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ABSTRACT. Since the pioneering works by Aronson & Bénilan [C. R. Acad.
Sci. Paris Sér., 1979], and Bénilan & Crandall [Johns Hopkins Univ. Press,
1981] it is well-known that first-order evolution problems governed by a non-
linear but homogeneous operator admit the smoothing effect that every corre-
sponding mild solution is Lipschitz continuous at every positive time. More-
over, if the underlying Banach space has the Radon-Nikodym property, then
these mild solution is a.e. differentiable, and the time-derivative satisfies glo-
bal and point-wise bounds.

In this paper, we show that these results remain true if the homogeneous
operator is perturbed by a Lipschitz continuous mapping. More precisely,
we establish global L! Aronson-Bénilan type estimates and point-wise Aronson-
Bénilan type estimates. We apply our theory to derive global L7-L*-estimates
on the time-derivative of the perturbed diffusion problem governed by the
Dirichlet-to-Neumann operator associated with the p-Laplace-Beltrami oper-
ator and lower-order terms on a compact Riemannian manifold with a Lips-
chitz boundary:.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we establish global regularity estimates on the time-derivative
%’ of mild solutions u (see Definition 3.2) to the Cauchy problem associated
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with the perturbed operator A 4 F;

W) {%‘+A(u(t))+P(u(t)) > f(t) forte (0,T),
: u(0) = uo,

for sufficiently regular f : [0, T] — X and initial data up. To ensure the well-
posedness of Cauchy problem (1.1), we assume that A is an m-accretive, pos-
sibly, multi-valued operator A : D(A) — 2% on a Banach space (X, ||-||x) (see
Definition 3.1) with effective domain D(A) :== {u € X | Au # @}and F: X — X
a Lipschitz continuous mapping with constant w > 0 satisfying F(0) = 0.

The crucial condition to obtain global regularity estimates of ‘;—’j for mild
solutions u of (1.1) is that A is homogeneous of order « # 1; thatis, (0,0) € A
and

(1.2) A(Au) = A*Au forallA > 0and u € D(A).

We emphasize that the governing operator A + F in Cauchy problem (1.1) is
not anymore homogeneous. Thus, our first main result can be understood as a
perturbation theorem.

Theorem 1.1 (L' Aronson-Bénilan type estimates). For given « € R\ {1}, let
A be an m-accretive operator in X which is homogeneous of order o and suppose, the
mapping F : X — X is Lipschitz continuous on X with constant w > 0, F(0) = 0,
and let f € BV(0,T; X). Then for every ug € D(A), the mild solution u of (1.1)
satisfies

_ t
(1.3) limsup ’|u(t+h) u(t)HX < 1[aw(t) ‘|‘CU/ aw(s)ew(t—s)ds]
h—0+ h t 0

fora.e. t € (0,T), where

a,(t) == Vo(f,t) + ’110“ [ (1 _|_ewt> 110/ x

[ lastw [ [ el

and Vo(f,-) is given by (2.7) below. In particular, if for uy € D(A), the right-hand
side derivative 4 ar, exists, then

H [ +w/ w(t- S)ds} forae. t € (0,T).
dt+

At the first view, it seems that in Theorem 1.1, the hypothesis ug € D(A)
merely provides a global point-wise estimate on the time-derivative 4 37 (1), but
not a regularization effect. This hypothesis together with the condltlon f e
BV (0, T; X) imply that the mild solution u is Lipschitz continuous (see Propo-
sition 3.6), which is required to apply Gronwall’s lemma (see Lemma 2.7. But,
starting from this, a standard density argument combined with an appropri-
ate compactness result yield that estimate (1.3) holds for all mild solutions u of
Cauchy problem (1.1).

For example, under the additional hypothesis that the Banach space X is
reflexive, one has that the closed unit ball of X is weakly sequentially com-

(1.4)

pact. Now, for every given ug € D(A)", there is a sequence (u,(f))nzl inD(A)
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such that u,(qo) — up in X and by the w-quasi contractivity of the semigroup
{T:}L, generated by —(A + F) on D(A)" x L}(0,T; X) (see Definition 3.3),
one has that Tt(u,(qo),f) — Ti(uo, f) in X as n — oo. Thus, if for every n > 1,
uy(t) = Tt(uilo), f), t > 0, satisfies (1.5), then the sequence (dg‘t” )n>1is bounded
L*(6,T; X) for every § € (0,T). From this, one can conclude the following

smoothing effect of such semigroups acting on reflexive Banach spaces (see
also Corollary 3.11 in Section 3).

Corollary 1.2. Let A be an m-accretive operator on a reflexive Banach space X, F :
X — X a Lipschitz continuous mapping with Lipschitz-constant w > 0 satisfy-
ing F(0) = 0, and {T;}L, the semigroup generated by —(A + F) on D(A)" x
LY(0,T; X). If A is homogeneous of order & # 1, then for every ug € D(A)"* and
f € BV(0,T; X), the unique mild solution u of Cauchy problem (1.1) is strong and
satisfies (1.5) for a.e. t € (0, T).

We outline the proof of this corollary in Section 3.

Our second main result of this paper is concerned with a point-wise estimate
on the time-derivative % of positive' strong solutions u of the homogeneous
Cauchy problem

(1.6) 44+ A(u(t)) 4+ F(u(t)) 50 forte (0,T),
| u(0) = ug,

under the additional hypothesis that the underlaying Banach space X is equip-
ped with a partial ordering “<" such that the triple (X, |-||x, <) defines an
Banach lattice, and if for this ordering “<”, every mild solution u of (1.6) is
order-preserving; that is, for every ug, flp € D(A)* with corresponding mild
solutions u and 7 of (1.6), one has that uy < iy implies u(t) < #i(t) for all
t € (0,T].

Theorem 1.3 (Point-wise Aronson-Bénilan type estimates). Let A be an m-accre-
tive operator on X, (X, ||||x, <) a Banach lattice, and let F : X — X be a Lipschitz

continuous mapping on X with constant w > 0 satisfying F(0) = 0. Suppose, for
a € R\ {1}, A is homogeneous of order « and every mild solution u of (1.6) is order-

preserving. For every positive ug € D(A)”, the mild solution u of (1.6) satisfies

. iy 1y
u(t—i—h})l (t)2(1+t?1 1(tt)+gh(t) ifa > 1

and

.y s 1y
u(H—h})l (t) < (1+til 1 gt)+gh(t) ifa <1,

for every t, h > 0, where g, : (0,00) — X is a continuous function. Further, for
positive ug € D(A)", if the right hand-side derivative %+ belongs to L, ([0,00); X),
then

du u(t
(1.7) (a—l)a(t) > —E>+(0c—1)go(t),
fora.e. t > 0, where o : (0,00) — X is a measurable function.

IThat is, u > 0 for the given partial ordering “<” on X.
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Theorem 1.3 follows from the slightly more general statement provided in
Theorem 2.9 and by Corollary 2.11 in Section 2.

It is worth mentioning some words about the origin of the names assigned
to the estimates (1.3) (respectively, (1.5)) and (1.7). Even though the result was
already mentioned earlier in [4, p. 5] by Aronson, the point-wise estimate (1.7)
was first proved by Aronson & Bénilan [5] for (strong) solutions u of the porous
medium equation u; = Au™ in [0, +c0) x R? ford > 1 and m > [d —2]*/d. In
the same paper [5, Théoréme 2.], they also proved that (strong) solutions of this
porous media equation satisfy the L!-estimate (1.5). Shortly afterwards, Béni-
lan and Crandall [9] made available the two global inequalities (1.3) and (1.7)
for mild solutions u of the unperturbed Cauchy problem

{ d 4 A(u(t)) 50 in (0,00),
(1.8)
u(0) = uy,

governed by nonlinear m-accretive operators A, which are homogeneous of
order « > 0, « # 0. This class of operators include the local p-Laplace operator
Ap, the local doubly nonlinear operator A,u™, 1 < p < oo, m > 0, as well
as the nonlocal fractional p-Laplace operator (—A,)°, respectively equipped
with various boundary conditions (see, for instance, [18] for more details to the
analytic properties of these quasi-linear 2nd-order differential operators).

In the papers [19] and [20] Crandall and Pierre showed that every mild solu-
tion of the more general version of the porous medium equation u; = Ag(u),
where ¢ is an increasing function on IR, also satisfy the point-wise Aronson-
Bénilan estimate (1.7). These two results by Crandall and Pierre were slightly
improved in a short paper by Casseigne [16]. Estimate (1.7) has been estab-
lished in various settings; on manifolds (see, e.g. [31, 14]), and with drift-term
(see, e.g, [30]), or with a linear perturbation (see, e.g., [15]). One important
reason among others, for the strong further development of the point-wise
estimate (1.7) is that it can be used, for example, to derive Harnack-type in-
equalities (see, e.g., [6], but also [22, 23]) and to study the regularity of the
free-boundaries (see, for instance, [34] or [39]). We refer the interested reader
to the book [40] by Vazquez (and more recently [12]) for a detailed exposition
concerning the development of the point-wise Aronson-Bénilan estimate (1.7)
satisfied by solutions to the porous media equation.

Recently, the author and Mazén showed in [27] that the two Aronson-Bénilan
type estimates (1.5) and (1.7) are satisfied by the mild solutions of the unper-
turbed Cauchy problem (1.8) for homogeneous operators of order zero (i.e., a =
0). This class of operators includes, for example, the (negative) total variational

u

flow operator Au = —div(ﬁ), or the 1-fractional Laplacian A = (—A;)° for

s € (0,1) respectively equipped with some boundary conditions. By tackling
the the L! Aronson-Bénilan inequality (1.5) for mild solutions of the perturbed
(homogeneous) Cauchy problem (1.6), their proof, unfortunately, contains a
slightly wrong argument in the application of Gronwall’s lemma. Thus, the
proof of Theorem 2.6 presented here corrects this flaw.

If the operator A in (1.8) is linear (and hence & = 1), then estimate

a9 aunix <™ e 01, o) € Dea),
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yields that the operator —A generates an analytic semigroup {T;}>o (cf., [2,

). Thus, it is interesting to see that a regularity inequality (1.5), which is
similar to (1.9), also holds for nonlinear operators of the type A + F, where A
is homogeneous of order « # 1. Further, if the norm ||-||x is induced by an
inner product (-,-)x of a Hilbert space X and A = d¢ is the sub-differential
operator dg in X of a semi-convex, proper, lower semicontinuous function
¢ : X = (—o0,+00|, then regularity inequality (1.9) is, in particular, satisfied
by solutions u of (1.8) (cf., [13, 17]). It is worth mentioning that inequality (1.9)
plays a crucial role in abstract 2"-order problems of elliptic type involving ac-
cretive operators A (see, for example, [35, (2.22) on page 525] or, more recently,
[26, (1.8) on page 719]).

In many applications, the Banach space X is given by the classical Lebesgue
space (L7 := L1(%, ), ||-/l4), 1 < g < ), for a given o-finite measure space
(X, ). If, in addition, the mild solutions u of Cauchy problem (1.6) satisfy a
global L-L" reqularity estimate (1 < g, v < oo, cf., [18])

u(0)||7
(1.10) lu(t)], < Ce“”H(ta)Hq forall t > 0,
holding for some C > 0, 7y, 6 > 0, then by combining (1.5) with (1.10) leads to
_ 7
(1.11) hmsup Hu(t—i_h) u(t)HV S C25+2€CUtH‘I/;OH1q.
h—0+ h g

We outline this result in full details in Corollary 2.8. Regularity estimates
similar to (1.10) have been studied recently by many authors (see, for exam-
ple, [21, 38, 24] and the references therein for the linear theory, and we refer
to [18] and the references therein for the nonlinear one). The idea to combine an
L9-L" regularity estimate (1.10) for g = 1 and r = oo with the estimate (1.5) was
already used by Alikakos and Rostamian [1] to obtain gradient decay estimates
for solutions of the parabolic p-Laplace equation on the Euclidean space R,
Thus, Corollary 2.8 improves this result to a more general abstract framework
with a Lipschitz perturbation. For further applications, we refer the interested
reader to the book [18].

The structure of this paper is as follows. In the subsequent section, we col-
lect some intermediate results to prove our main theorems (Theorem 1.1 and
Theorem 1.3).

In Section 3, we consider the class of quasi accretive operators A (see Defini-
tion 3.1) and outline how the property that A is homogeneous of order a # 1 s
passed on the nonlinear semigroup {T;}1>0 generated by —A (see the paragraph
after Definition 3.2). In particular, we discuss when solutions u of (1.1) are dif-
ferentiable with values in X at a.e. t > 0, and give the proofs of Theorem 1.1,
Corollary 1.2, and Theorem 1.3.

Section 4 focuses on the class of semigroups generated by a homogenous
quasi completely accretive operators A of order @ # 1. The notion of completely
accretive operators A (see Definition 4.5) was introduced by Bénilan and Cran-
dall [8] and further extended by Jakubowski and Wittbold [29] to study non-
linear Volterra equations governed by this class of operators. More recently,
Coulhon and the author [18] introduced the class of quasi completely accretive
operators to study additional regularity properties of mild solutions to Cauchy
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problem (1.6) (respectively, (1.8)) when the infinitesimal generator satisfies a
functional inequality of Sobolev, Gagliardo-Nirenberg, or Nash type. We prove
in Section 5.4 a compactness result (see Lemma 4.13) and due to this, we obtain
in Theorem 4.14 that every mild solution u of the homogeneous Cauchy prob-
lem (1.8) governed by a homogenous quasi completely accretive operators A
of order a # 1 defined on also-called normal Banach space, is differentiable for
a.e. t > 0 and its right-hand side time-derivative satisfies point-wise Aronson-
Bénilan type estimates and global L' Aronson-Bénilan type estimates.

We conclude this paper in Section 5 with an application; we derive in The-
orem 5.2 global L9-L*-regularity estimates of the time-derivative % for solu-
tions u to the perturbed evolution problem (1.1) when A is the Dirichlet-to-
Neumann operator associated with the negative p-Laplacian —A, plus lower
order terms on a compact, smooth, Riemannian manifold (M, g) with a Lips-
chitz continuous boundary.

2. PRELIMINARIES

In this section, we gather some intermediate results to prove the main theo-
rems of this paper.

Suppose X is a linear vector space and ||-||x a semi-norm on X. Then, the
main object of this paper is the following class of operators (cf., [7] and [27]).

Definition 2.1. An operator A on X is called homogeneous of order & € R if
0 € A0, and for every u € D(A) and A > 0, one has that Au € D(A) and A
satisfies (1.2).

For the rest of this section suppose that A denotes a homogeneous operator
on X of order &« # 1. We begin by considering the inhomogeneous Cauchy
problem

2.1)

% + A(u(t)) > f(t) forae.te(0,7T),
u(0) = uy,

and want to discuss the impact of the homogeneity of A on the solutions u
to (2.1). For this, suppose f € C([0,T]; X), ugp € X, and u € C([0, T]; X) be a
classical solution of (2.1). Further, for given A > 0, set

or(t) = Aetu(Ar),  (te [0, I]).
Then, v satisfies

dUA

992y a%ﬂdl
T (t) = Aa

5 (M) € Ae't [f(mf) - A(u()xt))}
= —A(va(t)) + ATTF(AL)

for every t € (0, T/A) with initial value v, (0) = Aﬁu(O) = ATy,
Now, if we assume that the Cauchy problem (2.1) is well-posed for given
up € D(A)" and f € L'(0, T; X) in the sense that there is a semigroup {T;}”_,

of mappings Ty : D(A)" x L'(0,T; X) — D(A)" given by

(2.2) Ti(uo, f) := u(t) for every uy € D(A)" and f € L'(0, T; X),
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where u is the unique (mild) solution. Then, the previous reasoning can be
formulated in terms of this semigroup {T;}L_, as follows

(2.3) T,(0,0) =0  forallt € [0,T]
(i-e., u(t) = 0 is the unique solution of (2.1) if up = 0 and f(f) = 0), and
24) Ae1To(ug, f) = Te(AeTug, A1 f(A-)) forevery £ € [0,T/A], A > 0.

Property (2.4) together with the standard growth estimate

e Ti(uo, £) — Te (1o, f)Ix
A t A
(2.5) < Le™“*||Ts(uo, f) — Ts(iho, f)lIx + L/ e T f(r) — f(r)llxdr
S
forevery 0 <s <t <T,ug € (A)X,f,f = Ll(O, T; X),

holding for some w € R and L > 1, are the main ingredients to obtain global
regularity estimates of the form (1.5). This leads to our first intermediate result.
This lemma also generalizes the case of homogeneous operators of order zero
(cf., [27, Theorem 2.3]), and the case w = 0 treated in [9, Theorem 4].

Lemma 2.2. Let {T;} L, be a family of mappings T; : C x L}(0, T; X) — C defined
on a subset C C X, and suppose thereare w € R, L > 1, and a # 1 such that {Tt}tT:O
satisfies (2.3)-(2.5). Then, the following statements hold.

(1) For every ug € C, f € LY(0,T;X), t € (0,T) and h > 0 such that t + h €
(0, T], one has that

[ Ten(uo, f) — Te(uo, f)l1x
< ’(1+5})—(1+’;)11“
-k@+¢)**LA%Mfmu@+¢@—f@mx$
(1+8)™ 1| (2llali+ [ el xas).

t
L [ et9)|f(s + bs) | ds
0

(2.6)

+ Lea}t

(2) If one denotes

(2.7) Vo (f, t) := limsup te_“’s 1f (s +hs) — f(s)llx ds,
h—0+ 0 h

and {T;}_, satisfies (2.5), then for every t > 0 and uy € C, one has that

Tyin(uo, f) — Ti(uo, f)
h

limsup‘
< Eewt ZHUOHX 4 1 /tewst(S)HXdS-f—Vw(f t)
~ ot 1—a]  [1—a|to g

X
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and if f € WH(0, T; X), then
Tyin(uo, f) — Ti(uo, f)

lim sup
h—0+ h X
L [[uol|x [
2.9 < Z pwt 2 / ws d
29) <ger il g Feefls

t
+ e“’st/(s)HXsds} .
(3) If for given ug € C and f € W(0,T; X), %Jth(uo,f) exists (in X) at a.e.
t € (0,T), then

b

L
aJth (1o, f)

[[uol|x [ A
<ger il g Pl

«t
+ [l @ sds]

Our proof of Lemma 2.2 uses the same techniques as in [9].

(2.10)

Proof. Letug € C, f € LY0,T;X),t > 0,and h > 0 satisfying t +h < T. If we
choose A =1+ % in (2.4), then

Tin(uo, f) — Te(uo, f)
2.11) = Tae(uo, f) — Ti(uo, f)
= ATET; [ Ao, AZTF(V)| = Tiuo, f)
and so,
Tin(uo, f) — Te(uo, f)
= ATE [Tt [Aeffluo,)ﬁf()\-)} - Tt(uo,f()\-)}
+ AT [T, [ug, f(A)] = Ti(uo, f)
+ (AT =1 Tiuo, £).
Applying to this (2.5) and by using (2.3), one sees that
| Ten (1o, f) — Te(uo, f)|x

< (1) |1 At AT £1)] = T, £1)]

(2.12)

+ (1 + ;Z)]la | Tt [uo, f(A-)] — Tt(uOIf)HX
#(1+1)™ 1] 1T Dl

1
(1—{—%) = Ug — Up

+(1+ ’Z)ll“ L /Otew“—S)

1
< (1+8)7 Lt

X

‘(1+%)fjf(s+%s) —f(s+%s)HX ds
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h ﬁ f w(t—s) h
+(1+;) L/Oe 1f(s+Fs) — f(s)llx ds
1% t
(1+8)" =1 (ol + [ e ey
1 t
h h 1-a — h
:‘<1+t>_(1+t> L/Oew(t VN f(s+ )| xds
& b ool
(1417 L [ (s 4 ) - Flo)llx s
.l '
(1 1 %)1 — 1' <2 Huon—f—/O e wst(S>HXdS> ’

which is (2.6). It is clear that (2.8)-(2.10) follow from (2.6). 0

+ Lev!

+ Lea}t

Examples of functions f : [0, T| — X for which V,,(f, ) defined by (2.7) is
finite at a.e. t and integrable on L!(0, T), are functions with bounded variation
(cf., [13, Appendice, Section 2.]).

Definition 2.3. For a function f : [0, T] — X, one calls

N PP
Var(£310,7) = sup { LI6) x| o 3 BTN g )

the total variation of f. Each X-valued function f : [0, T| — X is said to have
bounded variation on [0, T|] if Var(f; [0, T]) is finite. We denote by BV (0, T; X) the
space of all functions f : [0, T| — X of bounded variation and to simplify the
notation, we set V¢(t) = Var(f;[0,t]) for t € (0, T].

Functions of bounded variation have the following properties.

Proposition 2.4. Let f € BV(0, T; X). Then the following statements hold.

(1) f € L*(0,T; X);

(2) Ateveryt € [0, T], the left-hand side limit f(t—) := lims_;— f(s) and right-
hand side limit f(t4) := lims_+1 f(s) exist in X; and the set of discontinuity
points in [0, T| is at most countable;

(3) The mapping t — Vy(t) is monotonically increasing on [0, T|, and

(2.13) ILf(5) = f(s)]|x < Vf(t) — Vf(s) forall0 <s<t<T;

(4) For w > 0, one has that

/Ote_“’s If (s +hsl>1_f(s)Hde < tVf(t) forallh € (0,t],0<t<T.

(5) For w >0, let V,(f,t) be given by (2.7). Then Vi, (f, t) belongs to L*(0, T)
satisfying
Vo(f 1) <t Ve(t)  forallt € [0,T].

The first three statements are standard and can be found, for example, in [13,
Section 2., Lemme A.1]. Thus, we only outline the proof of statement (4) and

(5).
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Proof. Obviously, (5) follows from (4). Thus, it remains to show that for given
f € BV(0,T; X), (4) holds. To see this, let t € (0,T), h € (0,¢] such thatt + 1 <
T. Then, by (2.13) and since w > 0,

/Otews Hf(s—’_hsgl_f(s)HXdS < h/otews (Vf((l —|—h)5) _ Vf(S))dS

< ;/()t (Vi1 +)s) — v (s))ds.

By using the substitution r = (1 + h)s, we get
t t
%/0 Ve((1+ h)s) ds—%/o Vi(s)ds
1 (14h)t 1 t

L[
< E/t Vi(s)ds

and by the monotonicity of t — V((t),

—_

e
E/t Vi(s)ds < £ Vi(t).
This shows that (4) holds. O

In the case f = 0, we let T = oo. Then the mapping T; given by (2.2) only
depends on the initial value ug. In other words,

(2.14) Trug = Tt(u0,0) for every up € Cand t > 0.
In this case Lemma 2.2 reads as follows (cf., [8]).

Corollary 2.5. Let {T;}>0 be a family of mappings Ty : C — C defined on a subset
C C X, and suppose there are w € R, L > 1, and « # 1 such that {T; }4> satisfies

(2.15) | Teuo — Tetlo||x < Le“" |lug —dol|x ~ forallt >0,u, i €C,
(2.16) AT Thilg = Tt[)\ﬁuo] forall A > 0,t > 0and uy € C.

Further, suppose T;0 = 0O for all t > 0. Then, for every uy € C,

a1
(2.17) | T inuo — Trupl|x < 2L ‘l — (1+ %)1 r ethuOHX-

t >0, h # 0satisfying 1 + % > 0. In particular, the family {T; }>0 satisfies

T, - T 2[.ewt
(2.18) limsup I Tentto — Titiol|x < <ke [0 x

foreveryt >0, ug € C.

Moreover, if for ug € C, the right-hand side derivative dﬁfo N exists (in X) at t > 0,
then
dTu 2Le%t ||lu
(2.19) o l[uollx
dt+ X ’1 — (X‘ t
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Finally, we turn to the Cauchy problem governed by the operator A + F,

(2.20) {CgfﬂLA(”(f)HF(u(t)) > f(t) on(0,T),
| u(0) = uo,

for given uy € D(A)" and f € L'(0, T; X), involving a homogenous operator
A in X of order « # 1, and a Lipschitz continuous perturbation F : X — X
with Lipschitz constant w > 0 satisfying F(0) = 0. We assume that Cauchy
problem (2.20) is well-posed in X in the sense that for every uy € D(A)" and
f € LY(0,T; X), there is a unique function u € C([0, T]; X) satisfying u(0) =
up in X and (2.2) generates a semigroup {T;}]_, of mappings T; : D(A)" x
L'(0,T; X) — D(A)" satisfying (2.5) for every 0 <s < t < T.

One important idea to obtain global L' Aronson-Bénilan type estimates for
the semigroup {T;}L_, associated with (2.20) is the assumption that for given
ug € D(A)" and f € L'(0, T; X), the unique solution t — u(t) = T;(uo, f) of
Cauchy problem (2.20) is, in particular, the unique solution of the unperturbed
inhomogeneous Cauchy problem (2.1) for f : [0, T] — X given by

(2.21) f(t) := f(t) = F(Ti(uo, f)),  (t €0, T].
This property can be expressed by the identity

(2.22) Ti(uo, f) = Ti(uo, f) holds for every t € [0, T],

where {Tt}tho denotes the semigroup associated with (2.1). The advantage of
equation (2.22) is that one can employ inequality (2.5) satisfied by the family
{Ti(-, f) }+>0. Thus, by Lemma 2.2, the following estimate holds.

Theorem 2.6. Let F : X — X be a Lipschitz continuous mapping with Lipschitz
constant wp > 0 satisfying F(0) = 0. Given T > 0 and a subset C C X, assume
there are families {T;}]_o and {T;}L_, of mappings T, Ty : C x L1(0,T; X) — C
satisfying (2.3) and related through (2.22) for every ug € C and f € L'(0, T; X) with
f given by (2.21). Further suppose, {T;}I_, satisfies (2.4) and (2.5) for some w > 0
and L > 1, and {Tt}tho satisfies (2.5) with @ = w + w and L.

Then, if for ug € C and f € BV(0,T; X), the function t — Ti(uy, f) is locally
Lipschitz continuous on [0, T), then one has that

— wt t
@23 timsup [ TSI =IO < €0y 4 Lo [ a(sjetrt-2a
h—0+ h t 0

fora.e. t € (0,T), where
L t
0(0) = LVa(f) + o [ (2 wrL [ o) ol
t t s
+/O e“*’s|\f(s)]|xds+pr/0 /0 e‘“’F’Hf(r)HXdrds].

and Vi, (f, -) is given by (2.7).

(2.24)

For the proof of this theorem, we still need the following version of Gron-
wall’s lemma.
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Lemma 2.7 ([37, Lemma D.2]). Suppose v € L} ([0, T)) satisfies
(2.25) v(t) <a(t)+ /Otv(s) b(s)ds  forae t€ (0,T),

where b € C([0,T)) satisfying b(t) > 0,and a € L}

loc

([0, T)). Then,

(2.26) ) < a( —|—/ ef bNdrds  forae. t € (0,T).

We are now ready to give the proof of Theorem 2.6.

Proof of Theorem 2.6. Let uy € C and f € BV(0,T;X). Fixt > 0, and leth > 0
such that t +h < T. Then, by the assumption that there is a family {T;}L,
of mappings T; satisfying (2.22) for every uy € C and f € L'(0, T; X) with f
given by (2.21), and {T;} L, satisfies (2.3)-(2.5) for some w > 0, L, we can apply
Lemma 2.2 to T;(uo, f). Then by (2.6), since f is given by (2.21), by (2.22), and
by the triangle inequality,

[ Ten(uo, f) — Ti(uo, ) x
= | Ten(uio, f) — Ti(uo, )l x

s’(1+’;)—(1+’;)11“‘

, L./O*e“’“—s)Hf(S +45) = F(T, (o, f)) |1 x ds
"L [t Npts +59) - £ s

( 5’)11 / “I|E(T, 1 (10, f)) = F(Ts (0, £))x s
(1+’;>11_1‘ [ZHMOHX'F/ Hf s)|lx + ||F(T. (uo,f))HX]ds}

+(1+%

Since F is globally Lipschitz continuous with constant wr, F(0) = 0, and since
{T:}L, satisfies (2.3) and (2.5) with @ = w + wr and L, one has that

IF(T:t0, )l < wr L [ uollx + [ e £ ar]

We apply this to the last integral on the right-hand side of the previous esti-
mate, and substitute y = (1 + h/t)s into the first integral on the right-hand
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side of the previous estimate. Then, dividing by & > 0 both sides in the result-
ing inequality yields that

[ Ty (uo, f) — Ti(uo, f)llx

h
+ Iy h
< (1+t) (1 ?)1_“ 1+?Lewtx
= lh t
t+h w
[ e ) — BT w0, £) sy
1
N s llf s+ ) — F)lx
227 +(1+;) Lt /0 ws ; ds
N e T n (o, f) = Te(uo, £llx
+ (1B Le“’twp/e""s : $ds
( i 0 *h f
(st w1 t
et B2 oo [ vias ) ol
B

s [ l©lxdstart [ [ e s,

where we use twice that e“"sed’S = ¢¥F%, Note that

o ws Hf(s + S) (S)”X
h

lim sup ds = V(f, 1)

h—0+ 0
and by Proposition 2.4, one has that V,,(f,-) € L*([0,T)). Since t — Ti(uo, f)
is locally Lipschitz continuous on [0, T'), for every € € (0, T) there is a constant
C¢ > 0 such that

|7, o 00.f) = ToCa, )
i

foreverys € [0, T —¢] and it > 0 satisfying s + s < T — e. Thus, by the reverse
version of Fatou’s lemma, taking in (2.27) the limit-superior as i — 0+ gives

[ Ten (1o, f) = Te(uo, )
h

e~ “'t lim sup
h—0+

t
S LVo(f,t)+ L [ e s [limsup | Ten (o, f) = Ts(uo, )|
0 h—0+ h

t
st (2t [ enas) fualy
11— af 0
t t s
+/0 e £(s) || x ds + w L /0 /0 e‘“’”||f(r)]|xdrds] .
Now, applying Gronwall’s lemma (Lemma 2.7) to a(t) given by (2.24),
b(t) = Lwg, and

[ Ten(u0, f) = Te(uo, f)
p /

o(t) = e “'t limsup
h—0+
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then one obtains (2.23). This completes the proof. O

Next, we intend to extrapolate the regularity estimate (2.23) for f = 0.

Corollary 2.8. Let {T;}i>0 be a semigroup of mappings Ty : C — C defined on a
subset C C X and suppose, there is a second vector space Y with semi-norm ||-||y
and constants M, vy, § > 0 and @ € R such that {T;}i>o satisfies the following
Y-X-regularity estimate

luoll¥
t¢5
Iffora # 1, w, wp € Rand L > 1, {T; };>¢ satisfies

(2.28) | Truo||x < Me®! foreveryt > 0and ug € CNY.

| Tinuo — Truo||x
h

et L

Tt 1—af [

lim sup

(2.29) h—0+

IA

t
b(t) -I-pr/ b(s)eL‘“F(t_s)ds} l|uo || x
0

forae. t >0andug € C, with b(t) := 2+ wr L fot e“rsds, then

| Ty ntto — Truo||x
h

20415 LM : -
< ‘1_MbG)+Lm% b(s) et ¥ (E)ds| [ug|7.

lim sup
h—0+

(2.30)

In particular, if the right-hand side derivative %Ttuo exists (in X) at t > 0, then

2041938 [ M s .
xS P+l 1 —af b(%) +L“’F/0 b(s)et<r2==)ds | |luo|J-

thMQ
dts

Proof. Let ug € C and t > 0. Note, if ug ¢ Y then (2.30) trivially holds. Thus,
it is sufficient to consider the case ug € CNY. By the semigroup property of
{T¢}+>0 and by (2.29) and (2.28), one sees that

| Tenteo — Truo||x
h

ITs 5 (Truo) — Tt (Tiuo)llx
h

lim sup
h—0+

= lim sup
h—0+
2e“2

t L t 2 Lwr(f—s)
<= |1_“|[b(2)+pr/0 b(s) e+ 9ds | | T,mollx

t

20+ LM ;
¢’ b(%) +pr/2 b(s)eL“’F(é_s)ds] l|uo |3
0

=P 1o

O

Now, we suppose, there is a partial ordering “<” on X such that (X, <) isan
ordered vector space. Then, we can state the following theorem.
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Theorem 2.9. Let (X, <) be an ordered vector space and F : X — X a Lipschitz con-
tinuous mapping satisfying F(0) = 0. Suppose, there is a subset C C X and two fam-
ilies { Ty }1>0 and {T; }¢>0 of mappings Ty : C — Cand Ty : C x L} ([0, 00); X) — C
related by the equation

(2.31) Tiug = Ti(uo, f) forallt >0, uy € C,

where f is given by f(t) = —F(Tyug). Further, suppose

(2.32)  for every uy, iy € C satisfying ug < ilo, one has Tyug < Tyt forall t > 0

and {T;}s>0 satisfies (2.3)-(2.5) for some w > 0 and L > 1. Then for every ug € C
satisfying ug > 0, one has that

|
-

Typnto — Tt (14417 —1 T
h - h t
foreveryt,h > 0ifa > 1and

(2.33) + qn(t)

Typtio — T, 1+ 17
t+h”0h tUo S( t)h t:°+gh(t)

for every t, h > 0if & < 1, where for every h > 0, gj, : (0,00) — X is a continuous
function satisfies

(2.34)

1

lgn(B)llx < (1+%4) 7 Lx

dr

(2.35) ) /te“’(tr) F(Tou) = (14 4)" " F(T, 4, 10)
0

X
for every t > 0.

Before giving the proof of Theorem 2.9, we need to recall the following defi-
nition.

Definition 2.10. If (X, <) is an ordered vector space then a family {T;}>o of
mappings T; : C — C defined on a subset C C X is called order preserving if
{Ti}+>0 satisfies (2.32).

With this in mind, we can now give the proof above the preceding theorem.

Proof of Theorem 2.9. First, let { T; }1>0 be the family of operators related to {T; }+>0
by (2.31), and for t, i > 0, let A := (1 1 %). Since A > 1, A\iTug < ugifa < 1

and A7 1 ug > ug if &« > 1. Thus, if &« < 1, then by (2.11) and (2.32), one has that
Tren(uo, f) = Tiluo, f) = AT Ty A=, AT F(A)| = Ti(mo, )

AT [uo,/\ﬁf(/\-)} — Ti(uo, f)
< ATE [Tt [uo,)\ﬁf()\-)] - T [”OrfNH
+ {/\ﬁ — 1} T (uo, f)
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and, similarly, if & > 1, then
Toon(uo, f) = TeCuo, ) = AT% | Ty [uo, A71 F(A)] = T [0, 7]
+pﬁ—Qﬁmjy

Now, by replacing f(t) by —F(Tiug) and by (2.22), we can rewrite the above
two inequalities and arrive to (2.33) and (2.34), where g(f) is given by

it = (1) sl (A]ﬂ i

Note, by (2.5), one has that g satisfies (2.35). O

By Theorem 2.9, if the derivative % " Tiup belongs to Lllo C(O, T;X) forT > 0,
then we can state the following.

Corollary 2.11. Under the hypotheses of Theorem 2.9, suppose that for ug € C satis-
fying ug > 0, the right hand-side derivative dgt"°+ € L}OC([O, T); X) for some T > 0.
Then, one has that

dTu Tiu
(w10 > T (o)),
+ t

forae. t € (0,T), where g : (0, T) — X is a measurable function satisfying
L [t T
I P e =
0

dr +
forae. t € (0,T).

Ll
X o —

gl Trullx| dr

3. HOMOGENEOUS ACCRETIVE OPERATORS

We begin this section with the following definition. Throughout this section,
suppose X is a Banach space with norm ||-|| x.

Definition 3.1. An operator A on X is called accretive in X if for every (u,v),
(1,9) € Aand every A >0,

[ —alx < lu—a+ Ao =0)|x.
and A is called m-accretive in X if A is accretive and satisfies the range condition
(3.1) Rg(I+AA)=X  forsome (or equivalently, forall) A >0, Aw < 1,

More generally, an operator A on X is called quasi (m-)accretive in X if there is
an w € R such that A + wlI is (m-)accretive in X.

If A is quasi m-accretive in X, then the classical existence theorem [10, The-

orem 6.5] (cf., [7, Corollary 4.2]) yields that for every uy € D(A)" and f €
LY(0, T; X), there is a unique mild solution u € C([0, T]; X) of (2.1).

Definition 3.2. For given uy € D(A)" and f € L'(0,T;X), a function u €
C([0,T]; X) is called a mild solution of the inhomogeneous differential inclu-
sion (2.1) with initial value u if u(0) = uo and for every ¢ > 0, there is a
partition T, : 0 = tg < t; < --- < ty = T and a step function

N
uglN(t) = U ]l{t:O} (t) + 2 u; ]]'(ti—lxti] (t) for every t € [0, T]
i=1
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satisfying
ti—ti1<e foralli=1,...,N,

2/ IF(8) = Flldt < e wherefl._t_tll/llf

ui—u
t_tl 1

+Au19fl foralli=1,...,N,

and
sup ||u(t) —u,n(t)||x < e
te[0,T]
Further, if A is quasi m-accretive, then the family {Tt}tT:o of mappings T; :
D(A)" x L'(0,T; X) — D(A)" defined by (2.2) through the unique mild solu-
tion u of Cauchy problem (2.1) belongs to the following class.

Definition 3.3. Given a subset C of X, a family {T;}!_, of mapping T; : C x
LY(0,T; X) — Cis called a strongly continuous semigroup of quasi-contractive map-
pings Ty if {T;} L, satisfies the following three properties:

o (semigroup property) for every (uo, f) € D(A)" x L'(0, T; X),
3.2) Ters(uo, f) = Te(Ts(uo, f), f(s ++))
forevery t,s € [0, T| with t +s < T;
e (strong continuity) for every (ug, f) € D(A)" x L1(0, T; X),
t — Ty(uo, ) belongs to C([0, T|; X);
o (w-quasi contractivity) T; satisties (2.5) with L = 1.
Taking f = 0 and only varying 1y € D(A)", defines by
(2.14) Tyuo = T¢(u,0) for every t > 0,

a strongly continuous semigroup {T;};>o on D(A)" of w-quasi contractions
T; : D(A)" — D(A)". Given a family {T;}+>0 of w-quasi contractions T; on
D(A)", then the operator

(3.3) Ap = {(uo,v) €eXxX

lim M —vin X}
110 h

is an w-quasi accretive well-defined mapping Ap : D(Ap) — X and called the
infinitesimal generator of {T;};>o. If the Banach space X and its dual space X*
are both uniformly convex (see [/, Proposition 4.3]), then one has that

—Ay = A,
where A° is the minimal selection of A defined by
(4 = {(w0) € Allelx = inf [o]lx}.

For simplicity, we ignore the additional geometric assumptions on the Banach
space X, and refer to the two families {T;}!_, defined by (2.2) on D(A)" x
L'(0,T; X) and {T;}>o defined by (2.14) on D(A)" as the semigroup generated
by —A.
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Further, for every uy € D(A)", if f € L1(0, T; X) is given by the step function
f=xN fil, 1), then the corresponding mild solution u : [0,T] — X of
Cauchy problem (2.1) is given by

(3.5) u(t) = uo Loy (t) + Zu bt (F)

where each u; is the unique mild solution of the Cauchy problem (for constant
f=15)

dui
(3.6) ar + A(Mi(t)) > f; on (tl‘,l, tl'), and ul‘<ti,1) = uifl(tifl)

for every i = 1,...,N (cf.,, [10, Chapter 4.3]). In particular, the semigroup
{T:}L_, is obtained by the exponential formula

(3.7) Te(u(ti—1), fi) = u;(t) = lim [], tf’l] u(ti—q) in C([tj_1, t:]; X)

n—oo

iteratively for every i = 1,..., N, where for u > 0, ]A fi o =(I+u(A-f))!
the resolvent operator of A — f,

As for classical solutions, the fact that A is homogeneous of order & # 1, is
also reflected in the notion of mild solution and, in particular, in the semigroup
{T;}_, as demonstrated in our next proposition.

Proposition 3.4 (Homogeneous accretive operators). Let A be a quasi m-accretive
operator on X and {T;}]_, the semigroup generated by —A on D(A)" x L'(0, T; X).
If A is homogeneous of order o # 1, then for every A > 0, {T;}L_, satisfies equation

24)  AFITy(up, f) = Ti(ATug, AT f(A))  forall t € [0, 1],
for every (uo, f) € D(A)™ x LY(0, T; X).
Proof. Let A > 0 and f € X. Then, for every u,v € X and p > 0,

];?_Amf {Aalflv} =u  ifand only if u+p(Au—As1f) > AT,

Now, the hypothesis that A is homogeneous of order & # 1 implies that the right-

hand side in the previous characterization is equivalent to
1

/\%u%—/\y( A(AT=u) — f) >0, or ]fy_fv:)\ﬁu‘

Therefore, one has that
(3.8) AT ])‘i ]A AETf [)u\%lv] forall A, u > 0,and v € X.

Now, let uy € D(A)X, m:0=1t) <t <--- <ty =T be a partition of [0, T],
and f = ¥V, fil(s ,p) € L(0, T; X) a step function. If u denotes the unique
mild solution of (2.1) for this step function f, then u is given by (3.5), were on
each subinterval (t;_1,t;], u; is the unique mild solution of (3.6).

Next, let A > 0 and set

oa(t) == A=Tu(At)  forevery t € 0, 1.
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Then,

N
U)L(t) = /\“]jug ]l{t:O}(t) + ZAﬁui()\t)]l(ti,]
i=1

A

](t)

~
P

for every t € [O, %] Obviously, v, (0) = A up. Thus, to show that (2.4) holds,
it remains to verify that v, is a mild solution of

L+ A(oa(1) 3 A5 f(A) - on (0,5)
or, in other words,
(3.9) oa(t) = Ty (A Tug, A51 £(A-))
forevery t € [0,%]. Lett € (0,t1/A] and n € IN. We apply (3.8) to

t Y
n= and v= 3)\ ]fl[)xﬁuo].

Then, one finds that

T 2
[ f‘“lﬁ] ATug] = ]

n

S

o 2
AR, [A;l]ﬁ—ﬁuo} _ ik [ ﬁ—fl} o,

t
n n

i
Applying (3.8) to )\ﬁ [ ﬁff 1} u iteratively fori = 2,...,n yields

n _a n
(3.10) = [}ﬁfl} 1o = [ I;\)La—lfl} [/\wlfluo} ‘
By (3.7), sending n — +c0 in (3.10) yields on the one side

n
lim A&t {];‘t‘fl] 1o = Ao ug (Af) = v (1),

n—+00

and on the other side
o n )
lim [ ?M]fl] [)\ﬁuo] = T{(ATTug, AT 1),

showing that (3.9) holds for every t € [0, {]. Repeating this argument on each

subinterval (tl;] , %] fori =2,...,N, where one replaces in (3.10) ug by u(t;_1),

and f1 by f;, then one sees that v, satisfies (3.9) on the whole interval [0, %] O

By the preceding proposition and by Lemma 2.2, we can now state the fol-
lowing result.

Corollary 3.5. Let A be a quasi m-accretive operator on a Banach space X and {T; } I,
the semigroup generated by —A on L'(0,T; X) x D(A)". If A is homogeneous of
order o # 1, then for every (ug, f) € D(A)" x L}(0, T; X), t — Ti(uo, f) satisfies

Tyin(uo, f) — Ti(uo, f)
h

limsup‘

(3.11) ho 0t ) - L
< = pwt Uollx / —ws

<qer ol B Feeflds +valrn)|,

X
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fora.e. t € (0, T], where V,,(f,t) is defined by (2.7). In particular, if f € W1(0, T; X)
and STy (u, f) exists in X at a.e. t € (0,T), then T;(uq, f) satisfies

d L lluol|x 1 b
— Ti(uy, <e“’t[2 + /e“’s s)||xds
t( Of) ot |1—(X| |1—IX| 0 Hf( )HX

dt+

(3.12) t
+ [ el ) xsds

forae t€ (0,T).

To consider the regularizing effect of mild solutions to the Cauchy prob-
lem (2.20) for the perturbed operator A + F, we recall the following well-known
result from the literature.

Proposition 3.6 ([10, Lemma 7.8]). If A+ wl isaccretivein X and f € BV (0, T; X),
then for every ug € D(A), the mild solution u(t) := T;(uo, f), (t € [0, T]), of Cauchy
problem (2.1) is Lipschitz continuous on [0, T| satisfying
[t + 1) — u(t)]|x

h

lim sup
h—0+

~ t ~
< e|f(0+) —yllx + V(f,t+) + w/o eV (f,5+4) ds
for every t € [0, T] and v € Aug, where

/t Hf(5+h)—f(5)||xds
0 h '

V(f,t+) := limsup

h—0+
With the preceding Theorem 2.6, Proposition 3.4, and Proposition 3.6 in
mind, we are now in the position to outline the proof of our main Theorem 1.1.

Proof of Theorem 1.1. We begin by noting that if A is m-accretive in X and F is
a Lipschitz continuous mapping with Lipschitz constant w, then the operator
A + F is w-quasi m-accretive in X; or in other words, A + F + w]I is m-accretive
in X. Hence, for every T > 0, there is a semigroup {T;}._, of mappings T; :
D(A)* x L1(0,T; X) — D(A)" satisfying (2.3) and (2.5) with w and L = 1.
Further, the semigroup {T;}/_, generated by — A satisfies (2.3) and (2.5) with
w=0and L =1, (2.22) for every uy € D(A)" and f € L'(0, T; X) with f given
by (2.21), and by Proposition 3.4, {T; } L, satisfies (2.4). Now, let uy € D(A) and
f € BV(0,T; X). Then by Proposition 3.6, the mild solution u(t) := T;(uy, f),
(t € [0, T)), of Cauchy problem (2.1) is Lipschitz continuous on [0, T]. Thus, we
can apply Theorem 2.6 and obtain that u satisfies (1.3). O

In order the semigroup {T:}L, generated by —A satisfies regularity esti-
mate (2.10) (respectively, (2.19)), one requires that each mild solution u of (2.1)
(respectively, of (1.8)) is differentiable at a.e. t € (0,T), or in other words, u is
a strong solution of (2.1). The next definition is taken from [10, Definition 1.2]
(cf [7, Chapter 4]).

Definition 3.7. A locally absolutely continuous function u[0, T] :— X is called
a strong solution of the differential inclusion

(3.13) (;l(t) + A(u(t)) > f(t) forae.t € (0,T),
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if u is differentiable a.e. on (0,T), and for a.e. t € (0,T), u(t) € D(A) and
f(t) — 4(t) € A(u(t)). Further, for given ug € X and f € L(0,T;X), a
function u is called a strong solution of Cauchy problem (2.1) if u € C([0, T]; X),
u is strong solution of (3.13) and u(0) = u.

The next characterization of strong solutions of (3.13) highlights the impor-
tant point of a.e. differentiability.

Proposition 3.8 ([10, Theorem 7.1]). Let X be a Banach space, f € L'(0,T; X)
and A be quasi m-accretive in X. Then u is a strong solution of the differential inclu-
sion (3.13) on [0, T| if and only if u is a mild solution on [0, T| and u is “absolutely
continuous” on [0, T| and differentiable a.e. on (0, T).

Of course, every strong solution u of (3.13) is a mild solution of (3.13), and
u is absolutely continuous and differentiable a.e. on [0, T]. The differential in-
clusion (3.13) admits mild and Lipschitz continuous solutions if A is w-quasi
m-accretive in X (cf [10, Lemma 7.8]). But, in general, an absolutely continuous
functions u : [0, T] — X is not necessarily differentiable a.e. on (0,T). Only
if one assumes additional geometric properties on X, then the latter implica-
tion holds true. Our next definition is taken from [10, Definition 7.6] (cf [3,
Chapter 1]).

Definition 3.9. A Banach space X is said to have the Radon-Nikodijm property
if every absolutely continuous function F : [a,b] — X, (a, b € R, a < b), is
differentiable almost everywhere on (g, b).

Known examples of Banach spaces X admitting the Radon-Nikodym prop-
erty are:

o (Dunford-Pettis) if X = Y™ is separable, where Y* is the dual space of a
Banach space Y;
o if X is reflexive.

We emphasize that X; = LY(Z, ), X, = L®(Z, u), or X3 = C(M) for a o-
finite measure space (X, jt), or respectively, for a compact metric space (M, d)
don’t have, in general, the Radon-Nikodym property (cf [3]). Thus, it is quite
surprising that there is a class of operators A (namely, the class of completely
accretive operators, see Section 4 below), for which the differential inclusion (2.1)
nevertheless admits strong solutions (with values in LY(Z, 1) or L*(Z, u)).

Now, by Corollary 3.5 and Proposition 3.8, we can conclude the following
results. We emphasize that one crucial point in the statement of Corollary 3.10
below is that due to the uniform estimate (2.9), one has that for all initial values
up € D(A)”, the unique mild solution u of (2.1) is strong.

Corollary 3.10. Suppose A is a quasi m-accretive operator on a Banach space X
admitting the Radon-Nikodym property, and {T;}]_, is the semigroup generated by
—A on D(A)* x LY(0,T; X). If A is homogeneous of order & # 1, then for every
ug € D(A) and f € WY(0,T; X), the unique mild solution u(t) = Ty(ug, f)
of (2.1) is strong and {T;}[_, satisfies (3.12) for a.e. t € (0, T).

We omit the proof of Corollary 3.10 since it is straightforward. Now, we are
ready to show that the statement of Corollary 1.2 holds.
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Proof of Corollary 1.2. First, let ug € D(A). Then by Proposition 3.6, the mild
solution u(t) = Ti(uo, f) of Cauchy problem (1.1) is Lipschitz continuous on
[0,T), and since every reflexive Banach space X admits the Radon-Nikodym
property, u is differentiable a.e. on (0,T). Thus, by Theorem 1.1, there is a
function ¢ € L*(0, T) such that u satisfies

wt_|_1 t evs + 5)
[0 =3[l w0+ o [ ol i) 9]

for a.e. t € (0, T). Next, we square both sides of the last inequality and subse-
quently integrate over (a,b) for given 0 < a < b < T. Then, one finds that

b 2 b1fewt+1
/ at< [ T Il + 90
a X a | |

v [ ol + (o) e -as

du
a(f)

(3.14)

Due to this estimate, we can now show that also for uy € D A) , the corre-
sponding mild solution u of (1.1) is strong. To see this let (#9,),>1 € D(A)
such that ug, — upin X asn — oo and set u, = T;ug, for all n > 1. By (2.5)
(which is satisfied with L = 1 by all u,), (4,),>1 is a Cauchy sequence in
C([0,T]; X). Hence, there is a function u € C([0, T]; X) satisfying u(0) = uo
and u, — u in C([0, T]; X). In particular, one can show that u is the unique
mild solution of Cauchy problem (1.1). Now, by inequality (3.14), (du,/dt),~,
is bounded in Lz(a, b;X) forany 0 < a < b < T. Since X is reflexive, also
L?(a, b; X) is reflexive and hence, there isa v € L?(a,b; X) and a subsequence of
(40,1)n>1, which, for simplicity, we denote again by (19, ),>1, such that d(ft” —
weakly in L?(a,b;X) as n — +o0. Since u, — u in C([a,b]; X), it follows

by a standard argument that v = % in the sense of vector-valued distribu-

tions D’((a,b); X). Since 44 € L?(a,b; X), the mild solution u of Cauchy prob-
lem (1.1) is absolutely continuous on (4, b), and since X is reflexive, u is differ-
entiable a.e. on (a,b). Since 0 < a < b < co were arbitrary, ¢ € L}, ((0,00); X).

loc

To see that u satisfies inequality (1.5), note that for ¢ > 0 the function t —
i(t) == u(t+¢) on [0, T — ¢ satisfies the hypotheses of Theorem 1.1 with % €
L'([0, T — ¢); X) and so, we find that

150 <3l v

sof [T+ (o) | et -]

for every t € (0,T —¢] and € € (0,t). Sending ¢ — 0+ shows that u sat-

isfies (1.5). Since uy € D(A)" was arbitrary, this completes the proof of this
corollary. m

If the Banach space X and its dual space X* are uniformly convex and A + F
is quasi m-accretive in X, then (cf., [/, Theorem 4.6]) for every uy € D(A),
f € WY(0,T; X), the mild solution u(t) = Ti(uo, f), (t € [0,T]), of Cauchy

problem (1.1) is a strong one, u is everywhere differentiable from the right, 4 "
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is right continuous, and

du

I () +(A+F—f(t)) u(t)=0 for every t > 0,
+

where for every t € [0,T], (A+ F — f(t))° denotes the minimal selection of
A + F — f(t) defined by (3.4). Thus, under those assumptions on X and by
Corollary 1.2, we can conclude the following two corollaries. We begin by stat-
ing the inhomogeneous case.

Corollary 3.11. Suppose X and its dual space X* are uniformly convex, for w € R, A
is an w-quasi m-accretive operator on X, and {T;}L_ is the semigroup on D(A)" x
LY(0, T; X) generated by —A. If A is homogeneous of order a # 1, then for every

up € D(A)" and f € WY(0, T; X), the mild solution u(t) = Ti(uo, f), (t € [0,T])
of Cauchy problem (2.1) is strong and

[(A+F = f(t))Te(uo, f)llx < 1[5[(0 +w/0ta(s)e“’(f—5)ds}

for every t € (0, T|, where a(t) is defined by (1.4).
Our next corollary considers the homogeneous case of Cauchy problem (2.1).

Corollary 3.12. Suppose X and its dual space X* are uniformly convex, for w € R,
A is an w-quasi m-accretive operator on X, and { T} }>¢ is the semigroup on D(A)"
generated by —A. If A is homogeneous of order & # 1, then for every ug € D(A)",
the mild solution u(t) = Tyug, (t > 0) of Cauchy problem (1.8) (for f = 0) is a strong

solution satisfying

wt 1 t
A+ F = £ Tl < (55 |1 @ [0 ds) ol

for every t > 0.

To conclude this section, we briefly outline the proof of Theorem 1.3.

Proof of Theorem 1.3. In the case A is an m-accretive operator on a Banach lat-
tice X and F a Lipschitz continuous perturbation with constant w > 0, then
the statement of Theorem 1.3 immediately follow from Theorem 2.9 and Corol-
lary 2.11 with constants L = 1. O

4. HOMOGENEOUS COMPLETELY ACCRETIVE OPERATORS

In [8], Bénilan and Crandall introduced the class of completely accretive opera-
tors A and showed: even though the underlying Banach spaces does not admit
the Radon-Nikodym property, but if A is completely accretive and homoge-
neous of order « > 0 with & # 1, then the mild solutions of differential inclu-
sion (1.8) involving A are strong. This was extended in [27] to the zero-order
case. Here, we provide a generalization to the case of completely accretive op-
erators which are homogeneous of order « # 1 and perturbed by a Lipschitz
nonlinearity.
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4.1. General framework. In order to keep this paper self-contained, we pro-
vide a brief introduction to the class of completely accretive operators, where
we mainly follow [8] and the monograph [18].

For the rest of this paper, suppose (X, B, jt) is a o-finite measure space, and
M(Z, ) the space of p-a.e. equivalent classes of measurable functions u :
Y. — R. Foru € M(Z,u), we write [u]" to denote max{u,0} and [u]” =
—min{u,0}. We denote by L7(%, i), 1 < g < oo, the corresponding standard
Lebesgue space with norm

1/q
</\u|‘7dﬂ> if1<g< oo,
2

I-llq =
inf{k € [0, +o0] ’ |u| <k py-a.e. on Z} if g = oo.

For 1 < g < o0, we identify the dual space (L7(%, 1))’ with L1 (%, i), where g’
is the conjugate exponent of g given by 1 = % + %

Next, we first briefly recall the notion of Orlicz spaces (cf [36, Chapter 3]).
A continuous function ¢ : [0, +c0) — [0,+00) is an N-function if it is convex,
P(s) = 0if and only if s = 0, lims_,o+ ¢(s)/s = 0, and lim_,e §(5)/s = oo.
Given an N-function 1, the Orlicz space is defined as follows

LY(Z,u) = {ueMZy‘/ )dy<ooforsometx>0}

and equipped with the Orlicz-Minkowski norm

Lo () an=a}

With these preliminaries in mind, we are now in the position to recall the no-
tation of completely accretive operators introduced in [8] and further developed
to the w-quasi case in [18].

ully := inf{uc >0

Let Jo be the set given by
Jo = { j:R — [0, +o0] ‘ j is convex, lower semicontinuous, j(0) = 0}.
Then, for every u, v € M(X, u), we write
u < v ifand only if /Ej(u)dy < /2](0) dp forallj e Jo.

Remark 4.1. Due to the interpolation result [, Proposition 1.2], for given u,
v € M(X, u), the relation u < v is equivalent to the two conditions

/[u—kﬁdy < [lo—K*dx forallk > 0and
z
/Z[u-l—k]_dy < f,lo+K-dp  forallk >0,

By this characterization, it is clear that for every u, v, w € M(X, i),

(4.1) ifu <vand 0 < w < uthenw K v.
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Thus, the relation < is closely related to the theory of rearrangement-invariant
function spaces (cf [11]). Another, useful characterization of the relation < is
the following (cf [8, Remark 1.5]): for every u, v € M(X, i), one has that

u<vifandonlyif u™ < vt andu™ < v™.

Further, the relation < on M(X, ) has the following properties. We omit
the easy proof of this proposition.

Proposition 4.2. For every u, v, w € M(Z, it), one has that

D ut<uu < —u

(2) u<vifandonlyifu™ < vt andu~ K v~;

(3) (positive homogeneity) if u < v then au < «v for all x > 0;

(4) (transitivity) if u < vand v < w then u < w;

(5) ifu < vthen |u| < |v|;

(6) (convexity) for every u € M(X, u), the set {w |w < u} is convex.

With these preliminaries in mind, we can now state the following definitions.

Definition 4.3. A mapping S : D(S) — M(Z, ) with domain D(S) C M(Z, )
is called a complete contraction if

Su—-St<u—1 for every u, 1 € D(S).
More generally, for L > 1, we call S to be an L-complete contraction if
L 'Su—L'St<u—n  foreveryu, i € D(S),

and for some w € R, S is called to be w-quasi completely contractive if S is an
L-complete contraction with L = e“t for some t > 0.

Remark 4.4. Note, for every 1 < q < o0, j,(-) = |[[]T|7 € T, jeo(-) = [[[]T —
k|t € Jy for every k > 0 (and for large enough k > 0 if 4 = o0), and for every
N-function i and & > 0, jyu(-) = 1/](%) € Jo. This shows that for every
L-complete contraction S : D(S) — M(Z, ) with domain D(S) C M(L, u),
the mapping L~!S is order-preserving and contractive respectively for every
Li-norm (1 < g < o), and every LY-norm with N-function P.

Now, we can state the definition of completely accretive operators.

Definition 4.5. An operator A on M(X, u) is called completely accretive if for
every A > 0, the resolvent operator ], of A is a complete contraction, or equiv-
alently, if for every (u1,v1), (u2,v2) € A and A > 0, one has that

U — Uy < uq —u2+/\(v1 —Z)z).

If X is a linear subspace of M(X, u) and A an operator on X, then A is said
to be m-completely accretive on X if A is completely accretive and satisfies the
range condition (3.1). Further, for w € IR, an operator A on a linear subspace
X C M(Z, n) is called w-quasi (m)-completely accretive in X if A + wl is (m)-
completely accretive in X. Finally, an operator A on a linear subspace X C
M(Z, ) is called quasi (m-)completely accretive if there is an w € R such that
A + wl is (m-)completely accretive in X.

Remark 4.6. For w € RR, the fact that A is w-quasi (m)-completely accretive in
X implies that the resolvent operator [ of A is L-completely contractive for
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L = (1—Aw)~! for every A > 0 satisfying Aw < 1. Indeed, if A is w-quasi
(m)-completely accretive in X then by taking L = (1 — Aw) ™!, one sees that

Li(L =) du = [ o (= ua) dp
< /ZjL—l (u1 —upy+ ﬁ(w(ul —up)+ v, — vz)> du
= /zj(ul —up +A(vy —v2))dpu

for every (u1,v1), (u1,v1) € A and A > 0 satisfying Aw < 1, where we used
that j; 1 (s) := j((1 — Aw)s) belongs to J.

This property transfers as follows to the semigroup {T; };>0
Before stating a useful characterization of quasi completely accretive opera-
tors, we first need to introduce the following function spaces. Let

LY, u) = LY, u) + L®°(Z, ) and L7°(Z, u) := LY(Z, u) NL®(Z, u)

be the sum and the intersection space of L' (X, 1) and L®(Z, 1), which are equip-
ped, respectively, with the norms

lillves 2= i { Jun o + [zl e = w1 + 2, w1 € L, ), 02 € L¥(2 1)}
il = max { ]y, o}

are Banach spaces. In fact, L! ™ (X, 1) and and L' (%, u) are respectively the
largest and the smallest of the rearrangement-invariant Banach function spaces
(cf., [11, Chapter 3.1]). If u(X) is finite, then L1t (%, u) = L}(X, u) with equiva-
lent norms, but if (X)) = co then L' (X, ) contains Uy << L7(Z, ). Further,
we will employ the space

Lo(Z,u) := {ueM(Z,y))/Z[\u|—k]+dy<ooforallk>0},

which equipped with the L'**-norm is a closed subspace of L' (X, ). In fact,
one has (cf., [8]) that Lo(Z, u) = LL(X, u) N L®(X, 1) . Since for every k > 0,
Ty(s) := [|s| — k]* is a Lipschitz mapping Ty : R — R and by Chebyshev’s
inequality, one sees that L7(%, u) < Lo(X, i) forevery 1 < g < oo (and g = o0
if u(X) < +o0), and L¥(%, ) < Lo(%, u) for every N-function .

Proposition 4.7 ([18]). Let Py denote the set of all functions T € C®(IR) satisfying
0 < T" < 1 such that T is compactly supported, and x = 0 is not contained in the
support supp(T) of T. Then for w € R, an operator A C Lo(X, u) x Lo(X, u) is
w-quasi completely accretive if and only if

/ T(u—ﬁ)(v—zﬁ)d;ﬁ—w/ T(u — @) (u— ) du > 0
pa pa
for every T € Py and every (u,v), (11,0) € A.

Remark 4.8. For convenience, we denote the unique extension of {T;}+>0 on
L¥(Z, 1) or LY(Z, 1) again by {T;}>o.
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Definition 4.9. A Banach space X C M(X, u) with norm ||-||x is called normal
if the norm ||-||x has the following property:

forevery u € X, v € M(%, p) satisfying v < u,
onehasthat v € X and |v|x < |Jullx.

Typical examples of normal Banach spaces X C M(X, i) are Orlicz-spaces
LY¥(%, ) for every N-function ¢, L1(Z, ), (1 < g < o0), LI"(Z, 1), Lo(Z, ),
and L'**(Z, u).

Remark 4.10. It is important to point out that if X is a normal Banach space,
then for every u € X, one always has that u™, u~ and |u| € X. To see this, recall
that by (1) Proposition 4.2, if u € X, then u™ < u and u~ < —u. Thus, u™ and
u~ € X and since |u| = u* + u~, one also has that |u| € X.

The dual space (Lo(X, 1))’ of Lo(X, ) is isometrically isomorphic to the space
LY®(%, u). Thus, a sequence (uy),>1 in Lo(Z, ) is said to be weakly convergent
touin Lo(X, u) if

(0,uy) = / vu, dy — / vudu  foreveryv € L'"™(%, p).
> z

For the rest of this paper, we write o(Lo, L!"*) to denote the weak topology on
Lo(%, u). For this weak topology, we have the following compactness result.

Proposition 4.11 ([8, Proposition 2.11]). Let u € Lo(%, ). Then, the following
statements hold.

(1) The set {v € M(X, u) ‘ v u} is o (Lo, L'7*°)-sequentially compact in Lo (%, u);
(2) Let X C M(X, ) be a normal Banach space satisfying X C Lo(X, p) and

forevery u € X, (ttn)y>1 C M(X, u) with u, < u foralln >1
4.2)

and ngrrl Uy (x) = u(x) p-a.e. on ¥, yields ~ lim wu, = uin X.
n (o)

n——+00
Then for every u € X and sequence (uy),>1 € M(Z, u) satisfying

uy Luforalln >1 and  lim wu, = u o(Ly, L'"™)-weakly in X,

n——400

one has that
Iim u, =u in X.
n——+0o0

Note, examples of normal Banach spaces X C Lo(Z%, i) satisfying (4.2) are
X=LF(X,u)forl <p<ooand Ly(X, u).

To complete this preliminary section, we state the following Proposition
summarizing statements from [18], which we will need in the sequel (cf., [5]
for the case w = 0).

Proposition 4.12. For w € R, let A be w-quasi completely accretive in Lo(X, u).

(1.) Ifthereisa Ay > Osuch that Rg(I+ A A) is dense in Lo(%, pt), then for the closure
A" of Ain Lo(Z,u) and every normal Banach space with X C Lo(X, u), the
restriction Zgg = A" N (X x X) of A on X is the unique w-quasi m-completely
accretive extension of the part Ax = AN (X x X) of Ain X.
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(2.) For a given normal Banach space X C Lo(X, ), and w € R, suppose A is w-
quasi m-completely accretive in X, and {T;}>o be the semigroup generated by

—Aon D(A)". Further, let {S;}y>o be the semigroup generated by — A", where

A" denotes the closure of A in X™. Then, the following statements hold.

(a) The semigroup {S;}+>o is w-quasi completely contractive on D(A)™, Ty is
the restriction of Sy on D(A)X, Sy is the closure of Ty in Lo(X, u), and

. t " CYaRY
(4.3) Siug = Lo — nLu}I:IOO (I + nA> ug forall ug € (A)L0 N X;
(b) If there exists u € L1°(X, u) such that the orbit {Tyu |t > 0} is locally
bounded on R with values in L'"*°(X, u), then, for every N-function ¢,

the semigroup {T;}s>0 can be extrapolated to a strongly continuous, order-

preserving semigroup of w-quasi contractions on D(A)* N L1N®(x, y)Lw (re-

spectively, on D(A)* N LIN>(%, y)L] ), and to an order-preserving semigroup

of w-quasi contractions on D(A)™ N LN (g, y)L . We denote each exten-
sion of Ty on on those spaces again by Ty.

(c) The restriction Ax := A" N (X x X) of A™ on X is the unique w-quasi
m-complete extension of A in X; that is, A = Ax.

(d) The operator A is sequentially closed in X x X equipped with the relative
(Lo(Z, 1) x (X, (Lo, L'"*)))-topology.

(e) The domain of A is characterized by

J v € X such that }

DOM——{MGIXA)'WX e~WISIUt < 4 for all small > 0

(f) For every u € D(A), one has that

(4.4) lim 24U
t—0+ t

=—A°u  stronglyin Lo(%, u).

4.2. Regularizing effect of the associated semigroup. Itis worth recalling that
the Banach space L!(Z, ) does not admit the Radon-Nikodym property. Thus,
the time-derivative %Ttuo(t), up € LY(X, u), of a given semigroup {T;};>0 on
LY(Z, u) does not need to exist in L' (X, 1). But, in this section, we show that
even though the underlying Banach space X is not reflexive, if the infinitesimal
generator —A is homogeneous of order « # 1 and A is quasi-completely ac-
cretive, then the time-derivative C%‘r () exists in X. This fact follows from the
following compactness result generalizing the one in [5] for w = 0.

Here, the partial ordering “<” is the standard one defined by u < v for u,
ve M(E, u)if u(x) < o(x) for p-a.e. x € £, and we writeX — Y for indicating
that the space X is continuously embedded into the space Y.

Lemma 4.13. Let X C Lo(X, ) be a normal Banach space satisfying (4.2). For
w € R, let {T;}i>0 be a family of mappings Ty : C — C defined on a subset C C X
of w-quasi complete contractions satisfying (2.16) and T;0 = 0 for all t > 0. Then, for
every ug € Cand t > 0, the set

{ Ty nuo — Truo

(4.5) -

h;éo,t+h>0}
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is (Lo, L'"*)-weakly sequentially compact in Lo(Z, ).

The proof of this lemma is essentially the same as in the case w = 0 (cf., [5]).
For the convenience of the reader, we include here the proof.

Proof. Let up € C,t > 0, and h # 0 such that t + & > 0. Then by taking
A=1+ % in (2.16), one sees that

1 1
|Tt+hu0 — Ttu0| = |/\ﬂ T; [Aﬁuo} — Ttu0|

< AT

T, [Aalﬁuo} - Ttuo‘ AT — 1] |Tuol.

Since T; is an w-quasi complete contraction and since T;:0 = 0, (t > 0), claim (3)
and (5) of Proposition 4.2 imply that

AT et ‘Tt [Aﬁuo} . Ttu()’ < 1= AT Jug|
and
1 1

ATE — 1] e” Y Tug| < |AT% — 1] |ug].
Since the set {w | w < |AT% — 1| |ug|} is convex (cf., (6) of Proposition 4.2), the
previous inequalities imply that

1e

2
Using again (3) of Proposition 4.2, gives

1
“ Ty — Trug| < [AT — 1] [ug].

| Ty ntto — Trug|
Ars —1]

(4.6) < 2¢“" ugl.

Since for every u € M(X, i), one always has that u™ < |u], the transitivity of
“<” ((4) of Proposition 4.2) implies that
Tyynuo — Tru
f o= D i tlo
Ath 1

Therefore and since |ug| € X, (1) of Proposition 4.11 yields that the two sets
{fiflh # 0,t +h > 0} and {|fy||h # O,t +h > 0} are o(Lo, L'™™)- weakly
sequentially compact in Lo(%, p). Since f;” = |fy| — f, and f, = f,” — f,~, and

since (/\ﬁ -1)/h=((1+ %)ﬁ —1)/h - 1/t(1 —a) # 0ash — 0, we can
conclude that the claim of this lemma holds. O

satisfies  f;7 < 2" |ug|.

With these preliminaries in mind, we can now state the regularization ef-
fect of the semigroup {T;};>0 generated by a w-quasi m-completely accretive
operator of homogeneous order a # 1.

Theorem 4.14. Let X C Lo(X, i) be a normal Banach space satisfying (4.2), and ||-||
denote the norm on X. For w € R, let A be w-quasi m-completely accretive in X, and

{Ti}+>0 be the semigroup generated by —A on D(A)". If A is homogeneous of order
« # 1, then for every ug € D(A)X and t > 0, % exists in X and

2€Wt ‘I/l0|
4.7 A°T, < — = -a.e. 2.
( ) | tuO‘_M_l’ f p-a.e. on
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In particular, for every ug € D(A),

dTiug 2e“t Ju||
. t>0,
(4.8) H at 4| STacd] ¢ for every t > 0
and
2 wt
(4.9) dTiuo <= 1ol for every t > 0.

dt + \a—l\T

Proof. Let ug € D(A)", t > 0, and (h,),>1 C R be a zero sequence such that
t+h, > Oforalln > 1. Then, by Proposition 3.4, we can apply the compactness
result stated in Lemma 4.13. Thus, thereis a z € Lo(%, #) and a subsequence
(hg, )n>1 of (hy)n>1 such that

T, ug — Tiu
(4.10) lim — a0 TP weakly in Lo(Z, pt).

n—oo hk

n

By (2e) of Proposition 4.12, one has that (T;up, —z) € A. Thus (2f) of Proposi-
tion 4.12 yields that z = — A°Tyup and

T ug — Tyu
(4.11) lim 0 70 Aoy, strongly in Lo(X, pt).

n

After possibly passing to another subsequence, the limit (4.11) also holds p-a.e.
on X. The argument shows that the limit (4.11) is independent of the choice of
the initial zero sequence (/,),>1. Thus

T —T
(4.12) lim —HAH0 — 2t —A°Truyg exists p-a.e. on X.
h—0 h
Since 2e~“! |uy| € X, by (4.6), and since (Allfa —1)/h=((1+ %)117 —-1)/h —
1/t(1 —a) # 0as h — 0, it follows from (2) of Proposition 4.11 that

(4.13) lim M — ATy  existsin X
%

and with A =1+ %,
| Ty nuio — Truo|
Ars 1]

for all h # O satisfying t + h > 0. Sending & — 0 in the last inequality and
applying (4.13) gives (4.7). In particular, by Corollary 2.5, one has that (4.8)
holds for the norm ||-||x on X. Moreover, (4.6) is equivalent to

| | Tryntio — Truo| . —wt
(4.14) / du < / 2e upl) d
2] |)\*1i,x—1| s 2]( | 0|) #

< 2wt ‘M()’

for all h # 0 satisfying t + h > 0, and every j € Jy. By the lower semicontinuity
of j € Jo and by the y-a.e. limit (4.12), we have that

j (de”O () [a — 1] t> < liminfj [ Tentio() = Tin(x)]
dt h—0 AT —1]
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for p-a.e. x € X. Thus, taking the limit inferior as 1 — 0+ in (4.14) and
applying Fatou’s lemma yields

. (dTiug m —wt
— <
L (St —11e) du< [ 2o ful) an

Since j € Jo was arbitrary and by (3) of Proposition 4.2, this shows that (4.9)
holds and thereby completes the proof of this theorem. O

5. APPLICATION

5.1. An elliptic-parabolic boundary-value problem. Our aim in this section
is to derive global L! Aronson-Bénilan estimate (1.5) for X = L1(dM), (1 < g <
o0), and point-wise Aronson-Bénilan estimate (1.7) on the time-derivative % of
any solutions u to the elliptic-parabolic boundary-value problem

—Apu+m|ulP~?u =0 in M x (0, 00),
(5.1) o + |Vu\§72Vu v+ f(x,u) =0 on oM x (0, 0),
u(0) = ug on oM.

Here, we assume that 1 < p < oo, A, denotes the celebrated p-Laplace-Beltrami
operator

(5.2) Apu = div (|w|§’2w) in D' (M)

for u € WP (M) on a compact, smooth, N-dimensional Riemannian manifold
(M, g) with a Lipschitz continuous boundary oM, m > 0and f : 0M x R — R
a Lipschitz-continuous Carathéodory function (see (5.7)-(5.9) below).

For applying the theory developed in the previous sections of this paper, it
is worth noting that the elliptic-parabolic problem (5.1) can be rewritten in the
form of the perturbed Cauchy problem (1.6) in the Banach space X = L7(dM),
(1 < g < o), where the operator A is the Dirichlet-to-Neumann operator realized
in X associated with the operator —A, + m |-|P~2:; that is, A assigns Dirichlet

data ¢ on oM to the co-normal derivative |Vu| g_ZVu -v on 0M, where u is the
unique weak solution of the Dirichlet problem

(5.3) {_Apuw uP2u=0  inM,
u=gq on oM.

In the (flat) case M = Q) is abounded domain in RN with a Lipschitz-continuous
boundary d(}, the Dirichlet-to-Neumann operator A associated with the p-
Laplace-Beltrami operator A, and its semigroup {T;};>o were studied in the
past by several authors (see, for instance, in [25, 17, 18] and the references
therein).

5.2. Framework. Throughout this section, let (M, ¢) denote a compact, smooth,
(orientable), N-dimensional Riemannian manifold with a Lipschitz continuous
boundary oM. Let ¢ = {g(x) }vem denote the corresponding Riemannian met-
ric tensor and for every x € M, T, be the tangent space and TM the tangent

bundle of M. We write |{|g = {/ (&, &) (x), (¢ € Ty), to denote the induced norm

of the inner product (-, -),(,) on the tangent space Ty. If for given f € C*(M),

g(x)
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df is the differential at x € M and for every chart (Q), ¢), g = (gi]-)szl is the ma-

trix of the Riemannian metric g on Q) with inverse g~!, then the corresponding
gradient of f at x is given by Vf(x) = g '(x)df(x), and for every C!-vector
field X = (X1,..., XN) on M, the divergence

div (X) := dlet(g)a% (y/det(g)X’) .

For given C'-curve x with parametrization 7, : [0,1] — M, the length L(x) of
k is defined by

1d7
L(x :/ <(t dt.
() 0 ‘ dt ( )‘g(w(t))

If we denote by C}C/y the space of all piecewise Cl-curves x with starting point
7x(0) = x € M and end point 7,(1) = y € M, then d¢(x,y) := infeecr, L(x)
defines a distance (called Riemannian distance) whose induced topology T,
coincides with the original one by M. There exists a unique Borel measure i,
defined on the Borel o-Algebra o(7,) such that on any chart (), ¢) of M, one
has that du, = \/det(g) dx, where dx refers to the Lebesgue measure in Q).
For the measure space (M, jig), and 1 < g < oo, we denote by L1(M) =
L9(M, pg) (respectively, L (M) = LT (M, u,)) the classical Lebesgue space of
(locally) g-integrable functions, and we denote by ||-||; its standard norm on
L9(M). Since a vector field v on M is measurable if and only if every component
of v is measurable on all charts U of M, one defines similarly for every 1 <
g < oo, the space L1(M) = L1(M, Jig) (respectively, E?OC(M) = E?OC(M, te))
of all measurable vector fields v on M such that [v| € LI(M, pq) (respectively,

o] € L. (M, ).

The space of test functions D(M) be the set C2°(M) of smooth compactly sup-
ported functions equipped with the following type of convergence: given a
sequence (¢n)n>1 in CX(M) and ¢ € CP (M), we say ¢, — ¢ in D(M) if
there is a compact subset K of M such that the support supp(¢,) C K for all 1,
and for every chart U, and all multi-index &, one has D*¢,, — D*¢ uniformly
on U. Then the space of distributions D'(M) is the topological dual space of
D(M). Similarly, one defines the space of test vector fields D(M) on M and cor-
responding dual space D’ (M) of distributional vector fields. Given a distribution

T € D' (M), the distributional gradient VT € D' (M) is defined by

<VT, llj>f)/(M),ﬁ(M) = —<T, div ¢>D/(M),D(M) for every l[J € ﬁ(M)
For givenu € L} (M),

loc

(1, @) pr (M), D(M) = /Mu pdpg, ¢ € D(M),

defines a distribution (called reqular distribution) on M. If the distributional
gradient Vu of the distribution u belongs to Ello (M), then Vu is called a weak
gradient of u. The first Sobolev space W1 (M) = W (M, juq) is the space of all
u € L9(M) such that for the weak gradient Vu of u belongs to L1(M). The

space W' (M) is a Banach space equipped with the norm
1/
(54) lullwracy = (el + 11V ulglly) ™, (u € WH(M)),
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and W4 (M) is reflexive if 1 < q < oo (cf., [28, Proposition 2.4]). Further, we
denote by W&'q(M) = Wé’q(M, jg) the closure of C°(M) in W(M). Since
we have assumed that (M, ) is compact, the volume . (M) is finite. Hence
by the compactness result of Rellich-Kondrakov (see, e.g., [28, Corollary 3.7]),

we know that a Poincaré inequality on Wg’q(M) is available. Thus, |||V-|¢|l,

defines an equivalent norm to (5.4) on Wg T(M).

Further, let s; denote the surface measure on dM induced by the outward
pointing unit normal on dM. Then for 1 < g < ccand 0 < s < 1, let
W1 (oM) := W*1(dM, s;) be the Sobolev-Slobodecki space given by all mea-
surable functions u € L1(dM) = L7(dM, s;) with finite Gagliardo semi-norm

jyeq (0M) /aM /a N 2+w dsg(x)dsg(y).
The space W*1(dM) equipped with the norm

/q
sllwesconny = (14l anny + [00hsaonn) )

is a Banach space, which is reflexive if 1 < q < co.

Since M is compact, M can be covered by a finite family ((C, ¢;))K | of
charts (€, ¢;) such that for every I € {1,...,K}, each component g;; of the
matrix g of the Riemannian metric g satisfies

c
(5.5) 51(51‘]' < gij < 2¢1 05 on ()

as bilinear forms, for some constant ¢; > 0. By using (5.5) together with a
partition of unity, one can conclude from the Euclidean case (see, e.g., [32,
Théoreme 5.5 & Théoreme 5.7]) that for 1 < g < oo, there is a linear bounded

trace operator T : WY (M) — W'=1/44(9M) with kernel ker(T) = Wg’q(M)
with bounded right inverse Z : W'~1/44(dM) — WM (M). For simplicity,
we also write 1y for the trace T(u) of u € WI(M) and [lujpp |4 instead of
1T o0

Similarly, one transfers from the Euclidean case (cf., [32, Théoréme 4.2]) the
Sobolev-trace inequality

(5.6) H”|aMHq(<I$f—1)> Slullwiany, € WH(M).

—-q
5.3. Construction of the Dirichlet-to-Neumann operator. Let1 < p < co and
m > 0. Then, by the classical theory of convex minimization (see, e.g., [25]),

for every boundary data ¢ € W!~/PP(9M), there is a unique weak solution
u € (M) of the Dirichlet problem (5.3) (cf., [25]).

Definition 5.1. For given boundary data ¢ € W!~1/P, a function u € WP (M)
is called a weak solution of Dirichlet problem (5.3) if Z¢ —u € Wé’p and

-2 _
/M\Vulg VuVy +m |ulP2updps = 0

for every i € CX(M).
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Now, we are in the position to define the nonlocal Dirichlet-to-Neumann op-
erator A in L2 := L?(9M) associated with the p-Laplace Beltrami operator A,
by
Ju € Vyp(M,9dM) with trace ujgy = ¢
satisfying V¢ € V,,»(M,0M) :

A= {(p,h) € L>x1? i
M|Vu\§ VuVl/)—l—m\uW’zmpd‘ug:/aMhlprdsg

In the operator A, we denote by V,,>(M,9M) the set of all u € W'P(M) with
trace upyy € L*(0M). Note, the space V;,2(M,dM) contains the function space

C®(M). It follows from the theory developed in [17] that A is the T-sub-
differential operator dr& in L? (cf., [17]) of the convex, continuously differen-
tiable, and T-elliptic functional £ : W?(M) — [0, +c0) defined by

ey =5 [ ([Vulf+mul) dug

for every u € V,2(M,0M). Thus, A is a maximal monotone operator with

dense domain in the Hilbert space L?2(dM). One immediately sees that A is
homogeneous of order « = p — 1.

Next, suppose f : IM x R — R is a Lipschitz-continuous Carathéodory func-
tion, that is, f satisfies the following three properties:

(5.7) e f(-,u):0M — R is measurable on OM for every u € R,
(5.8) e f(x,0) =0fora.e. x € 0dM, and
e thereis a constant w > 0 such that
(5.9) |f(x,u) — f(x,0)| <w|u—1| forallu, i € R, ae x € IM.

Then, for every 1 < g < oo, F : L1(dM) — L7(dM) defined by
F(u)(x) := f(x,u(x)) for every u € L1(oM)

is the associated Nemytskii operator on L1 := L1(dM). Moreover, by (5.9), F is
globally Lipschitz continuous on L7(dM) with constant w > 0 and F(0)(x) =0
fora.e. x € OM.

Under these assumptions, it follows from Proposition 4.7 that the perturbed
operator A + F in L2(dM) is an w-quasi m-completely accretive operator with
dense domain D(A + F) = D(A) in L?(dM) (see [25] or [18] for the details
in the Euclidean case). Thus, —(A + F) generates a strongly continuous semi-
group {T;}>0 of Lipschitz-continuous mappings T; on L?(dM) with Lipschitz
constant e**. For every 1 < g < oo, each T; admits a unique Lipschitz-continu-
ous extension Tt(q) on L7(dM) with Lipschitz constant e*! such that {Tt(q)}tzo

is a strongly continuous semigroup on L7(dM), and each Tt(q) is Lipschitz-

continuous on L2(dM) N L®(dM)""~ with respect to the L®-norm. According
to Proposition 4.12, for

Z;Oq(aM) = A" N (L1(oM) x L1(aM))
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with Lg := Lo(dM, s ), the operator — (AL?, om TF ) is the unique infinitesimal
generator of {Tt(q) }>0 in L9. Since

(5.10) A

It = AunLi(oM)

for every u € D(A) N L1(oM), we call ALOq(aM) the realization in L9(dM) of the

Dirichlet-to-Neumann operator A associated with the p-Laplace Beltrami opera-
tor Ay,
P

For simplicity, we denote the extension Tt(q) on L7(0M) of T; again by T;.

It is worth noting that for 1 < p < N, the semigroup {T;};>¢ generated by
—(A + F) has an immediate regularization effect. Indeed, by the Sobolev-trace
inequality (5.6), the operator A + F satisfies the inequality

[t (A+ B+ a3 = | [Valf ] dpg
+/ x,u)u+ wlu|*ds
[ Flr it wufds

> [ 5ul+m jul? dpg
> min{1,m} Hu||w1p M)

>C H”\BMH p(N-1)
(N—p)

for every u € D(A), where [+, ], denotes the duality brackets on L?(dM), and
C > 0is a constant including min{1, m} and the constant of the Sobolev-trance
inequality. By [18, Theorem 1.2], the semigroup {T}}>¢ satisfies

1
(5.11) Tl wovny < (§)7 t7 e

o]l

L o L2(9M)
forallt > 0and uy € L%(dM). Moreover, by (5.11) and since {T; } ;>0 has unique
Lipschitz-continuous extension on L!(dM), the same theorem infers that the
semigroup {T;};>o satisfies for every 1 < g < (N —1)go/(N — p) satisfying
q>(2—p)(N—-1)/(p—1) the following L7-L®-regularity estimate

(5-12) HTtuOHLO" (M) ~ St ewﬁqt HMOHM (0M)

for every t > 0, uy € L7(0M), with exponents

* x((N—p)
A = ot ‘B _ 'B T {Zd 1)50
q— ’ qa— ’
k(1 _ 4(N—-p) _ 49(N-p)
1= (1 (Nfl)qo) 1= (1 (N- 1)'70)

7 q(N —p) ,
(N =10 (1= (1= &5

Y9 =
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where o > p is chosen (minimal) such that (%—:; — 1) go+p—2>0and

* . N—P * . (%_1)N+p_%
T Dt N-pr-2 P T DN Y
,)/*:: (p_l)qo

(P=1)qo+(N-p)(p—2)

5.4. Global regularity estimates on 9. Throughout this subsection, let p €
(1,00) \ {2}. Since, the Dirichlet-to-Neumann operator A in L2(dM) is homo-
geneous of order « = p — 1, identity (5.10) yields that for every 1 < g < oo,
the realization Zz‘ﬂ, (oM) of A in L1(9M) is also homogeneous of order p — 1.

Thus, by Corollary 1.2, for every 1 < q < o and uy € L7(dM), the function
u(t) = Tiupis differentiable a.e. on (0, 00) and satisfies

thuo
dt +

H”OHM(aM)

t

< [1 + e 4 w/ (14 ews) e@lt=5)ds

L9(2M) lp—2|t 0

for every t > 0. Note, the right hand side of this estimate can be rearranged as
follows

2+ wt] et
= WH”OHM(BM)

(5.13)

thuo
dt +

L1(aM)
for every t > 0. Since the boundary 0M is compact, Holder’s inequality gives

thuo
dt +

< Sl/q’(aM) 24 wt] et
neM S lp—2|t

||”0||L'4(3M)

for every g > 1 and hence, if we fix g € L?(dM), then sending ¢ — 1+ in the
above inequality shows that (5.13), in particular, holds for 4 = 1. By (5.12), for
either p > 2 or 2N —1)/N < p < 2, one has that uyg € L'(dM) yields that
Tiug € L®(0M) — L?*(dM) for all t > 0. Hence, for this range of p, we get that
(5.13) hold for g = 1 and ug € L'(aM).

Next, let g € L®(0M) and ¢ > 0. We assume || 25, [|;(5p) > 0 (otherwise,

thuo
dt +

there is nothing to show). Then, for every s € (0, |
oo, Chebyshev’s inequality yields

s thuo
8 dt +

[re(amy) and 2 < g <

thuo

ZS}>1/'7 - H dt + L7(aM)
s

and so, by (5.13),
1/q
dTiug 2+ wt] et
§8g i >s < WH”OHM(BM)
Thus and since limg . ||tol|Lsan) = [[40llL~(am), sSending g — oo in the last
inequality, yields

2+ wt] et
s < [|p_2]|tH”0HL°°(aM)
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thug
dt +

and since s € (0,

’L“’(BM) ) was arbitrary, we have thereby shown that (5.13)

also holds for g = co.

Finally, for p € (1,N) \ {2}, we can apply Corollary 2.8 or, alternatively,
combine (5.12) with (5.13) for g = co. Then, we find that

J2[2+ g e
Le@M) lp— 2| tnat! ””OHWM)

for every t > 0, ug € L1(0M),and 1 < g < (N —1)qo/(N — p) satisfying

9> Q2=—p)(N=1)/(p—1).
By this computation together with Theorem 1.3, we can state the following
regularity result on mild solutions to the elliptic-parabolic problem (5.1).

(5.14)

thM()
dt +

Theorem 5.2. Let N > 2and 1 < p < oo. Then every mild solution u of the
elliptic-parabolic problem (5.1) admits the following additional regularity.

(1) (L' Aronson-Bénilan type estimates) If either 2N—-1)/N < p <2or
p > 2, then for every 1 < g < oo and ug € L1(9Q)), the mild solution
u(t) = Twup of the elliptic-parabolic problem (5.1) is differentiable for a.e.
t > 0, is a strong solution in L1(dQY) of (5.1), and satisfies

du 24 wt] et
‘ E(t) QH“on(aM) for every t > 0.
+
(2) (Extrapolated L' Aronson-Bénilan type estimates) Let p € (1,N) \ {2}.
Then, in addition to statement (1), for every 1 < g < (N —1)g0/(N —p)

satisfyingqg > (2—p)(N —1)/(p — 1) and uy € L1(0Q2), the mild solution
u(t) := Tyug of the elliptic-parabolic problem (5.1) satisfies

M lp—2[t

_2[2+44) e00+d
Lo@M) lp — 2|t
(3) (Point-wise Aronson-Bénilan type estimates) If either (2N —1)/N <

p < 2orp > 2, then for every 1 < g < oo and positive uy € L1(9Q}),
the strong solution u of problem (5.1) satisfies

(r-25 02" (p-2)50)

fora.e. t > 0, where o : (0,00) — L1(0QY) is a measurable function.

)t
||u0HZZ(aM) for every t > 0.
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