Proposition O

7.3. Proof of Theorem concluded. Here, we obtain that ug € T/VO1 ?(Q) is a solution of
(1.11]) by combining Propositions and with Lemma below.

Lemma 7.7. Let u, and ug be as in Proposition[7.3. Then, up to a subsequence, we have
I, (v) = Jim T, (v) = Sug,0,f(v) = (Bug,v) (7.36)
for every v € Wol’?(ﬂ) NL>®(Q).

Proof. We start by proving the second equality in (7.36). Let v € WO1 ?(Q) N L>(Q) be
arbitrary. From , we have lim, o [ favdz = [, fvdz. Reasoning as in the proof of
(3-1), we obtain ©(u,)v — O(ug) v in L(Q) as n — 00, limp a0 (A(un),v) = (A(uo),v) and
limy, 00 (B, v) = (Bug,v). Since ®(ug) € LY(Q) (see Remark , it is enough to show that

®(un) — P(ug) (strongly) in L' (Q) as n — oc. (7.37)

By Vitali’s Theorem, it suffices to show the uniform integrability of {®(uy,)}n>1 over Q.

Fix M > 2 arbitrary. Let w be any measurable subset of (2. We regain (3.5 with u,, instead
of U,. However, the proof of does not translate here since from Proposition we only
have the uniform boundedness in L(Q) for {®(uy)}n>1 (rather than for {®(uy,)up,}n>1). The
case ¥ = 0 is treated in [16, Lemma 4.3] by adapting and extending to the anisotropic case an
approach from [11]. We give the details since compared with [16] we need to deal with the new

term W in ([1.3)). In (7.3)), we take
v =Ti(Car—1(un)) € WEP (Q) 1 L¥(Q).
Then, using the coercivity condition in (1.12]) and ([1.13]), we obtain the estimate

/{|un|>M} | (un)| do < /{un|2M_1}(|f"| + Co) dx + |(Bun, Ty (Grr—1(un)))| (7.38)

+ L, (T1(G -1 (un)))-
Now, up to a subsequence of {u,}, from (7.16]), we have

Ty(Gar1(un)) — Ty(Gar1(uo)) (weakly) in WhP (Q) as n — .
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Using this in (7.38)), jointly with (7.1]) and the property (P») for 9B, we find that

lim sup o) de < [ (1F] + Co) i + [(Buo, Ty (Gar1 (o))
n—00  J{|un|>M} {luol=M—1} (739)
+ lim sup | L, (T1(G pr—1(un)))|.-

Since T1(Gpr—1(uy)) = 0 on {|u,| < M — 1}, we have

N
Lo (T3 (Gag 1 () < S / || D % dir. (7.40)
j=1 Hlun|=M—1}

Let ppr—1(v) :== meas {|v| > M — 1}. We next bound from above the right-hand side of ([7.40).
(I) For every j € Jo, using that M > 2 and 6; < 1, we find that

/{| SM_1) |un|9j71’8jun|f1j dx < (M — 1)9jil”8jun”qupj(Q) (/JM—l(Un))liqj/pj ' (7.41)

(IT) Let j € J; corresponding to #; > 1. We are guided by the reasoning in Lemma In
relation to the upper bound for Q;(n, k) in the proof of (7.25), we replace (k — T (10)) X fup >k}
by X{ju,|>m—1}- Hence, using also , we obtain a positive constant C, independent of n
and M, such that

/ [n| ™ HOjun|¥ dx < C (par—1(un))™ (7.42)
{lun|=M -1}

where 7; € (0,1) is defined according to (a)-(d) in the proof of (|7.25).
In light of (7.41) and (7.42), we infer from (7.40) that

limsup |, (Th (G a—1(un)))| < C (Z (a1 (ug)) /75 + 3 (MM—l(UO))W> ’

nee j€T2 jeh

where C' > 0 is a constant independent of M. As upr—1(up) — 0 as M — oo, by choosing
M > 2 large, we can make limsup,,_, o [, (T1(Gar—1(uy)))| as small as desired. Using this fact
in (7.39), we conclude that [, [®(un)|X{ju,|>rm} d2 is small uniformly in n and w. This finishes

the proof of ([7.37]).

We now establish the first equality in for every v € T/VO1 7 () N L>(£2). We follow the
ideas in the proof of , working here with W, u,, and ug instead of ¥,,, U,, and Uy, respectively.
Hence, for every j € Ji, the reader should replace H;,(Uy, 9;Up) by |un|% 2w, |01, |%.

For every j € Jp, corresponding to , we want to show that there exists s; > 1 such that

ltn] =2 | Byun| || o3 ) < C (7.43)

for a positive constant C' independent of n. We need to adjust the argument given in Section 3.1
The reason is that instead of {|unl|Lm (@) }n>1 and {JTpm p; (un)}n>1 being uniformly bounded in

n, we only have that { [, |us/™ " dz}n>1 and {Jm—1p, (un)}n>1 are uniformly bounded (sce
Proposition [7.3| (a)). With similar ideas to those given in the proof of ([7.25), based on Hélder’s

inequality, we obtain (7.43|) by taking s; = 1/(1 —;), where y; € (0,1) is defined as for (7.42)).
Now, we use Proposition (b) and ([7.20)) to deduce that

|| %20, | 00| Y — Juo|% " ?u0|djue|¥  ace. in Q asn — oco.
Using (7.43)), we infer that, up to a subsequence, |uy|% 2w, |0jun|% — |uo|% ~2up|0juo|% (weakly)

in L% (Q2) as n — oo, proving that

Z/|un|€f_2un|8jun|qjvd:c: Z/|u0|91_2u0](‘)juo|qjvdx. (7.44)
Q Q

VIS VIS
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As mentioned before, for w € Wol’?(Q) N L>®(2), we have Vw = 0 a.e. in {w = 0}. Hence,
the above identity holds if instead of Q we put {|u,| > 0} in the left-hand side of and
{|up| > 0} in the right-hand side. This completes the proof of in Case 1.

In Case 2, the proof of adapts almost verbatim from Section remembering to work
with ¥ instead of ¥,,. This ends the proof of Lemma [7.7] O

APPENDIX A.

In this paper, we need the following version of Young’s inequality.

Lemma A.1 (Young’s inequality). Let N > 2 be an integer. Assume that (i,...,0N are
positive numbers and 1 < Ry < oo for each 1 <k < N —1. If Z,]gv:_ll(l/Rk) < 1, then for every
d > 0, there exists a positive constant Cs (depending on &) such that

N N—-1
[T8: <6 B +Cs B,
k=1 k=1

where we define Ry = [1 - chv:_ll(l/Rk)]_l-

We recall the anisotropic Sobolev inequality in [36, Theorem 1.2].

Lemma A.2. Let N > 2 be an integer. If 1 < p;j < oo for every 1 < j < N and p < N, then
there exists a positive constant 8§ = 8(N, ?), such that

N

N 00

lull o vy < 8 TT I0jull i vy for allu € C2(RY), (A1)
j=1

where, as usual, p* := Np/(N — p).

Remark A.3. Let Q be a bounded, open subset of RN with N > 2. If1 < p; < 0o for every

1<j <N andp < N, then by a density argument, (A.1) extends to all u € W&’?(Q) so that
the arithmetic-geometric mean inequality yields

N N

N 8 S

||U”Lp*(sz) <3 1_[1 ||8ju||}l/z7j(g) < N 221 HajuHij(Q) = NHUHWOL?(Q) (A.2)
]: ]:

for allu € W(}’?(Q). Moreover, using Holder’s inequality, the embedding Wol’?(Q) — L*(92) is
continuous for every s € [1,p*| and compact for every s € [1,p*).

Lemma A.4. Let the assumptions of Proposition[2.3 hold. Suppose that

Eu, (UL, UE) =0 in LN Q) asn — oo. (A.3)

Then, up to a subsequence, we have
VUE = VUE a.e. in Q asn — oo, (A.4)
U — UE (strongly) in WS’?(Q) as n — oo. (A.5)

Proof. From (A.3)), we see that, up to a subsequence, &y, (U, USE) — 0 a.e. in  as n — oo.
We prove (A.4)). Recall from Proposition that (2.10]) holds. Let Z be a subset of £ with
meas (Z) = 0 such that for every z € Q\ Z, we have |U;
forall 1 <j < N, as well as
Un(x)® = Ui (z), &y, (UL, UE)(z) = 0asn — oco. (A.6)

We fix z € 2\ Z. By the monotonicity and coercivity assumptions in ((1.12)), we find that

()] < o0, |VUy (2)] < o0, [n;(z)] < 00

N N
Eu, (U, UF) = v Y _ 105U (@) 7 =" |Aj(x, Up, VUE) 0;U§ + Aj(x, Un, VUF) Q;UE|. (A7)
j=1 j=1
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By Young’s inequality, for every § > 0, there exists Cs > 0 such that
|Aj (2, Uy, VUE) ;US| < 8| Aj (2, Un, VUEF)[Pi + C5|0;U5 () [P
[Aj (. Un, VUF) 05U | < 810U ()| + Cs| 4, U, VUG )|

for every 1 < j < N. We use the growth condition in ([1.12]) to bound from above the right-
hand side of each inequality in (A.8)). Then, there exist positive constants C' and Cf, both
independent of n (only € depends on §) such that &y, (U;F, Ui )(x) is bounded below by

N
(vo — C6) Y |0;Us ()| — Cj (an )+ |Un(z +Z|a U (x |PJ>.

J=1

(A.8)

Using ({A.6)) and choosing 6 € (0,19/C), we conclude that
{|IVUZ%(z)|}» is uniformly bounded with respect to n. (A.9)

Let z € Q\ Z be arbitrary. To prove that VU,f (z) — VU, (x) as n — oo, we show that any
accumulation point = of {VU, (z)}, coincides with VU (z). From (A.9), we have |Z| < oo.
By (A.6)) and the continuity of A;(z,-,-) with respect to the last two variables, we get

Eu, (U, U (z) = Z [Aj(2,Uo(2), E) — Aj(z, Uo(x), VU (2))] (5 — ;U (x)) as n — oo.

This, jointly with (A.6) and the monotonicity condition in (T.12), gives that = = VU (z).
Similarly, we obtain that VU, (z) — VU, (z) as n — oco. The proof of (A.4) is complete since
x e\ Zis arbitrary and meas (Z) = 0.

In order to prove , we use - -, Lemma E 2| and Vitali’s Theorem. We see that
{|0;U* — 0,U§ ‘p]}n is a sequence of non-negative integrable functions, converging to 0 a.e. on
2 as n — oo. So, we conclude ({A.5)) by showing that, up to a subsequence, {ZFl |0;UE |pﬂ}n
is uniformly integrable over 2. Now, up to a subsequence, we have for each 1 < j < N,

Aj(z,U,, VUE) = Aj(2,Up, VUF) (weakly) in LFi () as n — . (A.10)

Indeed, {A;(z,U,, VUZE)}, is bounded in L (Q) from the growth condition in (1.12]) and the
boundedness of {Up,}, in W(}’?(Q) and, hence, in LP"(Q2). Moreover, {A;(z, Uy, VUZ)}, con-
verges to Aj(x,Uo,VUSE) a.e. in Q as n — oo using (A.4), the convergence U, — Uy a.e.
in Q (from (2.10)) and the continuity of A;(z,-,-) in the last two variables. Hence, up to a
subsequence, we have ((A.10). Consequently, for each 1 < j < N, we get

Ai(z, U, VUE) ;U — Aj(x, Uy, VUF) ;U5 in LY(Q) as n — oc. (A.11)

Let k£ > 1 be arbitrary. For each 1 < 7 < N, we next prove that, as n — oo,
Aj(l’, Un, VUSE>X{|U”|§I<:} 8JUni — Aj(x, Uy, VUét) X{|Uo|<k} BJU(?E in L1<Q). (A.12)

Let 1 < j < N be arbitrary. Note that {|A;(z, Un,VUSE)|p}X{|Un|§k}}n is uniformly integrable
over Q and A;(z, Uy, VUoi)X{|Un|§k} — Aj(z, Uy, VU(?[)X{IUolgk} a.e. in  as n — oo. Thus, by
Vitali’s Theorem, Aj(x,Un,VUSE)X{|Un|Sk} — Aj(x,Uo,VUgE)X{|UO|Sk} in LPS(Q) as n — oo.
This proves since 9;U;F — ;U5 (weakly) in LPi(Q) as n — oo (see Remark .

By Hélder’s inequality, we get a constant C' > 0 (independent of k) such that for all n > 1,

2/ (@, Un, VUE) 0;UF| da = Z/ |4, (2, Up, VUE) 8;Gy(Un)| de
|Un|>k} {UE>k}

(A.13)
<C Z 10;Gr(Un)|| i (-

=1
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Using (A.13)), jointly with Lemma we get that, up to a subsequence,

N
limsupZ/ﬂU i U, VU 0 o < O (A.14)

n—oo

for each k > 1, where limy_,o Wy, = 0. Using (A.3), (A.11)), (A.12)) and (A.14), from (A.7), we
get that {Z;VZI |8-Ui\pj} is uniformly integrable over €. This ends the proof of (A.5)). O

Remark A.5. We need Lemma |5.2 n to control the integral in the left-hand side of m
Indeed, we cannot conclude that Aj(x,U,, VUF)0;UE — Aj(x,Us, VUF) 0;Us in LY(Q) a

n — oo for the same reason as in Remark:-

Lemma A.6. In the framework of Theorem we have .
Proof. Recall that Z, , = T)(upn) — Tk (up). From , we have Z, , — 0 a.e. in  as n — 00
and Z,; — 0 (weakly) in W&’?(Q) as n — 0o. Moreover, we find that

ox(Zni) = 0 ae. in Q and ¢)(Z, ) = 0 (weakly) in WOL?(Q) as n — oo. (A.15)
Observe that up, Z, > 0 on the set {|u,| > k}, which gives that ®(un) ©x(Zn k) X{jun|>k} = 0
Thus, by testing with v = px(Zp ) € WOL?(Q) N L>(2), we obtain that

(At o7 (Zo ) + /{l oy ) o) < bt L (3Zs))s (AI6)
Un |<

where £, i, is defined by

fo = (Bt 92 (Zns)) — /Q O (un) o7 (Zo k) da + /Q fo o7 (Zok) do.

The first term in ¢, ;, converges to 0 as n — oo from , and the property (P») of *B.

Since |O(uy)| < Co and holds, by the Dominated Convergence Theorem, we get that the

second, as well as the third term in ¢, j, converges to 0 as n — oo. Hence, lim,,_,o £y, 1 = 0.
To simplify exposition, we now introduce some notation:

Xk(n) = ¢(k) ZA un (9 Tk(UQ) +C( ) ’(p)\(Zn,k)’da?,

{lun|<k} [

N
V() = 3 [ A45() (Znt) Xquol<k) Xlanfzty Dy da.
j=1

We rewrite the first term in the left-hand side of (A.16) as follows

(Ain, 0(2 Z / oy M) A ) g da Vi) (AT
Un | <

The coercivity condition in and the growth condition of ® in ([1.13]) imply that

| (un)‘X{|un|<k} < ¢(k [ ZA Up) a U, + c(z) X{|un|<k}- (A.18)
] 1

In the right-hand side of (A.18) we replace Oju, by 0;Z, 1 + 0Tk (uo), then we multiply the

inequality by |px(Zy k)| and integrate over Q with respect to x. It follows that the second term

in the left-hand side of (A.16]) is at least

Wi/ A () |02 (Zon )| 0; Zs dit — Xi(n)

0 = (lun| <k} G\ Un ) |PA\Ln k 54 n,k k .

Using this fact, as well as (A.17)), in (A.16), we see that F,, 1 (u,) (defined in (7.32)) satisfies
Tk (un) < Xp(n) +Yi(n) + Lo g + Lu, (02 (Znk))- (A.19)
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Since limy, ;00 £ = 0, by showing that lim, oo Xi(n) = lim, o Yi(n) = 0, we conclude
(7.35). Using (A.15) and ¢ € L'(Q), we infer from the Dominated Convergence Theorem that

c(z)|ox(Zn k)| X{Jun|<k} — 0 in LI(Q) as n — 0o. (A.20)

Next, up to a subsequence of {u,}, A;(u,) converges weakly in L ;(Q) as n — oo for all
1 < 7 < N. Hence, Z;V:l Aj(uy) Ojug converges in L'(2) as n — oo. Then, there exists a
non-negative function F' € L'(Q) (independent of n) such that, up to a subsequence of {u,},
‘Z;-V:l Aj(up) 8ju0’ < F a.e. in Q for every n > 1. By the Dominated Convergence Theorem,

N

Z Aj(un) 8ka(uO) |(P>\(Zn,k)| X{|un|<k} — 0 in Ll(Q) as n — o0. (A.Ql)
j=1

From (A.20) and (A.21), we find that lim,_,oc Xi(n) = 0. Remark that |¢)(Z, )| is bounded

above by a constant independent of n and X{jug|<k} X{|un|>k} — 0 a.e. in @ as n — oo. Hence,
we can use a similar argument as for Xy(n), to obtain that, up to a subsequence of {u,},

limy, o0 Y% (n) = 0. From (A.19), we conclude (7.35) with Si(n) = Xi(n) + Yi(n) + 45 k. O
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