LINEAR PARABOLIC EQUATION WITH DIRICHLET WHITE NOISE
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ABSTRACT. We study inhomogeneous Dirichlet boundary value problems associated to

a linear parabolic equation % = Au with strongly elliptic operator A on bounded and

unbounded domains with white noise boundary data. Our main assumption is that the
heat kernel of the corresponding homogeneous problem enjoys the Gaussian type esti-
mates taking into account the distance to the boundary. Under mild assumptions about
the domain, we show that A generates a Cp-semigroup in weighted LP-spaces where the
weight is a proper power of the distance from the boundary. We also prove some smooth-
ing properties and exponential stability of the semigroup. Finally, we reformulate the
Cauchy-Dirichlet problem with white noise boundary data as an evolution equation in
the weighted space and prove the existence of Markovian solutions.
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1. INTRODUCTION

The aim of this paper is to study the following linear stochastic boundary value problem

'%—f(t,m):AX@,x), reO, t>0,
(1.1) X(t,x):%—vf(t,x), v €0, >0,
L X(0,2) = Xo(x) re.

where O C R? is an open, possibly unobunded, domain, W is a Wiener process taking
values in a space of distributions on 90, and A is a second order, strongly elliptic operator
in O. Let us note that solutions to (1.1) are Markovian if and only if W is a process with
independent increments.

There exists vast literature on the non-homogeneous Dirichlet boundary value problem
for deterministic linear parabolic equations, for a classical exposition see the fundamental
monograph [21] or more recent [28]. Extension of the classical results to rough boundaries
and rough boundary conditions is still a subject of ongoing research, see for example [23]
and references therein. In this paper we study equation (1.1) in a relatively regular
domain, see Section 2 for details, but the boundary condition %—Vf can be very irregular,
including space-time white noise. Apart from purely mathematical motivations, such
an extension is important in non-equlibrium statistical mechanics and optimal control
theory, see for example [17], [26], [15] and a recent book [29].

Stochastic equations with boundary noise were usually studied in the case of Neu-
mann boundary conditions that are more tractable, see [15], [37], [30] and also aforemen-
tioned papers [20] and [15]. Much less is known about stochastic equations with Dirichlet
boundary noise. Equation (1.1) was proposed in the seminal work [11], where it was
shown that it has no L*(O, dz)-valued solutions. In [1] and [2] solutions to a nonlinear
equation in O = (0,+o0) for A = % are studied and proved to have trajectories in
L?((0,+00); #'*%dz). In [1] a similar approach is used to consider a very general formu-
lation of the stochastic boundary value problem in multidimensional domains for a large
class of elliptic operators A and distribution-valued Gaussian noises, see also [0] for the
case of stochastic wave equation.

In [1, 2] the problem was not stated as an evolution equation in L? ((0, +00); z!*dz).
Such a formulation was introduced and exploited in [17]. The main ingredient was a
result by Krylov [20], who proved that Laplacian generates a strongly continuous analytic
semigroup in the space L? (Ri; p't0() d:):), where p stands for the distance of a point
z € R? to the boundary. It seems that the method used in [20] to prove this generation
result does not extend to more general domains and more general elliptic operators. One
of our goals in this paper is to show that equation (1.1) can be reformulated as a stochastic
evolution equation

(1.2) dX = AXdt + BdW, X(0) = X,

on a state space £ = [P ((’), P (x) dx) with an appropriately chosen operator B. The
operator A is an abstract realisation of A as a generator of the Cy-semigroup in E. This
will ensure the Markov property of the solution and since F is a function space, it will

open the way to study nonlinear perturbations of (1.1).
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2. FORMULATION OF THE PROBLEM

The boundary noise W is a Wiener process taking values in a space of distributions on
00. More precisely, we will assume that W can be represented as a formal series

(2.1) W(t,z) =Y ex(x)Wi(t),

k
where W}, are independent real-valued Wiener processes defined on a filtered probability
space (£, 5, (8:),P) and (e) is a finite or infinite sequence of functions on 0O. In order
to simplify the presentation we assume that {e;} C L*(00O,ds), where s is the surface
measure and that

> (/80 6k(y)¢(y)d8(y)>2 <400, Vi€ L*(90,ds).

k

However, our framework can be easily adapted to the case where e, are distributions on
00, see however Remark 8.8.

Remark 2.1. Let us recall, see e.g. [12], that there exists a Hilbert space Hy, called the
Reproducing Kernel Hilbert Space of W such that

W(t,z) =) éxlax)Wi(t),

where W), are independent real-valued Wiener processes defined on a filtered probability
space (2,3, (§:),P) and (é) is an orthonormal basis of Hy,. It can be shown that
linspan {e;} is a dense subspace of Hy,. In a particular case of the so-called space white

noise Hy, = L*(00, ds).

In Section 3 we derive the concept of a formal mild solution to (1.1). Briefly it is given
by the formula

(2.2) X(t) = S(H)X(0) + / t (A= A)S(t — s)DydW(s), >0,

where S is the semigroup generated by the realization A of A with homogeneous boundary
conditions, and D) is the Dirichlet map. Let us recall that given A > 0 and a function
v on 00, u = Dy~ is, the possibly weak, see Section 6, unique solution to the Poisson
equation

(2.3) Au(z) = Mu(z), z €O, u(z) =~v(z), x€d0.

To the best of our knowledge, equation (1.1) with the solution defined by (2.2) has
been introduced in [11].

Remark 2.2. The stochastic integral appearing in (2.2) is not well defined in a space
LP(O) but it does exist in a certain space E such that LP(O) — E. In fact, see [11],
Example 2.3, Popositions 8.1, 8.2, 8.12, 8.17, the solution to the problem on a bounded
interval, or half line or half-space lives in a Sobolev space of negative order or on weighted
LP(O, w(x)dx)-space.

It turns out, see [I, 2, 1], that under mild assumptions on O, A, and W, the solution
X to (1.1) is a smooth (C* in time and space variables) random field on (0,400) x O
and that there is a Kk > 0 such that for ¢t > 0,

E|X (¢, 2)]” < C(¢) (dist (z, 00)) " .

Therefore, X (t) takes values in LP(O,w)-space with an appropriate weight function w.
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One of our main goals is to show that the problem (1.1) can be written equivalently as
the stochastic partial differential equation

(2.4) dX = AXdt + BdW, X(0) = X,,

on an appropriately chosen state space F with B = (A — A)D,. This ensures the Markov
property of the solution and if E is a function-valued space, it will enable us to study
nonlinear perturbations of (1.1). We have to face, however, the problem with the interpre-
tation of (A— A)D,. In fact A, as the generator of the heat semigroup with homogeneous
Dirichlet boundary condition, is defined on regular functions vanishing on the boundary
00, whereas the restriction of D,\%—Vf to 00 equals %—Vf! Therefore one needs to consider
A as the generator of the extension of the semigroup S on a suitable Sobolev space of
negative-order (subspace of the space of distributions). The following example is taken
from [1].

Example 2.3. Assume that O = (0,1), A = & and A = 0. Then any function

Pl
v: 00 = {0,1} — R can be identified with a pair %70, 71) € R%. We have
DU(’YO;’YI)(Q:) :70—’_(71 —’)/0>1}, S (071)7
and
ADo(70, 1) = 7005 — 1,
where 0/, is the derivative of the Dirac delta distribution et a, and A is the generator of
the heat semigroup considered, for example, on the Sobolev space W?%72(0, 1).

Hypothesis 2.4. There are A > 0, p > 1 and sy > 0 such that the Dirichlet map D)
is a well defined bounded linear operator acting from linspan{ey} into the Sobolev space
W=s0r(O).
Hypothesis 2.5. Operator A with homogeneous Dirichlet boundary conditions generates
an analytic Cy-semigroup S on each W*P(Q)-spaces. For all s, € R, p>1 and t > 0,
S(t): WsP(O) = W*P(O). Moreover, if A,," denotes the generator of S on W*P(0O),
then we assume that there is an sy such that W—*0P(O) — D(A_y, ,).
Remark 2.6. Tt is well known that Hypotheses 2.4 and 2.5 hold in a number of cases.
By Theorem 4.10 in [28] if O is a bounded Lipschitz domain and the operator A has
Lipschitz coefficients, then Dy: HY2(00) — H*(O) is well defined and bounded. In that
case it is enough to assume that linspan {e;} C H'/2(90).

If O is a bounded C* domain and the operator A has C'*° coefficients, then

Do: H572(80) — H™*(0)

is well defined and bounded for any s > 0, see Sections 6 and 7 in Chapter 2 of [21]. In
particular, if s < — 2 then linspan {e,} C H~"3(00) C L2(0).

Very general conditions given in terms of capacities of O can be found in Chapter 15.7
of [27].

Hypotheses 2.4 and 2.5 enable us to reformulate problem (2.2) into problem (2.4)
considered on the state space W~*12(Q). In fact the map

B= ()\ - A) D)\ = ()\ - A*SLP) D)\

is a bounded linear operator from linspan {e;} into W—***(0) and A = A_;, , generates
a Cp-semigroup S = S_g, , on W=1P(QO). Therefore, by our Proposition 7.2 we have the
following result.

ater we will skip the subscripts s and p and we will write A instead of As p.
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Theorem 2.7. Under Hypotheses 2.4 and 2.5, problem (2.4) has the mild solution solu-
tion

(2.5) X(t) = S(t) X + / S - s)BAW (s)

in W=51P(O)-space if and only if

(2.6) /(9 [Z /OT <(I —A)TH2 S(t)Bek>2 (x)dt] " dz < +o0

for a certain or equivalently for any T € (0,400). Moreover, if there is an a > 0 such

that ) b
/O [Z/ = ((I — A S(t)Bek>2 (x)dt] dr < +00

then the mild solution has continuous trajectories” in W=s1P(0),

Remark 2.8. In Section 7 we will show that condition (2.6) guarantees that for any ¢t > 0,
stochastic integral fg S(t — s)BdW (s) is well defined in W—**?(O). Note that, if p = 2,
than W—*1P(Q) is Hilbert space, and (2.6) can be equivalently written as

T
2
A ||S(t)B||L(HS)(HW,W_5112(O))dt < —I—OO,

where|| - || Lo (Hw.w—s12(0)) 18 the Hilbert—Schmidt norm and Hy is the Reproducing
Kernel Hilbert Space of W, see Remark 2.1.
Since

(A = Aop) Sop(s) Dy = S_s, p(5) (A = Ay, ) D
the formal mild solution and the mild solution defined by (2.5) coincide.

In order to obtain the function-valued solutions we need the following assumption.
Hypothesis 2.9. The semigroup S can be extended to a Cy-semigroup on the weighted
space Ly s := LP(O, wp s(x)dx), where
(2.7) we5(z) = min {dist (x,00)°, (1+ |x|2)*5} ,
pe(l,+0), 0 €[0,2p—1) and 6 > 0.

In Section 4 we will show that Hypothesis 2.9 is fulfilled under very mild assumptions
on O and A.
Under the above three hypotheses the operator B acts from linspan {e } into W07 (O).
For any ¢t > 0, the Cy-semigroup S(t) on L’e” s has a unique continuous extension
S(t): WoP(O) = WOP(0) = LP(O, dx) — L ;.
Therefore, as a consequence of our Proposition 7.2 and the classical theory of SPDEs (see
e.g. [11]) we have the following general result.

Theorem 2.10. Assume Hypotheses 2./, 2.5, 2.9. Problem (2.4) has the mild solution
solution in Ly 5 if and only if

p/2
(2.8) Jr({ex},p,0,0) / [Z/ (t)Bey)? )dt] wys(x)dr < 400

2In fact Holder continuous with arbitrary exponent < av/2.
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for a certain or equivalently for any T € (0,+00). Moreover, (2.8) guarantees that
problem (2.4) equivalently (1.1), defines a Markov family on the state space Lé’ﬁ. If for a
certain a > 0,

p/2
(2.9) Jro({ex},p,0,9) / [Z/ t= (S(t)Be)” (z )dt] wy s(z)dr < 400,

then the mild solution has continuous trajectories in LI(; 5
Finally, the existence of an invariant measure is equivalent to the integrability condition

o p/2
(2.10) Tioo({er},p,0,0) / [Z /+ (t)Bey) dt] wy s(x)dr < 4o00.

Remark 2.11. If the semigroup S is exponentially stable, i.e. for a certain o > 0,
—at
IS,z ) < Ce™™, t >0,

then condition (2.10) follows from (2.8). In Theorem 5.2, we will show that the semigroup
S is exponential stable on L} p.s 1 it is exponentially stable on L 5. Obviously if the domain
O is bounded then for all p, § and ¢, the spaces L} ; and LY, are equivalent. Therefore,
if O is bounded then we can always take § = 0. Note that if O is bounded and A equals
Laplace operator A, then the corresponding semigroup is exponentially stable on L,
and consequently on Ly , for any p > 1.

Remark 2.12. Assume (2.8), Then for any X, € Lj ; and for any ¢ > 0, X (¢) is a gaussian
element in L’;’ s- Therefore, by the Fernique theorem there is a > 0 such that

E exp {ﬁ \X(t)\igyé} < to0.

If (2.9) is satisfied for an @ > 0, then for any 7' € (0, +00), and for any X, € Lj 5, X(-)
is a gaussian random element in C([0, TT; Ly 5). Thus there is a # > 0 such that

E exps B sup |X(H)]7r » < +oc.
te[0,7) 9,8
Our framework enables us to study nonlinear problems.

Theorem 2.13. Assume (2.8), and Hypotheses 2.4, 2.5, 2.9. Then for any Lipschitz
continuous function f: R — R, and any X, € Lgyé, the boundary problem

( 0X
E(t,x):AX(t,:B)+f(X(t,x)), reO, t>0,
X(t,7) = athV(t 7). T €00, t>0,
L X(0,2) = Xo(z), x €O,

has a unique solution in Lj 5, and

X(t) = S(t)Xo + / t S(t — s)F(X(s))ds + / t S(t — s)BAW (s),

where F(X(t))(x) = f(X(t,x)). Finally, if the semigroup is exponentially stable with
exponent L and the Lipschitz constant of f strictly less than L, then there is a unique
mvariant measure on sz s for the nonlinear problem.
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The paper is organized as follows. In the next section we will heuristically derive the
concept of the formal mild solution. Then, in Section 4, we will show that Hypothesis 2.9
about the Cy-property of the semigroup on weighted LP-spaces, is fulfilled under rather
mild assumptions. The main difficulty is that the weight of the above form is not an
A*-excessive function. Therefore the semigroup is not of contraction type. In Section 5
we will study properties of the semigroup on weighted spaces. In our opinion the results
of Sections 4 and 5 are of independent interest.

In Section 6 we will derive some useful point estimates for S(t)Be for e € L*(00, ds).
In Section 7 we outline the concept of stochastic integration in LP-spaces. Section 8 is
devoted to particular examples. We relay on estimates established in Section 6 and on
results from the previous section.

In Section 77, we give a sufficient condition for the strong Feller property of the Markov
family X defined in Theorem 2.10.

3. FORMAL MILD SOLUTION

In our derivation of the concept of the formal mild solution to (1.1) we follow [L1].
Recall that D, denotes the Dirichlet map (see (2.3)). Assume Hypothesis 2.4 and 2.5.
Assume temporally that the boundary perturbation is of the form

W(t,x) = Z ex()Br(t),

where series is finite, e; are functions or distributions on 90, and By € C'([0,+00)).
We assume that for any k, e, belongs to the domain of the Dirichlet map D, and that
Dye, € W=02(0).

Note that if X is a solution to (1.1) with W as above, then

ow

Y(t,z) = X(t,x) — Dy——(t,x)

satisfies the homogeneous Dirichlet boundary conditions. Moreover, at least formally, for
t >0 and x € O we have

oY 9 oW
ow g oW
= AY(t, .’I) + /\D’\W(t’@ - aD/\W(t’ 1’)
Therefore
! ow g oW
Y(t,z) =S(t)Y(0,z) +/0 S(t—s) [/\D,\g(s,x) - &D/\E(S’@] ds
¢
)Y (0,2) + / S(t - S))\D,\%—T(s,x)ds
0
oW ow ! oW
t
— S(H)X(0,) DA%—I/;/(t,x) + / (A — A)S(t S)DA%—VZ(S, 2)ds.
0

Hence we infer that

(3.1) X(t) = S(t)X(0) + / t (A — A) S(t — ) DydW (5).
7



Let us recall that the space W—1?(O) appears in Hypotheses 2.5. Note that for any
k the stochastic integral

/t ()\—A) S(t—S)D)ﬁdek(S), t 2 0,

takes valued in W=*12(0).

Definition 3.1. Let X (0) € W—*2(Q), and let the noise W in (1.1) have the form (2.1).
If the series

> /0 (A — A) S(t — ) DyerdWi(s) = /O (A — A)S(t — s)DydW (s)

converges in LP(Q), §, P; W—1P(0)), then we call the proces defined by formula (3.1) the
formal mild solution to (1.1) in W=12(O).

4. SEMIGROUP IN WEIGHTED SPACES

Let O Cc R%, O # R?, be an open connected domain. From now on the following two
assumptions will be satisfied.

Assumption 4.1. We will assume that O is a CY*-domain with o € (0,1), satisfying
the connected line condition, see e.qg. [3] for a precise definition. Let us recall here that
the connected line condition holds in many important cases including:

e bounded CY* domain,
e graph above C* function,

e O=R% or
0= {(SCz) S RdJrli a < Tgp < b} .
Let us consider the following second order differential operator
d

Abt) = 3= 7 (a5 @) ) + Do) (o).

ij=1 i=1

Assumption 4.2. We assume that the homogeneous Dirichlet boundary problem

)

%(t,m):/\u(t,x), xreO, t>0,

(4.1) u(t,z) =0, r €00, t>0,
L u(0,2) = f(2) re0,

generates a Co-semigroup (S(t)) on L*(O,dz). The generator of this semigroup will be
denoted by A. Next, we assume that the semigroup can be represented by a Green kernel

G,

(1.2) Stue) = [ Gty zco.
Finally we assume that there exists a constant X > 0 such that

AR < (a(z)a” (z)h, h) < AR, @ h € R,

(4.3) G(t,z,y) < Cmy(y)ga(z —y), t <1, x,y € O,
8



and

(44) |VI‘G<t7may)| S Omi/(%g)gct(x - y)7 t S 17 z,y € Oa
where

my(z) :== min{ ,&\/Z;} : p(z) = dist (z,00)
and

_d =2
gi(z) = (2mt) 2 e 2r.

Remark 4.3. Assumption 4.2 is fulfilled if Assumption 4.1 holds, the operator A is uni-
formly elliptic, the coefficients a;; are Dini continuous, and u' are sign measures of the
parabolic Kato class. In general a;; and p* may depend on ¢ and z variables. For more
details see [8]. In fact in [3] the following stronger estimate has beed obtained

G(t,z,y) < Cmy(z)mi(y)ga(z — ), t <1, z,y € O.
In the main theorem of this section we require the following assumption

Assumption 4.4. For any c > 0 and o € (—1,0) there is a constant C < 400 such that

sup [ 9 (Wgale —ydy < e, Vee 0.1
zeO JO

A proof of the following lemma is postponed to Appendix A.

Lemma 4.5. Assumption 4./ is satisfied if O is a half space or if O is a bounded C**-
domain.

Recall that the family of weights wps, # > 0, § > 0, were introduced in (2.7). We will
use the notations

Ly s = L7 (0, B(O), wp5(z)dz), L= Ly, = LP(O, dx), p>1,6,0>0.

Let S = (S(t)) be the Cy semigroup on L? corresponding to (4.1). By Assumption 4.2,
for each t > 0, S(t) is defined by (4.3) at least on compactly supported functions .

The main result of this section is the following theorem. Its proof is given in Section
4.2.

Theorem 4.6. Let p € [1,400), 0 € [0,2p— 1) and § > 0. Under Assumptions j.1, /.2,
and /4.4 we have:
(i) For each t, S(t) defined on compactly supported functions by (4.2) has a unique
extension to a bounded linear operator, denoted still by S(t), acting from Lg,é into
Ly 5. Moreover, S = (S(t)) forms a Cy-semigroup on Lj ;.
(i) There exists a constant C' > 0 such that for all t € (0,1] and ¢ € LY 5, S(t)y(z)
1s differentiable for each x € O and 7

0 C
S(t)w < |, i=1,...,d.
0% LS,(; \/E 6,6
Remark 4.7. If @ > 2p—1, then L} contains functions f with growth p=2(y) at vicinity of
some point of 0. On the other hand, the integral [, G(t,z,y)f(y)dy does not converge
as G(t,z,y) decays only at rate p(y) at the boundary. Therefore, for ¢ > 0, S(t) cannot
be extended to L}.

Remark 4.8. For 0 < 6 < p we are able to show the Cy-property and gradient estimates

without Assumption 4.4, for details see Appendix B.
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4.1. Preliminaries. Let w': O — (0,400), i = 1,2, be measurable weights. Let
L= LP (0, B(0),w' (z)dz) , i=1,2,

and let
LP = LP(0,B(0),w(x)dx),

where w(z) = min{w!(z), w?(z)}. We will need the following elementary result.

Lemma 4.9. Assume that T is a bounded linear operator from LY to LY for i = 1,2.
Then it is bounded from LP to LP and the operator norm satisfies the estimate

T ||y < N = 2070/ max {[| T rery 1T £eez) } -
Proof. Let ¢ € £ N LY and
D:={x € O: w(r) <wsz)}, D¢ :=0O\D.

Then
/ T ()P wiz)de = / T(xow)(@) + T(xpe) (@) wiz)de
<2 | [ Then@l wde + [ [T uli
<o [ [ rten@r wwa+ [ |T<><Dcw><x>|pw2<x>dx}
v | [ o@u@p v+ [ ool v
Since
[ ol e @+ [ o @ul wwds = o,
O O
we have the desired conclusion. ]

4.2. Proof of Theorem 4.6. Let
Lh:=LP (0,p"(z)dz) and L} :=LP ((’), (1+ |:10|2)_(S da:) :

By Lemma 4.9 it is enough to prove that S = (S(t)) extends to a Cp-semigroup in the
spaces L5 and L} separately. The Cy-property of the semigroup (S(t)) in £ can be shown

using the method from [33]. Therefore, it remains to prove the semigroup property in
LY. We have
1 dz
S(t )P p’ dx:/pé);mSthp—
| 1s0e@p @z = [ 0% wswee|
ot1 dy " dx
= pr ()G y)py)ey) —| ——
/o W) plz)

_ S DGy e ()ely) S|

= L% @ctame ™5 e et 5
041 o4t dy |V dz

SC/O /Op v (2)ma(y)ge (€ —y)p (y)w(y)@ )

6+1

with ¥(y) = p » (y)p(y). Note that the last inequality follows from (4.3). In other words

|S(t)90|i§ <C |Kt¢|ip<o ﬂ) )
> p(y)

10



where

Kw@waém@wwwﬁ%,
ki(z,y) (%) v mi(y)get (v — y)p(y),

and 1 is as above.

Since ¢ — PP = p%gp is an isometry between L} and LP <O, %), the proof of a Cjy-

property will be completed as soon as we show that for each 0 <t <1, K, is a bounded
linear operator from L? ((9 d—y) into LP <(’), ﬂ) and that supy_;<; || K;|| < 400, where

" p(y) r(y)
| - |l is the operator norm on L (Lp ((9, %) , LP ((9, %)). The second part of the
theorem follows since, by (4.4),

oS(t)el” _p

< Ct7z |[Kwl? .
‘ 8.1'1 p | t¢’Lp(O,%)
LG
Taking into account the Schur test, see e.g. Theorem 5.9.2 in [19], it is enough to show

that 1 1
x
sup sup/ kt(x,y)—y + sup sup/ ki(x,y) —— < +00.
0<t<12€0 JO p(y)  o<i<iyeo Jo p(x)
Note that our assumption 6 < 2p — 1 is necessary for the application of the Schur test.

Given t € (0,1], let Oy := {z € O: p(z) < Vt} and (O,)° := O\ O,. Write

d d
b= sup sup [ ) b= sup sup [ Kileiy)
0<t<1z€0; Jo, p(y) O<islyeO: JO, pz)
d d
ks := sup sup / kt(x,y)—y’ ky = sup SUP/ kt(ﬂcay)_m?
0<t<12e(00)° Jo, P(y) 0<t<1y€0: J (01)° o)
d dx
ks := sup SUP/ kt($7y)—y> ke :== sup sup / ki(x,y) ——,
0<t<12€0: J (0, p(y) 0<t<1ye(0,)° J o, p(x)
d d
k7 := sup sup / kt(x,y)—y, ks := sup sup / kt(%y)_x‘
0<t<1 2e(0)° J (0,)° p(y) 0<t<1 ye(0y)° J (O)° P(iﬂ)

Note that the proof will be completed as soon as we show that all k; are finite.
To estimate ks to kg where y € (O;)° we use the Lipchitz continuity of the distance
function p and the estimate p(y) > v/t for y € (O,)°. Namely, for any o > 0, we have

(G5 = () s (52 )

Since m;(y) < 1, we have

941
x P
ks < sup sup/ (M) get(x — y)dy
(O)°

0<t<1 z€0; P(?J)

041
|z — | R
< sup sup +1 Get(x —y)dy
0<t<1z€0 J (0;)° \/E

6+1

< sup / (|i + 1) ’ get(2)dz < / (|z] + 1)9%_1gc(z)dz < +o0.
Rt \ V1

0<t<1 Rd

11



To estimate k7 note that

Jo

px)
p(y)

0+1
) P

k; < sup sup
0<t<1 ze(0y)°

In the case of % — 1> 0, equivalently of § > p — 1, one can use the same arguments to

0+1
P
get(z — y) (

evaluate kg and kg. Namely, we have

I

p(z)

ke < sup sup
p(y)

0<t<1 ye(O)°

)

gat(x — y)dy < C/

(2| + 1) go(2)dz < +oo.
R4

p(r)

p(y)

-1
) dx

0+1_ 4

— o
< (C sup sup / (u + 1) (2)get(x — y)da < 00
0<i<iye(0nJo, N Vi
and
LES -1
p
ks < sup sup / (@> ger(z — ) (M) dz
0<t<1 ye(00)¢ J (0 \P(Y) P(y)
otL_q
[z —y| v
< C sup sup +1 (2)get(z — y)do < 400
0<i<1ye©0° Jopr \ Vi
The case of % — 1 < 0 can be treated as follows
o+1 -1
P
ke < sup sup / (M) 9ot (T — y) (@) dz
0<t<1ye(0n)° Jo, \P(Y) p(y)
< sup sup  sup W po%_l(:ﬂ)gct(x —y)dz.
0<t<1 /t<u<1y: p(y)=u Oy

Note that for any Vit <u <1, we have
inf {|z — y|?:y € (0,)°,
Thus, by Assumption 4.4,

d
k¢ < (2mc)2 sup sup  sup
0<t<1 \/t<u<1 y: ply)=u

u

Y

py) =u, x € O} =|u— V2.

1_0+1 _ Ju—V1 0+1
p @ 4ct pr

(7)g2ct(x — y)da

Js

1_6+1 _ lu—t 6+1 1

< (2mc)2 sup sup sup w r e e {2 2 < 400.
0<t<1 /t<u<1y: p(y)=u
In the same way, if 9%1 —1 <0, then
@)\ " ()"
P
e o [ (80 (22) s,
0<t<1 \/t<u<1y: p(y)=u J (Oy)° p(y) p(y)
d 641 Ju—vi| o+1_
< (27rc)g sup sup sup u' et /pezl 1(yc)gm(av—y)dyzr<—i—oo.
0<t<1 . /t<u<1y: p(y)=u o

We use Assumption 4.4 to evaluate ky.

6+1

ki = sup sup p’" v (y)t~
0<t<1yeO,
1_6+1
< sup t2 sup/
0<t<1 yeO: J (O

Namely, since 2 — 9}%1 > 0, we have

|
(On)°

0+1

pT

P

0+1_ 4

N

(2)get(r —y) da

1(x)gct(m —y)dr < +00.

12



The same argument can be used to evaluate k. Namely since for 2 € Oy, p(x) < V/t, we
have

o1 Py — ol
ki1 = sup sup/ p P (x)(—)gct(ﬁ—y)P v (y)dy
0<t<1 €0 J O, \/E

0+1

<Cy sup 3 sup/ P (y)ga(r — y)dy < +oo.
0<t<1 €0 J Oy

[NIE

Above we used Assumption 4.4 and the fact that 1 — 91.%1 >—lasf <2p—1.

To estimate ks we need 2 — 9;%1 > 0, that is § < 2p—1. Since p(z) < v/t and p(y) < v/t
for z,y € O, we have

o0+l _ _ 641
ko = sup sup / pr (@)t galz —y)p® v (y)do
0<t<1 yeO; J O,
] [
< sup TET T sup/ get(x —y)dx < +o0.
0<t<1 yeO: JO,

It remains to evaluate k3. We have

041 _ _0+1
ks = sup sup pr (x)t / gz —y)p 7 (y)dy.
0<t<1 z€(Oy)° BY

N

Note that for any Vi<u< 1, we have
inf {|z —y[*: 2 € (0)°, p(x) =u, y € O} = [u— Vit~
Thus, by Assumption 4.4,

0+1 lu—v/|2 _o+1
ks < Ci sup sup sup  u :1t’%e’ Tor / p1 v (Y)gaet(x — y)dy
0<t<1 \/t0<u<1 2€0:: p(x)=u Oy

0+1 1 _Ju—vi? 6+1

1_
< Cysup sup u r t 2e et t27 2% < +00.
0<t<1 ,/0<u<1

O

4.3. Analiticity.

Remark 4.10. Assume that the derivatives % commute with the semigroup in the fol-
lowing sense

9 d
Ox; axis(tm) + Ri(t)S(t/2),

where R;(t), t > 0 are bounded linear operator satisfying

S(t) = 5(t/2)

IR (g 2z ) < Cit~ 2.
Then, by second part of Theorem 4.6,

0? 0 0 0 C2
Zosn| = [2su s+ wsemrosey] < Sy,

o0x;
! L s

Sty

p
LG,zS

This leads to the analiticity of S on Lj; in the case of A of the form }_, i +

Ox;0x;
> bia%i with bounded a; ; and b;.
13



The classical Aronson estimates for the Green kernel, see e.g. [16, 36, 31] for required
assumptions on A and O, yield that G is of class C*((0,+00) x O x O) and for any
non-negative integer n, multi-indices «, 3, and time 7" > 0, there are constants C,c > 0
such that for all t € (0,7] and z,y € O,

an ala| alﬁ‘ |a|+|B]+2n
—— Gt <Ct 7 2 —y).
atn axa ayﬁG( 7x7 y) f— C .gCt('r y)

In our proofs of the Cy-property and gradient estimate we needed something different,
namely estimates (4.3) and (4.4) which guarantee that G(¢,z,y) and V,G(t, z,y) decay
for y near the boundary of O at rate p(y)/+/t uniformly in z. Clearly, our proof yelds
the following.

Proposition 4.11. If for a certain multi index «, there are constants C,c > 0 such that

ol .

(4.5) e (t,z,y)| < Ct’%mt(y)gct(x - ), Vz,y€ O, Vt e (0,1],

then, for allp>1,0 € [0,2p—1), § >0, and T > 0, there is a constant Cy such that
olel lal
‘aan(tW STzl o VY E Ly, e (0,T].

p
Ly s

Corollary 4.12. If A = A and O is a half space, then for all1 < p < +o0, 6 € [0,2p—1)
and § > 0, the semigroup S is analytical on Ligyé.
Proof. We need to show that there is a constant C' such that
C
AS@), < =

We may assume that O = {x € R?: 2; > 0}. Then m;(y) = (y1/vt) A 1, and the Green
kernel in known, namely

[l Y€ Ly, te(0.1]

(4.6) G(t,z,y) = gu(zr —y) — g2(T — y),
where
(4.7) T = (r1,29,...,2q4) = (21,%) = (—20, X).

By elementary calculation one can verified estimate (4.5) for any second order derivative
86722_. Indeed, given a > 0, z € R and z € R4™! write
J

2
|z]

z2 a1
gi(2) = (2ma) P e E, g7 Y(z) = (2ma) T e n

Note that there is a constant C' such that for all z1,y; > 0, t € (0, 1],

(4.8) |920(21 = 11) = ga (@1 + 1) | < Cma(y)ga (@1 — 1)
For, (4.8) can be reformulated equivalently as
‘e_zg — e (=)’ <CuvAle 7, VzeR,v>0.
or ,
e T |1 —e G < Oy AT VzeR,v>0.
We have
>’ G (1 —m)* 1 (1 4+m)* | 1
~ (¢ === — Iy L 7 — ).

14



Therefore, by (4.8), it is enough to show that for all u,v > 0,

g _ (u=v)? _ (utv)? (u=—v)®

(u—wv)?’e” 1= —(u+v)e 1 [<CuvAle s

For 5 > 1 we have

0*G (r; —y;)* 1| 4
‘a—x?(t,x,y) = |gai(r1 =) = goolor + 90| | — 57| 95 (x =)
Ch _
< — [gai(r1r = 1) — gael@r + 91| g2 (x = y)
cc
= “me(y)gus(x — y)-
U
4.4. Related results. In this section we comment some recent results of Krylov [20] and
[20] and Lindemulder and Veraar [23] concerning heat semigroup on weighted spaces.

4.4.1. Krylov’s result. Let P = {x € R?: z; > 0} be a half space in R%. Let p(z) = z;
be the distance of € P from the boundary. Let S be the semigroup generated by the
Laplace operator A = A on P with homogeneous Dirichlet boundary conditions. By V we
denote the gradient operator and by V? the Hessian. Given § € R let L§ = LP(P, 2{dx).
The following result follows directly from the Krylov Theorem 2.5 ([20]). In the original
Krylov theorem p=¢q, a=2=a=a,, vy =757 =0.

Theorem 4.13. Let p € (1,+00). Then for every 0 € (—2p,p), S is a Cy-semigroup on
LY. Moreover, there is a constant N such that for any t > 0,

IS@ully < Nlullgy  and — [[V2S(t)ully < Nt~ lullzp-
Given a vector a € R? and a number § € R let us denote by P(a,d) the half space
P(a,8) :== {z € R?: (x,a) > 6}.

Let pp(as (z) be the distances of € R? from the boundary dP(a,d). Obviously the
Krylov result can be extended to any of half space P(a,0). The L} space should be
replaced by
L5(P(a,8)) = L(P(a0), o))

Note that the constant N appearing in the theorem is universal for any half space.

Let O be a not necessarily bounded domain in R?. Let po(z) be the distance of x € O
from the boundary dO. Given § € R write L) = LP(O, p%(x)dz). Let S be the heat
semigroup on O with homogeneous Dirichlet boundary conditions.

Theorem 4.14. Assume that O is a conver domain in R%. Let p € (1,+00). Then for
every 0 € (—2p,p), S is a Cy-semigroup on Lj. Moreover, there is an independent of O
constant N such that for any t > 0,

(4.9) SOl < Nz, v € L.
Proof. Since O is convex then there is a family of subspaces P(a;,d;), j € J, such that
(410) O = m P(CLj, (S])

jeJ

Let j € J, and let ¢ € C5°(O). Let T, 5, be the heat semigroup on P(aj,d;) with
homogeneous Dirichlet boundary conditions. Let us observe that

(4.11) SO S T (I, O



For, (4.11) follows immediately for example from the following probabilistic representa-
tions

SHy(x) = E ¢z +W(t))t < 7.(0)),
Toy o, (t)p(2) = E(p(x + W (1)) 1 < 7 (Play, 65))) ,
where 7,(0) and 7, (P(a;,d;)) are exit times
7.(0) :=inf{s > 0: x+W(s) € O}, 7, (P(aj, 0;)) :=inf{s > 0: 2+W (s) & P(a;,d;)}.

Thus
SE@I oo(@) < [Ty o, (@) Hoia 5(@), Y €O.

Therefore after integration we obtain
SOz < Ty s,V 22060 < NIYlLepia; 6,

where the constant N does not depend on j. Hence
1Sl < N;g | Le(P(ay.8)))-
Taking into account (4.10) we have
jllelﬁ 1| Lep(ay.8,) = 1Lz,
which gives (4.9) and obviously Cy-property of S. OJ
Remark 4.15. Unfortunately, since we do not have the estimate for the gradient
IVS@)p(2)] < [VTa,50)0(z)],  2€0.
the derivation of the estimate [V.S(t)y[r < N =125 rp needs some different arguments!

4.4.2. Lindemulder and Veraar results. As in the Krylov papers, paper [23] of Lindemul-
der and Veraar deals with the Laplace operator A = A. It is shown that A with
Dirichlet boundary conditions admits a bounded H*-calculus on weighted spaces L} :=
L7 (0, p’(z)dzx), where p(z) = dist (z,00), p € (1,400) and § € (—1,2p — 1)\ {p — 1}.
Therefore, the corresponding heat semigroup is not only Cj but also analytical on Lj. In
23], O is a halfspace or a bounded C?-domain.

5. PROPERTIES OF THE SEMIGROUP ON WEIGHTED SPACES

In this section, Assumptions 4.1 and 4.2 are satisfied.
Lemma 5.1. There exists a C' > 0 such that
S0l < Ol fort e (0,1],
Proof. Let
(5.1) ws(w) = wos(z) = (1+ [22) ™
be the weight on £§. Then, by Assumption 4.2, we have

S(ep0lty < 0 [ s (/ (9 >rw<y>\dy)pdx

< Ct¥*(I, + L),
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where

I = /O/ﬁwa(x\/f) </(‘9/ﬁ)1 my(yv/t)ge(z — y) ch(y)ldy) du,

Iy = /O/\/Ew(;(x\/z_f) (/(O/\/i)
¢(2) = ¥(2V/1), and

(O/Vt)) == {x € O/Vt: my(xV't) = p(zVt) ]Vt < 1} :

me(yvVt)ge(x — y) |o(y)] dy) de,

c
1

and
(O/VE)E = {x € O/NE: my(avi) = 1}.
We have
I< /O e /<om>1 (VD) e — 4)l6(y) Pdydz
ws(x UAOD x —y)dz Pw
< /<<w%>1 ( / v T )|¢<y>| s (VD) dy
F(t, P we s(yvt)dy,
< /<w>1 (t, ) 16(0)* we.s(yv/Ddy
where
Fe- [ w5<xﬁ>%gc<x e,

= /c)/\/iw(S(xﬂ)%%(x —y)dz, y € (O/ﬂ)

Recall that wg,s(z) = min {p?(z), ws(z) }. Thus, if p?(yv/t) < ws(y+/t) then since
Pl (yVE) <tPOR for oy e (0/ \/¥>

1

)
1
we have

_0 C
F(t,y) < /(9/\/2 7 tﬁ%ﬁ)gc(ﬂn — y)w(s(x\/l_f)dx < 756?_/12'

If ws(yv/t) < p?(yv/t) then

Ft,y) < /O e~y

Putting a = v/t we find that
1+ aly|? o1t 2aly — x|? + 2a|z|?
1+alz|? — 1+ a|z|?

2a|z|?

1 + a|z|?

<1+ 2alr —y*+

< 3+ 2alr —y*
Therefore o
2
sup F(tay) < 75977
(1),
17



and hence
t21, < Cot "2yl .
9,8

For I, we obtain

j /O RERG ( /(W) (VD gel — ) <>dy> da

ge(r —y) Py .
Rl O o I LA

< /( oy HE0160 Pupa(yv/E)dy,

where
Ge\T — Y €
H(t,y) = /O/\/Ewcg(x\/g)mdx, y € ((9/\/%)1
Note that
PV o
T2 =
Thus
1> wys(yve) = min { o (/) ws(yv/D) } > min {72, ws(yv/) |
Therefore

weos [ [
<[ H—“i] o=t

< Ot 2,
O

In what follows we denote by L(E, V) the space of all linear bounded operators from
a Banach space E to a Banach space V', equipped with the operator norm || - || z(g,v)-

Theorem 5.2. Assume that there are positive constants M, « such that for every t > 0,
IS Lcz.cry < Me™".
Then there exist C' > 0, such that for every t > 0,
|S(t )HL(LP Lh o S Ce
Proof. Clearly
IS@Y I, < ISz = 1S = DSl er < Me " V|S(1))]| .z

By Lemma 5.1,
ISPz < Collllry -

18



6. DIRICHLET MAP

In this section we derive useful estimates for
(A= A)S(t)Dye = S(t)Be, t>0,e € L*00,ds).

We will need Assumptions 4.1 and 4.2, and additionally the following assumption, which
is satisfied, see Remark 4.3 if the drift coefficients v* of A are of the class C}.

Assumption 6.1. Assume that the coefficients a; ; are bounded, and that for any T > 0
there is a constant C' such that

C
V,G(t,z,y)| < —=gulz — 1), t<T, z,y € O.
IV, G(t,z,y)] ﬁgt( v) y
Let Sp(O) be the set of all ¥ of tempered test functions such that 1 (z) = 0 for z € 90.
Let v be a continuous compactly supported function on dO. Recall that u = Dyy is the
solution to the non-homogeneous Poisson problem (2.2). Let ¢ € So(O). Then applying
Gauss—Green integration by parts formula we obtain
/ Au(z)(z)de = / u(z) A" (z)de — / v(z) Z aij(gg)a—w(a:)nﬂ (x)ds(z),

o o L

90 i

where A* is the formal adjoint operator;
o) =S 2% ) =52
v =Y 5 (w5 ) =3 g0 (),

n= (nl, ey nd) is the outward pointing unit normal vector to the boundary 00O, and s
is the surface measure.
Therefore we have

(6.1) /O (@) A () de = A /

(@)

u(@)b@de+ [ () 3 a0) 5 ()i (a)ds (o).

00 ij

In fact (6.1) can be treated as the definition of the weak solution to (2.3), see e.g. [1, 2].

Let
. . :
n® = (E apn’, ..., E ad,jnj>.
J J

Then

% _ oY
ZJ: @i ()5 - (@)my(w) = 5 5 (),

and (6.1) has the form

] _ o
[ Date) (4 =Nt = | @) 5 @sto)

In what follows A is the generator of the semigroup S on L?(0), S* is the adjoint
semigroup and A* is its generator. Note that A* C A*.

Proposition 6.2. Let X be in the resolvent of A*. Then the Dirichlet map is uniquely
characterized by the relation

62 [ Da@uiteds= [ )5 (47N sds@), v e Si(O)
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Proof. Assume (6.2). Let ¢ € So(O). Then
[ D) (4 = 0 vt = [ ()5 (47 =0 A3 wle)ds(a)
@ 00

0
= | A@)gmv@ist),

Corollary 6.3. We have

63 [ - SODas =~ [ @5 (5 @) o)

Let G be the Green kernel corresponding to the heat semigroup S generated by A with
homogeneous boundary conditions. Let

+o0o
(6.4) Gr(,y) = / NGt 2, y)dt,
0

where )\ is from the resolvent set.
Theorem 6.4. We have:

(65 D) = [ 30 GGl )s(o)
and
0
(6.6 (=8O = = | 0) oGl )s()

Proof. Let v € Sy(O). Then, by (6.1),
0
JRECTEIE / 1) o (A7 = 07 Y(a)ds(z)

To see (6.6) note that
= 800 @) - /O Day(@) (A = A*) S (1))
= [ 2@ (=7 (= )8 (a)ds(o)




g

Note that by Assumption 6.1, the coefficients a; ; are bounded. Therefore we have the
following consequence of the theorem above.

Corollary 6.5. Under Assumptions 4.1, /.2, and 6.1, for any T > 0 there is a constant
C > 0, such that fort € (0,T], ¢ € L*(00,ds), and z € O,

1S(t)B(x)| = [(A = A)S(E) Day(x)| < < /80 ger(z = y)ib(y)ds(y)| -

Vit

7. STOCHASTIC INTEGRATION IN LP-SPACES

In this paper we need only very naive theory of stochastic integration in LP-spaces.
Namely, for B := (A — A)D, set

Ur(t, ) = (S(t)Bex) (), reO.

By Theorem 6.4,
0

o0 On(y)

Ui(t, o) = — G(t, 2, y)ex(y)ds(y).

We need to define
t
M(t,x) = Z/ Yt — s, 2)dWi(s), =€ O, tel0,T],
0

and

M, (t,z) = Z/o (t—s) Yt — s,2)dWi(s), ze€O, tel0,T],

as L} ;-valued provesses.
The following result from [7] stated there as Proposition A.1, enables us to define

rigorously each component of the sums above. Below W is a real valued Wiener process
defined on a filtered probability space (£2,§, (&), P).

Proposition 7.1. Let (O,®,v) be a o-finite measurable space. Let p,q € (1,400),
T € (0,400). For any adapted and strongly measurable process ¢: [0, T] x Q +— LP(O)
the following there assertions are equivalent.

(1) There exists a sequence of adapted step processes (¢y,) such that

hm |6 = énllLa,Lr©,22(0,m))) = O,
(/ On(t)dW (t ) is a Cauchy sequence in L1(€); LP(D)).

(2) There exists a random variable n € L(Q; LP(O)) such that for all sets A € &
with finite measure one has (t,w) — [, ¢(t,w)dv € LI(Q; L*(0,T)), and

/ndy_/ /¢ NdvdW (1) in LI(Q).

(3) llollzaiLroiz20,7y) < +00.
Moreover, in this situation one has

T
Jim / Ou()AWV (1) =
21



and there is a constant C, 4 € (0,4+00) such that

CoalldllLa@irro:rz00y) < llpa@iir©)) < CpalldllLa@irr@:rz0ry)-

Process ¢ which satisfies ony of these conditions is called L?-stochastically integrable
in LP(O) on [0,T] and we write

/0 SOAW () = 1.

Given o > 0 let

T p/2
(7.1) Jro{ex},p,0,9) ::/o<zk:/o t‘%ﬁi(t,x}dt) wy s(x)dx.

By the Burkholder-Davis-Gundy inequality, for every p € [1,+00) there exist positive
constants ¢, and C), such that for all ¢ € [0, T]]

ijT,O({ek}ap7076) S E/(; |M(t7'r)‘p w975(:c)dx S ijT,O({ek}7p7976)a

see for example [39]. We have thus the following result.

Proposition 7.2. Giwen T, p, 6 and J, the process
T
> / S(T — t)BedWy(t)
k 0
takes values in Ly s if and only if Jro({ex},p,0,6) < +oo. Moreover, if for a certain

a>0, IJra({ex},p,0,0) < +oo, then the process has continuous trajectories in Lg’é.

The simple idea above can be made rigorous and much more general (see e.g. [, 7]).

8. EXAMPLES

Let in the whole section Assumptions 4.1, 4.2, and 6.1 be satisfied.

8.1. One dimensional case. Consider the simplest cases of O = (0,1) and O =
(0, 4+00). In the first case the surface measure s = §y + d; and L*(90,ds) = R?, whereas
in the second case s = §y and L*(00,ds) = R

Proposition 8.1. Let p € (1,400) and 6 € (p —1,2p — 1). Then the boundary problem

O ) = AX(10), 2 (0,1),
AW
X(t,0) = T(t)’
dw,

X(t, 1) = t
(t.1) = L),
defines Markov family with continuous trajectories in the space Lg,o-

Proof. We are in a framework of Theorem 2.10. By Theorem 4.6 the heat semigroup
can be extended to L’g}o for € [0,2p — 1). Clearly Hy is 2-dimensional with e; = x{o}

and e; = xy3. Taking into account Proposition 7.2, it is enough to verify whether for
22



0 € (p—1,2p—1)and T € (0, +00), there is an a > 0 such that J := Jr.o(x0, X1, 0, 6,0) <
+00. Let a > 0. By Corollary 6.5, we have

11 T p/2
g<a [ e (g3t<x>+gzt<x—1>)dt] min{a’, (1 - 2)’}da
0 LJO

VAN
Q
N
o\
o\
S
N
T
Q
Ne)
QM
S
S~—
—
=
[oN
—
"
3
~
)
8
oS
o,
S

p/2

Lr T 2 p/2 1 T/x2 )
< 03/ / t2ae2ctdt} 22dr = 03/ / P e [ 2da
0 LJo 0 0

Similar calculation can be done in the case of half-line O = (0, +00).

Proposition 8.2. Assume that § > 1/2 and p € (1,+00) and 8 € (p—1,2p—1). Let A
be a second order defined as above. Then the boundary problem

O (10) = AX(12), € (0, 400),
_aw
X(t,0) = —=(),

defines Markov family with continuous trajectories in the space Lg} 5

Proof. We have

+o0 T 2 p/2 +00
/ [/ t_2_ae_ctdt] 22 (14 |z*)7%dz < cl/ 297 PP (1 4 |2 *) ~0da.
0 0 0

g

Remark 8.3. Assume that A is equal to the Laplace operator A. Let p € (1,400) and
0 € (p—1,2p—1). Then the Markov family defined by boundary problem on (0, 1) or
(0, +00) has a unique invariant measure. For, in the case of interval we can use Theorem
5.2, whereas in the case of problem on half-line we can use a direct approach. Namely,
we have, see Remark 8.13 of Section 8.4,

oG x x 22
—(t,2,0) = ——gu(zr) = — e 4.
any( )=~ 9u(@) 2t\/mt
Clearly, there are constant C, ¢ such that for all £,z > 0,
oG C
—(t,2,0)| < —gu(@).
o (:0)| < 0

Therefore, from the proof of the proposition it follows that sup;., Jr(xo,p,0,0) < +00,
and the desired conclusion holds, see Theorem 2.10.

8.2. Equation on a ball. Let O = B be a unite ball in R? with center at 0. We assume
that d > 2, otherwise we have the case of equations on an interval studied in the previous
section. Then O = S?1. Assume that the boundary noise has the form

(8.1) W(ty) =Y ely)Wi(t), >0, yes
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where (e,) is a sequence of functions on S¥~1 and (W},) are independent real-valued Wiener
processes.

Proposition 8.4. If

(8.2) A= Z sup e (y) < +o0.
k yES‘Fl

then for any 1 < p and 0 € (p — 1,2p — 1), boundary problem (1.1) defines a Markov
family with continuous trajectories in Lg’o.

Proof. Let J := Jra({ex},p,0,0). Using, Corollary 6.5, (7.1), (8.2), we obtain

Tz, [z [ (] et y>|ek<y>\ds<y>)2dt] " wis

p/2

(8.3) < o AV /B d [ /0 e < /S galr - y)ds(y))2 dt] woo()dz
<o /B d [ /0 "t < /S ezztygds(y))2 dt] " woo(x)de.

We have to evaluate

T—y 2
I(t,x) = / S ds(y).
Sd—1
Let p(x) := dist (z,S?!). We are showing that there is a constant C; > 0 such that
_ 2@ 4
(8.4) I(t,z) < Che ‘e t%, vVt e (0,T], x € B
In fact our method leads also to the following lower bound estimate
o2 —
Coe Gait's < I(t, ).

Our proof of (8.4) is elementary. In Lemma 8.9 from Section 8.3 we will establish estimate
(8.4) for an arbitrary bounded region in R? 1In the proof of Lemma 8.9 we use the
Laplace method. To see (8.4), note that we may assume that = = (z1,0,0,...,0) =
(1 —p(z),0,...,0). Note that for p,r € [0, 1] we have

1+\/1—r2—p2‘1—\/1—r2—p‘.

Therefore
1— p(z) —yy|? + C-l_ 2
§d—1 ct
2
1= o) = VT=TP| + 2P 1o\
<9 — 1 d
N /Bd—l P ct * ; 1—|z[? :

ct

! 1—plz) — V1—72]" 412 .
< 63/ exp {—‘ p) o } (1-1r7) V2 pd-2q,.
0
Note that that for all » € [0, 1] we have

1
§r2§1—\/1—7’2§r2.
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For, let f(r) = (1 —+/1—7r)/r. Then f(0) =1/2, f(1) =1 and
o W
0 ="5em= =°

Therefore there is a ¢4 > 0 such that for all r, p € [0, 1] we have
2
‘1—,0—\/1—7’2 + 72 > eu(p? +17).
For, we have

2
l—p—V1—12 +72=p"+(1=V1—-12)?=2p(1 —V1—1r2)+7?

S 2 7’4_ 2 2
>p +Z 20" +r

4 A P2 g2
2p2+z—pgm—;+r2:p2(1—m)+rg<1——+—>.

Let k € (4/5,1). Then
‘1 —p—V1—r?

which gives the desired estimate.
Summing up we have

2 5 1
+r2 > (1 —k)p? + 12 <———),

4 kK

1 2 2 c 235
I(t,2) < o3 / exp {‘W} (1=r3) i 2ar < o5 ),
0 C

where

1 2
= e -
0 c

1 1/2 2
_ca ~1/2 2 cyr a2
< cze 4ct/ 1—r? dr+03—/ exp{——}r dr
1/2 ( ) V5 Jo ct

< Oyt'T

which gives (8.4).
Combining (8.3) with (8.4) we obtain

T lz—y|2 2 o
J<a [ | [ e ( | e ds<y>) dt] woo(e)da
Bd 0 Sd-1

[T 22w 1P
< 05/ / t2 % o dt] weo(z)dx
Bt [Jo

1
< 66/ p_p_ap+0(x)dac < 07/ pPto—arq,.
Bd 0

4

Remark 8.5. Assume that A is equal to the Laplace operator A. Since the semigroup is
exponentially stable on LP, 1 < p < 400, then by Theorem 5.2, it is exponentially stable
on Lig’ s- Therefore the Markov family defined by the boundary problem (1.1) on Lig’o for

p—1<60<2p—1,p€(1,+00) has a unique invariant measure.
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Assumption (8.2) ensures that W is a random field on [0, +00) xS?~!. Below we present
a natural example of the process satisfying the above assumptions.

Example 8.6. Let (W},) and (W) be sequences of independent Wiener processes. Let
(ar) and (by) be sequences of real numbers such that y_, af < +oco. Then

Wi(t,y) = Z ag <cos(y, b)) Wi(t) + sin(y, bk>Wk(t)>

can obviously be written in the form (8.1). Moreover, condition (8.2) is satisfied.
For each t > 0, W (¢, -) is rotational invariant random field on S¢~!. Indeed we have

EW(t,y)W(t,z) = Z azt (cos(y, by) cos(z, by) + sin(y, by,) sin(z, by.))
k
= Z az cos{by,y — 2)t.
k

In the case of the so-called white noise on S¢~1, W is formally defined by (8.1) with
{e)} being an orthonormal basis of L*(S?~!, ds).

Proposition 8.7. Assume that W is a white noise on'S*. Letp > 1 and 0 € (% —1,2p— 1).
Then the boundary problem (1.1) defines a Markov family with continuous trajectories in
Lg,o- If A is equal to Laplace operator, then the Markov family defined by the boundary

problem (1.1) on Ly, for p € (1,+00) and 6 € (% —1,2p — 1) has a unique invariant
measure.

Proof. Assume that d > 1. Let J := Jr.({ex},p,6,0). Using (7.1) and then Corollary
6.5, we obtain

J = ; /0 e (— - anf(wG(tx,y)ek(y)dS(y)>2dt] " we,o(x)dz

Bd

[T
L)
B¢ | J0 Sd-1
T p/2
<c / [ / U / gft(w—y)dS(y)dt} wo,o(z)dx
Bd 0 Sd—l
T

—1-d—a _2fe—y|? v/
< g t g e ds(y)dt| wyo(z)de.
0 —1

By (8.4) there is a constant C' > 0 such that

T i1 2w p/2
J < C/d [/ A R e dt] wyo(z)dx
Bd LJo

T as o2 (z) p/2
§C’/ / t7 2 Ye o dt woo(x)dx
Bd |Jo

1
: Cl/ pg(27(d+3))7pa(x>w970(x)dx < CQ/ p— 5 (d+D+0-pa g,
Bd .

2

)
On“(y)

G(t,z,y)

p/2
ds(y)dt] woo(z)dx

Therefore J < 400 if =1 < —=8(d+ 1) + 6 — pa. In general case we need ¢ < 2p — 1 and
p > 1. This requires
—1+g(d+1)+pa<9<2p—l and p> 1.
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Consequently, it is required that d = 1 or d = 2. However the case d = 1 has been already
excluded. U

Remark 8.8. Let us drop the assumption that e;, € L2(90,ds(y)). Namely, assume that
W(t,z) = B(t)d;, where B is a real valued Wiener process and d; is the Dirac delta
function at y € S!. Then, using (7.1) and then Corollary 6.5, we obtain

p/2

Tr.a(05,p,0,0) = /B 2 lzk: /0 Tt—a ( 8nf(y)a(t,x,g))2dt] weo(z)dx

T 2[z—7|? p/2
<a /2 [/ e dt] wp,o(x)dx
B 0

1
<ec [ |z—g|Pp(z)da < 63/ po A to=arqy
B2 0

We need —2p + 6 — ap > —1, which is in contradiction with 8 < 2p — 1. Therefore, we
cannot treat this case.

8.3. The case of a bounded region in R? Let O be a bounded C'*® region in R
d> 2. Set

I(t,x) ::/ S ds(y), te (0, 7], z€O.
20
Recall that p(x) := dist (x,00). We have the following generalization of (8.4) established
for O = B

Lemma 8.9. There exist constants C1,Cy > 0 such that

1 P
I(t,z) < Cit'z e @ Vte (0,T], z €O.

Proof. Fix e > 0 and z € O. Let € > 0 be fixed. Since O is a bounded C'“-domain,
there exist open sets O; C R%, i =1,2,...,n, such that for every i:

(1) for every i there exists, up to a shift and a rotation, a C*® function a; such that
r € ONQO,;if and only if x = (%, x4 — a; (Z)) with 4 — a; (Z) > 0.

(2) 00 C U, O,

(3) if z € O\ U, O; then p(z) > ¢,

(4) for each i < n there exists a Ct*-diffeomorphism
g0, - C = {ze]Rd: —1 <z <1, kzl,...d}
such that h' := (¢') " : €% — O, is of class C as well and
g (0;N00) =C*! = {z e C?: zd:()},
OmO:{zeCd: zd>0},
Oiﬂ@C:{zeCd: zd<0}.
Assume that x € O; N O for certain i < n. Then for y = (¢,0) € O; N O
o —y* = (7,24 — a: (7)) = (7, 0)* > |7 — " + p*(2),

hence

I(t,2) < Ot " / get (2 — ) ds(y)
0;N60

— Ot 7 e / get (R'(w) — A (v)) J (R') (v)dv.
“ gy



Since h': C% — O;, there exists a constant ¢; > 0 such that
W' (u) — W' ()| > cilu—v], wu,veC?
Therefore,

p2( p2(z)

I(t,z) < Otz e / get(u —v)dv < CtT e
cd—1

and the lemma follows for x € O N O; for every i < n.
If z € O\, O;, then p(x) > ¢ and the lemma trivially follows. O

Recall that

W<t7y) - Zek(y>wk(t)7 t Z 07 Yy € 807
k

where (ey) is a sequence of functions on 0O and (W) are independent real-valued Wiener
processes.

Proposition 8.10. (i) Assume that ), sup,cpp €i(y) < +oo. Then for any 1 < p and
0 € (p—1,2p—1), the boundary problem (1.1) defines a Markov family with continuous
trajectories in L
(i1) Assume that d = 2 and W is a white-noise on 00. Then for 1 < p and 6 €
(% —1,2p— 1) the boundary problem (1.1) defines a Markov family with continuous
trajectories in Ly

Proof of (i). Using the calculations from the proof of Proposition 8.4, and then our
Lemma 8.9 we obtain

o {/OT )y dt} " wo,o(w)dx

r @ 1P
< 02/ {/ R T dt] wo,o(z)dx
o Lo

< e /O p() 7O (2) dr

jT7a({€k}7p7070) S Cl/

It is easy to show, see the proof of Lemma 4.5, that the integral is finite if and only if
—p+60—pa>—1.
O

Proof of (ii). Using the calculations from the proof of Proposition 8.7, and then our
Lemma 8.9 we obtain

|z y\z

T p/2
Trol{ex},p,6,0) < c1 / g1 a ds(y )dt} woo(x)da
0

Al
/O[

8(9

/ grimdt it —agT Clt dt} wpo(x)dx
0

—5(d+1)+0— ap(&?)d.ﬁ(?.
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8.4. Half-space with spatially homogeneous Wiener process. In this section O
(0,+00) x R™ and W is the so-called spatially homogeneous Wiener process on R™
{0} x R™ = 00. We adopt the notation = = (xg, z1,...,2,) = (20, X).

Definition 8.11. A process W taking values in the space of tempered distributions
S'(R™) is called a spatially homogeneous Wiener process if and only if:

(7) It is Gaussian process with continuous trajectories in &’'(R™).
(17) For each ¢ € S(R™), t — (W (t), 1) is a one dimensional Wiener process.
(17i) For each fixed t > 0 the law of W () is invariant with respect to all translations
7. 8'(R™) — S'(R™), h € R™, where 7,: S(R™) — S(R™), 7,4(-) = ¢ (- + h) for
P e S(R™).

The law of a spatially homogeneous Wiener process W on R™ is characterized by its
spectral measure pon (R™, B(R™)). Recall, see [33] that p is a positive symmetric Radon
tempered measure on R™, and for any test functions ¥, ¢ € S(R™),

E(W(#), ) (W(s), o) =t Ns - Fip(x) Fo(x)p(dx),

where F denotes the Fourier transform. Note, see e.g. [33] that if the spectral measure is
finite, then W is a random field, such that for any x, W (-, x) is a one dimensional Wiener
process. Moreover, for fixed ¢, the field W (¢, x) is stationary in x.

Let

L3)(0) = {0 € L2R? > CBR™), 1): (%) = () }
Then, see [33], the Reproducing Kernel Hilbert Space Hy, of W is given by
Hy = {Fy: ¢ € L, (1)}
and

(Fo, F)u / (X)),

Thus any orthonormal basis {e,} of Hy is of the form e, = F(fru), where {fi} is an
orthonormal basis of L (). We will identify R™ with 9(0, +00) x R™ = {0} x R™.
We have

p/2

Jra({ex}, p,0,0) 22/0 [t_"‘ /ng( a_G(m“’ (073’))6k(3’)dy)2dt] we 5(x)dz

R™ 3ny

= /O / Z< o 911y ﬂf,(O,y))F(fku)(Y)dy)th] " we 5(x)dx

(5.5 </ /OTt"‘ /|

Proposition 8.12. Assume that: the spectral measure of W is finite, 6 > (m + 1)/2,
p € (l,4+00) and 0 € (p—1,2p—1). Then boundary problem (1.1) defines Markov family
with continuous trajectories in Lf,” 5

oG
71_
fy any (ta xz, (07 y))

2 p/2
,u(dy)dt] wy.s(x)dx.

29



Proof. If the measure p is finite, then

[ 2

2

- (9G

a—%,x, 0.) dyr

ony

u(dy) < p(R™) sup

yeR™

< w(R™) U}Rm

=3
< ct’2e’?,

oG
-1 Y
Fy any (ta L, (07 y))

where in the last estimate we use (7.1). We have

T z(z) +o00 |
/ 2% dt < / S_Q_O‘e_%dsx(?_?a < clx52.
0 0

Therefore, by (8.5), we have

+oo
Jro({ex},p,0,6) < cl/ min{zg, 1}02,7~ (1 + ol + |X|2)_5 dzodx
0 R™

1
0—p—
§02+02/ zy P Pdxy.
0

O
Remark 8.13. If A= A then G is given by (4.6). Then, with T defined by (4.7),
oG _ oG Yo — Zo —Yo—To
any(taxay) - _a O(t7$7y) - i 92t(x_y)+ it g2t($_y)

Remark 8.14. (7.1) gives estimates for 2< ( x,(0,y)). Unfortunately, we are not able to
use them to compare the Fourier transforms of g—i(t, x,(0,y)) and g.;. This problem can

be solved under a certain technical assumption on the spectral measure p, see the lemma
below. For a measure for which this assumption is violated see [32].

Write
Foo 1 2
K, (r) = / s7F % T, r >0,
0

Lemma 8.15. Assume that either A = A or there is a finite symmetric measure i
on R™ such that Fu + Fug is a non-negative measure. Let 6 > (m +1)/2, p > 1 and
0€(p—1,2p—1). Then for any T > 0, there is a constant C > 0 such that

+oo a:0|y| p/2 o
Fratted .0 <cC [ [N (B ay) | a7 (o)
m 0 m

Proof. Taking into account (8.5) and Proposition 8.12 we can assume that Fu is a non-
negative measure. Then

/ SG (t,2,(0,y))| u(dy)
/m /m 8nu u))g—i(@x, (0,v))Fu(u — v)dudv

<art [ / gl = (0,0)gul — (0.%) Fp(a — v)dudv

< ot %e C2t/ e_

02 u(dZ)-
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Therefore, by (8.5),
+oo T ) 23 g2 P/
Tral{er}p.0,8) < / / [ / / oot~ o dtu(dzﬂ wos((z0, y))dzody.
m J0O R™ JO

Since
T o2 2 +00 1 o3lzl?s
_rp  _ tl=| B o, —il_X 2 Zo|z
/ Cgt 2— PN dt< 2 2&/ S Ze s 2 dS—..'L'OQ aK ( ‘ ’ ’
0 0 (&)
the desire conclusion follows. O

If u(dy) = dy, then W is the co-called cylindrical Wiener process on L?(R™) or
equivalently %—Vf(t,y), t >0,y € R™ is the space-time white noise. Then Fpu is the
Dirac delta measure. We have the following consequence of Lemma 8.15 and our general
Theorem 2.10. Note that our results on heat semigroups on weighted spaces do not allow
m > 1.

Proposition 8.16. Let m = 1, § > 1, and let W be a cylindrical Wiener process on
L?(R). Then the boundary problem (1.1) defines a Markov family with continuous trajec-
tories in the space Lg(5 forp>1andf € ( —1,2p— 1)

Proof. We have

o0 22|z ‘2
/ K, <x0|z|) w(dz) :/ s_Q_O‘e_i/ "7 dads
2

Then, by Lemma 8.15, Jr({ex},p,0,0) is finite if

1
_mp__ —
/r 2 ~PH-arqr < 4o
0

This requires 6 > —1 4 %% + p. Since we need 2p — 1 > 6 we arrive at the condition
p > %P, Since p > 1 we are able to deal with the boundary problem only in the case of
= 1 U

In many interesting cases, see e.g. [l0], the spectral measure p of W is absolutely
continuous and its density is the so-called Bessel potential. Namely for a parameter
k> 0 let

K 2
ue(dy) = (1+ [y[?) ™
Then the space correlation I'y(y) := Fu(y) is a non—negative continuous function on
R™\ {0}. Moreover, asymptotically as |y| — 0,
Coxly|"™™ for 0 < kK < m,
(8.6) Lo(y) = § Chxlog ﬁ for k = m,
Crnr for kK > m.
Finally
(8.7) Du(y) & Cowe Pl as |y| = +oo.

Note that in the limit £ | 0 we obtain Lebesgue measure corresponding to the cylin-

drical Wiener process on L?*(R™) treated in Proposition 8.16.
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Proposition 8.17. Let W be a Wiener process on R™ with the spectral measure i,
0 <k <m. (i) If Kk > m, then boundary problem (1.1) defines a Markov family with
continuous trajectories in the space Lg,g forp>1andf e (p—1,2p—1).

(17) If m — 2 < kK < m, then boundary problem (1.1) defines a Markov family with

continuous trajectories in the space Lz,é for

1<p< 400, p+g(m—l-€)—1<9<2p—1.

Proof. Note that if k > m then pu, is finite and we may apply our Proposition 8.12.
Therefore we restrict our attention to the case of 0 < kK < m. We have

too 1 (2) K
/ K, (xo‘z|>,u,{(dz) :/ s_z_o‘e_s/ o= (1+| *)" % dz ds
+o0 o2s
:/ s % s / []: lg=c Il }F (z)dzds
0 m

+oo _m/ \z|2
:/ s 2% / (2m0?) [, (z)dz ds,
0 R

where 02 := Z%f Then by (8.7),

0 =

z 2 z 2 z
/ (271'0’2)_7%/26_'20‘2 I'v(z)dz < C'/ (2WU2)_m/2e_%_%dZ < O < o0,
{lz[>1} |z[>1}

where C; < +00 does not depend on o.
Next, by (8.6), if kK = m, then

212
/ (2ma?)~ m/Qe_lza‘?F «(z)dz < C’/ (2mc?) "™/ 2e™ %log —dz
{lz|<1} {|z]<1} C’| |

1
< C'l/ (27?02)_m/2e_;7 llog Cr| ™ *dr.
0

If m > 1, then r + |logCr|r™~! is a continuous function on a closed interval [0, 1].
Therefore

/ (2m0?) "™/ %e by 1(z)dz < Oy,
{lz[<1}

where again C} < +oo does not depend on o.

If K =m =1 then r — |log Cr| in integrable on [0, 1] with any power > 1. Therefore,
using the Holder inequality we obtain that for any ¢ > 1 there is an independent of o
constant C(q) such that

1/q

2 1 2
/ (2r0?) 26~ 52T, (z)dz < C(q) ( / (27r02)‘I/2eq202dr) < C(q)o 5
{l=z]<1} 0

Taking ¢ > 1 small enough we conclude that for any € > 0 there is an independent of o
constant C. such that

z 2
/ (2m0?) Y2655 T, (2)dz < C.o—*
{lz[<1} 2



Finally if 0 < kK < m, then

‘Z‘Q 1 2
/ (2m0*) /2 22 T (2)dz < C / (210%) /2" el
{|z]<1} 0

1 2
< C’g/ (270?) ™2 22 p L dy
0

400 2

< Cgo_—m-i-l-‘rn—l / e—Tu,‘@—ldr
0

S O4O'n7m.

Summing up, we see that there is an independent of xy constant c¢; such that

/ K, (%(LZ’) e (dz) < e, ifk=m>1,

/ K, (xOC‘YZ’) we(dz) < ey + g™, if Kk <m.

If K = m =1 then for any £ > 0 then there is an independent of xy constant ¢(e) such
that

and

[ (P et < e el
Thus, by Lemma 8.15, Jr({ex},p,0,0) is finite if
1
/ 2y PP ey < oo, if k=m>1
0

and

1
—p+5 (k—m)+6— .
/ zy" 2emm) P dag < 400, if K <m.
0

Remark 8.18. Note that, we are not able to treat the case of m > 2 and Kk < m — 2.

APPENDIX A. PROOF OF LEMMA 4.5

Assume that O is a half space. Without any loss of generality we may assume that
O = {x = (z1,x) € R?: x; > 0}. We also assume that d > 1. Then

+oo
/ gt — )p () dy = / / gerle — )y dy
(@) 0 Rd-1

+o0

_ (z1-y1)?
0

1
a _ (" 22y-2)%
St?/(ch) V2 o= )0
R
Since
YR G N
sup [ (2me)” %™ 2 |z|%dz
reR JR
2—7"2
§/ (2#0)_1/2|z|adz+Sup/(27rc)_1/2e_( - dz < +o00,
|2I<1 reR JR
the desired conclusion follows. O
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Assume that O is a bounded C*-domain. For y € R? we will write y = (y1,y) €

R xR and gu(y) = g (y1) gl (y). Since O is a bounded C**-domain, its boundary
00O can be covered with a finite number of open sets O;, such that for every i there exists
a C1* function h' such that (up to a shift and rotation of the domain)

(’)ﬂ(’)i:{yERd:y1>hi(y)}.

Moreover, for ¢ small enough we have

o, clJo:.
For each i we can define a C!-diffeomorphism
g0 =g (0), gy =(n-r)), )
Clearly, the Jacobian J* of g satisfies the condition |J'(z)| = 1. Therefore, for z =

(z1,2) € ¢' (O;) we have
a=y—h(y)=_inf |¢'@y) —g ).

ve;NOO
Since
aly—v <|g' (y) =g’ )| <cly—v|, y,ved:;nO
we find that
c1za < p(y) = p(Y,ya) < 220, Yy € Or.
We have

/Ot P (Y)get(v — y)dy = Z /Omi P (Y)ger(x — y)dy =: Z Ji(t, x)

and it is enough to show that for every i

supsupt 2 Ji(t, z) < +oo.
t<1 xzeO

Changing variables we obtain

Ji(t,z) < C/ |21|%get(z — x)dz = Cts / |y]ag§1) (a:dt_l/2 — y) dy

@

< Ct3 (2mc) 5/ ly|*dy + Ct% / g (wat ™ —y) dy
{vl>1}

< Ct> (2mc) é/ ly|®dy + Ct>. O

APPENDIX B. Cy-PROPERTY WITHOUT ASSUMPTION 4.4

We are showing that for any p € [1,400) and § € [0, p) there exists a constant M, g
such that

(B.1) [S(#) | < Mpplt| e, Vte (0,1, Vo € LP.
By (4.3) and the Jensen inequality we have

sl <0 [ 0 [ mate - 0P s
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Changing variables we obtain

Sl
pypd/2 (4 p . o ?dud
52 <ot [ i) [ it eV dyds
<o [ Vi) [ mioBgde  p)lelVDl dyds.
O/Vt O/Vt
Recall that p(x) = dist (z, 0O). Define

(O/VE), = {x € O/Vi: mulxvi) = p(avi) VI < 1}

and
(O/V1)$ = {x € O/Vt: my(zVt) = 1}.
Then we have

Sl < crti? (L + L+ 13+ 1),

where
o= /«m @) [ Vi VD,
I = /W D) [ dymbov e~ eVl
. /W D) [ dymboV B — eV
I = /( @D [ VB - p)leVol

Set ¢(y) = ¥(yv/t). Taking into account that p(zv/t)/v/t < 1 for z € (O/+/t)1, and the
fact that since 6 < p

PPyvt) _ o' (vt)

tp/2 — t0/2

€ (0O/Vt),
we have

h= e [ a0 e
(O/VD): (O/VD) tr

(O/VD1 t9/2 /(OM) dy o’ (yVt)ge(x — y)|o(y) P
/ dx/ dy p° (yvVt)|p(y) [P
ot (O/Vin
/ 9e(r —y dg’/ dy o (yV/1)|d(y) [P
OV

<G /(O/\/Z . dy p (y\/_)|¢( )P < Cl|¢|LP (O/Vt)
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Taking into account that (O/v/1)$, 1 < p(2v/t)/v/t we find that

I — /W)l dz o (2v/F) / dy ge(x — )| o)

(O/VH)s

S/ gc(x—y)dxt"”/ dylo(y)|?
Rd (O/V)S

(Z/\/_) 0/2
C d
<o f WS

< Chlol)

L§(O/V1)

and

_ T 0 x oz — p
@-/(wmd o \/E)/ dy go(z — 4)I6(y)

(O/VB)

- /((9/\/15)c o Zeg\jg %o =) /(o/\/g)c dy pe(y\/z_f)|¢(y)‘1’

(7}
PP (xV/1)
<  sup / dz ge(x —y)|o|"

seor: Jopms P uvD L5010

and finally, as

PPVt _ p"uvi)

w2 = 482 € (O/Vi),
we have
i [ e [ VD) o o~ ot
O/t t)1
0
P (yVi
S/(o/ﬂ oo (@v) /«9/@ w 7(50/2 La(a — o)l
1
7
<[ R [ e
t)$
P’ (yvt)
< sw [ wl -yl
yeovin Jopas PP Ly
Note that

__4—d/2
‘QS’LP (9/\[) t / WVZ;

Therefore the proof will be completed as soon as we show that

A; = sup sup / (x\/_)gc(x —y)dxr < +o0
1e0.1] ye(o Vg J Vi PP(YvVT)

and

O(x\/t
Ay = sup  sup / P (g/g—)gc(x —y)dz < +oo.
te(0,1] ye(0/V J (/v T

To do this note that

p(2V/t) = dist (2\/¥7 8(9) = Vtdist (z, 8(9/\/Z> .
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Therefore

6

dist (x, 00/t

A; = sup  sup / ® (z.00/ V1) ge(z — y)dz
1(0,1] ye(o, vy Jo/vis \ dist (y,00//1)

and

0
Ay = sup  sup / dist (:p, 8(9/\/%) ge(xr — y)dz.
t€(0,1] ye(0/Vi) Y (0/V)§

Given a domain D C R?, D # R¢, set
D, = {x € D: dist (x,0D) < 1},
Df = {x € D: dist (x,0D) > 1},

dist (z, D)\’ |z — y|?
A(D) = cist\z, 09) -
(D) yseu’% /Dg (dist (y,@D)) exp{ c dz,

. . 0 |z —y[?
Ay(D) = sup dist (z,0D)” exp § —— p dz.
D

yeD1 &

i1
We have to show that there is a constant N (independent of D but it can depend on d,
6 and c) such that

(B.3) A(D) + A3(D) < N.
We note first that for any z,y € R?
|dist (z,0D) — dist (y, dD)| < |z — y].
We will consider A;(D) first. For every y € D$ we obtain
(dist (x,aD)>9 _ (dist (x,0D) — dist (y,0D) 1>9
dist (y, 0D) dist (y, 0D)
<(lz—yl+1)".

Therefore,
0 |z —y[?
Ai(D) <sup | (Jz—y|+1) expq ———pda
yeDY J D C
2
§sup/ (\a:—y\#—l)aexp{—‘x vl }dx
y€DS J R C

2
:/ (1+ [2])? exp {—ﬁ} dz < +o0.
Rd C

Consider now Ay(D). Then, by similar arguments for every y € D; we obtain
dist (x, D) < (dist (z, dD) — dist (y, dD) + dist (y, D))’
<(le—yl+1)’

and again
|2?

Ay(D) < / (1+12))% exp {—Z—} dz < +o00.
Rd C
Combining the two estimates above we obtain (B.3) with

|2

N:2/ (1+\z|)aexp{——}dz<+oo. O
Rd C
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We are showing now the the gradient estimates. Using Assumption 4.2 ((4.2) and (4.3))
and the Jensen inequality we obtain

p

‘ 95(1)y dz

8:15]-

;Zéﬁ@

< o [ 7@ [ m)aste =l Pays
Cptd/Q

S /O A [ o = oD Payds

C’ptd/Q
w2

| 3Gtz oty

(Lh+L+13+1),

where I;, © = 1,2,3,4 are defined in the previous section. Therefore we can use the
estimates for I; and the desired conclusion follows. [
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