ANISOTROPIC ELLIPTIC EQUATIONS WITH
GRADIENT-DEPENDENT LOWER ORDER TERMS AND L! DATA

BARBARA BRANDOLINI AND FLORICA C. CIRSTEA

ABSTRACT. For every summable function f, we prove the existence of a weak solution
for a general class of Dirichlet anisotropic elliptic problems in a bounded open subset
Q of RY. The principal part is a divergence-form nonlinear anisotropic operator A, the
prototype of which is Au = — Z;V:l 9;(|0julPi720;u) with p; > 1 forall 1 < j < N
and Z;V:l(l/pj) > 1. As a novelty in this paper, our lower order terms involve a
new class of operators 98 such that A — 9B is bounded, coercive and pseudo-monotone
from W&?(Q) into its dual, as well as a gradient-dependent nonlinearity with an
“anisotropic natural growth” in the gradient and a good sign condition.

1. INTRODUCTION AND MAIN RESULTS

1.1. Setting of the problem. A series of papers, such as [10, 11, 13, 15, 16], deal
with nonlinear elliptic problems in a bounded open subset © of RY involving coercive,
bounded, continuous and pseudo-monotone Leray-Lions type operators from WO1 P(Q)
into its dual W27 (Q), where 1 < p < oo and 1/p+ 1/p’ = 1. The prototype model for
such an operator is the p-Laplacian Apu = div (|Vu|P~2Vu). The techniques developed
in the above-mentioned papers accommodate for a lower-order term g(x,u, Vu) with a
“natural growth” in the gradient |Vu| and without any restriction of its growth in |u|.
Because of the “sign-condition” on ¢ (that is, g(z,t,&)t > 0 for a.e. = € Q and all
(t,€) € R x RN), either f € L*(Q2) or h € W17 (Q) could be included.

We continue and extend the above research program by studying general anisotropic
elliptic problems in a bounded and open subset Q of RV (N > 2), subject to a homo-
geneous boundary condition, see (1.1). We impose no smoothness assumption on the

boundary of 2. Under suitable hypotheses, we prove in Theorem 1.1 that, for every
f € LY(2), the problem

{Au + ®(x,u, Vu) + O(z,u, Vu) =Bu+ f in Q,

weWEP(Q), ®(x,u,Vu) € LY(Q) 1)

admits solutions in an appropriate weak sense (see Section 1.2).
As a novelty in this paper, besides any f € L'(Q), we can handle in (1.1) a new class

of operators B from Wol’?(ﬂ) into W‘L?/(Q), which we introduce in Section 1.3, as
well as a gradient-dependent lower-order term ®(x,u, Vu) with an “anisotropic natural
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growth” in the gradient (see (1.12) and (1.13)). We have no restriction on the growth
of ® with respect to |u|. This means that m > 1 is arbitrary in the example of (1.2).
A toy model for our results is the following

N
= 0i(19jul*05u), ®(u, Vu) = [u™*u Z Qi +1 |, (12)
j=1
where m > 1 and we always assume that

1<pj<pjt1<ooforeveryl1 <j<N-1 and p<N. (1.3)

Here, p := N/ Z;V:l(l/pj) is the harmonic mean of py1,...,py. We can take Bu = h €
W‘L?I(Q). (For other models of 9B, see Example 1.7.)
For every 7 > 1, let 7 = 7/(r — 1) be the conjugate exponent of 7. We set 7 =

(p1,p2,...,pN) and 7 = (P, Ph, ..., Ply). The anisotropic space Wol’ﬁ(Q) to which our
solutions of (1.1) belong is defined as the closure of C°(€2) (the set of smooth functions
with compact support in Q) with respect to the norm

N
||u||W&’7(Q) = Z ||8ju||ij(Q)
j=1

Here, Vu = (01u, . ..,0nu) is the gradient of u. Since we have no smoothness assumption

on 0%, the critical exponent p* for the embedding WO1 ?(Q) — L"(2) is the usual critical
exponent corresponding to the harmonic mean p of the p;’s, namely,

Np

N—p

Thanks to the last condition in (1.3), the critical exponent p* is well-defined (see Re-
mark 1.6 for the anisotropic embedding theorems). We mention that if Q C RY is an
open bounded domain with Lipschitz boundary and (1.3) holds, then the “true” critical
exponent is pso, defined as the maximum between p* and py. Indeed, Fragala, Gazzola
and Kawohl [28] showed that the embedding WO1 ?(Q) — L"(§2) is continuous for every
r € [1, pso] and compact if r € [1, poo).

Our problem (1.1) features a Leray—Lions operator A of the form

*

pti=

Au = —div A (z,u, Vu) Za (x,u, Vu)),

which is a divergence-form nonlinear anisotropic operator from W(} 7 (€2) into WL’ ().
Under the coercivity, monotonicity and growth conditions in (1.10), the operator A :

WO1 ?(Q) — W_l’?(Q) is coercive, bounded, continuous and pseudo-monotone.
Unless otherwise stated, we understand that B in (1.1) satisfies two properties (P;)

and (P;) given in Section 1.3. But, unlike A, the operator —9 is not coercive in general.

The growth condition in the assumption (P;) implies that A — 9B is a coercive and

bounded operator from W&’?(Q) into W17’ (©). The assumption (P) is, in some
sense, in the spirit of (i7i) in the Hypothesis (IT) of Theorem 1 in the celebrated paper
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[33] by Leray and Lions. Every operator satisfying (P») is strongly continuous (see
Lemma 3.7) and thus pseudo-monotone (cf. [39, p. 586]).

For every u € W&’?(Q) and for a.e. z € ), we define

d(u)(z) = ®(z,u(z), Vu(z)), O)(z) = O(z,u(x), Vu(z)),
ﬁj(u)(x) = Aj(z,u(x), Vu(zr)) forevery 1 <j<N.

1.2. Main results. The precise assumptions that appear in our main results are pre-
sented in Section 1.3. Let f € L'(Q). By a solution of (1.1), we mean a function

u € Wol’?(ﬂ) such that ®(u) € L*(€) and for every v € W&’?(Q) N L*(£2), we have
N ~ ~ —~
Z/ Aj(u) Ojvdx +/ O (u)vdx —i—/ O(u)vdr = (Bu,v) +/ fudx.
o 0 Q v

The brackets (-, -) indicate the duality between WL’ (©) and W&’?(Q).
In all our main results and unless otherwise stated, we understand that B satisfies
(P1) and (%) given in Section 1.3. The main advance in this paper is the following.

Theorem 1.1. Let (1.3), (1.10), (1.11), (1.12) and (1.13) hold. Then, (1.1) has at least
a solution for every f € L'(€).

Assuming (1.3), we remark that without the term ®, one cannot expect to find solu-

tions of (1.1) in I/VO1 ?(Q) for every f € L'(Q). For the isotropic case, this observation
has been made, for example, in [16]. So, in our general setting, we could ask: What

makes the existence of solutions to (1.1) possible in W&’?(Q)? The other assumptions
on ®: a “sign-condition” as in (1.12), and (1.13). We stress that were f not to appear
in (1.1), we would not need (1.13) (see Theorem 1.2, where f = 0).

For Theorem 1.1 we encounter two obstacles: a low summability for f and, on the
other hand, the unrestricted growth of ® with respect to |u|. Previously mentioned
works in the isotropic case provide ways to surmount one problem at a time. The
function f € LY(Q) can surely be approximated by L>({2)-functions f- in the sense that
|fe] < |f| and f. — f a.ein Q as e — 0. Also ® could be replaced by a “nice” function
®., preserving the properties of ®, but gaining boundedness, namely,

(I)(Qj‘,t,f) N
O (2,1,6) = for a.c. z € Q and all (£,€) € R x RY.
(x,t,€) T+ e|0(.1.6)] ora.e. x € Qand all (¢,£) € R x

However, we cannot deal with both approximations for f and ® simultaneously. This
limitation has already been pointed out by Bensoussan and Boccardo [10] in the isotropic
case. For the approximate problems involving both ®. and f., we would not be able to
obtain that the solutions u. are uniformly bounded in VVO1 P () with respect to .

For the above reason, we need to consider f = 0 first and prove Theorem 1.2, which is
a crucial step in establishing Theorem 1.1, but at the same time of independent interest.
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Theorem 1.2. Let f =0 and (1.3) hold. If (1.10), (1.11) and (1.12) are satisfied, then
(1.1) has a solution U, which satisfies ®(U)U € L*(Q) and

N
z;/QAj(U)ajde+/Q<I>(U)Udaz+/QQ(U)Ud:c:(%U,U).

By taking f = 0in (1.1), we obtain a solution with better properties and under weaker
assumptions than those in Theorem 1.1. We point out that because of ®, we cannot
directly apply the theory of pseudo-monotone operators to prove the existence claim in
Theorem 1.2. We overcome this difficulty by considering the approximate problem

{Aus + @, (us) + O(us) = Bue  in €,

ue € WP (Q) (14)

for which we obtain the existence of a solution u..

Since ®. + O satisfies the same type of assumption as © in (1.11), that is, there
exists a constant C. > 0 such that |(®. + O)(x,t,§)| < C: for a.e. € Q and for all
(t,€) € R x RY, the existence of u. follows from our next result.

Theorem 1.3. Let (1.3), (1.10) and (1.11) hold. Then, the problem
{Au +0(u)=Bu inQ,

ue Wh?(Q), (15)

admits a solution, meaning that there exists a function u € Wol’?(ﬂ) such that
N —~ ~
Z/ Aj(u)0jvdr + / O(u)vdxr — (Bu,v) =0 for every v € W&’?(Q). (1.6)
=Je Q

We establish Theorem 1.3 in Section 3 via the theory of pseudo-monotone operators.
We show that A + Pg — B is a coercive, bounded and pseudo-monotone operator from

WOI’?(Q) into W*L?/(Q), where the left-hand side of (1.6) gives (Au + Pg(u) — Bu,v)
for every u,v € VVO1 ?(Q) Hence, the existence of a solution u of (1.5) follows (see [39, p.
589]) since VVO1 "7 (Q) is a real, reflexive, and separable Banach space.

Thus, for every € > 0, the approximate problem (1.4) admits a solution u. € Wol ?(Q)
In Lemma 4.1 we prove a priori estimates in W(} 7 () for the solutions u., which then

(up to a subsequence) converge weakly to some U in W(}’?(Q) and a.e. in 2 as ¢ — 0.
We point out that in Section 6, we will be able to show that, up to a subsequence,

ue — U (strongly) in Wol’?(Q) as e — 0. (1.7)

Indeed, one could adapt the approach in [11] (where an isotropic version of (1.1) was
treated with B = h € W‘l’?/(Q), © = f = 0). This technique will be used in a
forthcoming paper [17] to prove the existence of solutions for related anisotropic problems
exhibiting singular anisotropic terms. However, for our purpose of including L' data in
(1.1), we prefer to give a unified treatment of the case f = 0 in Theorem 1.2 and the
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case f € LY(Q) in Theorem 1.1. We achieve this by combining and extending techniques
from [10] and [13] to establish in Lemma 4.2 that, up to a subsequence of u., we have

Ve = VU ae. in Q and Ti,(ue) — Ti(U) (strongly) in WE7 (@) ase =0 (L8)

for every integer k > 1, where Tj(-) is given in (2.11). Then, we can pass to the limit
as ¢ — 0 in the weak formulation of the solution u. and obtain that U is a solution of
(1.1) with f = 0 (see Section 4.2). In Section 6, we improve (1.8) in the form of (1.7).

Generally speaking, the proof of Theorem 1.1, which we give in Section 5, follows a
similar course to that of Theorem 1.2 in Section 4. But there are some modifications
that we outline below. We approximate f € L'(Q) by L>®(Q)-functions f. and in view
of Example 1.7, we can apply Theorem 1.2 to obtain a solution U, for the problem

~

{AUe +OU)+OU.) =BU.+ f. inQ,
),

L7 . (1.9)
U. e Wy?(Q), @U.):=®(z,U,VU:) € L}(Q).

We emphasize that unlike in (1.4), we have ® (and not ®.) in (1.9). Because of
this reason, coupled with the introduction of f., we need an additional assumption in
the form of (1.13) below to obtain that {U.}. is uniformly bounded in Wol’? (Q) with
respect to € (see Lemma 5.1 for details). Then, extracting a subsequence, U tends to

some Uy weakly in VVO1 ?(Q) and a.e. in Q. With an almost identical argument, we
gain the counterpart of (1.8), namely, up to a subsequence, VU, — VUj a.e. in  and

Ti(Us) — T (Up) (strongly) in Wol’?(Q) as € — 0 for every integer k > 1. To conclude
the proof of Theorem 1.1, it remains to pass to the limit in the weak formulation of U,.
The change appearing here compared with the corresponding argument in Section 4.2 is
the strong convergence of ®(U.) to ®(Up) in L(£2). For the latter, we adapt an argument
from [13]. For details, we refer to Lemma 5.3 in Section 5.3.

Recently, anisotropic elliptic and parabolic problems have been widely investigated
in literature. The increasing interest in nonlinear anisotropic problems is justified by
their applications in many areas from image recovery and the mathematical modeling
of non-Newtonian fluids to biology, where they serve as models for the propagation of
epidemic diseases in heterogeneous domains (see, for example, [6] and [9]). Unfortu-
nately, some fundamental tools available for the isotropic case cannot be extended to
the anisotropic setting (such as the strong maximum principle, see [38]). Nevertheless,
with a rapidly growing literature on anisotropic problems, many questions concerning
existence, uniqueness and regularity of weak solutions have been solved with different
techniques (see, for instance, [1,2,5,7,8,14,20,21,23-25,28-30, 34]).

1.3. Assumptions. We return to problem (1.1), where Q@ C R is an open, bounded
set. We have assumed (1.3). For every 1 < j < N, the functions A;(z,t,¢),0(z,t,§)
and ®(x,t,€) from Q x R x RY into R are Carathéodory (that is, they are measurable
on Q for every (t,&) € R x RY and continuous in ¢, ¢ for a.e. x € Q).
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Assume that there exist constants vy, v > 0, nonnegative functions n;(-) € LP5(9Q) for
1 < j < N such that for a.e. € , for all (¢,£) € R x RY and ¢ € RY:

N N )
YA 98 = vy 41 [coercivity],
=1 i=1
N o~ o~ o~
> (4@, t.8) = 4i(2,1.9)) (= §) >0 #HE#E [monotonicity), (1.10)
j=1
N 1/pJ
|A;(z,t,8)| < v |njx)+ |t /P (Z \§i|pi> [growth condition]
=1

7

for every 1 < j < N.

We stress that in our growth condition on A; in (1.10), we take the greatest exponent
for |t| from the viewpoint of the anisotropic Sobolev inequalities. With respect to the
existent literature, this attracts some modifications in the proof of pseudo-monotonicity
of A: W&’?(Q) — W‘lj,(Q) (see Lemma 3.6).

Suppose there exist a constant Cg > 0, a nonnegative function c(-) € L*(Q) and a
continuous nondecreasing function ¢ : R — RT such that

O(z,t, )] < Co (1.11)
N

O(x,t,6)t >0 [sign-condition], |P(z,t,&)| < o(|t]) Z 1€1P7 + c(x) | (1.12)
=1

for a.e. x € Q and for all (t,&) € R x RV,
For Theorem 1.1 only, we further assume that there exist constants 7, > 0 such that

N

B, 1,6 =73 &P forall [f] = 7 (1.13)
j=1

for a.e. x € Q and every £ € RV,

Assumptions on ‘B. Let B : W&’?(Q) — W‘lj/(Q) satisfy two properties:
(Py) There exist constants € > 0, s € [1,p*), ap > 0, b € (0,p; — 1) if ap > 0 and
b e (0,p1/p') if ap = 0 such that for all u,v € WP (), it holds

(Bu, )| < € (1 - ||u||;vol,?(m) (sollellyar gy + I0llesey) - (114)

(P2) If ug — w and vy — v (weakly) in Wolj(Q) as £ — oo, then
lim (Buy, vg) = (Bu,v).
{—00

Remark 1.4. The case ap > 0 in (1.14) allows for Bu = h € W‘L?(Q) in (1.1) (see

Example 1.7). As noted in [11] for the isotropic case, we cannot in general expect a
solution of (1.1) to be bounded. There is a nice trade-off for taking ap = 0 in (1.14):
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the range of b in (1.14) can be extended to (0,p1/p’) (compared to b € (0,p; — 1) for
ap > 0).
Example of operators ‘B. We first recall an anisotropic Sobolev inequality corre-

sponding to the case p < N, see [37].

Lemma 1.5. Let N > 2 be an integer. If (1.3) holds, then there exists a positive
constant S = S(N, ) such that

N
N )
lull o vy < S TT IOl oy for allwe C(RY).

Remark 1.6. Let © be a bounded, open subset of RY (N > 2). If (1.3) holds, then
using a density argument and the arithmetic-geometric mean inequality, we find that

lall o () < S H 18;u| MY HuH for all u € WhP (Q). (1.15)

LPJ(Q ( )

Moreover, by Hoélder’s inequality, the embedding W1 ?( Q) — L*(Q) is continuous for
every s € [1,p*] and compact for every s € [1, p*).

We next give a simple example of an operator B : VV1 7( Q) — W‘1’7/(Q) satisfying
(Pl) and (PQ)

Example 1.7. For every u,v € Wol’ﬁ(Q), we define
(Bu,v) = / Fuvdx + (h,v),
Q

where F € L®")'(Q) and h € W‘l’?/(ﬂ). Then, B satisfies (P;) and (P»).

Structure of this paper. In Section 2 we include some convergence results to be used
later in the paper. In Section 3 we prove Theorem 1.3. We dedicate Section 4 to the
proof of Theorem 1.2 and Section 5 to the proof of Theorem 1.1. We conclude the paper
with Section 6, where we make further comments on Theorem 1.2 by proving the strong
convergence in (1.7).

2. AUXILIARY RESULTS

In this section, we assume (1.3) and (1.10).

2.1. Preliminaries. For v, w and {u.}. in Wol’ﬁ(Q), we define

Dy (v,w)(z) = ) [Aj(x, ue(2), Vo(@)) = Aj(2, ue(2), Vw(2))] 95 (v — w)(2),

M-

1

! (2.1)

M=

Ho. (v, w)(2) = 3 A, us(2), Vo)) dju(x)

<.
Il
A

for a.e. x € Q. Hence, we can write D,,_(v,w) as follows
Dy, (v,w) = Hy_(v,v) — Hy_(v,w) — Hy_(w,v) + Hy_(w,w).

€
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The monotonicity assumption in (1.10) gives that
Dy, (v,w) >0 a.e. in £,

whereas the coercivity condition in (1.10) yields that

N
Hy (v,0) 20 ) 19507,

j=1
where vg > 0 is a constant. We thus find that
N
Dy (v,w) > 15 Y 0507 — [Hy (v,w)| = [H,. (w, ). (2.2)
j=1

2.2. Some convergence results. Here, we establish Lemma 2.1, which will be used

in the proof of Lemma 3.6. Further, in Section 2.3 we prove Lemma 2.2, which will be

invoked in the proof of Theorem 1.2 in Section 4. To prove Lemmas 2.1 and 2.2, we

adapt an argument from [15, Lemma 5], the proof of which goes back to Browder [19].
By Remark 1.6, whenever

ue — u (weakly) in Wol’?(Q) ase — 0, (2.3)
we can pass to a subsequence (always relabeled {uc}) such that

ue — u strongly in L"(Q) if r € [1,p*) and u. — u a.e. in . (2.4)

Lemma 2.1. Let u and {u.}. be in Wol’ﬁ(Q) such that (2.3) holds. Suppose that
Dy (us,u) >0 ae. inQ ase — 0.
Then, up to a subsequence, we have

Vu: = Vu a.e. inQ ase— 0. (2.5)

Proof. Let Z be a subset of Q with meas (Z) = 0 such that for every x € Q\ Z, we have
lu(x)] < oo, |Vu(z)| < oo, [n;(x)] < oo forall 1 < j < N, as well as

ue(z) = u(z), Dy (ue,u)(z) - 0ase—0. (2.6)
For every z € Q\ Z, we claim that
{|Vus(z)|}e is uniformly bounded with respect to . (2.7)

Proof of (2.7). We fix x € Q\ Z. In view of (2.2), we have
N
Dy, (ue,u)(x) = vo Y [Ojuc(@)P — |Hy, (ue, w)(@)] — [Hy, (u,ue) ()] (2.8)
j=1

By Young’s inequality, for every § > 0, there exists C5 > 0 such that
N
[ H (e, ) (@)] < 37 (8145, e, Vuo) 1P + Csldjul@) )
1

<.
Il

(2.9)
| Hu. (u, ue ) (2)] <

WE

(5 |9jue (@) [P + Cs|Aj(, ue, V) ypé) _
1

<.
Il
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We use the growth condition in (1.10) to bound from above the right-hand side of each
inequality in (2.9). Then, in view of (2.8), there exist positive constants C' and Cs, both
independent of ¢ (and only Cs depending on §), such that

Dy, (ue, u)(x) = (vo — C'0) Zlé’ ue(@)P7 = C gu. (u) (@), (2.10)
7=1

where g,,_(u)(z) is given by

Gu. (u Z?? ) + |ue(2) " +Z|3U )P

Using (2.6) and choosing ¢ € (0,19/C), from (2.10) we conclude (2.7). O
Proof of (2.5) concluded.
Let z € Q\ Z be arbitrary. Define
& = Vue(z) and £ = Vu(z).

To show that & — & as € — 0, it is enough to prove that any accumulation point of &,
say £*, coincides with . From (2.7), we have |[€*| < co. Using (2.6) and the continuity
of Aj(x,-,-) with respect to the last two variables for every 1 < j < N, we find that

Dy (ue,u ﬁz £) — Ajlw,u(@). (€ &) ase 0.

This, jointly with (2.6) and the monotonicity condition in (1.10), gives that £* = £. The
proof of Lemma 2.1 is complete since = € Q \ Z is arbitrary and meas (Z) = 0. O

2.3. Strong convergence of T (u.). The main aim of this section is to prove Lemma 2.2,
which will be used later to establish Lemma 4.2.
For every k > 0, let T}, : R — R be the truncation at height k, that is,

Te(s) = s if |s| <k, Tk(s):ké if |s| > . (2.11)

Lemma 2.2. Let k > 1 be a fized integer. Let u and {u.}. be in Wol’ﬁ(ﬂ) such that
ue — u (weakly) in W&’?(Q) as € — 0. (2.12)
Suppose that, up to a subsequence of {u.}, (depending on k, but relabeled {u.})
Do (Ty(ue), Te(u)) — 0 in LY(Q) ase — 0, (2.13)
where Dy,_(+,-) is defined in (2.1). Then, up to a subsequence of {u.}, as e — 0, we have

VTi(us) = VTi(u) a.e. in Q, (2.14)
Ti(us) = Ti(u) (strongly) in Wol’ﬁ(Q). (2.15)
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Proof. By (2.12) and (2.13), up to a subsequence of {u.}, we have (2.4) and
Dy, (T (ue), Tk (u)) =0 ae. in Q ase — 0.

Let Z be a subset of Q as in the proof of Lemma 2.1, where D,,_(T}(uc), Tx(u)))
replaces D,,_(ue,u). We follow the same argument as in Lemma 2.1 with the obvious
modifications suggested by the above replacement. Then, for every x € Q\ Z, we obtain

N
Du, (Tio(ue), T (w)) (@) 210 Y 0Tk (ue) ()|
j=1

— |Huo (Th (ue), Tie(u)) ()| — |Hu. (Th(u), Tk (ue)) ()]

for every z € Q\ Z. This leads to {| VT (ue)(x)|}- being uniformly bounded with respect
to € and also (2.14).

We conclude the proof of Lemma 2.2 by showing (2.15). From (2.14), we see that
{10 Tk (ue) — 0;T(uw)[P7 }. is a sequence of nonnegative integrable functions, converging
to 0 a.e. on €. Thus, by Vitali’s Theorem, we obtain that 0T} (us) — 0;T)(u) in LPi(£2)
as € — 0 for every 1 < j < N by proving that

(2.16)

N
Z |0; T (e )|P? is uniformly integrable over (2. (2.17)
i=1 .

The claim of (2.17) follows from (2.13) and (2.16) whenever {H,_(Tk(ue), Tk (u))}e
and {H,_(Tk(u), Tj(uec))}e converge in LY() as ¢ — 0. We next establish that

N
Hy, (Th(ue), Te(w) — Y Aj(2,u, VTk(u) 9;Tp(u) in L'(Q) as € — 0. (2.18)
Jj=1

Then, using Vitali’s Theorem, we show that

N
Hy, (Ti(u), Ti(ue)) = Y Aj(,u, VTi(1) 9;Te(u) in L'(Q) as e — 0. (2.19)
j=1
For the definition of H,_(-,-), see (2.1).

Proof of (2.18). Let 1 < j < N be arbitrary. We see that {A4;(z, us, VT}(uc))}e is
bounded in L (Q) from the growth condition in (1.10) and the boundedness of {u.}. in
W&’?(Q) and, hence, in LP" (2). Moreover, the sequence {A;(z, uz, VT}(uc)) }e converges
to Aj(xz,u, VI (u)) a.e. in Q as € — 0 using (2.14), the convergence u. — w a.e. in

Q (from (2.4)) and the continuity of A;(x,-,) in the last two variables. Thus, up to a
subsequence of {u.}, we infer that

Aj(z,ue, VT (us)) = Aj(x,u, VI (u)) (weakly) in LP5(Q) as € — 0.
This proves (2.18).
Proof of (2.19). Using (2.14) and the continuity properties of A;, as ¢ — 0,
Aj(x,ue, VIL(u)) 0T (us) = Aj(x,u, VIi(u)) 0;Tk(u) a.e. in (2.20)
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for each 1 < j < N. Observe that {X{|u8|<k}|Aj(:1:,uE,VTk(u))|p;' }e is uniformly inte-
grable over  (from the growth condition of A; in (1.10)) and

0jT1(Ue) = X{juc|<k} OjUe-
Thus, since {0;u.} is bounded in LPi(€2), it follows from Holder’s inequality that
{Aj(z,us, VT (u)) 0Tk (ue) }e is uniformly integrable over €2 (2.21)
for each 1 < j < N. From (2.20), (2.21) and Vitali’s Theorem, we reach (2.19).

Having established (2.18) and (2.19), we need only recall (2.13) and (2.16) to conclude
the proof of (2.17) and thus of (2.15). This completes the proof of Lemma 2.2. O

From Lemma 2.2 and a standard diagonal argument, we obtain the following.

Corollary 2.3. Let (2.12) and (2.13) hold. Then, there exists a subsequence of {u}e,
relabeled {uc}e, such that

Vu: = Vu a.e. in Q and Ty (us) = Ti(u) (strongly) in W&’?(Q) ase —0

for every integer k > 1.

3. PROOF OF THEOREM 1.3

Throughout this section, we assume (1.3), (1.10) and (1.11).
From (1.11), the operator Pg : VVol’H Q) — W‘lv?l(Q) is bounded, where we define

(Po(u),v) = /Q(:)(u) vdx for every u,v € Wol’ﬁ(Q). (3.1)

In this section, we establish Theorem 1.3, which we recall below.

Theorem 3.1. Let (1.3), (1.10) and (1.11) hold. Let B : WEP (Q) — W17 ()
satisfy (P1) and (P3). Then, the problem

{Au + O(z,u,Vu) =Bu in Q,

ue WhP(Q), (32)

admits at least a solution, namely, there exists a function u € WOI’F)(Q) such that
N —~ ~
Z/ Aj(u) Ojv dx +/ O(u)vdx — (Bu,v) =0 for every v € Wol’ﬁ(Q). (3.3)
—iVe Q

For the reader’s convenience and to make our presentation self-contained, we give all
the details about the pseudo-monotonicity of A + Pg — B : Wol’?(Q) — W‘L?/(Q).
These computations could be of interest also in the corresponding isotropic case for
which the details are usually scattered in the literature.

Before giving the proof of Theorem 3.1, we recall a few concepts that we need in the
sequel (see, for example, [18] and [39, p. 586]).
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Definition 3.2. An operator P : Wol’?(Q) — W‘Lﬁ,(ﬂ) is called

(a1) monotone (strictly monotone) if (Pu — Pv,u —v) > 0 for every u,v € W&’?(Q)
(with equality if and only if u = v);

(a2) pseudo-monotone if the convergence uy; — u (weakly) in W&’?(Q) as { — oo and
lim sup,_, .o (Pug, ug — u) < 0 imply that

(Pu,u —w) < liﬁi;}f(?uz,uz —w) forallwe W(}’?(Q);

(a3) strongly continuous' if up — u (weakly) in W&’?(Q) as { — oo implies that
Puy — Pu in W_L?I(Q) as { — oo;
(aq) coercive if (Pu,u)/||ull

— 00 as ||u|]W01;z — 00;

AN (@
(a5) of M type?® if uy — u (weakly) in W&’?(Q) as ¢ — oo, together with Puy — g
weakly) in W-L7"(Q) as £ — oo and lim sup Pug, up) < {g,u), imply that
{— 00

g="Pu and (Puy,us) — (g,u) as { — oo.

Proposition 3.3. Every strongly continuous operator P : W&’?(Q) — W_L?/(Q) is

pseudo-monotone. FEvery bounded operator P : Wol’?(Q) — W_l’?l(Q) of M type is
pseudo-monotone. The sum of two pseudo-monotone operators is pseudo-monotone.

3.1. Proof of Theorem 3.1. We outline the main ideas in the proof of Theorem 3.1.
Let Pg be defined by (3.1). In view of (3.3), the existence of a solution to (3.2) follows
when the operator A+Pg —*B : Wol’ﬁ(Q) — Wﬁl’?l(Q) is surjective. Since W&’?(Q) is
a real, reflexive, and separable Banach space, it is known (see, for instance, [39, p. 589])
that A+Pe —B : W&’?(Q) — W‘l’?(Q) is surjective whenever it is bounded, coercive
and pseudo-monotone. In Lemma 3.9, we establish all these properties for A+ Pg — B.

The most difficult property to prove is the pseudo-monotonicity for A + Pg — B :
W&’? Q) — W‘l’?l(Q). We next indicate the main steps in the proof. In Lemma 3.6,
we show that A+Pg : Wol’?((l) — W‘lv?l(ﬂ) is pseudo-monotone. Since the latter is a
bounded operator, we conclude that it is pseudo-monotone by showing that it is of M type
(see Proposition 3.3). Now, the properties (P;) and (P) for B : Wol’?(Q) — W‘l’?'(Q)
ensure that it is strongly continuous (see Lemma 3.7) and, hence, pseudo-monotone
by Proposition 3.3. Then, as a sum of pseudo-monotone operators, we obtain that
A+Po—B : Wol’?(ﬂ) — W‘l’?I(Q) is pseudo-monotone. We proceed with the details.

Lemma 3.4. Let (1.3), (1.10) and (1.11) hold. The mappings © : W(}’?(Q) — L' (Q)
and le\j : WOL?(Q) — L (Q) are continuous for each 1 < j < N.

L Some authors (see, for instance, Showalter [36, p. 36]) use the terminology completely continuous
instead of strongly continuous.

2 Some authors (see, for example, Le Dret [32, p. 232]) use the terminology sense 1 pseudomonotone
instead of M type.
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Proof. Let 1 < j < N be arbitrary. By the growth condition of A; in (1.10), there exist
a constant C' > 0 and a nonnegative function n; € LF5 () such that for all u € Wy’ ?( ),

N
Aj ()" < C (n?' "+ raiurpi> € LY(9). (3.4)

i=1
Since the embeddings WOI’?(Q) — LP"(Q) and L=(Q) — L@ (Q) are continuous, from
(3.4) and (1.11), we infer that A; : W7 (Q) — L¥(Q) and © : W7 (Q) — LV (Q)
are well-defined. To prove the continuity of these mappings, we let u,, — u (strongly)
in Wol’?(Q) as n — oo. Hence, u, — u (strongly) in LP" () and dju, — dju (strongly)
in LPi(Q2) as n — oo for every 1 < ¢ < N. Now, using (3.4) with w,, instead of u, we

obtain that {\;1\] (un)\p;' }n>1 is uniformly integrable over €2. By passing to a subsequence
{tn, }k>1 of {un}, we have u,, — u and Vu,, — Vu a.e. in Q as k — oo. Since A;

and O are Carathéodory functions, we have (:)(unk) — O(u) and A\](unk) — le\j (u) a.e
in Q as k — oo. Then, by (1.11) and the Dominated Convergence Theorem, we find
that (:)(unk) — O(u) in P (Q). By Vitali’s Theorem, we see that A; j(un,) — A; j(u) in

L5 (Q) as k — oo. Since the limits @( ) and A; j(u) are independent of the subsequence
{tn, Y1, we conclude that ©(u,) — O (u) in L( 7' (Q) and A;(u,) — A;(u) in L5 () as
n — oo. Hence, jj : W&’?(Q) — LP3(Q) and O : W(}’?(Q) — L)' (Q) are continuous.
This completes the proof. ]

Lemma 3.5. Let (1.3), (1.10) and (1.11) hold. Then, A+Pg: WP (Q) — W17 ()
is a bounded, coercive and continuous operator.

Proof. The boundedness of the operator A + Pg : WOI’?(Q) — W‘lj/(Q) is a conse-
quence of the growth condition of A; in (1.10), coupled with (1.11). The coercivity of
A + Pg follows readily from (1.11) and the coercivity assumption in (1.10). Moreover,

by Hoélder’s inequality and the continuity of the embedding WO1 ?(Q) s LP" (), we find
a positive constant C' such that, for every uy,us € VVO1 (),

(A + Po)(u1) — (A + Po)(uz)llyy—1.7(q

< sup Z/ 1A (ur) — Aj(u)||0; v|dx+/ 1O(uy) @(w)Hv[dx)

eW17
oIl 1 7(9),

Z Aj(un) = Aju2)l oy o)+ CN1O(wr) = B(u2)ll o )

Hence, using Lemma 3.4, we conclude the continuity of A+Pg : W&’?(Q) — W‘lv?l(Q).
This finishes the proof of Lemma 3.5. U

Lemma 3.6. Let (1.3), (1.10) and (1.11) hold. Then, A+Pg : Wol’ﬁ(Q) — W‘l’?I(Q)
18 a pseudo-momnotone operator.
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Proof. Since we have already remarked the boundedness of the operator A + Pg, it is
enough to show that it is of M type (see Proposition 3.3). To this end, suppose that

there exist u, {us}¢>1 in Wol’?(Q) and g € W_l’ﬁ’(Q) such that

up — u (weakly) in Wol’?(ﬂ) as { — oo,

(A +Po)(ug) — g (weakly) in Wﬁl’?/(Q) as { — oo, (3.6)
li?i)sup ((A+Po)(ug),upg) < {g,u). (3.7)
We prove that
9= (A+Po)(u), (3.8)
((A+Po)(ug),ug) — (g,u) astl— oco. (3.9)

From (3.5) and the compactness of the embedding WOI’?(Q) — LP(£2), we obtain that,
up to a subsequence,

ug — u strongly in LP(Q2) and a.e. in . (3.10)

Moreover, using (3.4) with u replaced by u,, we get that jj (ug) is bounded in Lp;'(Q)
for every 1 < j < N. Hence, in view of (1.11), there exist u € LP' () and g; € Lp;'(ﬂ)
for 1 < j < N so that, up to a further subsequence of {u,;} (denoted by {u,}), we have

~

O(ug) = p (weakly) in L” (Q) as £ — oo,

~ , (3.11)
Aj(ug) — g; (weakly) in LPi(Q) as{ — oo

for every 1 < j < N. Thus, using the reflexivity of WO1 7(Q) and (3.6), we find that
<g,v>:éli}m((./4+779 Z/gj(?vda:—kf,uvda: (3.12)

for every v € WOI’?(Q). From (3.10) and (3.11), we infer that
lim @(W) updr = / pudr. (3.13)
l—oo Jq Q

From (3.7), (3.12) and (3.13), we obtain that

lim sup ((A + Po)(ug), ug) = limsup Z/ 1 Owdx—i-/ O (ug) ug de

{—o0 {—o0
—limsupZ/gj(w)ajwda@—i-/uudx (3.14)
{—o0 j=1 Q Q

N
u>:Z/gj6judx+/uudx,
oo Q
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that is,

{—00

N N
limsupZ/QA\j(w) Ojupdxr < Z/ng Ojudz. (3.15)
j=1 Jj=1

Our next aim is to show that

N N
limian/ .Zj(U[)ajUgdl' > Z/ g; Ojudx. (3.16)
=179 j=1"%

The proof of (3.16) is a bit different from the classical one in the isotropic case since
in our growth condition on A; in (1.10), we have taken the greatest exponent for [¢|
from the viewpoint of the anisotropic Sobolev inequalities. Let us emphasize what is
new compared with the classical proof. Let 1 < j < N be arbitrary. Since uy — u a.e.
in 2 and A; is a Carathéodory function, we see that

Aj(z,ug, Vu) = Aj(z,u, Vu) a.e. in Q. (3.17)

The growth condition in (1.10) gives a constant C' > 0 and a nonnegative function
n; € LPi(Q2) such that

. N
|4y (, ug, V)P < C (77? +lud”” + ) |8i“’pi> (3.18)

i=1
for every ¢ > 1. Because the power of |uy| in the right-hand side of (3.18) is p*, the
critical exponent, the compactness of the embedding VVO1 P(Q) «— LP'(Q) fails, in gen-

eral. Hence, we cannot claim anymore that {|A;(x, us, Vu) |p;' }e>1 is uniformly integrable

over €). Thus, we cannot apply Vitali’s theorem to deduce the strong convergence of
Aj(z,up, Vu) to Aj(z,u, Vu) in L5 (Q) as £ — oo. However, if we fix k > 1, then by the
growth condition in (1.10), we infer that

{|A;(z, ug, Vug)|p;' X{|u¢|<k}ye>1 is uniformly integrable over Q.

Then, since X {ju,|<k} = X{ju|<k} @ £ — 00, from (3.17) and Vitali’s theorem, we get

Aj(m, e, V) Xqjug <ty = Aj (@, 1w, Vu) Xqjuj<k) strongly in Lp;'(Q) as { — oo (3.19)
We now return to the proof of (3.16) with modifications suggested by (3.19). To prove
(3.16), it suffices to show that for every integer k& > 1, we have
N

N
liminfz /Q Aj(ug) Ojug dx > Z/ng (95u) X {[u|<k}dT- (3.20)
1 =1

l—o0 ~
J

Indeed, by letting & — oo in (3.20) and applying the Dominated Convergence Theorem,
we arrive at (3.16).

Proof of (3.20). Fix an integer k > 1. The coercivity condition in (1.10) yields that

N N
> Aj(ug) Ojue =Y Aj(ug) (9j11e) X{juy|<iy- (3.21)
j=1

J=1
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For the right-hand side of (3.21), we use the monotonicity condition in (1.10), that is,

N N
> Aj(ue) (95u0) Xjugi<ry = D Aj(ue) (951) Xjugi<ky
j=1 i=1
N (3.22)
+ ) Ay, ug, V) (951 — 051) X {juy <k}
j=1

Let 1 < 5 < N be arbitrary. By the Dominated Convergence Theorem, we have
(05u) X{ug|<ky — (0ju) X{ju|<k} strongly in LPi(Q2) as £ — oco. Recall from (3.11) that

o~

Aj(ug) — g5 (weakly) in LPQ(Q) as ¢ — oco. Hence, as ¢ — oo, we have

Aj(ug) (95110) X{Jugl<ky — 97 (D7u)X(juj<ky strongly in L*(Q). (3:23)
Since Ojup — Oju (weakly) in LPi(§2) as £ — oo, using (3.19), we gain the following
Aj(z,up, Vu) (Ojup — 0ju) X{ju, <k} — 0 strongly in LY(Q) as £ — oc. (3.24)
In light of (3.23) and (3.24), we see that

N N
3 /Q Aj(ug) (05u) X(jugl<hy + Y /Q Aj(@,ue, V) (9jue — 8ju) X{juy|<ky
j=1 J=1

converges as { — oo to the right-hand side of (3.20). Using this convergence, jointly
with the inequalities in (3.21) and (3.22), we conclude the proof of (3.20).

As mentioned above, from (3.20) we obtain (3.16).
Inequalities (3.15) and (3.16) ensure that

N N
ZILIEOZ/QAj(w)ajugd:U:;/ng Ojudx. (3.25)

7j=1
Using this fact into (3.14), we conclude the proof of (3.9).
It remains to establish (3.8). From (3.25), we also see that

N
Z/Q [Aj(z,ug, Vug) — Aj(x, ug, Vu)] (Ojug — Oju) X{juy|<ky dT — 0 as £ — oo. (3.26)
7j=1

By (3.26) and the monotonicity condition in (1.10), we infer that

N
[Aj(z,ug, Vug) — Aj(x,up, V)] (Ojup — 0ju) — 0 a.e in {|ug| < k} as £ — oo.
j=1
By a standard diagonal argument, we can find a subsequence of {uy} (still denoted by
{u¢}) such that the above convergence holds for every k& > 1. This implies that
N
Z [Aj(z,ug, Vug) — Aj(x,up, Vu)] (Ojur — Oju) — 0 ae. in Q as £ — oo.
j=1
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In the notation of Section 2.1, this means that
Dy, (ug,u) = 0 a.e. in Q as £ — oo.
Thus, by Lemma 2.1, we infer that, up to a subsequence,
Vu; — Vu ae. in Q as { — oo. (3.27)
Since ® and A; (with 1 < j < N) are Carathéodory functions, from (3.27), we find that
O(w) = O(u) and Ej(w) — E](u) a.e. in Q as £ — oo.

Using this fact, jointly with (3.11), we obtain that

p=0(u) and gj = Ej(u) for every 1 < j < N. (3.28)
From (3.12) and (3.28), we conclude that

N
(g,v) = ;/QAJ(U) Ojvdx —|—/Q@(u)vdw = (Au,v) + (Po,v)

for every v € Wol’ﬁ(Q). This proves that g = (A + Pe) u, namely, (3.8) holds.
In conclusion, by satisfying the M type condition in Definition 3.2, the operator A+Pg
turns out to be pseudo-monotone. The proof of Lemma 3.6 is now complete. ]

Lemma 3.7. Every operator B : WOI’?(Q) — Wﬁl’?(Q) satisfying (Py) and (Py) is
bounded and strongly continuous.

Proof. The boundedness of B is an easy consequence of our assumption (P;). Indeed, by

(Py), we have 1 < s < (p*)/, giving the compactness of the embedding Wol’ﬁ(Q) — L*(Q)
(see Remark 1.6). Moreover, there exists a positive constant €1, depending only on ay,
¢, N, 7 and meas (), such that

b
(Bl < € (14 Dl ) oy

for every u,v € Wol’ﬁ(Q). Thus, B : Wol’?(Q) — W‘L?/(Q) is a bounded operator.
To go on, we show that every operator ‘B : Wol’?(Q) — W‘L?I(Q) satisfying (P) is
strongly continuous. This means that if u; — u (weakly) in VVO1 7 (Q) as ¢ — oo, then

Buy — Bu in W*L?'(Q) as ¢ — co. Assume by contradiction that there exist g > 0
and a subsequence of {uy} (relabeled {uy}) such that

sup [(Buy — Bu,v)| >ep for every £ > 1.
vew b7 (),
IIUIIW&,y(Q)Sl

Hence, there also exists {vg} in W(}’?(Q) with H’UEHWI’?(Q) < 1 such that
0
|(Buy — Bu,vg)| >¢eo forall £ > 1. (3.29)
By the boundedness of {v/} in VVO1 ’?(Q), up to a subsequence, we have

ve — v (weakly) in Wol’7 (Q) as { — 0. (3.30)
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Since Bu € W*L?/(Q), from (3.30) we infer that
(Bu,v) = (Bu,v) as £ — oo. (3.31)

From (P;) and (3.31), we obtain that |(Bu, — Bu,v,)| — 0 as £ — oo, which is in
contradiction with (3.29). Thus, B is strongly continuous, completing the proof. U

To prove Lemma 3.9 below, we need an iterated version of Young’s inequality.

Lemma 3.8 (Young’s inequality). Let N > 2 be an integer. Assume that [,..., 0N
are positive numbers and 1 < Ry < oo for each 1 < k < N —1. If Zi\[;ll(l/Rk) <1,
then for every § > 0, there exists a positive constant Cs (depending on &) such that

N N-—1
[18: <> B +CsByY,
k=1 k=1

-1
where we define Ry = {1 — évzzl(l/Rk)] .

Lemma 3.9. Let (1.3), (1.10) and (1.11) hold. Assume that*B : W&’?(Q) — W*L?/(Q)
satisfies (Py) and (Py). Then, A+ Po — B is a bounded, coercive and pseudo-monotone

operator from Wol’? into W_ljl(Q)-
Proof. From Lemmas 3.5 and 3.7, we find that A + Pg — B is a bounded operator from
Wol’?(Q) into W17’ (€2). We now show that it is also coercive, namely,

(Au + Po(u) — Bu, u) — 00 as HUHWL?(Q) e

For every u,v € Wol’? (Q), by the coercivity condition in (1.10) and (1.11), we have

N
(Au+ Po(u) — Bu,u) > 1y Z [|0;ul ijpj(m = Collull L1 () — (Bu, u)l. (3.32)

j=1
We claim that for every § > 0, there exists a constant Cs > 0 such that

N
(Au + Po(u) — Bu,u) > (1o — N6) Y _ [|9;ul%, @ —Cs (3.33)
j=1
for every u € Wol’?(Q).
Proof of (3.33). From (1.14), we have

b
(Bu,u)] < € (1 T HUHW;%)) (colldll g7y + el o)

for all u € WOI’?(Q), where € > 0,5 € [1,p*), a9 > 0, b € (0,p; — 1) if aqp > 0 and

b e (0,p1/p) if ap = 0. We will use the continuity of the embedding Wol’? (Q) — L"(Q)
with r € [1,p*]. We distinguish two cases, depending on whether or not ag is positive.

I) If ag > 0, then for positive constants C1 and C2, we find that

Collullzsqa + 1{Bu,u)| < Cullullya7 ) + Callullfhs (3.34)
0
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for every u € W&’F(Q). Recall the assumption b+ 1 < p; = minj<j<y pj. Hence, using
(3.34) into (3.32), jointly with Young’s inequality, we conclude (3.33).

IT) We now assume ag = 0. Then, from the anisotropic Sobolev inequality in (1.15),
there exists a positive constant C such that

N N L
Collull 1 (q) + [(Bu,u)| < C IIUHW(},?(Q)+Z|lf9jUI|Zﬂj(Q)HHachHﬁpk(Q) (3.35)
j=1 k=1

for all u € Wol’ﬁ(Q). For every § > 0 and 1 < j < N, by Lemma 3.8, we find a positive
constant Cs ;j, depending on J, such that

N 1
ClojullGrs o) [T 10kull foeiy <6 D ol Py + Coglldjull s, ) (3-36)
k=1 ke{l,...NN\{sj}

for all u € Wolj(Q), where o is given by
o p'pj(Nb+1)
J Np;j+p

Since ag = 0, the hypothesis b < p;/p’ yields that a; < p; for every 1 < j < N. Thus,
by Young’s inequality, for every € > 0, there exists a constant C, 5 > 0 such that

Clul| 1?(9)+anj||au\|w <EZ||au|LpJ +Cly (3.37)

for all u € W&’?(Q). Hence, from (3.36) and (3 37), we see that the left-hand side of
(3.35) is bounded above by [(N —1)¢ + €] ZJ L05ul” Lp] )+ C.s. Using this fact in
the right-hand side of (3.32), we conclude the proof of (3. 33)

It is now clear that by choosing ¢ > 0 small enough, the inequality in (3.33) yields
the coercivity of the operator A+ Pg — B : Wol’?(Q) — W‘l’?l(ﬂ).

Finally, Proposition 3.3 ensures that A+ Pg —B : Wolj(Q) - WL () is pseudo-
monotone as a sum of pseudo-monotone operators (see Lemmas 3.6 and 3.7). O

4. PROOF OF THEOREM 1.2

Here, we assume (1.3), (1.10), (1.11) and (1.12), whereas B : W&’?(Q) — W*I’?I(Q)
satisfies (P;) and (Py). For every € > 0, we define ®.(x,t,£) : Qx RxRY — R as follows

®(z,t,8)
1+e|®(x,t,8)

for a.e. € Qand all (t,£) € RxRYM. For £ > 0 fixed, ®. satisfies the same properties as
®, that is, the sign-condition and the growth condition in (1.12). Moreover, ®. becomes
a bounded function, namely, for a.e. € Q and every (¢,£) € R x RV,

O (x,t,8)t >0, |Pe(x,t,8)| < min{|P(x,t,&)|,1/e}. (4.1)

Dc(,t,8) =
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We consider approximate problems to (1.1) with f = 0 and ® replaced by ®., that is,

Aug + O (2, ue, Vue) + O(x, ue, Vue ) = Bu,  in
.7 (4.2)
us € Wyt (Q).

As in Theorem 3.1, by a solution of (4.2), we mean a function u. € W&’?(Q) such
that

N
;/QAj(ua)ﬁjvdl‘+/Q<I>5(ug)vdaz+/Q@(us)vdx: (Bug,v) (4.3)

for every v € VVO1 ’?(Q)7 where for convenience we define
D, (ue)(x) := Do (x, us(x), Vue(z)) for ae. x € .

Lemma 4.1. For every € > 0, there exists a solution u. for (4.2). Moreover, we have
(a) For a positive constant C, independent of ¢, it holds

R /Q $e(ue) ue d < C. (4.4)

(b) There exists U € W&’?(Q) such that, up to a subsequence of {u.},
ue = U (weakly) in WOI’?(Q) and u:. = U a.e. inQ ase — 0. (4.5)
Proof. Let € > 0 be arbitrary. From (4.1), we see that ®. + O satisfies the same assump-
tions as © in Section 3. So, Theorem 3.1 applies with Pg replaced by Pg ., where
(Po(u),v) == / ((:)(u) + &h{u)) vdzx for every u,v € WOL?(Q).
Q

This means that (4.2) admits at least a solution u. € WO1 ?(Q) for every € > 0.
(a) Recall from (3.33) that for every 6 > 0, there exists a constant Cs > 0 such that

N
(Au+Po(u) — Bu,u) > (v = N8) Y 10ul 7, ) — Cs (4.6)
j=1
for every u € W&’?(Q). Now, by taking v = u. in (4.3), we derive that

(Aue + Po(ue) — Bue, u:) + / O, (ue) ue de = 0. (4.7)
Q

Thus, letting u = u. in (4.6) and using (4.7), jointly with (4.1), we arrive at

N N
(0 — N6) S 070el sy < (0= V) S 051cl %, ) + /Q B (u2) u. dz < Cy.
=1 j=1

By choosing § € (0,v9/N), we readily conclude the assertion of (4.4).

(b) From (4.4) and the reflexivity of VVO1 ’7(9), we infer that, up to a subsequence, u.
converges weakly to some U in I/VO1 7(Q) Then, we conclude (4.5) by using Remark 1.6,
which implies that, up to a subsequence, u. — U (strongly) in L*(Q) if x € [1,p*) and
ue — U a.e. in . This completes the proof of Lemma 4.1. O
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For the remainder of this section, u, and U have the meaning in Lemma 4.1. For
every k > 0, the truncation T} at height k is defined by (2.11). Moreover, we define

Gr(s) = s —Ti(s) for every s € R. (4.8)
In particular, we have Gy = 0 on [—k, k] and ¢ Gi(t) > 0 for every t € R.

4.1. Strong convergence of Ty (u.). For v,w € W&’?(Q) and a.e. x € Q, we define
D, (v,w)(z) as in (2.1), namely,

N
Dy, (v,w)(2) =Y [A)(x, us(2), Vo(x)) — Aj(@, ue(x), Vwo())] 95(0 — w)().  (4.9)

=1

For any fixed integer k > 1, we obtain D,_(Ty(uc),Ti(U)) by replacing v and w in
(4.9) by Ty(u.) and Ty(U), respectively. For simplicity, we write D, j(z) instead of
Dy (Tx(ue), Tk, (U))(z), that is,

N

Do (@) =Y [Aj(x,ue, VTk(ue)) — Aj(2, ue, VIR(U))] 0 (Ti(ue) — Th(U)).  (4.10)

j=1

Lemma 4.2. There exists a subsequence of {u:}, relabeled {u.}, such that

Vu: = VU a.e. in Q and T(ue) — T (U) (strongly) in Wol’?(ﬂ) ase —0 (4.11)
for every integer k > 1.

Proof. Recall that {u.} satisfies (4.5) in Lemma 4.1. By a standard diagonal argument, it
suffices to show that for every integer k > 1, there exists a subsequence {u.} (depending
on k and relabeled {u.}) satisfying

VTi(ue) = VIg(u) ae. in Q@ and  Ty(u:) — Tk(u) (strongly) in Wol’ﬁ(ﬂ). (4.12)

Moreover, in light of Lemma 2.2, we conclude (4.12) by showing that, for every integer
k > 1, there exists a subsequence of {u.} (depending on k and relabeled {u.}) such that

D.j — 0 in L'(Q) as e — 0. (4.13)

Let k > 1 be fixed. As noted in Section 2.1, the monotonicity assumption in (1.10)
yields that D, j, > 0 a.e. in 2. Hence, to prove (4.13), it suffices to show that (up to a
subsequence of {uc}), we have

limsup/ D, i (z)dx < 0. (4.14)
Q

e—0

We define 2., as follows
ze e = The(ue) — Ti(U).
We observe that
9jZe k X{Juel=ky = ~O5Th(U) X{juel2ky = —05U X{juc| =k} X{|U|<k}-
Moreover, we see that

X{|ue|>k} X{|U|<k} — 0 a.e. in Qase— 0. (4.15)
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By the Dominated Convergence Theorem, for every 1 < j < N, we have
ajUX{\uE\Zk} X{|U|<k} — 0 (strongly) in LP/(Q2) ase — 0. (4.16)

On the other hand, from the growth condition on A; in (1.10) and the a priori estimates
in Lemma 4.1, we infer that {A;(x, us, VI (uc))}e and {A;(z, ue, VI}(U))}< are bounded

in LIPS (Q) and, hence, up to a subsequence of {u.}, they converge weakly in LY (Q) for
each 1 < j < N. This, jointly with (4.16), gives that

Eje k(@) = [Aj(@, ue, VT (ue)) — Aj(@, ue, VIL(U))] U X (juc >k} X{jU|<k}
converges to 0 in L'(Q) as e — 0 for every 1 < j < N. It follows that

N
/ De k(T) X{jue| >k} d = — Z/ Ejex(m)dr -0 ase— 0.
Q =1 Q
Thus, to conclude (4.14), it remains to show that

lim sup/QD&k(a:) X{Jue|<k} dz < 0. (4.17)

e—0
Proof of (4.17). We define ¢y : R — R as follows
oA(t) = texp (M%) for every t € R.

We choose A = A(k) > 0 large such that 43 A > ¢?(k), where ¢ appears in the growth
assumption on @, see (1.12). This choice of A ensures that

oK), 1

A2 — TVOM + 17 0 for every t € R. (4.18)
Then, in view of (4.18), we have
k 1
oh(t) — (bi ) loa(t)| > B for all t € R. (4.19)
0

For v € WOL?(Q), we define

ok
io) lox(ze )| X{Jue| <k} d-

N
Earl0) = 3 [ Ayfoue Voldjze | (o) -
j=1
Returning to the definition of D, in (4.10) and using (4.19), we arrive at

1
3 /QDe,k:(ﬂf) X{Jue| <k} @7 < Ee p(Ti(ue)) — Ec p(Tr(U)). (4.20)
Since Tj(us) = ue on the set {|u.| < k}, in light of (4.20), we complete the proof of
(4.17) by showing that
lim, 0 g&k(Tk(U)) =0, (4.21)
lim sup, _,o & k(us) < 0. (4.22)

Proof of (4.21). Indeed, for each 1 < j < N, the growth condition on A; in (1.10)
gives a nonnegative function F; € LY (©) such that on the set {|us| < k}, we have
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|Aj(z,u., VI (U))| < Fj for every € > 0. Since |z x| < 2k, it follows that there exists a
constant C > 0 such that

/ ¢ (k)

Pa(2ek) = — loa(ze)l| < Ch
0
On the other hand, for each 1 < j < N, we have

0jze k X{luc| <k} = Ojzek + 03U X{|U|<kyX{juc|>k} -

This, together with (4.16) and the weak convergence of 0;z. to 0 in LPi(Q2) as € — 0,
implies that ;2 X{ju.|<k} converges weakly to 0 in LP(§2) as e — 0. Hence, we have

N
& k(T (U))] < Ck’Z/QF] |02 k| X{luc|<k} dx — 0 ase — 0,
=1

which proves (4.21).
Proof of (4.22). From (4.5), we have

2, — 0 ace. in ©Q and 2z, — 0 (weakly) in W&’?(Q) as e — 0.
Since |z ;| < 2k a.e. in Q, we get (2. 1) € WOI’?(Q) N L>°(2). Moreover,
Ox(2e) = 0 ae. in Q and @y(z:. 1) = 0 (weakly) in Wol’ﬁ(Q) ase — 0.  (4.23)
Observe that u. 2. ; > 0 on the set {|uc| > k}, which gives that
D () P2 (2e) X{jue| k) = 0.

Thus, by testing (4.3) with v = ¢ (2 1), we obtain that

~

CMMM%W+/¢w@wvmumﬁm®§@%wwM»
@ (4.24)

- / O (uz) px(2e ) da.
0

To simplify exposition, we now introduce some notation:

N
1 ~
— ) " Aj(ue) 9(TeU) + c(@) | 1o () X{Jue|<ky A,
1

g ~©
J:

mwwwé
(4.25)

N
Yi(e) := Z /Q Aj(ue) ;U O\ (2e k) X{|U <k} X{Jue |5k} T
j=1

We rewrite the first term in the left-hand side of (4.24) as follows

N
(Auc, ox(24)) = Y /Q Aue)0jze b P (2e.k) X(Juc| <k} 4 — Yi(€)- (4.26)
j=1
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The coercivity condition in (1.10) and the growth condition of ® in (1.12) imply that

(e ()| X <hy < (K Z (ue)Ojue + () | X{juc|<k)- (4.27)

In the right-hand side of (4.27) we replace 0ju. by 0;zc 1 + 0;T;(U), then we multiply
the inequality by [¢a(2 )| and integrate over 2 with respect to x. It follows that the
second term in the left-hand side of (4.24) is at least

BN [~
_(z)( )Z/QAj(us)ajzg,k!go)\(zg,k)x{ue|<k} d.TU—Xk(E).

Using this fact, as well as (4.26), in (4.24), we see that & ;(u.) satisfies the estimate

Eu p(ui2) < Xi(2) + Yale) + (Buz, oa(2e)) — /Q O(uz) o3 (2e) do, (4.28)

where Xj(e) and Yy (e) are defined in (4.25).

To conclude the proof of (4.22), it suffices to show that each term in the right-hand

side of (4.28) converges to 0 as € — 0. Recall that ¢y (2: 1) € W&’?(Q) N L () satisfies
(4.23). Thus, using (1.11) and the property (P) of B, we get that the third, as well as
the fourth, term in the right-hand side of (4.28) converges to zero as ¢ — 0.

We next look at Xj(e). In view of the pointwise convergence in (4.23), we infer from
the Dominated Convergence Theorem that

c(®)|oa(2e k)| X{jue|<ky — 0 in LY(Q) as e — 0. (4.29)

Next, up to a subsequence of {u.}, we find that A\j(ue) converges weakly in LFi () as
e = 0 for every 1 < j < N using the boundedness of ﬁj : Wol’ﬁ((l) — LPQ‘(Q) (see
Lemma 3.5). Hence, Zjvzl Aj(ue) 0;U converges in L'(2) as e — 0. Then, there exists

a nonnegative function F' € L'(Q) (independent of ¢) such that, up to a subsequence of
{uc}, we have

N
Zg (ue) ;U < F ace. in Q for every € > 0. (4.30)

We can now again use the Dominated Convergence Theorem to conclude that
N
> Aj(ue) 9 Te(U) oA (ze k)| Xgjucj <y — 0 in L1(Q) as & — 0. (4.31)

From (4.29) and (4.31), we find that lim. o Xj(e) = 0. Since | (2. x)| is bounded above
by a constant independent of £ (but dependent on k), we can use a similar argument,
based on (4.15) and (4.30), to conclude that, up to a subsequence of {u.}, we have
lim._,0 Y%(¢) = 0. This finishes the proof of the convergence to zero of the right-hand
side of (4.28) as e — 0. Consequently, the proof of (4.22), and thus of (4.17), is complete.
This ends the proof of Lemma 4.2. O
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4.2. Passing to the limit. From now on, the meaning of {u.}. is given by Lemma 4.2.
Using Lemma 4.1, we prove in Lemma 4.4 that U is a solution of (1.1) with f = 0 and,
moreover, U satisfies all the properties stated in Theorem 1.2. Besides (4.11), the other
fundamental property that allows us to pass to the limit as ¢ — 0 in (4.3) for every

NS VVO1 ?(Q) N L>() is the following convergence

®.(uc) — ®(U) (strongly) in L) as € — 0. (4.32)
The proof of (4.32) is the main objective of our next result.
Lemma 4.3. We have ®(U)UJ € LY(Q) for j = 0,1 and (4.32) holds.

Proof. We show using Fatou’s Lemma that ;I\D(U) U € L'(2), which we then use to derive
that also ®(U) € L'(€). Indeed, from the pointwise convergence

us. — U and Vu, > VU a.e. in Q ase — 0,

jointly with the fact that ®(z,¢,€) : Q x R x RV — R is a Carathéodory function, we
infer that ®(u.) converges to ®(U) a.e. in © as € — 0. Then, we have

D, (ue) ue — ®(U)U ae. in Q as e — 0. (4.33)

Using (4.33) and that {®.(u)ue}e is a sequence of nonnegative functions that is uni-
formly bounded in L!(Q) with respect to ¢ (from Lemma 4.1), by Fatou’s Lemma we
conclude that

d(U)U € LY(Q).

This, together with the growth condition in (1.12), yields that ®(U) € L'(Q). Indeed,
for any M > 0, on the set QN {|U| < M}, we have

N
@(U)| < $(M) [ D 10U + e(a) | € L'(Q).
j=1

In turn, on the set QN {|U| > M}, it holds
D(U)| < M~ (U)U € L'().
Hence, it follows that ®(U) € L*(1).
To finish the proof of Lemma 4.3, it remains to establish (4.32).

Proof of (4.32). Since ®.(u:) — ®(U) ae. in Q ase — 0 and ®(U) € L), by
Vitali’s Theorem, it suffices to show that {®.(u.)} is uniformly integrable over 2. We
next check this fact. For every M > 0, we define

Doy i=A{luel <M} and E.n = {|u| > M}.
For every x € D, js, using the growth condition of ® in (1.12), we find that

N
(@ () (@)] < [@(ue)(@)] < S(M) | Y 10;Tar ()P + e(x)

J=1



26 BARBARA BRANDOLINI AND FLORICA C. CIRSTEA

Let w be any measurable subset of 2. It follows that

[ wlde < o Z 105 (T, + [ el
e, M w
On the other hand, using (4.4) in Lemma 4.1, we see that

~ 1 ~ C
| D (ue)|de < — D (ue) ue de < —,
[dﬂEa M o M wNEe m ST M
where C > 0 is a constant independent of € and w. Consequently, we find that

C
/|<1> ug)| da < p(M Zua (Tarue)ll,s ) + / cl@)dr | + . (4.34)

Lemma 4.2 yields that 0;Ty(us) — 0;Tm(U) (strongly) in LPi(§2) as € — 0 for every
1 < j < N. Since c(-) € LY(Q) (see our assumption (1.12)), from (4.34) we deduce the

uniform integrability of {®.(uc)}c over Q. Then, we conclude the proof of (4.32) by
Vitali’s Theorem. This ends the proof of Lemma 4.3. O

By Lemma 4.3, to finish the proof of Theorem 1.2, we need to show the following.

Lemma 4.4. The function U is a solution of (1.1) with f =0 and, moreover,
N o~
Z/Aj( ade+/ (U)de+/@ YU dx = (BU,U). (4.35)
o Q

Proof. Fix v € W&’? () N L>(§2) arbitrary. Since u. is a solution of (4.2), we have
Z/A Uge 8vdzv+/ (ue) Ud:l:—|—/@u5 vdr = (Bu.,v). (4.36)

By Lemma 4.3, the second term in the left-hand side of (4.36) converges to [, (U)v
as ¢ — 0, whereas the right-hand side of (4.36) converges to (BU,v) based on the

weak convergence of u. to U in Wol’ﬁ(Q) as ¢ — 0. Using (4.5) in Lemma 4.1 and the
convergence of Vu, to VU a.e. in  as € — 0, we find that

O(us) = OU) and Aj(u.) = A;(U) ae. in Qfor 1 <j<N. (4.37)

Thus, in light of (1.11), and the Dominated Convergence Theorem, we obtain that

/(:)(ua)vdx—)/@(U)vd:z as e — 0.
Q Q

Since {Xj(ug)}s is uniformly bounded in L5 (Q) with respect to &, we observe from (4.37)
that (up to a subsequence)

Aj(ue) = A\j(U) (weakly) in LP5(Q) as ¢ — 0
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for each 1 < j < N. It follows that

N N
Z/gj(ue)ajvdx%z:/gj(U)(‘)jvdx as e — 0.
j=17% =179

By letting £ — 0 in (4.36), we conclude that

N

Z/ A;(U) ajvdaj—l—/ &>(U)udx+/gc?)(U)udz= (BU, v) (4.38)

Q Q

for every v € Wg’?(Q) N L*(€2). Hence, U is a solution of (1.1) with f = 0.

It remains to prove (4.35). Since U may not be in L>°(2), we cannot directly use

v = U in (4.38). Nevertheless, for every k > 0, we have Ty (U) € Wol’?(Q) N L>(Q).
Hence, by taking v = T (U) in (4.38), we see that

(AU, To(U)) + / B To(U) dz + / BU) To(U) dz = (BU,TR(U)).  (4.39)
Q Q
Notice that HTk(U)HWOL?(Q) < ||U||W01,7(Q) for all £ > 0. Moreover, for every 1 < 7 < N,

we have 0;(Ty,(U)) = 0;U a.e. in Q as k — oo so that
T (U) = U (weakly) in WOI’?(Q) as k — oo.
Since AU and BU belong to W_l’?l(Q), it follows that
(AU, T (U)) = (AU,U) and (BU, T(U)) = (BU,U,).

lim lim
k—o0 k—o00

Recalling that ®(U)U € L'(Q) and (1.11) holds, from the Dominated Convergence
Theorem, we can pass to the limit ¥ — oo in (4.39) to obtain (4.35). O

5. PROOF OF THEOREM 1.1

Suppose for the moment only (1.3), (1.10), (1.11) and (1.12). Overall, to prove The-
orem 1.1, we follow similar arguments to those developed for proving Theorem 1.2 in
Section 4. But there are several differences that appear when introducing a function
f € LY(Q) in the equation (1.1). We first approximate f by a “nice” function f. € L*°(Q)
with the properties that

|fel <|flae in and f: = f ae inQ ase—0. (5.1)
Then, by the Dominated Convergence Theorem, we find that
fe — f (strongly) in L*(Q) as e — 0. (5.2)

For example, for every € > 0, we could take

folw) = 11

=—-7  forae x€f
1+ e[ f(x)]



28 BARBARA BRANDOLINI AND FLORICA C. CIRSTEA

This approximation is done so that we can apply Theorem 1.2 for the problem generated
by (1.1) with f. in place of f. Then such an approximate problem admits at least a
solution U., namely,

AU + ®(U.) + O(U.) = BU. + f. in Q, 653
U. e WhP(Q), B(U.) € LHQ). '
To see this, we return to Example 1.7, which shows that if
(Beu,v) = (Bu,v) +/ fevdx for every u,v € Wol’ﬁ(Q), (5.4)
Q

then B, : W&’?(Q) — W_l’?l(ﬂ) satisfies (P1) and (P,). By Theorem 1.2 applied for
B, instead of B, we obtain a solution U, for (5.3). This means that

N
jz:;/ﬂgj(Ue)ajvdz+/Q</15(Us)vdz+/g(:)(U€)vdx:<€BU€,U>—|—/Qvadw (5.5)

for every v € W(}’?(Q) N L>®(Q2). However, unlike Theorem 1.2, to obtain that U, is

uniformly bounded in WO1 P (Q) with respect to e, we need an additional hypothesis,
namely, (1.13), which we formulate below for convenience:
there exist positive constants 7 and v such that for a.e. € Q and every ¢ € R

N
(.8, ) > 7Y |G for all [t] > 7. (5.6)
j=1

For the rest of this section, besides (1.3), (1.10), (1.11) and (1.12), we also assume
(5.6). To avoid repetition, we understand that all the computations in Section 4 are
done here replacing u., U and ®. by U., Uy and P, respectively. We only stress the
differences that appear compared with the developments in Section 4.

5.1. A prior: estimates. In Lemma 4.1 we gave a priori estimates for the solution w,
to (4.2), corresponding to the problem (1.1) with f = 0 and ®. instead of ®. We next
obtain a priori estimates for U, solving (5.3), that is, (1.1) with f. instead of f.

Lemma 5.1. Let U be a solution of (5.3).
(a) For a positive constant C, independent of €, we have

el 3y + [ BN da < C. (5.7)

ere exists Uy € ’ such that, up to a subsequence o et
b) Th Up € WP (Q) such th b f{U
Us — Uy (weakly) in W&’?(Q), Us = Uy a.e. in 2 ase— 0. (5.8)

Proof. There are new ideas coming into play because of the introduction of f. and
working with @ in (5.3) (rather than ®.). Hence, we provide the details.

(a) Let 7 > 0 be as in (5.6). The choice of f. gives that ||f:||p1q) < [ fll1). Asa
test function in (5.5), we take v = T-(U.), which belongs to Wol’?(Q) N L>°(Q). Since
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0;T:(Ue) = xqu.|<r} OjUe a.e. in Q for every 1 < j < N, using also the sign-condition
of @ in (1.12), we obtain that

N
> [ AW 0,0 xquscrrdo 7 [ RO xqupor) do (59)
j=1

is bounded above by
(BU:, T-(U)) + 7 (I fll 1) + Co meas (Q)) . (5.10)

By virtue of (5.6) and the coercivity condition in (1.10), we see that the quantity in
(5.9) is bounded below by

N N
VOZ/QlajUslpj X{|UE<T}dCU+TVZ/Q\3er!pj X{|U.|>7} d.
=1 =1

If we define ¢y := min{vg, 77}, then ¢g > 0 and the above estimates lead to
N
> [ 0L do < (BULT W+ 7 (ISl + Comens(2). (511)
j=1

From (1.14) in the assumption (P;), for every u € Wol’ﬁ(Q), we have

b
[(Bu, Tr (u))] < €(1 + |IUI|W01,? )@ol[ull .7 ) + llull o)), (5.12)

)
where € > 0, s € [1,p*), a0 > 0,6 € (0,p1 — 1) if ap > 0 and b € (0,p1/p’) if ag = 0.
With an argument similar to that in Lemma 3.9, we can deduce that

N
@ [ 10u do — (B0, 7, w)
i=1

— 00 as [[ul| 1.7 o) — o0

This fact, jointly with (5.11), implies that there exists a constant Cy > 0 such that

”UEHVI/OL?(Q) < Cy for every € > 0. (5.13)

By letting v = U, in (5.12) and using (5.13), we find a constant C; > 0 such that
[(BU.,T-(Ue))| < Cy for every e > 0. (5.14)
Since the sum over j = 1,..., N in (5.9) is nonnegative, the remaining term in (5.9) is

bounded above by the quantity in (5.10). Then, using (5.14), we arrive at
/Q ‘EI\)(UE)’ X{|Uz|>7) dx < Cir '+ ||f”Ll(Q) + Co meas (2) := Cy. (5.15)

Now, from the boundedness of {U.} in WOI’?(Q) (see (5.13)) and the growth condition
on ® in (1.12), we obtain a positive constant Cs such that

/ @(US)] X{|v.|<ry dx < C3  for every € > 0. (5.16)
Q

Putting together the estimates in (5.13), (5.15) and (5.16), we conclude (5.7).



30 BARBARA BRANDOLINI AND FLORICA C. CIRSTEA

(b) The assertion in (5.8) follows from (5.13), jointly with the reflexivity of W, ?( Q)

and the compactness of the embedding WO1 ?(Q) — L"(Q) for r € [1,p*) (see Re-
mark 1.6). The proof of Lemma 5.1 is now complete. g

5.2. Strong convergence of Tj(U.). The game plan is closely related to that in Sec-
tion 4.1. As mentioned before, when adapting the calculations, we need to replace u.,
U and B in Section 4 by U., Uy and B, respectively. The counterpart of Lemma 4.2
holds so that we obtain the following.

Lemma 5.2. There exists a subsequence of {U:}c, relabeled {U.}e, such that
VU, = VU a.e. in Q and T(Uz) — T (Up) (strongly) in Wol’?(Q) ase —0

for every positive integer k.

Proof. The computations in Section 4.1 can be carried out with ® instead of ®. since
the upper bounds used for |®.| were derived from those satisfied by |®| and the sign-
condition of ® is the same as for ®. (see (4.1)). A small change arises in the proof of
(4.22) because of the introduction of f. in (5.3). Using the definition of B, in (5.4),
the inequalities in (4.24) and (4.28) must be read with B, instead of B. We note that
(B.Us, r(2e,1)) is the sum between (BU., px(2.)) and fQ fe ox(zer) dx. The latter
term, like the former, converges to 0 as € — 0. The new claim regarding the convergence
to zero of [, fe oa(2e ) dx follows from the Dominated Convergence Theorem using
(5.1), [oa(zer)| < 2kexp (4Mk?) and ) (2. ) — 0 a.e. in Q as € — 0. The remainder of
the proof of (4.22) carries over easily to our setting. O

5.3. Passing to the limit. We aim to pass to the limit as ¢ — 0 in (5.5) to obtain that

Uy is a solution of (1.1). Since f. satisfies (5.2) and U, — Uy (weakly) in W&’?(Q) as e —
0, we readily have the convergence of the right-hand side of (5.5) to (BUp,v) + [, fvdx

for every v € Wol’ﬁ(Q) N L>(§2). Moreover, because of the convergence VU, — VU
a.e. in (), we can use the same argument as in Lemma 4.4 to deduce that

/@(ue)vdac%/@(Uo)vd:L‘ as e — 0,

Z/A 8@d$—>Z/A (Up) Ojvdx ase —0

for every v € W, 7( ). What is here different compared with Section 4.2 is the proof
of the convergence

O(U.) — ®(Up) (strongly) in L'(2) as e — 0. (5.17)

To conclude that Uy is a solution of (1.1), it remains to justify (5.17). So, instead of
Lemma 4.3, we establish the following.

Lemma 5.3. We have ®(Uy) € L'() and (5.17) holds.

Proof. We infer that ®(Up) € L!(Q) from Fatou’s Lemma based on the boundedness of
the second term in the left-hand side of (5.7) and the poinwise convergence

|D(U.)| — |®(Up)| ae. inQ ase — 0. (5.18)
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The assertion of (5.18) follows from Lemma 5.2, the pointwise convergence in (5.8) and
the continuity of ®(z,-,) in the last two variables.

Proof of (5.17). We will use Vitali’s Theorem. To this end, taking into account (5.18),
we need to show that {®(U,)}. is uniformly integrable over 2. We can only partially
imitate the proof of the uniform integrability of {®.(u.)}. in Lemma 4.3. Fix M > 1

arbitrary. For any measurable subset w of €2, using the growth condition of ® in (1.12),
we find that

/ B (U. D Xqu. <y dz < d(M Z 10; T (U ij @ T lellzrw) | - (5.19)

Since 0;Th(Uz) — 0;Tam(Up) (strongly) in LPi(Q) as e — 0 for every 1 < j < N and
c(-) € LY(Q), we see that the right-hand side of (5.19) is as small as desired uniformly
in € when the measure of w is small.

We next bound from above [ |®(U.)| X{|U=|>M) dz. This is where the modification

appears since we don’t have anymore that {®(U.) U, }. is uniformly bounded in L*()
with respect to . We adapt an approach from [13]. In (5.5) we take

v ="T1(Gu-1(Us)),
which belongs to I/VO1 ?(Q) N L>(€2). Then, using (1.11), the coercivity condition in
(1.10) and the sign-condition of ® in (1.12), we obtain the estimate

| By o < [ (1£1+C6) xquar-1y da+(BU Ty (Gara U (520
Now, up to a subsequence of {U.}, from (5.8), we have

Ty (Grr-1(Us)) — T1(Gar—1(Up)) (weakly) in WP () as € — 0.
Using this in (5.20), jointly with (5.1) and the property (P») for B, we find that

lim sup /Q B0 X0 oy o < /Q (/] + Co) xqiuafoar—1 4z + | (BUo, T (Gar—1 (Uo)))]-

e—0
Recall that f € L'(Q) and B satisfies the growth condition in (1.14). Since we have
8j Tl(GM_l(U())) = X{M—1<\U0\<M} 8jU0 a.e. in ()
for every 1 < j < N, from the above inequality, we infer that

/ B(U)| X5 ary d

is small, uniformly in € and w, when M is sufficiently large. Thus, using also the
comments after (5.19), we conclude the uniform integrability of {®(U;)}. over §2. Hence,
(5.17) follows from Vitali’s Theorem, based on (5.18). The proof of Lemma 5.3 is now
complete. O

By letting € — 0 in (5.5), we conclude that Uy is a solution of (1.1). This ends the
proof of Theorem 1.1. O
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6. STRONG CONVERGENCE OF u, IN THEOREM 1.2

We show here that in the setting of Theorem 1.2, up to a subsequence of {u.}, not
only the assertions of Lemma 4.2 hold, but also the strong convergence in (1.7), that is,

ue — U (strongly) in Wol’ﬁ(Q) ase — 0. (6.1)
We establish (6.1) in Lemma 6.2, based on Lemma 6.1 below. For every k > 1, we define
(BU, G(U))| + Col|Gr.(U) |l 11 ()

= 7 (6.2)
Lemma 6.1. For every integer k > 1, up to a subsequence of {u.}, we have
N
lim sup HGk(Us)HWL?(Q) < ZL}J”J'. (6.3)
e—0 0 =1

Proof. Let k > 1 be a fixed integer. Since Gp(us) = us — Ti(us) and
0T (ue) = Ojtte X{|u.|<k} for every 1 < j <N,

from the coercivity assumption in (1.10), we see that

N

A Gy =Y [ Ayfun) jucdo
= Jucony
N N
> % Z/ Ouel?r da = 0 0G|, -
j=1 {lue|>k} j=1

Using (4.1) and ¢ G4(t) > 0 for every ¢t € R, we observe that Gx(t) ®.(t) > 0 for all
t € R. Then, by testing (4.3) with v = G(u.) and using (1.11), we find that

(Aue, Gr(ue)) < (Aue, Gr(us)) + /Q G () B..(u2) da
— (Bu., Gi(uo)) - /Q 6 (uz) G(uz) de
< |(Buz, Gi(ue))] + Co /Q G ()| d.

From (4.5), the boundedness of {u.} in W&’?(Q) and Remark 1.6, we can pass to a
subsequence of {u.} (relabeled {u.}) such that as ¢ — 0

Tii(ue) = To(U) ace. in Q and Ty(uz) — Ti(U) (weakly) in W7 (),

Gul(ue) — Gi(U) ace. in © and Gj(ue) — Gu(U) (weakly) in WP (Q),
Gr(us) = Gi(U) strongly in L"(2) with 1 <r < p*.

Hence, using the property (P»), we derive that
tim (Bu, Gy (1)) = (BU, Go(U)) and  lim |Gl |11 = |Gx(0)] 110
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Consequently, for every 1 < j < N, we have

<|<28U, G(U))] —l—C@HGk(U)HLl(Q))l/pj _ i
_ L,

Vo

limsup [|0;(Gr(ue)) || £7i (o)
e—0

This establishes the inequality in (6.3), completing the proof of Lemma 6.1. O
Lemma 6.2. Up to a subsequence of {u.}., relabeled {u.}., we have (6.1).

Proof. Recall that {u.}. stands for a sequence {uc,},>; with e, \, 0 as ¢ — oco. By
Lemmas 4.1 and 6.1, as well as from the proof of Lemma 4.2, we get that for any given

integer k > 1, there exists a subsequence of {u.}. that depends on k, say {ugf)}gzl, for
which (6.3) and (4.12) hold with ugz) in place of {u.}. This means that

N
1 .
lim sup || G (ul¥ Hwﬁ(ﬂ) < ZLk/pj7
oo 0 = (6.4)

Jim [T (ul) = Te(O) 17 ) = 0

We proceed inductively with respect to k, at each step (k+ 1) selecting the subsequence
{qur )}g> from {uw }e>1, the subsequence of {u.} with the properties in (6.4). Then,
{uae }e>k is a subsequence of {u }g>1 for every 1 < j < k. Hence, by a standard

diagonal argument, there exists a subsequence of {u.}., that is, {uee }e, relabeled {uc}e,
such that (6.3) and (4.12) hold for every k > 1, namely

1/p;
lim sup |Gy (u < E L,
e—0 [Glue) (6.5)

gwnwa—nwwwzm—u

Using the weak convergence of G (u:) to G(U) in Wl’?(ﬂ) as € — 0, we see that

IGHU) 1.7 ) < i inf [ Gr(ue)l,, /", (6.6)

an

We now complete the proof of (6.1). From the definition of G in (4.8), we find that
lue = Ullya7 gy < IGk(e)lly17 o) + 1GRU) a7 ) + 1 Th(ue) = Te(U)ly1.m

Then, in view of (6.5) and (6.6), for every k > 1, we obtain that
N y
. »;
limsup [lus = Ully2.5 g < 2Z;Lk 7 (6.7)
‘]:
Remark that Lj (defined in (6.2)) converges to 0 as k — oo since Gx(U) — 0 (weakly)

in W&’?(Q) and Gp(U) — 0 (strongly) in L'(Q2) as k — oco. Hence, by letting k — oo
in (6.7), we obtain (6.1). This ends the proof of Lemma 6.2. O
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