PD3-PAIRS WITH COMPRESSIBLE BOUNDARY

JONATHAN A. HILLMAN

ABSTRACT. We extend work of Turaev and Bleile to relax the m-injectivity
hypothesis in the characterization of the fundamental triples of P D3-pairs with
aspherical boundary components. This is further extended to pairs (P, dP)
which also have spherical boundary components and with c.d.m (P) < 2.

The homotopy type of a PDs-complex P is determined by m = w1 (P), w = wq(P)
and the image p of the fundamental class in H3(m; Z") [7]. Turaev formulated and
proved a Realization Theorem, characterizing the triples [r, w, u] which arise in this
way. He also gave a new proof of Hendriks’ Classification Theorem, and applied
these results to establish Splitting and Unique Factorization Theorems parallel to
those known for 3-manifolds [14]. These results were extended to PDs-pairs with
aspherical boundary components by Bleile. Here the role of m must be expanded to
include the peripheral system determined by the inclusions of the boundary com-
ponents. Her version of the Realization Theorem required that these inclusions be
mi-injective. (For a 3-manifold this corresponds to having incompressible bound-
ary.) She also gave two Decomposition Theorems, corresponding to interior and
boundary connected sums, respectively [2].

In this note we shall show that in the orientable case the 71-injectivity restriction
may be replaced by necessary conditions imposed by the Algebraic Loop Theorem
of Crisp [5]. Our version of the Realization Theorem requires that the ambient
group 7 have a sufficiently large free factor. (This follows from the topological
Loop Theorem in the 3-manifold case, but has not yet been shown to hold for
all PDs-pairs.) We expect that orientable pairs (P,0P) with aspherical boundary
should be connected sums of PDs-complexes and pairs (P;, dF;) with P; aspherical
and c.d.m (P;) < 2. This is true if we allow for stabilization by connected sums with
copies of $2 x S', and would hold unreservedly if we could establish an inequality
suggested by Lemma 6 below. Much of the argument applies also to non-orientable
pairs, but we need at present to assume that w does not split.

The Realization Theorem for fundamental triples extends immediately to the
cases with some S? boundary components, since capping off spheres does not change
the fundamental group, and the fundamental class extends uniquely to the result-
ing pair with aspherical boundary components. The fundamental triple remains
a complete invariant when c.d.m < 2. (This corresponds to the cases when 7 is
torsion free and the pair has no summand which is an aspherical PD3s-complex.)
In particular, PDs-pairs with free fundamental group are homotopy equivalent to
3-manifolds with boundary. However in the remaining cases we appear to need also
a k-invariant. Beyond this, there remains the issue of classification and realization
of PDs-pairs with RP? boundary components. This seems just out of reach for the
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moment. In §7 we settle the cases with 7 finite and in the final section we consider
briefly the role of the ambient group in determining the pair.

For convenience in dealing uniformly with orientable and non-orientable surfaces
and PDs-pairs, and for simplicity of notation, all Betti numbers shall refer to
homology with coefficients Fa, and shall be written as 3;(X), rather than j3;(X;F2).

1. NECESSARY CONDITIONS

Let (P,0P) be a PDs-pair. We may assume that 0P = Il;c;Y;, where each
boundary component Y; is a closed, connected 2-manifold with a collar neighbour-
hood, for j € J. (This can always be arranged, by a mapping cylinder construc-
tion.) The pair has aspherical boundary if every component of OP is aspherical.
Let k; : m1(Y;) = m = m1(P) be the homomorphism induced by inclusion, and let
B; =Im(kj), for all j € J. (We include the trivial homomorphisms corresponding
to S? boundary components here, as a way of recording these components.) We
note also that since we must choose paths connecting basepoints for each boundary
component to the basepoint for P, the homomorphisms &; are only well-defined up
to conjugacy. We shall assume that a fixed choice is made, when necessary.

The set 770(8?) of components of the preimage of P in the universal cover P is
isomorphic to II;c ym/B; as a left m-set. If the homomorphisms x; are all injective
then the peripheral system {k;|j € J} is mi-injective, while if the subgroups B; are
all torsion free then (P, dP) is peripherally torsion free.

Let w = wy(P) : @ — Z* be the orientation character. We shall say that w splits
if w(g) = —1 for some g € 7 such that g2 = 1. Pairs for which w does not split are
peripherally torsion free, but the converse is false. For instance, P = RP? x S! has
no boundary, but the inclusion of RP? x {x} splits w (P).

Let u be the image of the fundamental class [P,0P] in Hs(w,{x;};Z"). (This
relative homology group is described later in this section.) The fundamental triple
of the pair is [(7, {«;}), w, u]. There are three conditions which are clearly necessary
for a triple to be realised by a PDs-pair: the Turaev condition on the fundamental
class, the boundary compatibilities of fundamental classes, and the Algebraic Loop
Theorem.

It is a familiar consequence of the Loop and Sphere Theorems that every compact
orientable 3-manifold with boundary is the connected sum of indecomposable 3-
manifolds, and these in turn either have empty boundary or may be assembled from
aspherical 3-manifolds with 7;-injective boundary by adding 1-handles. We do not
know whether every PDs-pair has a similar reduction. The First Decomposition
Theorem allows for a connected sum decomposition, provided that the potential
summands are indeed PDs-pairs [2]. (When the boundary is aspherical and -
injective this is ensured by the Realization Theorem.) The Algebraic Loop Theorem
asserts that if (P,0P) is a PDs-pair and Y is an aspherical boundary component
then there is a finite maximal family E(Y") of free homotopy classes of disjoint
essential simple closed curves on Y which are each null-homotopic in P [5]. However,
we do not know whether there is a Poincaré embedding of a family of 2-discs
representing the classes in E(Y), along which we could reduce the pair to one with
m1-injective boundary.

If v is a simple closed curve on a boundary component Y which is null-homotopic
in P then it is orientation-preserving, since wq(Y") is the restriction of w = wy (P).
If v € E(Y) is non-separating, then there is an associated separating curve in E(Y'),
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bounding a torus or Klein bottle summand. For each surface Y there is a graph
with vertices the components of Y\ E(Y') and edges F(Y'). This graph need not be
a tree: consider a 3-manifold M with connected, non-empty boundary and identify
two disjoint discs in the boundary, to get a “self-connect sum”. If E(Y) # () then
7 = 71 (P) has more than one end [8, Lemma 3.1]. The subgroup Im(x) is a free
product of PDy-groups, copies of Z/27 and free groups [8, Corollary 3.10.2]. If each
curve in E(Y) separates Y (i.e, has image 0 in H;(Y;Z)) then Im(x) has no free
factors. Each indecomposable factor of Im(k) is then conjugate in 7 to a subgroup
of one of the indecomposable factors of m, by the Kurosh Subgroup Theorem.

It is convenient to introduce some more terminology. Let Y be an aspherical
closed surface and G a group. A homomorphism « : S = 71 (Y) — G is geometric
if there is a finite family ® of disjoint, 2-sided simple closed curves on Y such
that Ker(x) is normally generated by the image of ® in S. We may assume that
|®| is minimal, and shall then say that ® is a geometric basis for Ker(x). Let
r = r(k) be the number of non-separating curves in ®. Then x(S) < G is a
free product x(S) = (x;_;5,) * F'(r), where the Sps are PDy-groups or copies of
Z/27 and X5_;61(Sp) = Bi(S) — 2r(k). Moreover, |®| = r(k), if a = 0, and
|®| = a+r(k) — 1 otherwise. Stallings’ method of “binding ties” [12] may be used
to show that if S — A * B is an epimorphism then Y decomposes accordingly as
a connected sum. This together with the hopficity of PDs-groups implies that a
homomorphism « : S — G is geometric if and only if x(S) = (x;_;5,) * F(r),
for some finite set {S,|1 < p < a} as above and 7 = (B1(S) — B4_,41(S,)). A
geometric homomorphism k is torsion free geometric if its image k(S) is torsion
free, equivalently, if no curve in ® bounds a M&bius band in Y.

A geometric group system is a pair (G, K), where G is a finitely generated group
and K is a finite set of geometric homomorphisms from PDs-groups to G. It is
trivial if G = 1. (If G is finite then K must be empty, by definition of geomet-
ric homomorphism.) The peripheral system of a PDs-pair is a geometric group
system, by the Algebraic Loop Theorem. It is torsion free geometric if the pair is
peripherally torsion free.

Let G be a group and I(G) be the kernel of the augmentation homomorphism
from Z[|G] to Z, and let w : G — Z* be a homomorphism. Let C, be a free left
Z|G]-chain complex which is finitely generated in degrees < 2 and let C* be the
dual cochain complex, defined by C4 = Hom(C,, Z[G]), for all q. Let F?(C.) =
C?/5(C"). (Note that if C, is a resolution of the augmentation module Z then the
stable isomorphism class of F2(C,) is [DI(G)], in the notation of [8, §1.3].) Then
Turaev defined a homomorphism

Ve, 2 = evy 00y Hy(ZY @711 Cy) — [F2(C.), 1(G))],

where [A, B] is the abelian group of projective homotopy equivalence classes of
Z|G)-modules. If Hy(C,) = H3(C,) = 0 then v¢, , is an isomorphism ([14] — see
also [8, §2.5]). This condition holds for the complexes associated to mi-injective
peripheral systems, but not otherwise. As a consequence, we do not yet have a
realization theorem for the peripheral system alone, comparable to [8, Theorem
2.4]. The necessary condition of [8, Corollary 3.4.1] may not be sufficient; we need
a projective homotopy equivalence in the image of the Turaev homomorphism.
Let (G,{k;|j € J}) be a geometric group system, and let f; : ¥V; = K(S;,1) —
K (G, 1) be maps realizing the homomorphisms ;. Let K be the mapping cylinder
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of Ilf; : Y = 1Y; — K(G,1), and let H. (7, {r;}; M) = H.(M®z;c)C«(K,Y; Z[G]))
for any right Z[G]-module M. If G and the S;s are all FP, the chain complex
C.(K,Y;Z|G)]) is chain homotopy equivalent to a free complex which is finitely
generated in degrees < 2. We shall say that p € H3(G,{x;};Z") = H3(K,Y;Z")
satisfies the Turaev condition if ve, 2(u) is a projective homotopy equivalence for
some such chain complex C,. Turaev showed that a triple [G,w, ] is the funda-
mental triple of a PD3s-complex if and only if u satisfies this condition. In this case
(when J is empty) vc, 2 is an isomorphism, and so a group G is the fundamental
group of a PDs-complex if and only if certain modules are stably isomorphic.

The boundary compatibility condition is simply that if (P,0P) is a PD,-pair
with orientation character w, then each component of dP is a PD,,_i-complex
with orientation character the restriction of w, and the choice of a fundamental
class [P,0P] € H,(P,0P;Z") determines fundamental classes for the boundary
components whose sum is the image of [P,0P] in H,_1(0P;Z"). Let w: G — Z*
be a homomorphism such that wk; = wq(Y;) for each component Y; of Y. Then
p € Hs(G,{k;}; Z") satisfies the boundary compatibility condition if its image under
the connecting homomorphism in Hy(Y;Z") is a fundamental class for Y.

2. NO FREE SUMMANDS

Our construction in Lemma 1 shall follow that of [2, §5.2], adapted to more than
one curve in UgecgpF(S). This in turn extends the argument of [14, pages 259
260]. We note here that the two Decomposition Theorems of [2] are formulated in
terms of pairs with 71-injective aspherical boundaries. However the 7-injectivity is
only used (via the Realization Theorem) to show that the factors of the peripheral
system are the peripheral systems of PDs-pairs.

Lemma 1. Let (G,{k; : S; — G|j € J}) be a geometric group system such that G is
finitely presentable, G = (x;c1G;) x V, where G; is indecomposable but not virtually
free, for all i € I, V is virtually free and Im(k;) is a free product of PDy-groups
Sk, with X01(Sjk) = B1(S;), for all j € J. Let K; be the family of inclusions of
the factors of e ;Im(k;) which are conjugate to subgroups of G;, for each i € I.
Let w : G — Z* be a homomorphism such that w o k; = w1(S;), for j € J. Then
if w € H3(G,{k;}; Z") satisfies the boundary compatibility and Turaev conditions,
so do its images p; € H3(G;, Ki; ZY), for each i € I, and py € H3(V;Z"Y).

Proof. For simplicity of notation, we shall adjoint a new label w to I, and set
G, =V. Let t; : G; — G be the inclusion and p; : G — G; the retraction, for each
i € I. Since G is finitely presentable, so are the factors G;, and so we may assume
that there are Eilenberg - Mac Lane complexes K(G;, 1) with one 0-cell and finite
2-skeleton. By the Kurosh Subgroup Theorem, each subgroup S; is conjugate into
some (unique) G;, with ¢ # w, since it is indecomposable and not cyclic.

Let Y; be an aspherical closed surface with 7 (Y;) = S, and let ®; be a geometric
basis for Ker(x;), for each j € J. Let V; be the 2-complex obtained by adjoining
one 2-cell to Y; along each curve in ®;. Similarly, let Y}; be an aspherical closed
surface with 7 (Yjz) = Sjg, for each index pair jk. We may choose disjoint discs
on each Y}, so that after identifying discs in pairs appropriately we recover Vj. If
the graph associated to E(Y;) = ®; is a tree then V; ~ V.Sj;; otherwise V; has
additional 1-cells.

For each i € I let F; be the family of surfaces corresponding to the inclusions in
KC;i, and let K; be the mapping cylinder of the disjoint union of maps into K(G;, 1)
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realizing these inclusions. (Thus F, is empty and K, = K(V,1).) Let U =
VierK;/ ~, where the chosen discs in I1F; are disjoint from the basepoints of the
K;s, and are identified in pairs as above, and let W be the image of Il;c;V; in
U. Then W =Y Une?, where Y = I1Y; and n = |Ujey ®;], and U ~ K(xG;) V
K(F(s),1), for some s > 0.

Let K = U U s.e?, where the 2-cells are attached along representatives of the
generators of the free factor F(s). Then K ~ K(G,1), and there is a natural
embedding of W as a subcomplex. Since ¥ = Il;c;Y; is a subcomplex of W,
there is an inclusion of pairs (K,Y) — (K,W). Since W may be obtained from
Y by attaching 2-cells, which represent relative 2-cycles for (K,Y), we see that
Cy(K,Y; M) = Cy(K,W; M) for all ¢ # 2, while Co(K,Y; M) = Co(K,W; M) &
M™, for any coefficient module M. In particular,

F*(C.(K, Y3 ZIG)) = F*(C.(K, W: ZIG))) @ ZIG]".

We need to compare these pairs with (VK;,I1F;). The map from ILF; to W is
in general not a homotopy equivalence, but Cy(K,W; M) = ®;c;Cy(K;, Fi; M),
for any coefficient module M and all ¢ # 1. Since W may be obtained from
ILF; by attaching 1-cells, which represent relative 1-cycles for (W, ILF;), we see
that C1(K,11F;; M) = C1(K,W; M) @& M, for some ¢t > 0 and for any coefficient
module M. Hence

FZ(C*(Ka H}—“Z[G]) = FQ(C*(K7W7Z[G]) @Z[G]t

Together, these considerations imply that H,(K,Y; M) = @H (G;, K;; M) forg > 1
and any coeflicient module M, and so p determines classes p; € H3(G;, Ki; Z%) for
each i € I. The projections of each surface Y; onto the surfaces Y} are all degree
1 maps. Hence on comparing the long exact sequences of homology for (K,Y) and
(K, W), we see that if u satisfies the boundary compatibility condition then so does
each p;.

Let C(i) = Cy(K;, Fi; Z|Gy)), for i € I, and C, = C,(K,Y;Z[G]). Let o* be the
change of coefficients functor Z[G] ®zjq,) —, and let B¢ be the left inverse induced
by the projection p;, for i € I. Then

F2(C,) @ Z[G]' =2 (@' F2(C(i),)) ® Z[G]" and I(G) = ®ie1a’1(G;).
Let fi : F?(C(i).) — I(G;) be a representative of v, 2(pi), for @ € I. Then
ve, 2(p) is represented by the homomorphism
Yalf;: @alF3(C(i)y) — @' I1(Gy).

We shall show that each f; is a projective homotopy equivalence. Since v¢, 2(p) is
a projective homotopy equivalence there are finitely generated projective modules
L and M and a homomorphism h such that the following diagram commutes

BAFAC®),) =20 @alI(Gy)

| l

BaiFA(C(>i),) & L —— @ail(G;) @ M.

We apply the functor 3¢. Clearly S%oa’ = id and B*L and 3°M are finitely generated
projective Z[G;]-modules. Applying 3° to a finitely generated Z[G;]-module with
j # i gives a module of the form Z[G;] ® A, where A is a finitely generated abelian
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group. Hence Z[G;] ® A is the direct sum of a finitely generated free Z[G;]-module
with a Z-torsion module of finite exponent. For each ¢ € I we obtain a diagram

FPC@)eFer L¥#P poyeFaT

! l

PeW)eFeTefL L'y  [GheF oT @piM,
where F' and F’ are free Z[G;]-modules and T and T’ have finite exponent. It
follows from the commutativity of the diagram and the nature of the homomorphism
i ® X Bl f; that BTh(F%(C(i).) < I(G;) @ B'M. Since 8°h is an isomorphism
and I(G;) and B°M are torsion free, so is F?(C(i).). Therefore we may factor out
the torsion submodules to get a simpler commuting diagram

Pe@)er L2 neG)er

! l

F(C)) e FapfL —2 1[G e F o piM,

where 6 is a homomorphism of free modules. By the commutativity of this diagram,
fi is the composite

F2(C(i),) = F*(C().,) @ FO BL=21(Gy) ® F @ B'M — I1(G)),

where the left- and right-hand maps are the obvious inclusion and projection, re-
spectively. Hence f; is a projective homotopy equivalence, and so p; satisfies the
Turaev condition. ([

A PDgs-pair may have PDs-complexes as summands, but the following corollary
shall allow us to focus on the other cases.

Corollary 2. If G; is a PDs-group then KC; is empty.

Proof. If (Q,0Q) is a PDs-pair with mi-injective, aspherical boundary and G =
7m1(Q) has one end then @ is aspherical. If, moreover, G is a PDs-group then
H5(Q;Z") = H3(Q,0Q;Z") and so OP is empty, by the boundary compatibility
condition. O

A similar result holds if G; is the fundamental group of an indecomposasble
PDs-complex and is not virtually cyclic.

The argument for the Lemma extends with little change to the case of P Ds-space
pairs, when G is F'Ps.

3. THE END MODULE

Let (P,0P) be a PDs-pair, and let # = 71(P). The equivariant chain complex
C.(P; Z[r]) is chain homotopy equivalent to a finite projective chain complex, since
cohomology of P is isomorphic to homology of the pair, by Poincaré duality, and so
commutes with direct limits of coefficient modules. Therefore 7 is F P,. If 9P # ()
then P is a retract of the double DP = P Ugp P, and so 7 is a retract of 71 (DP).
(In order to study 7 we may assume that P has no S? components.)



PD3-PAIRS WITH COMPRESSIBLE BOUNDARY 7

Lemma 3. Let (P,0P) be a PD3-pair such that w = wi(P) does not split. If G
is an indecomposable factor of m = w1 (M) then either G is a PDs-group, or G has
one end and c.d.G =2 or G is virtually free.

Proof. If OP is empty then indecomposable factors of 7 which are not virtually free
are P Ds-groups [4, Theorem 14] (see also [8, Theorem 4.8]), if the pair is orientable,
and by [8, Theorem 7.10] otherwise. If 9P # () then 7 is a retract of 7(DP). A
splitting of wy(DP) would induce a splitting of w, and so wy(DP) does not split.
The lemma now follows from the Kurosh Subgroup Theorem, as indecomposable
factors of ™ which are not virtually free must be conjugate to subgroups of factors
of m (DP) which are PDs-groups. Thus if G is indecomposable and not virtually
free it is either a PD3-group or has one end and c.d.G = 2. O

If 7 is a PD3-group then the components of 9P are copies of S2, while if c.d.m =
2 and 7 has one end then OP has at least one aspherical component, and the
peripheral system is mi-injective. In general, 7 is vF'P and v.c.d.m < 3.

If w splits a similar reduction to the absolute case shows that m may have in-
decomposable factors with infinitely many ends, but 7 = Ker(w) is torsion free.
(See [8, Theorem 7.10] for the absolute case.) The simplest example is perhaps the
pair obtained from RP? x ([0,1],{0,1}) by adding a 1-handle to connect the two
boundary components.

Let E(7) = H'(rm; Z[r]) be the end module of 7, and let Il = 7o (P) = Ha(P; Z[r]).
The conjugate dual E(m) is isomorphic to Ha(P,dP;Z[x]), by Poincaré duality.
(Here the overbar denotes the left module obtained from the natural right module
structure on the cohomology via the w-twisted involution.) The interaction of P
and JP are largely reflected in the exact sequence

0 — Ho(OP;Z[r]) — 11 — E(r) — Hy(0P;Z[r]) — 0.
derived from the exact sequence of homology for the pair, with coefficients Z[r]. The
group Hy(0OP;Z[r]) is determined by the peripheral system, and is 0 if the peripheral
system is mi-injective. In general, it is a direct sum of terms corresponding to the
compressible aspherical boundary components. The group Ho(0P;Z[x]) is 0 if the
pair has aspherical boundary.

Lemma 4. Let G be a finitely generated group such that G = " |G, * F(n), where
G, has one end for i < m and m > 0. Then E(G) = Z[G)™""~! as a right
Z|G]-module.

Proof. The group G is the fundamental group of a graph of groups whose underlying
graph has m vertices and m + n — 1 edges, the vertex groups being the factors G;
and the edge groups all being trivial. The lemma follows immediately from the
Chiswell Mayer-Vietoris sequence for such graphs of groups. (|

If G = F(n) then F(G) has a short free resolution with n generators and one
relator, but has no free direct summand.

We shall use this lemma with Poincaré duality to determine the rank of the
maximal free factor of 7 in terms of peripheral data.

Lemma 5. LetY be an aspherical closed surface and k. : S = m(Y) — B a geomet-
ric homomorphism with geometric basis ®. Assume that k is an epimorphism and
B is torsion free. Then Hy(S;Z[B]) has a short free resolution, Fa @ g H1(S;Z[B])
has dimension |®|, and TorP (Fy, Hy(S;Z[B))) = Fa if B is free and is 0 otherwise.
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Proof. We may clearly assume that ® is non-empty. Then B 2 (x¢_,S;) % F(r),
where the S;s are PDy-groups, and so there is a finite 2-dimensional K (B, 1) com-
plex, with one O-cell, 2g — r 1-cells and a 2-cells where g = %ﬂl (S). The submod-
ule Z; of 1-cycles in the chain complex C,(S;Z[B]) is a finitely generated stably
free Z[B]-module, of stable rank a + r, by a Schanuel’s Lemma argument, since
c.d.B < 2. Since B is infinite, Ho(S;Z[B]) = 0. Hence H;(S;Z[B]) has a short
projective resolution

0 — Z[B] — Z1 — H1(S;Z[B]) — 0.

The 5-term exact sequence of low degree from the LHS homology spectral sequence
for S as an extension of B by K = Ker(k) is

HQ(S,IFQ) — HQ(B,IFQ) — Ho(B,Hl(KJFg)) — Hl(S,Fz) — Hl(B,FQ) — 0.

The central term is Hy(B; H1(K;F2)) =2 Fo @ g H1(S;Z[B]).

If B is a free group then Hy(B;F3) = 0,a = 0and r = g, and so Hy(B; H1 (K;F3))
has dimension r. If a > 0 then H3(S;F2) maps injectively to Hs(B;Fy) = Fg,
since the natural epimorphisms from S to the factors .S; have degree 1, and so
Hy(B; H(K;F3)) has dimension a + r — 1. Since |®| = r if B is a free group and
|®| = a+ r — 1 otherwise, this proves the second assertion.

The final assertion follows on applying the tensor product Fs ® g — to the above
resolution of Hy(S;Z[B])) and using the fact that Z; is stably free of stable rank
a+r. t

Note also that Tor? (Fq, Hy(S;Z[B])) = 0 for i > 1.

Let (G,{k;|j € J}) be a geometric group system such that G = (x/2,G;) * W,
where the factors G; each have one end and W is virtually free, and such that
Im(k,) is torsion free, for all j € J. Let I'(G,{k;}) be the bipartite graph with
vertex set I LI J and an edge from j € J to ¢ € I for each indecomposable factor of
Im(x;) which is a PDy-group and is conjugate to a subgroup of G;.

Lemma 6. Let (P,0P) be a PDs-pair with aspherical boundary and peripheral
system (m,{k;|j € J}), and such that = = o * F(n), where c.d.c = 2 and o has
no nontrivial free factor. Suppose also that B; = Im(k;) is a free product of PDs-
groups, for j € J. Then x(0) + x(I'(m,{k;})) = 1+ +x(9P), and son = 1+
Ix(0P) — x(m) — x(T(m, {k;})). Hence n >1— x(D(m,{k;})), with equality if and
only if P is aspherical.

Proof. Since c.d.m = 2 the boundary is non-empty. We may assume that o
*"  G;, where G; has one end and c¢.d.G; = 2, for i < m. Let L = Hy(0P;Z[n]).
Then L = @jesLj, where L; = H;(S;;Z[n]). The exact sequence relating II
mo(P) to E(m) given above reduces to a short exact sequence

=R

01— E(r) - L —0,

since the pair has aspherical boundary. An application of Schanuel’s Lemma
shows that II is projective, since L has a short projective resolution and E(w) =
Z[x)™ "1 by Lemma 4.

Applying the tensor product Fo ®, —, we get a sequence

0-F@, I—-F,Q; E(m) > F,®; L =0,
since Tor] (Fg, L) = 0, by Lemma 5.
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For each j € J, let ®; be a geometric basis for x;, and let s; = [®;|. Then
Bj =Im(x;) has s; + 1 factors. Since L; = Z[r] ®p; H1(S;; Z[Bj]), we have
Fs ®x Lj =F; ®, Z[ﬂ'] ®BJ~ Hl(Sj; Z[B]D =T, ®B]‘ Hl(Sj; Z[Bj])

Hence Fy ®, L has dimension ¥;¢ ;|®;| = ¥;cs8,, by Lemma 5.
The spectral sequence of the universal cover P — P gives another exact sequence

0—)]F2 ®7|-H—)H2(P,IF2) —)HQ(’]T;FQ)—)O,

since c.d.wm = 2. Hence Fy ®, II has dimension S2(P) — fa(7) = x(P) — x(7) =
%X((’?P) — x(). This number is clearly > 0, and is 0 if and only if IT = 0, since II
is projective and c.d.w < 2.

Since Fo @, E(r) is an extension of Fo @, L by Fy ®, II, we see that

1
m+n—1= ix(aP) — X(m) + Xjess;.

Since I'(m, {x; }) has m+|J| vertices and ¥;c s(s;+1) edges, it has Euler character-
istic m+|J|— X cs(s;+1) = m—%;css;. An elementary rearrangement of the dis-
played equation gives n = 1+ 2x(9P)—x(m)—x(T'(m, {x;})), since 3x(OP)—x(7) =
dimF; @11 > 0. Since x(7) = x(¢) —n, we get x(0) +x(I'(m, {x;})) = 1+ 1 x(dP).

Clearly n > 1 — x(I'(m, {k;})), with equality if and only if x(P) = x(). Since
P is aspherical if and only if IT = 0, we see that n =1 — x(I'(w, {«;,})) if and only
if P is aspherical. |

We would like to be able to show that if c.d.w < 2 then x(P) — x(7) = b—1,
where b = Bo(I'(m,{k;})). This would imply that the condition in Theorem 13
below that there be a free factor of sufficiently large rank is necessary. It clearly
holds if b = 1, or if P is a connected sum of b such pairs with non-empty boundary.
(Note also that forming connected sums with copies of 5% x S! or S?x S changes
both n and (), but does not change the boundary 0P, the graph I'(m, {x;}), the
factor o or the sum n + x(7) = x(0).)

The inequality n > 1—x/(T'(m, {x,}) holds without the assumption that c.d.7m = 2,
but we shall not need to prove this here.

In the next section we shall consider how to handle free factors arising in pe-
ripheral subgroups.

4. FREE FACTORS

If (P,0P) is a PD3-pair with P connected and 9P non-empty then we may add
a (possible twisted) 1-handle by identifying a pair of discs in components of P to
get a new PDs-pair (Q,0Q), with m1(Q) = m(P) * Z. If the discs are in the same
boundary component then (Q, 9Q) is the boundary connected sum of (P, 9P) with
(D? x S, T) or (D?x S, Kb) (depending on the relative orientations of the discs).
However, if the discs lie in distinct boundary components the construction gives
something which is neither a connected sum nor a boundary connected sum. (The
construction clearly involves choices, but we shall not need to be more precise.)

Lemma 7. Let (P,0P) be a PD3-pair, and let 71 = w1 (P). Let S be an aspherical
boundary component, and let B be the image of w1 (S) in w. Then restriction maps

H(m; Z[n]) onto H'(B;Z[x)).
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Proof. Since H2(P,0P;Z[r]) = H1(P;Z[r]) = 0, restriction maps H!(P;Z[r]) =
H'(m;Z[x]) onto H*(OP;Z[r]). The projection of H!(dP;Z[r]) onto its summand
H(S;Z[r]) factors through H'(B;Z[n]), which is a subgroup of H'(S;Z[x]), since
B is a quotient of 71 (S). Hence restriction maps H*(7; Z[r]) onto H'(B;Z[x]). O

Lemma 8. Let B < G be groups such that restriction maps H(G;Z[G]) onto
HY(B;Z[G)). If b € B generates a free factor of B then its image in G generates a
free factor of G.

Proof. The first cohomology group H'(G; M) of G with coefficients M is the quo-
tient of the group of M valued derivations Der(G; M) by the principal deriva-
tions Pr(G; M) [3, Exercise II1.1.2]. Since restriction clearly maps Pr(G; M) onto
Pr(B; M), for any M, the hypothesis implies that restriction maps Der(G;Z[G])
onto Der(B;Z[G]). If b € B generates a free factor of B then there is a deriva-
tion § : B — Z[B] such that 6(b) = 1 [6, Corollary IV.5.3]. This may be
viewed as a derivation with values in Z[G], and so is the restriction of a deriva-
tion d¢ : G — Z[G]. A second application of [6, Corollary IV.5.3] now shows that
b generates a free factor of G, since dg(b) = d(b) = 1. O

An immediate consequence of theses two lemmas is that if (P, OP) is a peripher-
ally torsion free PDs-pair such that 7 = 71 (P) has no free factors then the image
of m1(Y;) in 7 is a free product of PDs-groups, for each boundary component Y;.

The result of adding a handle to the boundary of a P D,,-pair is again a PD,,-pair.

Lemma 9. Let (P,0P) be an aspherical PD3s-pair with aspherical boundary, and
let (Py,0Py) be the pair obtained by adding a 2-handle along a 2-sided simple
closed curve 7 in a component Y; of OP. If (P,,0P,) has aspherical bound-
ary and the image of v generates a free factor of Im(k;) in m = m(P) then
(P,0P) ~ (P,,0P,)4(E,0F), where E = D? x S'.

Proof. If the image of v generates a free factor of B; = Im(k;) then m = p x Z,
by Lemmas 7 and 8. We then may choose an isomorphism = = w1 (P,§E) so that
the peripheral systems of (P,0P) and (Py,0P,)s(E,JFE) correspond. If (P,,0P;)
has aspherical boundary then we may apply the second Decomposition Theorem of
Bleile [2] to conclude that (P,0P) ~ (P,,0P,)4(E,0F). O

When P = D? x S! and 7 is a longitude on T = 9P then P, = D3. Thus even
if OP is aspherical P, may have an S? component.

Lemma 10. Let (P,0P) be a peripherally torsion free PDs-pair such that m =
m1(P) is indecomposable and virtually free. If OP has an aspherical component
then m =2 7Z.

Proof. Let Y be an aspherical component of 0P, and let B be the image of
S =m1(Y) in . Then B is free, since 7 is virtually free and the pair is peripher-
ally torsion free. Elementary considerations show that the image of H;(B;Fs) in
H,y(m;F3) is nontrivial. Hence B # 1 and so 7 has a free factor, by Lemmas 7 and
8. Thus 7 = Z, since it is indecomposable. (Il

The pair obtained by capping off S? components of OP with 3-cells is either
(D? x S, T) or (D?xS', Kb).
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Lemma 11. Let (P,0P) be a PDs-pair, and let # = 71 (P) and w = wy(P). If w
is virtually free and V' is an indecomposable factor of m such that wly is nontrivial
then V=2Z ®Z/27Z, Z or Z/2Z.

Proof. We may assume that the boundary is 7i-injective [5, Theorem 2] and that
OP has no S%-boundary components. Then OP is a union of copies of RP?, and
so m1(DP) is virtually free. The indecomposable summands of DP are either
orientable or are copies of S?xS! or RP% x S! [8, Theorems 7.1 and 7.4]. The
lemma follows, since V' is a retract of w1 (DP) and w|y is nontrivial. O

Note that the double of the pair RP? x ([0,1],{0,1}) along its boundary is
RP?x St In §8 we shall show that RP? x ([0, 1], {0, 1}) is the only indecomposable,
non-orientable pair with no S? boundary components and finite fundamental group.

Theorem 12. Let (P,0P) be a PDs-pair such that m = w1 (P) is indecomposable
and virtually free, and such that w = wy(P) splits. If w is infinite and the pair has
no S? boundary components then OP = () and P ~ RP? x S*.

Proof. We may assume that 7 & Z & Z /27, by Lemma 11.

Let (P*,0P") be the orientable covering pair. Since the element of order 2
in 7 has infinite centralizer, it is orientation-reversing [4, Theorem 17], and so
7T = m (PT) 2 Z. A simple argument applying Schanuel’s Lemma to the cellular
chain complex of the universal cover of PT shows that mo(PT) is stably free of rank
X(PT) as a Z[r*]-module. Moreover, for this ring such modules are in fact free.

On considering the exact sequence of homology for (P, dP) with coefficients Fs,
we see that §1(0OP) < 4. The covering pair associated to the subgroup nZ @ Z/27Z
satisfies the same bounds, for any n > 1. Since any RP? in P would have n
preimages in such a cover, P can have no RP? boundary components. Since
X(0P) = 2x(P), it follows that x(P) < 0. Hence x(P*) < 0. Suppose that 0P
is not empty. Then Pt # 0, so H3(P*;Z) = 0. Hence x(PT) = 0, and so
mo(PT) = 0, since it is a free Z[r"]-module of rank 0. Therefore P* is aspherical.
Since p is finite-dimensional and 7 has torsion, this is a contradiction. Therefore
OP is empty. Hence P ~ RP? x S! [15]. O

5. EXTENDING THE REALIZATION THEOREM

In this section we shall prove our main result. Most of the work has already been
done; the remaining difficulties relate to the free factors allowed by the Algebraic
Loop Theorem (or expected by analogy with the topological Loop Theorem).

Let (G,{x;|j € J}) be a geometric group system such that G = (+]2,G;) * W,
where the factors G; each have one end and W is virtually free. Let ®; be a
geometric basis for ;, and let r; and s; be the number of non-separating and
separating curves in ®; (respectively).

Theorem 13. Let G be a finitely presentable group and let {x; : S; — G|j € J} be a
finite family of homomorphisms with domains PDq-groups S;. Letw : G — Z* be a
homomorphism which does not split and let p € H3(G, {k; }; Z"). If[(G,{k;}),w, y]
is the fundamental triple of a PDs-pair then

(1) each indecomposable factor of G with more than one end is virtually free;

(2) k; is torsion free geometric and w o k; = w1(S;), forj € J;

(3) the images of the free factors of the k;(S;)s in G generate a free factor of

rank r = Xjcr(K;); and
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(4) 1 satisfies the boundary compatibility and Turaev conditions.

Conversely, if [(G,{k;}),w, 1] satisfies these conditions and G has a free factor of
rank r+s, where s = p1(I'(G,{K;})), then [(G,{k;}),w, p] is the fundamental triple
of a PD3-pair for which w does not split.

Proof. Let (P,0P) be a PDs-pair such that w = w;(P) does not split. Then
the indecomposable factors of m = m(P) are either one-ended or virtually free,
by Lemma 3. Conditions (2) and (3) hold if OP is connected, by the Algebraic
Loop Theorem and Lemmas 7 and 8. In general, we may reduce to this case
by adding 1-handles to connect the components of 9P. This replaces 71 (P) by
m1(P) * F(n), where n is the number of handles added, but does not change the
subgroup generated by the images of the boundary components. The boundary
compatibility and Turaev conditions are necessary, by the considerations of §1.

Suppose that these conditions hold, and that G 2 (x;c1G;) * F(r + s) * V', where
G; has one end, for all 7 € I, and V is virtually free. When r = 0 the result follows
from Lemma 1 and Bleile’s extension of the Realization Theorem to pairs with all
boundary components aspherical and 71-injective peripheral systems. We shall use
the notation of Lemma 1.

Each triple [(G;, K;), w|g,, 1] determines a PDs-pair (X;, 0X;) with aspherical
boundary and m;-injective peripheral system, by Bleile’s theorem. Similarly, there
is a PDs-complex realizing [V, w|y, py]. If B € Ky and C' € K, are distinct factors
of the image of k;(S;) with ¢ # k then we form the boundary connected sum
of (Xy,0X}y) with (X, 0X,) along the corresponding boundary components. We
repeat this process until we have a connected PDs-pair with fundamental group
x;c1G;. We then form the connected sum with Xy, and continue by adding 1-
handles, to obtain a PD3-pair with group (*;c;G;) * V % F(s), and with peripheral
system as expected. (Note that we need s 1-handles in the final stage.)

If the pair is orientable we may reduce to the case r = 0 by repeatedly appealing
to Lemma 9. In general, we shall induct on r = Xr;. Suppose that » > 0, and
that the result holds for all such group systems with fewer than r such free factors.
Let 6 € S; generate a free factor of Im(x;), for some j € J. Then we may write
G=0Gx (), by condition (2). We may also assume that x; factors through §j T,
where §j is a PDy-group with x(§j) = x(S;) +2and T = Z? or Z x Z. The
map Kj : §j — @ is conjugate into é, while the image of T is the free factor (9).
The images of the other groups Sy with k # 7 may be assumed to be in @, since
the images of the other free factors are independent of §. Let kK = kg for k # j.
Then ¥;e;7; = r — 1. The group system (é, {K;}) satisfies conditions (1)-(4), and
has a free factor of rank r — 1 + s. Hence (G, {%;}) is the peripheral system of a
PDs-pair (Q,0Q), by the hypothesis of induction. We may now realize (G, {x;})
by forming a boundary connected sum with (D? x S, T) or (D?xS*, Kb), along
the component of 9Q corresponding to §j. (I

The topological Loop Theorem implies that a 3-manifold with compressible
boundary is either a boundary connected sum or has a 1-handle. Thus in this
case having a free factor of rank r + s is a necessary condition (cf. [1, lemma
1.4.2]). This holds more generally if (m,{x;}) is maximally decomposable or if
s(G,{k;}) =0, as the following corollaries show.
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Corollary 14. If G is a free group then [(G,{k;}),w, p] is the fundamental triple
of a PDs-pair if and only if wo k; = w1(S;) for j € J and conditions (3) and (4)
hold. (]

Corollary 15. If x(S;) =0 for all j € J then [(G,{k;}), w, u] is the fundamental
triple of a peripherally torsion free PDs-pair if and only if conditions (1)-(4) hold.

Proof. There are no separating essential simple closed curves on a torus, and the
only such curves on the Klein bottle bound Mébius bands. Thus s(G, {x;}) =0. O

Corollary 16. If G is torsion free then [(G,{k;}), w, p] is the fundamental triple
of the connected sum of PDgs-pairs whose peripheral systems have connected graphs
if and only if conditions (1)-(4) hold.

Proof. If G is torsion free then w does not split. The only point to check is that
condition (3) holds for the peripheral systems of such PDs-pairs. We may assume
that I'(G, {k;}) is connected. If G is free then I'(G, {x;}) is empty and the result
is clear. Otherwise, G = (x,c;G;) x F(t), where I # () and G; has one end, for
1 € I, and the result follows from Lemma 6 if c.d.G; = 2, and Corollary 2 if G; is a
PDs-group. t

Similarly, a P Ds-pair (P,0P) with c¢.d.w < 2 is the connected sum of pairs whose
peripheral systems have connected graphs if and only if y(7) < 2x(8P) + 1 —
Bo(T'(m, {x;}). This condition holds for all such 3-manifold pairs (as a consequence
of the topological Loop Theorem), but is not clear in general. (We expect this to
be so. It would suffice to show that if Bo(I'(7,{x;})) > 1 then (P, OP) is a proper
connected sum of pairs with non-empty boundary. Note also that if (P,0P) ~
7 (Pg, OPy) is the sum of m such pairs then 0P = IIOP; and x(P) = Xx(F;), but
x(m) =1—m+ Xx(m1(F).)

A PDgs-pair (P,0P) is a standard aspherical pairif it can be assembled from a set
of aspherical PDs-pairs {(P;,0F;)|i € I} with non-empty, 7-injective aspherical
boundaries by boundary connected sums and adding 1-handles. Every such pair
is aspherical and has non-empty boundary. If (m,{k;}) is the peripheral system
of such a pair then I'(m,{x;}) is connected and = = G, where G is the graph of
groups with underling graph I'(w, {k;}), vertex groups G; and B; for vertices i € I
and j € J, and an edge group Bj, whenever B;, is a factor of B;.

Corollary 17. Let (P,0P) be a PDs-pair (P,0P) such that OP is aspherical.
Then T'(m,{x;}) is connected if and only if (P,0P) ~ (Q,0Q)fR, where (Q,0Q)
is a standard aspherical pair and R is a PDs-complex such that w1 (R) is virtually
free.

Proof. Suppose that I'(m, {k;}) is connected. We may assume that m = (x;c1G;) *
W, where G; has one end, for all ¢ € I, W is virtually free and r; = 0 for all j € J.
Since I'(m, {k; }) is connected, 7 has a free factor of rank s = ¥s;, by Lemma 6 and
Corollary 2. We may assume that W = F(s) x V. The construction of the theorem
then gives a P Ds-pair with fundamental triple equivalent to that of (P, 0P). Hence
it is homotopy equivalent to (P, dP), by the Classification Theorem for pairs with
aspherical boundary [2]. The converse is easily verified. O

The pair constructed here is aspherical if and only if there are no summands
which are PDjs-complexes with virtually free fundamental group. It is easy to
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see that if (P,0P) is a PDs-pair with P aspherical then (P,dP) is not a proper
connected sum. In fact every such pair is standard.

Theorem 18. Let (P,0P) be a PDs-pair with aspherical boundary and peripheral
system (m,{k;|j € J}). Suppose also that B; = Im(k;) is a free product of PDs-
groups, for j € J. If P is aspherical then (P,0P) is a standard aspherical pair.

Proof. We may assume that the pair is orientable, and that 0P is non-empty Hence
m = (*x2,G;) * F(n), where G; has one end and c.d.G; = 2, for i < m, and
n > 0. Then n = 1 — x(I'(m, {k;})), by Lemma 6, and so n > (;(¥), for some
component ¥ of I'(w, {k;}). Let (Q,9Q) be the standard PDs-pair constructed
from the graph of groups G(¥) associated to ¥ as above. We may assume that
m(Q) = 7G(¥) = («x!_,G;) * F(q), where p < m and ¢ < n. Let f: 7 — m(Q)
be the retraction which is trivial on G for k > p, and on the final n — ¢ elements
of a basis for F(n). Then f is compatible with the homomorphisms induced by
the inclusions of the boundary components, and so determines a map of pairs from
(P,0P) to (Q,0Q). This map has degree 1 since it restricts to degree-1 maps of
the boundary components of @. Since P is aspherical there is also a map g from
(Q,0Q) to (P,0P) such that fg is homotopic (rel 9) to idg. This map may also
be assumed to be compatible with the boundary components, and so induces an
isomorphism from H3(Q,0Q) to H5(P,0P). On considering the diagram of exact
sequences of homology induced by g we see that g must map 0@ onto JP, by
the boundary compatibility condition. Therefore I'(w, {x;}) is connected. We see
also that since g has degree 1 it maps m(Q) onto P, so f and g are homomotopy
equivalences. O

Theorem 13 could be reformulated as giving a necessary and sufficient condition
for a triple to be “stably realizable”, i.e., realizable after replacing G by G x F(m)
for some m > 0, and replacing each «; by its composite with the inclusion of G into
G F(m). Let stable equivalence of PDs-pairs be the equivalence relation generated
by taking connected sums with copies of $% x S' or §Z2xS?.

Corollary 19. A peripherally torsion free PD3z-pair (P, OP) with aspherical bound-
ary s stably equivalent to the boundary connected sum of PDs-pairs with -
injective peripheral systems and copies of (D* x S*,T) or (D*xS*, Kb). O

PDgs-pairs with m-injective peripheral systems are connected sums of PDjs-
complexes and aspherical pairs with 7;-injective peripheral systems, by the Kurosh
Subgroup Theorem and the first Decomposition Theorem of Bleile [2, §5.1].

We may extend the Decomposition Theorems of Bleile in a similar way, after
allowing stabilization.

Finally, we may show that the necessary condition of [8, Corollary 3.4.1] is stably
also sufficient.

Corollary 20. Let G, {k;}, w, G; and K; be as in the theorem, and let Q2 be the
left G-set Ljc;G/k;(S;). Let A(G,Q) be the kernel of the Z[G]-homomorphism
from Z[Q] to Z. Then [I(Q)] = [DA(G,Q)] if and only if [I(G;)] = [DA(G;, K;)]
foralliel.

Proof. If [I(G)] = [DA(G, Q)] then there is a projective homotopy equivalence from

F?(C,) to I(G). Since most of the argument in Lemma 1 relating to the Turaev
condition does not use the fact that ve, 2(p) is the image of an homology class, we
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see that DA(G}, K;) is stably equivalent to I(G;), for each ¢ € I. For the converse,
we note that since IC; is m-injective there is a P Ds-pair realizing (G;, K;) and w|g,,
for each i € I. Assembling these via boundary connected sums gives a P Ds-pair
with fundamental group G * F(m), for some m > 0, and peripheral system the
stabilization of {x;}. It is easy to see that the condition [I(G)] = [DA(G, Q)] is
insensitive to stabilization by free groups. O

6. SPHERICAL BOUNDARY COMPONENTS

In this section we shall show that PDs-pairs with boundary having some S
components but no RP? components may be classified in terms of slightly differ-
ent invariants. Instead of using the image of the fundamental class in the group
homology, we use the first k-invariant. In the absolute case, the fundamental triple
[, w, u] of a PDs-complex P determines P among other PDs-complexes, whereas
(when 7 = w1 (M) is infinite) the triple [, w, k1] determines P among 3-dimensional
complexes with Hg(ﬁ;Z) = 0. There is not yet a useful characterization of the
k-invariants which are realized by PDs-complexes (or PDs-pairs) with infinite fun-
damental group.

We shall assume throughout this section that 7 is infinite. (This assumption
shall be repeated in the statements of results, for clarity.) Then H3(P;Z[r]) =
Hg(ﬁ;Z) = 0, and so the homotopy type of P is determined by =, II = my(P) =
Hy(P; Z[x]) and the orbit of the first k-invariant k; (P) € H?(m; II) under the actions
of Aut(m) and Aut,(II). The homotopy type of the pair involves the peripheral
system and the inclusions of the spherical components (meaning copies of S? and/or
RP?). If 7 is torsion free then it is of type FP and c.d.m < 3, as observed in §3
above. Hence II is a finitely generated projective Z[r]-module, by a Schanuel’s
Lemma argument, and Z Q7 IT = ZX(P)=x(m) (The same argument shows that if
7 is of type F'F then II is in fact stably free.)

Let ap : II — E(m) be the composite of the Poincaré duality isomorphism
Hy(P,0P;Z[r]) & E(r) = HY(P; Z[r]) with the natural homomorphism from II =
Hy(P;Z[x]) to Hy(P,0P;Z[x]). Let m(P) be the number of S? components of 9 P.

Theorem 21. Let (P,0P) and (Q,0Q) be PDs-pairs with peripheral systems
{51 € J} and {/@'?U € J}, respectively, and such that m = m(P) # 1. If
c.d.m < 2 then (P,0P) ~ (Q,0Q) if and only if
(1) m(P) =m(Q);
(2) there are isomorphisms 0 : i (P) = m(Q) and 0; : 5] — SJQ such that
an s conjugate to K?Gj forall j € J.

In general, these conditions determine a Z[rw)-linear isomorphism g : mo(P) —
0*m2(Q) such that ap = E(0)agg. Hence if OP and 0Q have no RP? boundary
components then (P,0P) ~ (Q,0Q) if and only if (1) and (2) hold and 0*k,(Q) =
guk1(P) (up to the actions of Aut(m) and Aut(m2(Q))).

Proof. The conditions are necessary, for if F': (P,0P) — (Q,0Q) is a homotopy
equivalence of pairs then we may take 6 = m(F'), 0; = m1(Fly,) and g = ma(F).
Suppose that they hold. The Postnikov 2-stage P>(Q) may be constructed
by adjoining cells of dimension > 4 to @, and isomorphisms 6§ and g such that
0%k1(Q) = guki1(P) determine a map from P to P»(Q). Since P has dimension < 3,
we may assume that such a map factors through @, and so we get amap F': P — @
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such that 7, (F) = 0 and mo(F) = g. Since 7 is infinite, H,(P;Z) = H,(Q;Z) = 0
for all ¢ > 2. Therefore F' is a homotopy equivalence, by the Hurewicz and White-
head theorems. We shall show that we may choose g to be compatible with the
inclusions of the boundary components. It respects the aspherical boundary com-
ponents, by hypothesis. If this is also the case for the spherical components then we
may assume that F' maps 0P into 0@Q, and so is a homotopy equivalence of pairs.

Let A = Im(ap) and M = Ker(ap) = Hy(0P;Z[r]). Since (P,0P) is periph-
erally torsion free, OP has no RP? boundary components, and so M = Z[?T]m(P ),
with basis determined by the S? boundary components.

Suppose first that 7 is torsion free. Let Y; be an aspherical component of 9P,
and let B; = Im(k;). Since Hy(Y};Z[B,]) has a short free resolution as a left Z[B,]-
module, by Lemma 5, H (Yj; Z[r]) also has such a resolution as a left Z[r]-module.
Summing over all such components of P, we get a short exact sequence

0 — Z[r]? — Z[r]? = H,(0P; Z[x]) — 0.

Since A is the kernel of the epimorphism from FE(7) to Hy(0P;Z[r]), we have
A Z[r]? = E(m) ® Z[r]?, by Schanuel’s Lemma.

If 7 is not a free group then E(7) is a finitely generated free module, by Lemma
4. Hence A is projective, and so my(P) = M @ A. Since the automorphisms of
m2(P) that preserve the projection to A act transitively on the bases for Ker(ap),
we may choose an isomorphism g : mo(P) — m2(Q) which respects the inclusions of
the boundary spheres.

Now suppose that © & F(r) is free of rank r, for some r > 0. The projective
Z[r]-module mo(P) is then free, since all projective Z[F(r)]-modules are free. (In
fact it has rank x(P) 47 —1, and so P ~ v ST vX(P)+7=1 62 byt we shall not need
this.) In this case W is not projective; it has a short free presentation with r
generators and one relator. Since A is projectively stably isomorphic to E(x), and

thus is not projective, m2(9P) is not a direct summand of 72 (P). However,

Bty (A, M) = Exty(E(r), M) = M/TM = 7™,

The extension class is (up to sign) the diagonal element (1, ..., 1), since the image of
[OP] in Ho(P;ZY) is 0. Since the extension classes for o (P) and 72 (Q) correspond,
there is an isomorphism g : mo(P) — m2(Q) which carries the given basis for the
image of m2(0P) to the given basis for m2(0Q), and which induces the isomorphism
of the quotients determined by duality and the isomorphism of the peripheral data.

We may extend these arguments to all PDs-pairs having no RP? boundary
components, as follows. Let v be a torsion free subgroup of finite index in w. If
L is a Z[r]-module let L|, be the Z[v]-module obtained by restriction of scalars.
Then there are natural isomorphisms Homyx (L, Z[r]) = Homg, (L|,, Z[v]), for all
Z|n]-modules L. Since restriction preserves exact sequences and carries projectives
to projectives, it follows that Ext%[w](L,Z[w]) = Emt%y] (L|,,Z[v]), for all such
modules L and for all ¢ > 0. Hence if v.c.d.m = 2 or 3 then Emt%m (A, Z[r]) =0,
while if 7 is virtually free of rank > 1 then Emt%[ﬂ] (A, Z]r]) = Z, and we may argue
as before.

In each case, the homotopy type of P is determined by 7, m(P) and kq(P), while
the homotopy type of the pair (P, dP) is determined by the peripheral system, m(P)
and kq(P). Finally, if c.d.m < 2 then k1 (P) = k1(Q) = 0. O
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When there is only one boundary S? then Ker(ap) is cyclic, and the generator
is well-defined up to multiplication by a unit. If 7 is free such units lie in +7,
corresponding to choices of orientation and path to a basepoint. There is then no
difficulty in finding g. (This case also follows from the “uniqueness of top cells”
argument of [15, Corollary 2.4.1].)

If OP # () and @ is aspherical then we may argue instead that c.d.w < 2 and
that § may be realized by a map f : P — Q. Since C,(P;Z[r]) is chain homotopy
equivalent to a finite projective complex of length 2 and c.d.7w < 2, the Z[r]-module
mo(P) is finitely generated and projective. Conditions (1) and (2) imply that x(P) =
x(Q), and so Z ®, m2(P) = 0. Hence m2(P) = 0, since c.d.w < 2, and so f is a
homotopy equivalence.

Let (Dy,0Dy,) = £#(D?,52%) be the 3-sphere with k holes.

Corollary 22. Let (P,0P) be a PDs-pair with no RP? boundary components and
such that either m = 71 (P) is infinite and virtually free or c.d.w = 2, and let (P, P)

be the pair oAbtailzed by capping off S? components of OP with copies of D3. Then
(Pv ap) = (Paap)lj(Dm(P),aDm(P))

Proof. We shall compare the k-invariants of P and P’ = ﬁﬁDm via the space P,
obtained by deleting a small open disc from the interior of a collar neighbourhood
of OP. Clearly P = P,UD? while P’ = P,UmD3UD,,11. Let 0 : 71 (P) — w1 (P")
be the isomorphism determined by the inclusions of P, into each of P and P’, and
let g : mo(P) = mo(P’) be the isomorphism constructed as in the theorem.

We see from the exact sequence of homology for the pair (P, P,) with coefficients
Z[r] that mo(P,) = Ho(P,;Z) is an extension of mo(P) by Hs(D, S?;Z[r]) = Z[r].
Similarly, there is an exact sequence

0 — Z[r]™ — 73(P,) — ma(P') — Z[x]™ ! — 0.

If 7 is virtually free then H'(m;Z[r|") = 0 for all i > 2 and all n > 0, and so
the inclusions of P, into each of P and P’ induce isomorphisms H3(m; w2 (P,)) =
H3(m;mo(P)) and H3(m;ma(P,)) = H3(m;ma(P')). The k-invariants restrict to
k1(P,), and 6* k1 (P') = g4k1(P), up to automorphisms. Hence (P’,0P’) ~ (P, dP),
by the theorem.

Essentially the same argument applies if c.d.m < 2, but in this it is simpler to
observe that the k-invariants are trivial since H3(m;II) = 0, and the inclusion of
P into P induces an isomorphism 7w = wl(ﬁﬁDm( p)) which respects the nontrivial
peripheral data. [

With Theorem 13, this gives the following.

Corollary 23. Let (P,0P) be a PDs-pair such that m = m1(P) is virtually free and
w = wy(P) does not split. Then (P,0P) ~ Q4(R, OR)4(Dyn(py, 0D (py), where Q is
a PD3-complex and R is a connected sum of copies of (D*x S, T) or (D?*xS*, Kb).

O

In particular, if 7 is free then (P,dP) is homotopy equivalent to a 3-manifold
pair. In the light of Lemma 11, the condition “w does not split” is probably needed
only to exclude summands of the form RP? x ([0,1],{0,1}) or RP? x S*.

In general, we must expect that the k-invariant may be non-trivial, and it is not
clear how it should relate to the homological invariant p. If 7 is torsion free and
c.d.w > 2 then c.d.w = 3, and 7o (P) and w2 (P’) are projective, by the argument of
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the theorem. However, H3(7;Z[r]) is non-trivial. and we cannot conclude that the
k-invariants correspond.

Theorem 13 extends easily to peripheral systems corresponding to pairs for which
w does not split. These have no RP? boundary components.

Theorem 24. Let 7w be an infinite F'Py group and w : m — Z> be a homomorphism
which does not split, and let {k;|j € J} be a finite set of homomorphisms with
domains S; such that either k; is torsion free geometric or S; = 1. Assume also
that the images of the free factors of the r;(S;)s in G generate a free factor of rank
r = X,eyr(k;), and that G has a free factor of rank r + s, where s = s(G,{k;}).
Then a triple [(m,{K;}),w, p] with p € Hz(m,{K;};Z") is the fundamental triple
of a PDs-pair if and only if it satisfies the boundary compatibility and Turaev
conditions.

Proof. The conditions are clearly necessary. Suppose that [(7,{x;|j € J}),w, y]
satisfies these conditions. Let J be the subset of indices corresponding to ho-
momorphisms with non-trivial domain, and let {/n\} = {kjlj € J}. Let 7i be the
image of y under the natural isomorphism Hs(r, {x;}; Z") = H3(T, {/a; Z™). Then
[(m, {/H\}),’Uj, 1] satisfies the hypotheses of Theorem 13, and so is the fundamental

triple of a PDs-pair. Let m = |J| — |J|. Then taking the connected sum with
(D, 0D,y,) gives a PDg-pair realizing (7, {x;[j € J}), w, pl. O

7. RP? BOUNDARY COMPONENTS

The strategy of Theorem 21 should apply also when there are boundary com-
ponents which are copies of RP2, but we have not yet been able to identify the
extension relating mo(P) to the peripheral data via duality. If X is a cell com-
plex and f : RP? — X then H?(RP?; f*my(X)) acts simply transitively on the
set [RP?, X]y of based homotopy classes of based maps such that 71 (f) = 6 [16].
(Note that self-maps of RP? which induce the identity on 7 lift to self maps of 52
of odd degree, and so the map h — h,[RP?| from [RP?, RP?];; to Hy(RP?%Z") is
injective, but not onto.) The corresponding summands of Hy(OP;Z[r]) are of the
form L,, = Z[x]/Z[r](w + 1), where w is the image of the generator of the RP? in
question, and are no longer free Z[r]-modules. It is not yet clear how to determine
the extension of A by m2(9P) giving II.

Let v € 7 be such that v2 = —1 and w(v) = —1. Then 7 = 77 x (v). Let
I' = Z[r] and T* =T.(v £ 1). Then I'* = ~/TF, and f(vy) = (y(v + 1),7(v — 1))
and g(y(v+1),8(v—1)) = y(v+1)—3d(v—1) define homomorphisms f : T' — T'T T~
and g : TT ® T~ — T such that fg and gf are multiplication by 2.

Using this near splitting of the group ring, we can show that if 1 < v.c.d.m < o0
then Fxt(A, L, ) has exponent 2, while if 7 is virtually free then Ext(A, L,) = Z
up to torsion of exponent 2. We do not yet have a clear result.

8. FINITE FUNDAMENTAL GROUP

A PDs-complex X with finite fundamental group is orientable, and is determined
by © = m1(X) and ko (X) € H*(m; Z), which is now the first non-trivial k-invariant,
since m2(X) = 0. The fundamental group may be any finite group with cohomo-
logical period dividing 4, and ko (P) may be any generator of H*(m;Z) = Z/|G|Z.
(See the discussion in [8, §5.1].)
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It is easy to show that a finite group G with cohomological period dividing 4
satisfies the criterion of the Group Realization Theorem [8, Theorem 2.4]. Let

0—=+7Z—C3— Cy SN Ci—=-Ch—=7Z—0

be an exact sequence of Z[G]-modules in which the C; are finitely generated free
modules. Then the Z-linear dual of this sequence is also exact. Composition with
the additive function ¢ : Z[G] — Z given by c¢(Engg) = ni defines natural iso-
morphisms MT = Homg g (M, Z[G]) = Homz(M,Z), and so the Z-linear dual of
the complex C, is also the Z[G]-linear dual of C.. A Schanuel’s Lemma argument
then shows that Cok(d,) and Cok(8}) are stably isomorphic. However the standard
construction of a PDs-complex realizing G (as in [8, §5.1]) is more direct than one
involving an appeal to that theorem.

We shall show that orientable P Ds-pairs with finite fundamental group and non-
empty boundary may all be obtained by puncturing the top cell of a PD3-complex
with the same group.

Lemma 25. Let (P,0P) be a PDs-pair such that m = m1(P) is finite. Then the
components of OP are copies of S* or RP2.

Proof. Since 7 is finite, Hy(P;Z) and H*(P;Z") are both finite, and so Hy(0P;Z)
is also finite. O
Theorem 26. Let (P,0P) be an orientable PDs-pair with m = 71(P) finite and
OP non-empty. Let P beAthe PDs-complex obtained by capping off the boundary
spheres. Then (P,0P) ~ PY§(D,(py, 0Dy, p)).

Proof. Since 7 is finite and (P,0P) is orientable, 9P = m(P)S?, and since 9P
is non-empty, m(P) = I = Z[x]™ ) /A(Z), where A : Z — Z[x]™F) is the
“diagonal” monomorphism.

If m =1 then (P,0P) ~ (Dy,(py, 0Dp(py) [8, §3.5]. In general, P is determined
by 7, m(P) and k;(P). These data also determine the inclusion of the boundary,
and hence the homotopy type of the pair.

The k-invariant k1 (P) is the extension class of the sequence

0 — Z[x|™P)JA(Z) = Cy — C1 — Zlx] = Z — 0
in H3(m; 1) = Eft%[ﬂ] (Z,1I). The connecting homomorphism in the long exact
sequence associated to the coefficient sequence
0—Z— Zx)™") 51— 0
gives an isomorphism H3(m; 1) = HY(m;Z) = Emt%[ﬂ (Z,7), and the image of k1 (P)
under this isomorphism is the extension class of the sequence
0—2Z— Zr)™P) - Cy —» Cy — Zn] = Z — 0.

This is ko(P), and so ki(P) = kl(?lj(Dm(p)) (up to the actions of Aut(w) and
Aut.(II))). Hence (P,0P) =~ (ﬁﬁ(Dm(p),aDm(p)), since they have isomorphic
fundamental groups, the same number of boundary components and equivalent
first k-invariants. O

There is essentially only one non-orientable example (up to punctures).

Theorem 27. Let (P,0P) be a PDs-pair with m = w1 (P) finite and which is not
orientable. Then m = 7,/27 and (P,0P) ~ (RP?x ([0,1],{0,1}))§(Dp(p), ODm(p))-
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Proof. Since 7 is finite, the boundary components must be either S? or RP?. Sup-
pose first that m(P) = 0. Then OP = rRP? for some r, which must be even since
X(OP) = 2x(P) and strictly positive since P is non-orientable. The inclusion ¢ of a
boundary component splits the orientation character, and so 7 = 7+ x Z/2Z. Let
@ be the (irregular) covering space with fundamental group Im(my(¢)), and let 0Q
be the preimage of 9P in Q. Then dQ = r|x"|RP? and (Q, dQ) is a PDs-pair. Let
D@ = QUsq Q be the double of @) along its boundary. Then DQ is a non-orientable
PDs-complex and 71 (DQ) = F(s) x Z/2Z, where s = r|r*| — 1. Since r > 2 and
s < 1, by the Centralizer Theorem of Crisp [4], we must have » = 2 and 7+ = 1.
We now allow P to have S? components. On applying the paragraph above to
the pair obtained by capping these off, we see that P has two RP? components and
7 2 Z/27. Hence Pt ~ v?m(P)+162 and 7y (P) = Z[x]™F) @ Z~. The inclusion of
the S? boundary components and one of the two RP? boundary components induces
a homomotopy equivalence (\/’"(P)S2) V RP? ~ P. The inclusion of the other
boundary component then corresponds to a class in H2(RP?;my(P)) = Zm(P)+1,
Let h : RP?2 — P be the inclusion of the other boundary component. Then
6 = m1(h) is an isomorphism, and composition of Poincaré duality for RP? with
the Hurewicz homomorphism for P gives an isomorphism p : H2(RP?;0*13(P)) —
Hy(P;Z%). The group H?(RP?;0*my(P)) =2 Z™P)+1 acts simply transitively on
[RP?, Ply. If b: RP? — P is a m-injective map and x.b is the map obtained by the
action of ¥ € H?(RP?;0*mo(P)) then (1.b).[RP?] = b.[RP?] + 2p(x). Hence b
b.[RP?] is injective, and so h is uniquely determined by the boundary compatibility
condition, that h,[RP?] be the negative of the sum of the images of the fundamental
classes of the other boundary components. (Il

9. ROLE OF THE AMBIENT GROUP

If G is a finitely generated group then there are at most finitely many homeo-
morphism types of bounded, compact, irreducible orientable 3-manifolds M such
that m (M) = G, and there only finitely many pairs (G, {x;}) which are periph-
eral systems of 3-manifold pairs. These results are consequences of the Johannson
Deformation Theorem [13]. Are there analogues for PDs-pairs? If (P,0P) is a
PDs-pair are there only finitely many homotopy types of PDs-pairs (Q, 0Q) with
aspherical boundary such that m(Q) = m (P)?

This appears to be not known even when P is aspherical and the boundary is
mi-injective, although an analogue of Johannson’s Deformation Theorem for PDj3-
group pairs has recently been proven [11]. We can answer this question in one
rather special case. The peripheral system (m,{x;}) of a PDs-pair is atoroidal if
every Z* subgroup of 7 is conjugate to a subgroup of Im(x;), for some j € J.

Theorem 28. Let (P,0P) be an orientable PDs-pair such that P is aspherical,
7 = m1(P) has one end and x(P) = 0. Assume that the peripheral system of the
pair is atoroidal. Then any PDs-pair (Q,0Q) with aspherical boundary and such
that m1(Q) = 71 (P) is homotopy equivalent to (P,0P).

Proof. Since P is aspherical and orientable, = has one end and x(P) = 0, the
components of 9P are tori. Since 7 has one end and the boundary of @) is aspherical,
@ is aspherical, and its peripheral system is mi-injective. (These assertions follow
immediately on considering the exact sequence relating II and E)7) in §3 above.)
In particular, @ ~ P, and so x(Q) = x(P) = 0. Since x(9Q) = 2x(Q) = 0, the
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components of Q) are tori or Klein bottles. Every Z? subgroup of 7 is conjugate
into the image of a boundary component of P, since the peripheral system of (P, 9P)
is atoroidal.

We may assume that the pair is not of I-bundle type, and so 7 is not a PDs-
group. Hence the images of the boundary components are their own commensu-
rators in 7, and are pairwise non-conjugate [10, Lemma 2.2]. Hence @ is not of
I-bundle type either, its boundary has no Klein bottle components, and the images
of the boundary components of P and of () are maximal free abelian subgroups
of m. Hence the images of the components of Q) in 7 are conjugate to images of
boundary components of P. The images of the fundamental classes of the boundary
components of P in Hs(m;F3) have sum 0 and generate a subspace of dimension
Bo(OP) — 1, by the boundary compatibility condition. Since the same holds for the
boundary components of (), the boundaries must correspond bijectively, and so a
homotopy equivalence P ~ @) induces a homotopy equivalence of pairs. (]

If (P,0P) is of I-bundle type and is orientable then 7 = m1(F') where F is a
closed surface, and there are several pairs of I-bundle type with the same group.
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