Representations of the super Yangians of types A and C'
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Abstract

We classify the finite-dimensional irreducible representations of the super Yangian asso-
ciated with the orthosymplectic Lie superalgebra 0spy),,. The classification is given in terms
of the highest weights and Drinfeld polynomials. We also include an R-matrix construction
of the polynomial evaluation modules over the Yangian associated with the Lie superalgebra
9lnjn. as an appendix. This is a super-version of the well-known construction for the gl,,
Yangian and it relies on the Schur—Sergeev duality.

1 Introduction

The Yangian Y (05, 5,) associated with the orthosymplectic Lie superalgebra osp o, is a de-
formation of the universal enveloping algebra U(osp M|2n [u]) in the class of Hopf algebras. The
original definition is due to Arnaudon et al. [1], where some basic properties of the Yangian
were also described. Its gl,,,,, counterpart was introduced earlier by Nazarov [14], and the finite-
dimensional irreducible representations of the Yangian Y(gl,,,) were classified by Zhang [19]
in a way similar to the Drinfeld Yangians [6]. Apart from the case of the Yangian Y (osp),,,)
considered in [11], the general classification problem for the orthosymplectic Yangians remains
open. We show in this paper that the representations of the Yangian Y(05p2|2n) are described in
essentially the same way as those of the Yangian Y (gl,,,,), thus extending the similarity between
the modules over the Lie superalgebras of types A and C' as given by Kac [9].

In more detail, we will regard the Yangian Y (05p,,,) as a quotient of the extended Yangian
X(05py2,) by an ideal generated by central elements. The highest weight representation L(A(u))
of X(05pys,,) is defined as the irreducible quotient of the Verma module M (\(u)) associated with
an (n + 2)-tuple A(u) = (A1(u),..., A\yo(u)) of formal series in u~!. The tuple is called the
highest weight of the representation.

A standard argument shows that every finite-dimensional irreducible representation of the
extended Yangian is of the form L(A(u)) for a certain highest weight A\(u). The key step in
the classification is to determine the necessary and sufficient conditions on the highest weight
for the representation L(A(u)) to be finite-dimensional. We will rely on reduction properties
of the representations to establish necessary conditions, and their sufficiency will be verified by
constructing a family of fundamental representations of the Yangian X(0sps,,,). This will prove
the following theorem.



Main Theorem. Every finite-dimensional irreducible representation of the algebra X(ospmn)
is isomorphic to L(\(u)) for a certain highest weight A(u). The representation L(\(u)) is finite-

dimensional if and only if there exist monic polynomials Q(u), Q(u), Py(u), ..., Pyii(u) in u
such that
M) Qu)
= : (1.1)
Ao(u)  Qu)
Aipi(u)  Pi(u+1) :
= =2,... 1.2
and

Anta(u) _ Pap (u+2)
)‘n-i—l(u) B Pn-i-l(u) '

(1.3)

The finite-dimensional irreducible representations of the Yangian Y(05p2|2n) are in a one-to-one
correspondence with the tuples (@(u), Qu), Py(u), ..., Pn+1(u)) of monic polynomials in u,

where the polynomials Q(u) and Q(u) are of the same degree and have no common roots.

We will refer to the monic polynomials occurring in these conditions as the Drinfeld polyno-
mials of the representation; cf. [6].

The Appendix is devoted to the polynomial evaluation modules over the Yangian Y ( g[m‘n).
Such modules over the Yangian Y (gl,,) proved to be useful in the analysis of the representations
of the orthosymplectic Yangians; see Proposition 2.9 and also [2], [11]. Many applications of the
evaluation homomorphism rely on its R-matrix interpretation going back to Cherednik [4]. In
this interpretation, the polynomial evaluation modules arise from the Schur—Weyl duality and are
constructed as submodules of the tensor product of the vector representation of the general linear
Lie algebra. As another ingredient, the construction uses some key steps of the fusion procedure
for the symmetric group originated in the work of Jucys [7]. It was rediscovered in [4], with
detailed arguments given in [15]; see also [10, Sec. 6.4].

A super-version of the Schur—Weyl duality involving the general linear Lie superalgebra and
the symmetric group is due to Sergeev [16] and Berele and Regev [3]. It is called the Schur—
Sergeev duality in [5, Sec. 3.2]. We will use this duality to give an R-matrix construction of
the polynomial evaluation modules over the Yangian associated with the Lie superalgebra gl,,,,,.
More precisely, for any Young diagram A contained in the (m, n)-hook we consider a standard
A-tableau ¢/ and the associated primitive idempotent e;; € CS,, where d is the number of boxes
in A\. By using the action of the symmetric group S, on the tensor product of the Z,-graded
vector spaces C™/", we show that the subspace e, (C™™)®? is a representation of the Yangian
Y(gl,,,). We derive that this representation and its twisted version are isomorphic to evaluation
modules over gl ... and identify them by calculating the highest weights.

mln



2 Representations of the orthosymplectic Yangian

2.1 Definition and basic properties of the Yangian

Fix an integer n > 1 and introduce the involution i — i’ = 2n—i+3ontheset {1,2,...,2n+2}.
Consider the Z,-graded vector space C22" gver C with the canonical basis €1,€2,...,€2,19,
where the vector e; has the parity 2 mod 2 and

_ 0 for i=1,1,
1 for i=23,...,2".

The endomorphism algebra End C2?" gets a Z,-gradation with the parity of the matrix unit €ij
found by 7+ 7 mod 2. We will identify the algebra of even matrices over a superalgebra A with
the tensor product algebra End C%%" @ A, so that a matrix A = [a;;] is regarded as the element

2n+2
A = Z 61‘]‘ ® aij(—l)ij” & End CQ‘QH ® ./4.
ij=1
The involutive matrix super-transposition t is defined by (A");; = Ay (—1)"170,0;, where we

set

0 — 1 for i=1,....n+1,1,
T l-1 for i=n+2...,2".

This super-transposition is associated with the bilinear form on the space C??* defined by the
anti-diagonal matrix G = [d;;7 0;]. We will also regard ¢ as the linear map

t:End (C2|2n — End (CZ|2n7 €5 — ej’i’(_l)ﬁ—ﬁeigj- (21)

A standard basis of the general linear Lie superalgebra gl,y, is formed by elements £;; of
the parity 2 + 7 mod 2 for 1 < 4,5 < 2n + 2 with the commutation relations

iy, Ew] = 0 By — 03y Eyy(—1)FHED,

We will regard the orthosymplectic Lie superalgebra osp,,, associated with the bilinear from
defined by G as the subalgebra of gl,,, spanned by the elements

-Fij = Eij - Ej/i/(—l)ij_‘—z QZQJ

The symplectic Lie algebra ospg,, = sp,y, will be considered as the subalgebra of 0sp,,
spanned by the elements F;; with 2 <4, j < 2.
Introduce the permutation operator P by

2n+2
P = Z €ij (%9 €ji<—1)j € End C2|2n & End CQ|2n

ij=1



and set
2n+2

Q = Z €ij & ei/j/(—l)U@iﬁj S End C2\2n X End 62‘2n.

ij=1
The R-matrix associated with 0sp,,, is the rational function in u given by
P
R —1-L 4 @

U u—kK

K= —n. 2.2)

This is a super-version of the R-matrix originally found in [17]. Following [1], we define the
extended Yangian X(ospmn) as a Z,-graded algebra with generators tl(-;) of parity 7 + 7 mod 2,
where 1 < ¢,7 <2n+2andr = 1,2,..., satisfying certain quadratic relations. To write them
down, introduce the formal series

=i + th e X(08pgp,) [[u”]] (2.3)
and combine them into the matrix 7'(u) = [t;;(u)]. Consider the elements of the tensor product
algebra End C*?" @ End C2*" @ X (0spyy,,)[[u~"]] given by

2n+2 o 2n+2 o
T1 (’LL) = Z eij (024 1 X tij(U)(—l)U—i_] and TQ(U,) = Z 1 X eij X tZJ (U)(—1)1]+].
i,j=1 i,j=1
The defining relations for the algebra X(0sp,,,,) take the form of the RTT-relation
R(u —v) Ty (u) To(v) = To(v) T (u) R(u — v). (2.4)
As shown in [1], the product T'(u — ) T'*(u) is a scalar matrix with
T(u—r)T"(u) = c(u)l, (2.5)

where c(u) is a series in u~'. As with the Lie algebra case considered in [2], all its coefficients
belong to the center ZX(0spy)5,,) of X(08py5,) and generate the center.

We will also use the extended Yangian X(ospgs,) which is defined in the same way as
X (05py)s,), by using the subspace C%?" C C?" with odd basis vectors ey, e, .. . , €y, instead
of C??" and the corresponding RT'T-relation (2.4). The R-matrix is defined by (2.2) with the
modified expressions

2n+1 2n+1
- Z €ij & €ji and Q = — Z €45 X €40 919_]
1,j=2 1,j=2
and with the value kK = —n — 1. It will be convenient to use the index set {2, 3,...,2'} to label

the corresponding generating series which we will denote by ¢;;(u). We have an isomorphism
X(05pj2,) = X(spy,) so that the series #;;(—u) satisfy the defining relations for the extended
Yangian X(sp,,,); see [1], [2].



The Yangian Y(0sp,,,) is defined as the subalgebra of X(o0sp,,,) which consists of the
elements stable under the automorphisms

tij(u) = f(u) tij(u) (2.6)
for all series f(u) € 1 + u~*C[[u"!]]. We have the tensor product decomposition
X(08Poppn,) = ZX(08pg)9,) @ Y(05Py,,)- (2.7

The Yangian Y (05py,,) is isomorphic to the quotient of X(0sps,,,) by the relation c(u) = 1.
An explicit form of the defining relations (2.4) can be written with the use of super-commutator
in terms of the series (2.3) as follows:

[t (u), tr(v)] = ui (ts(w) ta(v) - tkj(v)til(u))(_nmﬂ?fﬂk

v
2n+2 o
P— (5;% Z tpi(u v)(—1)"P 6,0, (2.8)
2n+2 S
—bge 3ty (0) ) (1) g0, )
=1
Note that the mapping
tw(u) — tw(u + CL), a € C, 2.9)

defines an automorphism of X(0spys,,)-

The universal enveloping algebra U(0sp,,,) can be regarded as a subalgebra of X(0spy,,)
via the embedding

Fyj — 1(lt“ i (=1)74760:0,) (~1)" (2.10)
L) 2 g4’ A . .

This fact relies on the Poincaré-Birkhoff—Witt theorem for the orthosymplectic Yangian which
was pointed out in [1]. It states that the associated graded algebra for Y(ospmn) 1s isomorphic
to U(0spypp,[u]). This implies that the algebra X (0sp,,,) is generated by the coefficients of the
series c(u) and ¢;;(u) with i+ j < 2n+3, excluding ¢4y, (u) and 1,1 (v). Moreover, given any total
ordering on the set of the generators, the ordered monomials with the powers of odd generators
not exceeding 1, form a basis of the algebra. The theorem follows by using essentially the same
arguments as in the non-super case; see [2, Sec. 3].

The extended Yangian X(05p2|2n) is a Hopf algebra with the coproduct defined by

2n+2

Z tin(u) @ tyi(u). (2.11)

The coproduct on the algebra X(0spgy,) is defined by the same formula for the series Z;;(u)
instead of ¢;;(u), with the sum taken over k = 2,3,...,2n+ 1.



2.2 Highest weight representations

The proof of the necessity of the conditions of the Main Theorem will rely on the following
reduction property for representations of the extended Yangians X(05p2|2n) which is verified in
the same way as for the case of X(ospmn) in [11, Prop. 4.1]; cf. [2, Lemma 5.13]. For an
arbitrary X(0sp,5,,)-module V' set

Vi={neV|ty(uyn=0 for j>1 and t;1(u)n=0 for <1} (2.12)

Proposition 2.1. The subspace V" is stable under the action of the operators t;;(u) subject to
2 < 4,7 < 2. Moreover, the assignment t;;(u) — t;;(u) defines a representation of the extended
Yangian X(0spg,) on V. O

A representation V' of the algebra X (0sp,)y,) is called a highest weight representation if there
exists a nonzero vector £ € V' such that V' is generated by &,

tij(u) =0 for 1<i<j<2n+2, and

for some formal series
Ai(u) € 1+u'Cllu™]). (2.14)

The vector £ is called the highest vector of V.

Proposition 2.2. The series \;(u) associated with a highest weight representation V' satisfy the
consistency conditions

fori=1,... ,n. Moreover, the coefficients of the series c(u) act in the representation V' as the
multiplications by scalars determined by c¢(u) — A\ (u) Ay (u +n).

Proof. Introduce the subspace V' by (2.12) and note that the vector £ belongs to V*. By ap-
plying Proposition 2.1 we find that the cyclic span X(ospgo,,) € is a highest weight submodule
with the highest weight (Ao(u), ..., Az(u)). Due to the isomorphism X(ospgo,) = X(5p,),
conditions (2.15) for i = 2, ..., n follow from the consistency conditions for the highest weight
modules over X(sp,,); see [2, Prop. 5.14]. Furthermore, using the defining relations (2.8), we
get

F1o (1) oy (0) € = ————— <t12(u) Frrar (1) -+ At (1) Apr(0) — Ao (u) Ay (v)) ¢

U—v—~K
and so

(u—v—kK+1)t2(u) tye(v) € = (—Al(u) A (v) + Az (u) AQ!(U)) €.
Setting v = v — kK + 1 = v+ n + 1, we obtain (2.15) for + = 1. Finally, the last part of the
proposition is obtained by using the expression for c¢(u) implied by taking the (1’,1’) entry in the
matrix relation (2.5). []



By Proposition 2.2, the series \;(u) in (2.13) with ¢ > n + 2 are uniquely determined by the
first n + 2 series. The corresponding (n + 2)-tuple A(u) = (A (u), ..., Apya(u)) will be called
the highest weight of V.

For an arbitrary (n + 2)-tuple A(u) = (A(u),..., \pyo(u)) of formal series of the form
(2.14) define the Verma module M(\(u)) as the quotient of the algebra X(osp,,,) by the left
ideal generated by all coefficients of the series ¢;;(u) with 1 < i < j < 2n+2, and ¢;;(u) — \;(u)
fori =1,...,2n + 2, assuming that the series \;(u) withi = n + 3,...,2n + 2 are defined to
satisfy the consistency conditions (2.15).

The Poincaré-Birkhoff—Witt theorem for the algebra X(ospmn) implies that the Verma mod-
ule M (A(u)) is nonzero, and we denote by L(A(u)) its irreducible quotient. It is clear that the
isomorphism class of L(A(u)) is determined by A(u).

The first part of the Main Theorem is implied by the following proposition whose proof is
the same as in the non-super case; see [2, Thm 5.1].

Proposition 2.3. Every finite-dimensional irreducible representation of the algebra X(05p2|2n) is
a highest weight representation. Moreover, it contains a unique, up to a constant factor, highest
vector. ]

We will now suppose that the representation L(A(u)) of X(08py)y,,) is finite-dimensional and
derive the conditions on the highest weight A(u) given in the Main Theorem. First consider
the subalgebra Y of X(0sp,,,) generated by the coefficients of the series 11 (u), t12(u), ta1(u)
and tz;(u). This subalgebra is isomorphic to the Yangian Y(gl;|;), and the cyclic span Y§ of
the highest vector ¢ is a finite-dimensional module with the highest weight (A (), Ao(u)). This
implies that condition (1.1) must hold by [18, Thm. 4]; see also [11, Prop. 5.1].

Furthermore, Proposition 2.1 implies that the subspace L(A(u))" is a module over the ex-
tended Yangian X (0spgp,) = X(sp,,). The vector § generates a highest weight X(sp,,,)-module
with the highest weight (A2(—u), ..., Ayi2(—u)). Since this module is finite-dimensional, con-
ditions (1.2) and (1.3) now follow by [2, Thm. 5.16].

2.3 Fundamental representations

Our next step in the proof of the Main Theorem is to show that the conditions (1.1), (1.2) and
(1.3) are sufficient for the representation L(A(u)) of X(0spy,,,) to be finite-dimensional. The
tuple

(Qu), Qu), Pa(u), ..., Py (u)) (2.16)

of Drinfeld polynomials determines the highest weight A(u) of the representation up to a simul-
taneous multiplication of all components \;(u) by a formal series f(u) € 1+ u~'C[[u"]]. This
operation corresponds to twisting the action of the algebra X(ospy5,,) on L(A(u)) by the auto-
morphism (2.6). Hence, it suffices to prove that a particular module L(A(u)) corresponding to a
given tuple (2.16) is finite-dimensional.

Suppose that L(v(u)) and L(p(u)) are the irreducible highest weight modules with the high-
est weights

v(w) = (n(u), ... vnsa(w))  and  p(u) = (p(w), ... paga(u)). (2.17)



By the coproduct rule (2.11), the cyclic span X(0sp,,,)(§ ® ') of the tensor product of the
respective highest vectors £ € L(v(u)) and ¢’ € L(u(w)) is a highest weight module with the
highest weight

(1) (W), - -, Vg2 (W) pnsa (). (2.18)

This observation implies the corresponding transition rule for the associated tuples of Drinfeld
polynomials. Namely, if the highest weights in (2.17) are associated with the respective tuples

(Qu), Qu), Py(u),. .., Popa(w))  and  (Q"(u), Q°(w), P5(u),..., Py (u)),

then the highest weight (2.18) is associated with the tuple

(Q(U)QO(U) Q(u) Q°(u)
d(w) " d(u)

 Py(u) P2 (), ... ,Pnﬂ(u)P;L’H(u)), (2.19)

where d(u) is the monic polynomial in « defined as the greatest common divisor of the polyno-
mials Q(u) Q" (u) and Q(u)Q°(u). Therefore, it will be enough to show that the fundamental
representations of X(ospmn) are finite-dimensional. They correspond to the tuples of Drinfeld
polynomials of the form

(u+a,u+5,1,...,1) and (1,...,1,u+7,1,...,1), (2.20)

for o # 3, where u + ~y represents the polynomial P,(u) and d runs over the values 2, ..., n+ 1.
Note that by applying the shift automorphism (2.9), we can assume that 5 = 0 in the first tuple
and use a particular value of v in the second tuple.

We will begin with the first tuple in (2.20). The required property is implied by the following.

Proposition 2.4. The representation L(\(u)) of the extended Yangian X(0spyy,,) with the com-
ponents of the highest weight given by A\ (u) = 1+ au™t and \j(u) = 1 fori =2,3,...,n+2,
is finite-dimensional.

Proof. Let £ denote the highest vector of L(A(u)). We will show first that all vectors t,g?g with
k.l € {2,3,...,2'} and r > 1 are zero. This holds by definition for & < [, while the defining
relations (2.8) imply that for £ > [ we have the properties t;,(u) tffl)f = 0 for j > 1 and
i (w) t,(;;)f = 0 for + < 1’. This means that the vector t,(;;)f belongs to the subspace L(A(u))*
defined in (2.12). By Proposition 2.1, the subspace L(A(u))™ is a representation of the algebra
X(ospopn), and £ generates a highest weight module over this algebra with the highest weight
(1,...,1). The irreducible quotient of this module is one-dimensional, which implies that the
vector tffl)g € L(A(u)) is annihilated by all coefficients of the series ¢;;(u) with 1 < i < j < 1/
and therefore must be zero.

We now prove two lemmas providing the formulas for the action of some other elements of
the extended Yangian on the highest vector €.

Lemma 2.5. We have tffff =0forallk=2,3,...,2 andr > 2.



Proof. As in the above argument, we will check that the vectors t,(fl)f are annihilated by all
coefficients of the series ¢;;(u) with 1 < ¢ < j < 1. The Poincaré—Birkhoff—Witt theorem and
the defining relations imply that it is sufficient to check this property for the coefficients of the
series ¢;;+1(u) withé = 1,...,n + 1. Suppose first that 2 < k& < n + 1. Then (2.8) gives

1

vV—Uu

[tkl(v), tz‘,z‘+1(u)] = (t,-l(v) thiv1 () — tin(u) tk,i+1(v))(—1)i-

Since g ;1(u)& = dgi+1€, We derive

1
U_

tiir1(u) i (v) € = u Ok,i+1 (tz‘l(v) - tu(u)) §. (2.21)

Now proceed by induction on k. For k& = 2, by (2.21) we have
1

v—1Uu

tio(u)tar (v)€ = (tll(?}) - tll(“))f = —au v
which implies that to; (v)¢ = v™! tgll) ¢. Using (2.21) for the induction step, we can conclude that
ta)E =v 1t forall2 <k <n+1.

Now let (n + 1) < k < 2’ and use induction on k starting from £ = (n + 1)’. Note that
(2.21) holds for these values of k£ unless ¢ = k’. By applying (2.8) to the super-commutator
[t(nﬂ)/,l(v), th,(nH)/(u)] and using the assumptions \;(u) = 1fori =2,3,...,n + 2, we get

1

tnt 1,1y (W) Lty 1 (0) § = — (tn+1,1(U) - tn+1,1(u))f
b 01 (0) ey (W)€ 11 (0)€
——t11(v) 1 g1y (w0 —t, v)&.
v —utn 1,(n+1) LN
By another application of (2.8) we derive
v—u+n-+1 v+« 1
¢ tq/ n , = t1/ n ’ _ - tn .
o —utn 11(v) 1,(n+1) (w)& " 1/,(n+1) (u)& v —utn +11(v)€
Therefore, the previous expression can be written in the form
1
bt (W)t () € = —— (tns11(v) = tns11(u))€ (2.22)
v+ 1
T (nt1) —_— 1, .
vl —u+n+1) 0T (We+ v—u+n+1 +11(0)¢

On the other hand, by calculating the super-commutator [t,,+11(v), t1/1/(«)] we obtain

V—UuU-+n 1
-t tyry e
v —utntl +1,1(U)11(U)§ o —utntl

By the consistency conditions of Proposition 2.2, we find that

t(u) thyra(v) € = t g1y (W) €.

u—n-—1

tl’l’(u)f = 57

ut+a—n-—1

9



and so the residue at v = u — n — 1 gives

u—n-—1
tl’,(n+1)’(u)f = T uta—n—1 tnria(u—n—1)¢&.

As we showed above, t,,111(v)€ = v*1t221’1§ , so that (2.22) simplifies to

1

tn+17(n+1)’(u> t(n+1)',1(v)€ = —( +

)m
uwv  (u+a—n-—1)v

n+1,16-

Hence we may conclude that the vectors t( 1§ with r > 2 are annihilated by all coefficients

n+1),
of the series t; ;41 (u) withi = 1,...,n + 1 and so tEn+1)',1§ =0.
Now suppose that & = [’ with 2 < [ < n. Calculating as above, we find that

1
b (u)tra(v) € = —utn (tn(v) ty i (u) § =ty 1 (v) f)- (2.23)
Furthermore, using the defining relations again, we derive the relation
1 (v+a)(v—u+n)
- @ t ,
v—u+n+1 @y (v) £+ v(v—u+n+1)

ti(v) trr g (w) § = tr g (u) €,

which by taking the residue at v = u — n — 1 also implies

tapya(u—n—1)§ =

Since t(1y1(v)§ =v7! (z 1y 1 € by the induction hypothesis, relation (2.23) simplifies to

1

1
(W)t (v) € = (ta—n—1)o gy €

thus proving that the vectors tl(,T )15 with » > 2 are annihilated by the coefficients of the series
t11+1(u). The proof is competed by taking into account (2.21) for the remaining values 7 # . [

Lemma 2.6. We have

1 1) ,(1)
t1/1(U)§:v(v+a_n_1 Zt,i,it(

Proof. Calculate the commutator [t11(v), 1,1 (u)] by (2.8) and rearrange the terms to get

v—u-+n+1 n

e ty = ty t

v—u4+n 1)t (u) (v—u)(v—u+n) v1(v) t(u)
v—u—1
— 1ty t t t/ (9
+ P v1(u) ti(v) — v—u—i—nzkl w1 () O

10



By setting u = v + n + 1 we come to the relation

n
+1

n+ 2
tlll(v)tll(v—i—n—l—l) + n t1/1<1}+7’l—|—1 t11 Ztkl tk’l U—i—ﬂ—{—l)@ .

+1
Apply both sides of the relation to the highest vector £. By Lemma 2.4 we have
ti(v+n+1)E=@w+n+1)7" tl(;% €.

Hence, using the super-commutator [tz (v), t,(;%] = —t11(v) O we obtain
nv+a—n-—1) (n+2)(v+ «a)
ti(v) €+ tii(v+n-+1
(n+1)(v+n+1) 1(v)¢ (n+ 1 1 )¢

1 2 m.a
- Y gle
U(U—i—n—{—l)kgzkkl kzlg

This relation uniquely determines the series 1.1 (v) £. It is easily seen to be satisfied by

1
ty Ot
n(v) &= 20(v+a—n—1) { Z kb b

In particular, tﬁ ¢ = 0and so [tg&, t;(cll) ] € = 0 yielding the required relation. O

Returning to the proof of the proposition, we can now derive that the representation L(\(u))
is spanned by the vectors of the form

t e 2<k <<k <2, (2.24)

with s > 0. Indeed, by the first part of the proof, and the Poincaré—Birkhoff—Witt theorem
applied to a suitable ordering of the generators, it is enough to verify that the span of these
vectors is stable under the action of all generators of the form t,(;) with &k = 2,...,2'. Note
that by taking the (1’,1) entry in the matrix relation (2.5), we find that tg% = 0 in the algebra

X(05pyp,)- This implies that the elements t,(cll) with £ = 2,...,2' pairwise anticommute. They

also have the property [t;,(v), t,gl] = 0. Hence, applymg the series t;1(v) to a basis vector

(2.24), we get
1 1 s,(1 1
tkl( )tkll tkslf Z k11 [tkl(v)a tl(ci)l] . ‘tl(cs)l £+ (—1) tl(cl)l . 'tl(cs)l tkl(v) §.

Since [t (v), t,g)l] = —0kk,t171(v) Ok, the sum on the right hand side equals

s

Qk Z(—l)l 6k’k¢ tl(cll)l e %\];11) ce tgcls)l th(v) 5
i=1
By Lemma 2.5 we have ¢, ,(v){ = v} t,(fll) ¢, and together with the relation of Lemma 2.6 this
proves that the span of the vectors (2.24) is stable under the action of all operators t( ") with

k =2,...,2". Since the representation L(A(u)) is spanned by these vectors, its dlmensmn does
not exceed 47, [
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Let V/(u) denote the irreducible highest weight representation of the Lie superalgebra osps,,,
with the highest weight p1 = (p, . . ., ftny1) With respect to the upper-triangular Borel subalge-
bra. This means that F;;¢ = p;( fort = 1,...,n+ 1 and F;; ( = 0 for ¢ < j, where ( is the
highest vector of V' (1). The modules of the form V' (a0, ..., 0) are known to be typical, if and
only if a does not belong to the set {0, 1,...,n — 1} U{n+1,...,2n}; see [9].

Corollary 2.7. The typical representations V (a0, . . ., 0) of the Lie superalgebra 0SPy)o, extend
to modules over the Yangian X(05ps,,)-

Proof. Equip the representation L(1 + au™",1,...,1) of X(0sp,,,) with the action of 0spy,,
via the embedding (2.10). By taking the (i, j) entry in the matrix relation (2.5) for i # j we find

1) (1) 7+ _

Therefore, under the embedding we have F;; — tz(;) (—1)~.
On the other hand, any typical representation V' (v, 0, . . ., 0) is isomorphic to the correspond-
ing Kac module and so is equipped with a basis of the form

Fkllw'Fk51<7 2<]€1<"'<k33<2/,

with s > 0. The proof of Proposition 2.4 shows that the mapping ¢ — ¢ extends to an 08py),,,-
module isomorphism V («,0,...,0) = L(1 +au™t1,...,1). O

We will now turn to the second family of fundamental representations in (2.20). We will show
that they can be constructed as subquotients of tensor products of the vector representations of
X(05pyp,) and representations of the first family in (2.20).

The vector representation of X (08pyy,) on C2*" is defined by
tij (U) — 51‘]‘ + Uileij(—l)i — (u — n)*l €j/i/(—1>{j 0193 (225)

The homomorphism property follows from the R7"7-relation (2.4) and the Yang—Baxter equa-
tion satisfied by R(u) as in (A.8); cf. [1]. The mapping 7'(u) — R(u) defines an algebra
homomorphism X(ospmn) — End C?2?", and to get (2.25) we take its composition with the
automorphism ¢;;(u) — t;j(u +n) 0;0;(—1)".

Now use the coproduct (2.11) and the shift automorphism (2.9) to equip the tensor square
V = (C?")®2 with the action of X(0sp,,,) by setting

2n+2
=1

where the generators act in the respective copies of the vector space C2?" via the rule (2.25).

Introduce the vectors w, € V by wy, = e; @ e — e, ® eq for k = 2,3, ...,2" and denote by W

the subspace of V' spanned by these vectors.

The vector representation C°?" of the extended Yangian X(0spg)p,) is defined by the rule
similar to (2.25); see [2]:

t_lJ(U) — 61’]’ — Uil €ij + (U —n — 1)7163"1" Hﬂj, 2 < Z,j < 2/. (227)
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Proposition 2.8. (i) The subspace W is invariant with respect to the action of the operators
tij(u) with 2 < i,5 < 2'. Moreover, the assignment t;;(u) + t;;(u) defines a representation of
the algebra X(05pq,,) on W isomorphic to the vector representation.

(ii) The subspace W is annihilated by the operators t1j(u) with j > 1 and t;1/(u) withi < 1'.
Moreover, the coefficients of the series t11(u) act on W as multiplications by scalars determined
by tiy(u) — 1+ u™h

Proof. Assuming that 2 < ¢, 7 < 2/, for the action of the operator ¢;;(u) we have

tij(u) wy = tij(u) (e1 ® ex — ex @ e1)

2n+2 2n+2 ]
= > tulu—1D e @t(u) e, — Y (1) t(u— 1) e, ® ty;(u) €.
=1 =1

Due to (2.25), a nonzero contribution can only come from the terms
til (u — 1) €1 X tlj (U) Ck + t”(u — 1) €1 (024 tij (’U) Ck
—tij(u—1) e ®tj;(u)er +ta(u—1) e, @tyj(u)e
and the calculation yields the formula
tij(u) wy = 6;5 Wi — Ok w w4 Oy 0;0; (u—n— nH! Wjr.

Taking onto account (2.27), we thus prove the first part of the proposition. The second part is
verified by a similar calculation. [

For any a € C we will denote by V,, the representation of the algebra X(osp2|2n) on the space

V = (C?%2")®2 obtained by twisting the action (2.26) with the automorphism (2.9). Similarly,
we let W, denote the representation of X(0sp,,,) on W twisted by the same shift automorphism
on X(0spg9,). Ford = 1,..., n introduce the vectors

g = Z SEN 0 - We(2) @ We3) @ ... @ We(gr1) E VO R V1 @ ... Q@ V_gi1,

oe®/,
where &/, denotes the group of permutations of the set {2,...,d + 1}.

Proposition 2.9. The cyclic span X(05p2|2n) &q is a highest weight module whose tuple of Drin-
feld polynomials (2.16) has the form

(u+Liu—d1,...;,u—d,1,...,1) with Pyy(u) =u—d, (2.28)
ford=1,...,n—1, while for d = n it has the form

(u+Lu—n,1,...;,u—n—1). (2.29)
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Proof. 1t follows from Proposition 2.8 and the coproduct rule (2.11) that for all 2 < ¢,j < 2/
the image #;;(u) &, coincides with #;;(u) &, in the representation Wy @ W_; @ ... ® W_g41 of
the algebra X(osp,,). Since the series ¢;;(—u) satisfy the defining relations of the extended
Yangian X(sp,,,), we derive from the proof of [2, Thm. 5.16] (see also Corollary A.3 below),
that the vector £, has the properties

t”(u)fd:() for 2<Z<]<2/

and p
u J—
_ for 1=2,...,d+1,
o) g = du—d+1° (2.30)
&q for i1=d+2,...,n+ 2,
where d = 1,...,n — 1. Moreover, the same relations hold for d = n, except for (2.30) with

1 = n + 2, which is replaced by

u—mn

&n-

tnonta(w) & = P——
Finally, Proposition 2.8(ii) and (2.11) imply that &, is annihilated by the action of ¢;;(u) with
7 > 1, while
u—+1

u—d+1 ba.

Thus, the vector §; generates a highest weight module over the algebra X (0spss,,), whose highest
weight is found from the action of the series t;;(«). The formulas for the Drinfeld polynomials
easily follow. ]

ti(u) o =

We are now in a position to complete the proof of the Main Theorem. Proposition 2.4 im-
plies that the irreducible highest weight representations of X(ospmn), associated with any tuple
of Drinfeld polynomials of the first type in (2.20) is finite-dimensional. Furthermore, Proposi-
tion 2.9 shows that the irreducible highest weight representations of X(05p2|2n) associated with
the tuples of the form (2.28) and (2.29) are also finite-dimensional. On the other hand, by ap-
plying the shift automorphism (2.9) and using the transition rule (2.19), we can get all tuples of
Drinfeld polynomials of the second type in (2.20) from certain tuples of the first type and those
appearing in (2.28) and (2.29). This proves the sufficiency of the conditions of the Main Theo-
rem for the representation L(A(u)) to be finite-dimensional. The last part of the theorem is an
easy consequence of the decomposition (2.7); cf. [2, Cor. 5.19].

A Polynomial evaluation modules over the Yangian Y(g!

m|n)

A.1 Defining relations and representations

Given nonnegative integers m and n, we will use the notationz = 0 for: =1,... ., mandi =1
fori = m +1,...,m + n. Introduce the Z,-graded vector space C™™ over C with the basis
€1,€a, ..., Eemin, Where the parity of the basis vector ¢; is defined to be © mod 2. Accordingly,
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equip the endomorphism algebra End C™/™ with the Z ,-gradation, where the parity of the matrix
unit e;; is found by 7 4+ 7 mod 2.

A standard basis of the general linear Lie superalgebra gl,,,, is formed by elements E;; of
the parity 2+ 7 mod 2 for 1 < 7,7 < m + n with the commutation relations

(Eij, Er] = 0rj Bt — 044 Ek;j(—l)(iﬂ)@m-

The Yang R-matrix associated with gl is the rational function in u given by

mln
R(u) =1— Pu', (A.1)
where P is the permutation operator,
m—+n
P = Z €ij & sz‘(—l)j € End len ® End (Cm\n
ij=1

Following [14], define the Yangian Y(gl,,,) as the Z,- graded algebra with generators t( " of
parity 2+ 7 mod 2, where 1 < 7,7 < m+nandr =1,2,..., satisfying the quadratic relatlons

[tij(u)’tkl(y)} U 1 (tki(u) ta(v) — tkj(v)til(u))(—l)ﬁ'ﬁk'ﬁk?

—0
written in terms of the formal series

_5”+Ztm w" € Y (gl [[u']].

Combining them into the matrix 7'(u) = [t;;(v)] and regarding it as the element

m—+n
= Z €ij X tlj(” 1>U+J S End(cm‘n ® Y(g[m\n>[[ 1]]7

ij=1

we can write the defining relations in the standard R7"T-form (2.4) with the R-matrix (A.1).

The universal enveloping algebra U(gl,,,,) can be regarded as a subalgebra of Y(gl,,,,) via
the embedding E;; — tz(;) (—1)", while the mapping
tij(u) = 6 + Eij(—1) u™ (A.2)
defines the evaluation homomorphism ev: Y (gl,,,) — U(gl,,,,)-
The Yangian Y(gl,,,,,) is a Hopf algebra with the coproduct defined by
m+n
Z tip(u) @ tr;(u). (A.3)
A representation V' of the algebra Y (gl,,,,) is called a highest weight representation if there

exists a nonzero vector £ € V' such that V' is generated by &,

tij(u) =0 for 1<i<j<m+n, and
tm(u)fzm(u)f for izl,...,m—i—n,
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for some formal series

mi(u) € 1+ u 'Clu™]]. (A.4)
The vector ¢ is called the highest vector of V and the (m+n)-tuple m(u) = (my(u), ..., Tmin(w))
is called its highest weight.

Given an arbitrary tuple m(u) = (m(u), ..., Tmin(u)) of formal series of the form (A.4),
the Verma module M (w(u)) is defined as the quotient of the algebra Y(gl,,,) by the left ideal
generated by all coefficients of the series ¢;;(u) with 1 < i < j < m + n, and ¢;;(u) — m;(u) for
i=1,...,m+n. We will denote by L(7(u)) its irreducible quotient. The isomorphism class of
L(m(u)) is determined by 7(u). Necessary and sufficient conditions on 7(u) for the representa-
tion L(7(u)) to be finite-dimensional are known due to [19]. Their extension to arbitrary parity
sequences via odd reflections was given in [12].

Consider the irreducible highest weight representation V() of the Lie superalgebra gl,,,,,
with the highest weight 7 = (7, ..., T;1x), associated with the standard Borel subalgebra.
This means that £;( = m; (fori =1,...,m+nand E;; ¢ = 0 fors < j, where ( is the highest
vector of V(7). The representation V() is finite-dimensional if and only if the highest weight
7 satisfies the conditions

T — M1 € Zy forall @ # m;
see [9]. Use the evaluation homomorphism (A.2) to equip V() with an Y(gl,,,,,)-module struc-

ture. The evaluation module V () is isomorphic to the Yangian highest weight module L(m(u)),
where the components of the highest weight 7(u) are

mi(u) =1+ m(=1)u i=1,....,m+n.

A.2  Schur-Sergeev duality and fusion procedure

We will follow [5, Sec. 3.2] to recall a version of the Schur—Sergeev duality going back to [3] and
[16]. An (m,n)-hook partition X = (A1, A, .. .) is a partition with the property A, ;1 < n. This
means that the Young diagram ) is contained in the (m, n)-hook as depicted below. The figure
also illustrates the partitions o = (1, ..., fty) and v = (v, . .., v,,) associated with A. They are
introduced by setting

w; = max{\; —n, 0}, i=1,...,m,
and

v; = max{\; —m, 0}, j=1,...,n,

where \’ denotes the conjugate partition so that A J’ is the length of column 5 in the diagram A:

1 n

f
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We will associate two (m + n)-tuples of nonnegative integers with \ by
M=, A v)and N = (g, s Ny D).

The tensor product space (C™™)®? is naturally a module over both gl
group &,. For the action of the basis elements of gl ,,, we have

mln and the symmetric

mln

d
Eij —> Z 1®(a—l) & €ij X 1®(d—a)’ (AS)

a=1
while the transposition (a b) € &, with a < b acts by (a b) — P, with

m—+n _
Pab — Z 1®(a—1) ® eij ® 1®(b—a—1) ® eji ® 1®(d—b)(_1)j.

4,j=1

The images of U(gl,,,,,) and C&, in the endomorphism algebra End (C™Im)®d gatisfy the double
centralizer property, which leads to the multiplicity-free decomposition

C) = PV(¥) @ 5,

summed over the (m, n)-hook partitions \ with d boxes, where S* is the Specht module over &,
associated with \. By representing the group algebra CS, as the direct sum of matrix algebras

(CGC[%J@ Math(C), f,\:dimSA,
AHd

we can think of S as the canonical irreducible module over Mat s, (C) isomorphic to C/*. The
diagonal matrix units €,, = €;);, € Maty, (C) parameterized by standard \-tableaux I/ are prim-
itive idempotents in C&,. We may conclude that if \ is an (m, n)-hook partition with d boxes,
then the image e;,(C™")®4 is isomorphic to the gl,,,,-module V' (\*). If \ is not contained in the
(m, n)-hook, then the image is zero.

Explicit formulas for the idempotents ¢;, can be derived with the use of the orthonormal
Young basis of S via the Jucys—Murphy elements x,, . . ., x4 of the group algebra C &, defined
by

mln

r1=0 and zo=(la)+- -+ (a—1a) for a=2,...,d.

Given a standard \-tableau U/, denote by V' the standard tableau obtained from ¢/ by removing
the box a occupied by d. Then the shape of V is a diagram which we denote by A~. We let
¢ = j —i denote the content of the box o = (4, j) and let ay, . . ., a; be the contents of all addable
boxes of A\~ except for a. The Jucys—Murphy formula gives an inductive rule for the calculation
of e,:
(xd—al)...(xd—al)'
(c—ay)...(c—a) "’
see [8] and [13]. The idempotents ¢;, can also be obtained from the fusion procedure for the
symmetric group; see [4], [7] and [15], and we recall a version following [10, Sec. 6.4], where

€y = €y

(A.6)
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it was essentially derived from (A.6). Take d complex variables uq,...,u,; and consider the
rational function with values in CS, defined by

d(ur, ... uqg) = H <1_(ab)>7

1<a<b<d Ug — Up

where the product is taken in the lexicographical order on the set of pairs (a,b). Suppose that
A F d and let U be a standard A-tableau. Let ¢, = ¢, (U) fora = 1,. .., d be the contents of U so
that ¢, = j — 7 if a occupies the box (i, 7) in Y. Then the consecutive evaluations of the rational
function ¢(us, . . ., uq) are well-defined and the value coincides with the primitive idempotent ¢,
multiplied by the product of hook lengths h(\) of A,

= h()\) ey (A7)

Ug=Cq

O(ug, ..., uq)

up=cyluz=c2

A.3 Yangian action on polynomial modules

The Yang R-matrix (A.1) is a solution of the Yang—Baxter equation
Rig(u) Riz(u + v) Ras(v) = Roz(v) Riz(u + v) Rig(u) (A.8)

in End (C™")®3 with R, (u) = 1— Py, u~!. This implies that the mapping T'(u) > R(u) defines
a representation of the algebra Y(gl,,,,) on the space C™", known as the vector representation.
In terms of the generating series it has the form

t,](u) — 6ij — U,_leji(—l)ij. (A9)

For an (m, n)-hook partition A - d fix a standard \-tableau /. As above, let ¢y, ..., cq be the
contents of the respective entries in /. By using the coproduct (A.3) and the shift automorphism
of Y(gl,,,) defined by (2.9), we get a representation of the Yangian on the space (Cminy@d
defined by

T(u) = Ror(u—c1)...Roa(u — cq), (A.10)

which is written in terms of elements of the algebras

EndC™" @ Y(gl,,,,) — End C™" ® End (C™")®4

m|n)
with the first copy of the endomorphism algebra labelled by 0.
Another form of the vector representation is related to (A.9) via twisting with the super-
transposition automorphism o
tij(u) = tji(—u) (1), (A.11)

We then get the action of the algebra Y(gl,,,,) on the space C™™ given by

mln

tij(u) = 0y +u" e (—1)" (A.12)
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It can be written in a matrix form as 7'(u) — R'(—u) with

m—+n
R,(U) =1- Qu_la Q - Z eij (29 el-j(—l)”j*ij.

ij=1
Accordingly, the composition of the representation (A.10) with the automorphism (A.11) yields
another representation of the Yangian on the space (C™/")®¢ given by

T(u) = Ry (—u—cq) ... Rl (—u —¢1), (A.13)

where R}, (u) =1 — Qp,u"* and
m+n o
QOa _ Z eij ® 1®(a—1) ® eij ® 1®(d—a)(_1)l+j+zj.
ij=1
Similar to (A.10), this representation can also be obtained by using the opposite coproduct on
the Yangian, which is the composition of (A.3) and the map swapping the tensor factors.

Theorem A.1. The subspace Ly = eu(Cm|”)®d is invariant under the Yangian actions (A.10)
and (A.13). Moreover, the respective representations of the Yangian Y(g[m|n) on Ly are isomor-

phic to the highest weight representations L(m’(u)) and L(7*(u)), where
7 (u) = (1 I VAU RV VRt R\ TR S /\'lu_l)

and
7 (u) = (1 + el e et 1 — Vnu_l).

Proof. Let By, € End (C™")®4 denote the image of the idempotent e,, under the representation
of the symmetric group on (C™")®?, We have the relation

(A.14)

Rgl(u—cl)...ROd(u—cd) Ez,[ = Eu (1 o + + Od)

U
which plays a key role in the derivation of the fusion formula (A.7); cf. [15] and [10, Prop. 6.4.4].

Apply the anti-automorphism e;; — e;;(—1)“*" to the zeroth copy of the endomorphism algebra
End C™" to derive

Ryg(—u—ca) ... Ry (—u — 1) By = Ey (1 - Qo1 + -+ Qod).

u

(A.15)

Together with (A.14) this proves the first part of the theorem.

Furthermore, relation (A.15) shows that the action (A.13) on L, is the composition of the
evaluation homomorphism (A.2) and the action (A.5) of g[m‘n. Hence this representation is
isomorphic to the evaluation module V' (\*) 2 L(7*(u)). Similarly, relation (A.14) shows that the
Yangian action (A.10) on the subspace L, is the composition of the evaluation homomorphism
(A.2) and the action (A.5) of gl,,,, twisted by the automorphism

mln
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On the other hand, by [5, Sec. 2.4], an application of a chain of odd reflections shows that the
extremal weight of the gl ,,-module V (A\¥) with respect to the opposite Borel subalgebra is \.

That is, there is a nonzero vector 7 € V (\¥) of the weight A\’ such that F;;,1n = 0 for all i # m
and F,, 1,11 = 0. By taking the lowest vector with respect to the action of gl,, ©gl,, we conclude
that V' (\*) contains a nonzero vector ¢ of the weight (fi,, . . ., g1, X, - . ., A}) such that E;;¢ =0
for all 7 > 7. Thus, the vector ( is the highest vector of the Yangian module L;; and its weight is
found by taking into account (A.2) and (A.16) so that this module is isomorphic to L(7"(u)). [

By using the coproduct (A.3) and the vector representation (A.12) instead of (A.9), for any
complex parameters z, we get a representation of the Yangian on the space (C™")®? defined by
T(u) — Ry (—u—21) ... Ri(—u — 24).

For suitable parameters z,, the subspace Ly, = e,,(C™")®? associated with the standard tableaux
U of shapes A = (d) and A\ = (1¢), turns out to be invariant under this Yangian action as well. The
primitive idempotents e;, associated with the standard row and column tableaux are, respectively,
the symmetrizer and anti-symmetrizer in CS,,

1 1
h(d):—' d s and a(d):j > sgns-seCS,.
d' s€EGy d s€EGy
Note that (A.6) and (A.7) yield multiplicative formulas for 2(? and (¥,

Corollary A.2. (i) The subspace h'D(C™™)®4 is invariant under the action

Moreover, the representation of the Yangian Y (gl on this subspace is isomorphic to the high-

est weight representation with the highest weight (1 +dut1.. ., 1).

(ii) The subspace a'¥(C™™)®? is invariant under the action
T(u) = Rij(—u+d—1)... Rj;(—u).

Moreover, the representation of the Yangian Y ( g[m‘n) on this subspace is isomorphic to the high-

est weight representation with the highest weight

(1+u—1,...,1+u—1,1,...,1) if d<m, (A.17)
d

and

(1+u_1,...,1+u_1,1+(m—d)u_l,l,...,l) if d>m.
Proof. Multiplying both sides of (A.15) by the image F,, = P, 4 P> 41 ... of the longest permu-
tation w € G, from the left, we get

Ry (—u—ca)... Ryg(—u—c1) Py By = P Ey (1 - Qo + -+ Qod).

u

Since w h'® = A@ and w a®¥ = sgnw-a'?, both parts of the corollary follow from the particular
cases of Theorem A.1 concerning the action (A.13) for the row and column tableaux /. O]
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The following corollary in the case n = 0 was used in the construction of the fundamental
modules over the Yangians in types B, C' and D in [2, Sec. 5.3]. It was also applied to the
orthosymplectic Yangians in [11] and in the proof of Proposition 2.9 in the previous section.
Equip the tensor product space (C™/")®¢ with the action of Y(gl,,,,) by setting

m|n

m—+n
tZ](U)'—} Z tim(U—d—i— 1)®ta1a2(u—d—|—2)®...®tad71j(u),

ai,e.,aqg—1=1

where the generators act in the respective copies of the vector space C™!" via the rule (A.12).
Set

§a= D SENO - €o(1) D ... ® €ga) € (Cmimy=d,
c€Gy

Corollary A.3. Forany 1 < d < m the vector £, has the properties

tii(W& =0 for 1<i<j<m+n

and 41
4 &q for i=1,...,d,
tii(u) §a = u
&q for 1=d+1,....,m+n.
Proof. This is immediate from Corollary A.2(ii), because the vector & is the highest vector of
the Y (gl,,,,)-module a!¥)(C™")® with the highest weight (A.17). O
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