Classical )V-algebras for centralizers

A. 1. Molev and E. Ragoucy

Abstract

We introduce a new family of Poisson vertex algebras Y/ (a) analogous to the classical
We-algebras. The algebra W(a) is associated with the centralizer a of an arbitrary nilpotent
element in gl,. We show that Y/ (a) is an algebra of polynomials in infinitely many variables
and produce its free generators in an explicit form. This implies that Y/ (a) is isomorphic to
the center at the critical level of the affine vertex algebra associated with a.
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1 Introduction

The classical VV-algebras associated with simple Lie algebras g were introduced by Drinfeld
and Sokolov [6] as Poisson algebras of functions on infinite-dimensional manifolds. A detailed
review of the constructions of [6] and additional background of the theory can be found in a
more recent work by De Sole, Kac and Valeri [3]. As shown in [3], the classical VV-algebras can
be understood as Poisson vertex algebras and can be used to produce integrable hierarchies of
bi-Hamiltonian equations.

The same framework of Poisson vertex algebras was used in our paper [11] to construct
explicit generators of the classical W-algebras WW(g) associated to principal nilpotent elements
of simple Lie algebras g in types A, B, C, D and GG. The generators are given in a uniform way
as certain determinants of matrices formed by elements of differential algebras associated with
g. Another approach involving generalized quasideterminants was developed in [4] to describe
generators of the classical W-algebras in type A associated with arbitrary nilpotent elements of
g; see also [5] for extensions of this approach to other classical Lie algebras.

The principal classical VV-algebras also emerge from a different perspective. Due to a theo-
rem of Feigin and Frenkel [7], [8, Ch. 4], the Poisson algebra W(L g) associated to the Langlands
dual Lie algebra “g is isomorphic to the center at the critical level of the affine vertex algebra
V(g); see also [9, Ch. 13] for a correspondence of generators in the classical types. In a recent
work of Arakawa and Premet [1] a description of the center at the critical level of the affine vertex
algebra V' (a) was given for a family of centralizers a = g of certain nilpotent elements e € g.
Explicit generators of the center in type A were constructed in [10].

Our goal in this paper is to introduce analogues of the classical }V-algebras for the central-
izers a = g° in the case g = gly. Our classical WW-algebras WW(a) turn out to fit the general
framework of Poisson vertex algebras of [3] by possessing a A-bracket. We prove that WW(a) is
an algebra of polynomials in infinitely many variables and produce a family of its free generators
in an explicit form. Moreover, we show that a Miura-type map leads to a natural isomorphism
between the algebra JV(a) and the center of the affine vertex algebra V' (a) at the critical level.

2 Definition of YW (a)

Suppose that e € g = gl is a nilpotent matrix with Jordan blocks of sizes Aq,..., \,, where
M < - < Ayand Ay + -+ A\, = N. The centralizer a = g° is a Lie algebra with the
basis elements EZ(; ), where the range of indices is defined by the inequalities 1 < 4,7 < n and
A; —min(A;, Aj) < 7 < A;, with the commutation relations

[E(T)

ij

E}S)} _ 5kj Ei(;”rs) — 8 E](CTS)?
assuming that Ez(jr ) =0 forr > ;. The formulas expressing Ez(; ) in terms of the basis elements
of gl can be found e.g. in [2] and [12]. It is clear from the relations that in the particular case

A1 = --- = )\, = p the Lie algebra a is isomorphic to the truncated polynomial current algebra
gl,[z]/(xP = 0) (also known as the Takiff algebra).



Equip the Lie algebra a with the invariant symmetric bilinear form ( | ) defined by
(EBP1ED) = A 2.1

whereas all remaining values of the form on the basis vectors are zero. It is understood that if
i # j then relation (2.1) occurs only if \; = A;.
Consider the differential algebra V(a) which is defined as the algebra of differential polyno-

mials in the variables EZ(; ) [s], where s = 0,1,2,..., while EZ(]T ) ranges over the basis elements

of a, equipped with the derivation 0 defined by 8(EZ(; ) [s]) = Ez(; )[s + 1]. We will regard a as a
subspace of V(a) by using the embedding X +— X0] for X € a.
Introduce the A-bracket on V(a) as a linear map

V(a) @ V(a) = C[A] @ V(a), a®br {a,b}.
By definition, it is given by
{X,Y}=[X,Y]+ (X|Y)A for X,Y € a,
and extended to V(a) by sesquilinearity (a,b € V(a)):
{0aab} = —A{axb},  {aa0b} = (A +0){asb},

skewsymmetry
{azb} = —{b-r-pa},
and the Leibniz rule (a,b,c € V(a)):
{arbc} ={arblc+{ac}b.

The A-bracket defines the affine Poisson vertex algebra structure on V; see [3].
Consider the following triangular decomposition of the Lie algebra a,

a=n_ohDdn,, (2.2)
where the subalgebras are defined by
n_ :spanof{Eg)H >}, ng :spanof{Eg)H <j} and b =spanof {EV},

with the superscript  ranging over all admissible values. Set p = n_ @b and define the projection
map 7, : a — p with the kernel n. We regard V(p) as a natural differential subalgebra of V(a)
and define the differential algebra homomorphism

p:V(a) = V(p)

as the identity map on all elements of p C a, while for the basis elements of n; we set

(2.3)

(EW) = 1 if j=i+1 and 7r=X\41—1,
P 1] .
0 otherwise.



Definition 2.1. The classical VW-algebra YV (a) associated with a is defined by
W(a)={P eV(p)|p{X12P} =0 forall X €n,}.

In the case e = 0 this agrees with the standard terminology; cf. [3].

Remark 2.2. One can define a more general family of classical WW-algebras W, (a) by altering
the map p and making it dependent on a chosen set of polynomials A;(u), ..., A,_1(u) of the
form

Afu) = AL oA L AP A

]

fori=1,...,n — 1. Instead of (2.3) one then takes

p(BY) =

Al if j=i+1,
0 otherwise.

However, it will follow from the arguments below (see the proof of Theorem 3.1) that all WW-
algebras W, (a) are isomorphic to each other provided that the leading coefficient of each poly-
nomial A;(u) is nonzero. For that reason we will stick to the particular choice of such polyno-
mials A;(u) = u*+1~1 as given in (2.3). O

The following properties are verified by using the same arguments as in the case e = 0; see
[3, Sec. 3.2].

Lemma 2.3. (i) The mapping

(a,9) = p{arg}, aeng, geV(p)

defines a representation of the Lie conformal algebra C[0]ny on V(p).
(i) The Lie conformal algebra C|[0|n . acts on V(p) by conformal derivations so that

plarght =plargth+p{arh}g
foralla € nyand g,h € V(p). O

Proposition 2.4. The subspace W(a) C V(p) is a differential subalgebra. Moreover, WW(a) is a
Poisson vertex algebra equipped with the A-bracket

(a,b) — p{a,b}, a,b € W(a).

3 Generators of VV(a)

For an n x n matrix A = [a;;] with entries in a ring we will consider its column-determinant
defined by

cdet A = Z SENO * Ay(1)1 - - - Qo(n)n-
ceGy,



Equip the tensor product space V(p) ® C[dy, ..., d,] with an algebra structure such that the
additional elements dy, . . . , d,, pairwise commute and satisfy the commutation relations

di, X[s]| = M X[s+1], X ep. (3.4)

Recall that the \; form an increasing sequence and combine the basis elements of the Lie algebra
a into polynomials in a variable u by

poy = | B8 e BT ez
ij\U) = Y j—
EM TN g g BTG i i<

Write the column-determinant

_dl + EH(U) U)‘Q_l 0 0 Ce 0 T
Egl(u) dg + E22 (U) U)\3_1
Dn(u) _ Cdet Egl(u) Egg(U) d3 + Egg(u)
it
Eni(u) Eno(u) Es(u) cee e dy F By (u)
as an element of V(p)[u] ® Cldy,...,d,] by moving the elements d; in any monomial to the

right with the use of relations (3.4). Furthermore, take the image of this element under the linear
map V(p)[u] ® C[dy, ..., d,] — V(p)[u] ® C[d] which is the identity on V(p)[u] and sends each
d; to d, where d is understood as a formal variable. The image of the column-determinant is a
polynomial in d of the form

d" 4wy (u)d" "+ 4w, (u), wi(u) = Zw,(f) (i w,(:) e V(p).

The following theorem is our main result. Its particular case for the element e = 0 (that is,
with \y =--- =\, = 1)is[11, Thm 3.2].
Theorem 3.1. All elements w,(:) withk =1,...,nand

Mcksz o dy <Ak < Agrn + A (3.5)
belong to the classical YW-algebra WW(a). Moreover, under these conditions the elements 8Sw,(;)
with s = 0,1,... are algebraically independent and generate the algebra WW(a).
Example 3.2. For n = 2 we have
w1 (U) = Ell(u) + EQQ(U), U)Q(U) = Ell(U)EQQ(U) — UA2_1E21 (U) + )\1 8E22(U),
so that
(r) _ (7 (r) _ _
Wy _Ell +E227 T—O,l,...,)\g 17

and
T a b r—X2+1 r
wé ) = Z E%l)Eég - Eél =+ + A Eéz)[l]
a+b=r
fOfTI)\Q—l,...,)\1+)\2—2. O



Proof of Theorem 3.1. Due to Lemma 2.3 (i), the first part of the theorem will follow if we show
that for: = 1,...,n — 1 the relations
t T
p{ z'(z'zruwi(f )} =0
hold for all t = A\; 11 — A;, ..., Air1 — 1, assuming the conditions on the values of k and r as
stated in the theorem. Extend the A-bracket and the representation of the Lie conformal algebra

C[0]ny on V(p) to the space V(p)®C|dy, . .., d,] in such a way that the action on the component
Cldy, ..., d,] is trivial. Then for any X € n, and Y € V(p) we have the relations

We will set d = d; + A ); for brevity. For all & > [ we have
(B3 Bra(w)} = Oia Ef(w) = 650 Ef 41 (1) + 810 i G AN,

where we set © _—
t _ i—1)  Aj—t—1
E’L] (U) — El] + st + EZ]] u J .
By using Lemma 2.3 (ii) and taking the A-bracket of El(?ﬂ with the elements of consecutive
columns of the column-determinant D,,(u), we get

i+1

p{ B, Da(u)} = zl Dia(u),

where D,,,(u) is the column-determinant obtained from D, (u) as follows. The variables d.
should be replaced by the rule d. + df forc =1,...,a — 1 and column « in D,,(u) should be
replaced by a new column which we now describe.

Fora=1,...,7— 1 we have
[ + Ei1(u) w2t . 0 . 0 ]
Esi(u Eso(u . : e 0
Dy o(u) = cdet () s(u) ;
: : B! (u) :
: : : el
En(u) Eno(u) . 0 ooy + Epp(u) ]

where the only nonzero entry E/, (1) in column a occurs in row i + 1.
The column-determinant D,,;,(u) has the same form, except that the only nonzero entry in
column i + 1 occurring in row 7 + 1 equals u*i+1 =1,



In the remaining column-determinant D,,;(u) we only display columns ¢ and i+ 1 which have
the form

0 0
. —u)‘”.l_t_l u’\”.l_l
cdet | - Ei(uw) — Bl (w) 00 AN digy + Eipriga(u)
—El\ 51 (u) Eiroiv1(u)
L _Ertmurl(u) Eniv1(u) i

By expanding D,,;(u) along columns ¢ and ¢ + 1 simultaneously, we find that a nonzero contri-
bution from this expansion can come only from the 2 X 2 column-minors with entries in rows %
and b with b > ¢ 4 1. For b > 7 + 1 such a minor equals

— M T B () utie E§i+1(u) (3.6)

which is zero for ¢ = 0 and is equal to a certain polynomial Cj,(u) in u of degree \;y; — 2 for
t > 0. In the latter case the contribution to D,,;(u) arising from this 2 x 2 column-minor equals
an alternating sum of products of the form

(o1 d + Esr1(0) - (o-1yi-1 43 + Eooyima(w) Cy(w)
X (60(1'-‘,-2) i+2 di+2 + EJ(H—Q) i+2<u)) v <6J(n)n dn + EJ(n)n(“))

with 0 € &,,, where each occurrence of Ej; (u) amongst E,(;;(u) should be replaced with

w11 and we assume that E;i(u) = 0forl > j + 1. Write such a product as an element

of V(p)[u] ® Clds, ...,d,] and take its image under the linear map V(p)[u] @ C|dy, ..., d,] —
V(p)[u] ® C[d]. Since the u-degree of E;;(u) equals \; — 1, the resulting expression will be a
polynomial in d such that the coefficient of d"* is a polynomial in u whose degree does not
exceed

Akt =D 4+ Nicr =D+ (A1 =2) + Nz = D+ + (A — 1)
if n — k <1 — 1, and does not exceed
(Ait1 = 2) + (Apeprs = 1) + -+ + (A — 1)
if n — k > 4. In both bases the degree in u is less than
(Ankr2 =)+ + (A= 1) (3.7)

and so the contribution of such 2 x 2 column-minors to the expression ,O{EZ(?Jrl 1 w,(:)} is equal to
zero because by the conditions of the theorem the minimal possible value of r is given by (3.7).

7



Furthermore, we have

.........

where for a subset K C {1,...,n} we denote by Dy (u) the principal column-minor of D,,(u)
corresponding to the rows and columns labelled by the elements of K, while D7 (u) is obtained

from Dy (u) by replacing all elements d,, with d. Expand D" ,(u) along the last row to get

-----

.....

This shows that if ¢ > 0 then ,o{El(’;)Jrl 5, Dn(u)} can be written as the expression

D (=1)DY (@) uten TN (U/\”ﬁt*lE@'a(U) - U/\”rlEz’ta(U)) Do, n(u)

— Dy ia(u) ((U/\”ltlEHuH(U) - u)\iHilEitJrlz#l(u)) — M (df - di+1)>

.....

77777

Write the expression P{EZ(ZA 2 Dn(u)} as an element of V(p)[u] ® C[dy, ..., d,] and take its
image under the linear map V(p)[u] ® C[dy, ..., d,] — V(p)[u] ® C[d]. Similar to the argument
above with elements (3.6), we can see that the image is a polynomial in d such that the coefficient
of d"~* is a polynomial in u whose degree is less than the number in (3.7). This completes the
proof of the first part of the theorem.

As a next step, we will show that the elements 83w,(€r) are algebraically independent. We
will adapt the corresponding argument used in the proof of [3, Theorem 3.14] and introduce the
differential polynomial degree on V(p) by setting the degree of X|[s] to be equal to s + 1 for any
nonzero X € p. The minimal degree components of the elements w,(f) withr = g+ A\_pao +
-+ 4+ A\, — k + 1 are given by the formulas

pp—k+1 + higher degree terms

wl(;) _ (_1)k—1 i E(q+)‘n7)‘n7k+1+"'+Ap+l7)\p7k+2)

p=k
forq = 0,1,...,\,_x+1 — 1. By applying s times the derivation O to both sides we get the
respective minimal degree components of the elements aSw,Ej“). Their algebraic independence

now follows from the observation that all elements of the form

n
(q+HAn—An— k1t +FApr1—Ap_k42)
Z Epp—k:+1 []
p=Fk



with s = 0, 1,... are algebraically independent.
Finally, we will show that the algebra WW(a) is generated by the elements 8Sw,(:)
D,,(u) along the last row we get the expression

. Expanding

Dn(u) = Dl ..... nfl(U) (dn_'_Enn )+Z k lDl ..... n,k(u) U/\"fk+271 e U,)\nil Enn7k+1<u>-

Hencefork=1,...,nandr =q+ \,_g42+ - -+ A\, — k + 1 we can write
w = (~1TEY AR q=0,1,. . A — 1, (3.8)
where R is a polynomial in the variables of the form E) [s] withm =n — k +2,...,n and the

variables Effﬁ [s] withn >1>m > 1.
Now suppose that an element P € V(p) belongs to the subalgebra W(a) C V(p). Applying

relations (3.8) consecutively with k = n,n —1,...,1 we can write P as a polynomial in the new
variables 8Sw,(;) withk =1,...,nands > 0 satlsfylng conditions (3.5), together with El(p )[ ]
withn >1>m > 1. Take X = E>" "V fori e {1,...,n—1}andt € {0,1,..., )\, — 1} in

Definition 2.1 and observe that the images of the A-brackets of X with the new variables under

the map p are equal to zero, except for the variables F. “Z ;[s]. Since

(BB =~ 0y BN
by applying Lemma 2.3 (ii) we find that the property p{X,P } = (0 implies the relation

YA ——— =0

5>0 8E [ ]

which means that P does not depend on the variables Effz“[s] with? =1,... ,n — 1. Repeating
the same argument for the elements X € n, of the form X = EZ(;\J ~1 with j=n—1,...,2
andi € {1,...,j — 1}, we may conclude that P does not depend on the variables £ [s] with
(r)

n > 1 > m > 1 so that P is a polynomial in the variables 0°wy, ’, as required. ]

4 Miura map and center at the critical level

Here we will show that the classical JV-algebra YV (a) is isomorphic to the center at the critical
level of the affine vertex algebra V' (a); cf. [7], [8, Ch. 4]. We will do this by relying on the work
[10] and providing an explicit correspondence between the generators of both algebras. We will
use a Miura-type map on the VV-algebra side and a Harish-Chandra-type isomorphism on the
vertex algebra side.

Denote by V() the differential subalgebra of V(p), generated by the elements EZ(:) with
t=1,...,nandr =0,...,\;, — 1. Let

¢ :V(p) = V(b)

denote the homomorphism of differential algebras defined on the generators as the projection
p — b with the kernel n_.



Proposition 4.1. The restriction of the homomorphism ¢ to the classical YW-algebra W (a) is
injective.

Proof. It will be sufficient to verify that the images of all generators 8sw,(€r) € W(a) with k =
1,...,nand s > 0 satisfying conditions (3.5) are algebraically independent in V(). The images
m,f}") = go(w,g,r)) are found by writing the product

(di+ Evi(w)) ... (dn+ Enn(u))

as an element of the vector space V(h)[u] ® C[dy,...,d,] and taking its image under the linear
map V(h)[u] @ C[dy,...,d,] — V(h)[u] ® C[d] which is the identity on V(h)[u] and sends each
dj. to d. The image is a polynomial in d of the form

A"+ W (w)d" - w (), W) =Y w W

Introduce a grading on V(h) by setting the degree of X|[s] to be equal to s for any nonzero
X € b. The proposition will follow if we show that the minimal degree components 851),(;) of

the respective elements 85@,57")
the formulas

B r S! Id T

11<- <t} T1+-FrEg=r si+--+sp=s S1:...5k

are algebraically independent. These components are found by

We will verify that the differentials of these polynomials are linearly independent. Introduce
particular orderings on the set of the variables EZ(ZT ) [s] and on the set of polynomials 632;,(!") as
follows. First, if s < s’ then we set E\'[s] < E](-’]’-) [] and 90\ < v for all admissible
values of the remaining parameters. Formulas (4.9) imply that if the orderings within the sets of
elements with a given s are chosen consistently for different values of s, then the Jacobian matrix
will have a block-diagonal form with identical diagonal blocks. Therefore, it will be sufficient
to consider the Jacobian matrix corresponding to the elements with s = 0. In this case formula

(4.9) gives
W= BN B (4.10)

1< <tp T1++TE=T

Now list the variables in a particular order:

_ A—1 - A —2 A —An
EQ=Y EGTY EC2 L EGY B9 BT,
assuming that any variables with negative superscripts are excluded from the list. This means,
in particular, that the last segment of the sequence has the form E©) ... El(i)l 141» 1f for certain
index [ we have \; < \j;1 = --- = \,. Similarly, list the polynomials by
ngn—l)’ o ,Uq(@AnJr~~-+A1—n)7 ng\n—2)7 o 7U?(lAn+-~+>\1—n—1)7 o ’U§0)7 o 7U7(7‘>\n71+"‘+)\1—n+1)7

10



where a polynomial v,(f) is excluded from the list if conditions (3.5) do not hold. Note that the
corresponding Jacobian matrix is square of size N = Ay 4+ --- + A,. Introduce multiplicities
¢, - - -, q of the decreasing sequence (A, A\y_1,..., A1) by

)\n:"':)\nfqﬁrl>)\nfq1:"':)\nfqlfq2+1>"'>)\ql:"':)\1a

so that the g; are positive integers with ¢; + - - - + ¢; = n. First consider the upper left block of
the Jacobian matrix of size n x n. By formulas (4.10), the elements

()\nfl) ()‘n+"'+)‘nfq1+l—q1)
U1 7o Vg

are the respective elementary symmetric polynomials in the variables

EAn—1)

nn PRI

()‘n—ql-H*l)
) Enfqﬁ»l n—qi1+1-°

It is well-known that the corresponding ¢; X ¢; Jacobian matrix is non-degenerate which is
equivalent to the algebraic independence of the elementary symmetric polynomials. Similarly,
each of the next ¢, elements

()\n+"'+)\'n—q1 *Ql*l) ()\n+"'+>\n—q1—q2+1*q1 *q2)
q1+1 o Ugitge

is the respective elementary symmetric polynomial in the variables

E()‘n—qlfl) E(An—ql—QQ+1_1)
n—qin—qi’ " n—qi—q2+ln—qi—q2+1

multiplied by the product EQ»=1 . ET(LA_"q;‘fﬁf ;:Z .1 Therefore, the next ¢o x ¢o diagonal block

of the Jacobian matrix is also non-degenerate. A similar structure is clearly retained by all
remaining ¢; X q; diagonal blocks. In particular, each of the last ¢; elements

(An+-4Xg —ntq—1) (Ant-+A1—n)
g1 M

: . . . : Ag—1 - :
is the respective elementary symmetric polynomial in the variables Eéquf ), e Ef’}l Y multi-

plied by the product of the first n — g; variables EX»—1 é?ﬁ’f;ljl).

By formulas (4.10), each of the next \; — 1 diagonal n x n blocks of the Jacobian matrix
exhibits a similar structure. Namely, for each ¢« = 1,...,[ their ¢; X ¢; diagonal sub-blocks
coincide with the respective ¢; x ¢; sub-block in the first block of size n x n.

As a next step, consider the submatrix of the Jacobian matrix of size (n — ¢;) X (n — q)

corresponding to the subsequence of variables

E(An—kl—l) (>‘q1+1_/\1_1)
nn v Hg+lq+1
and the polynomials
(An—A1—1) (Ant-+Ag+1—A1—n+q)
N ey Un_g .

It follows from (4.10) that this submatrix has a block-triangular form with the diagonal blocks of
sizes q; X ¢q; forv = 1,...,1 — 1 which coincide with the respective sub-blocks of the n x n sub-
matrix considered above. The argument continues in the same way for the remaining variables
and polynomials, and the same observation applies to the remaining part of the Jacobian matrix.
Since all diagonal blocks are non-degenerate we may conclude that so is the full matrix. ]

11



Remark 4.2. (i) The above argument provides another proof of the algebraic independence of
the generators 8Sw,(:) of the algebra YV (a) given in Theorem 3.1.

(ii) Proposition 4.1 allows one to regard the classical W-algebra WW(a) as a differential
subalgebra of V(h) generated by the elements E,gr) with £ = 1,...,n and r satisfying conditions
(3.5). It would be interesting to find an intrinsic characterization of this subalgebra. This could
possibly involve some version of screening operators like in the case e = 0; see [8, Ch. 8]. In
this case the embedding W(a) — V(h) is the Miura map, loc. cit. O

Now we recall the definition of the center at the critical level associated with the centralizer a
from [1] and a construction of its generators [10]. The affine Kac—-Moody algebra a is the central
extension

a=alt,t '] ®C1,
where aft,t7!] is the Lie algebra of Laurent polynomials in ¢ with coefficients in a. For any
r € Z and X € g we will write X[r] = X t". The commutation relations of the Lie algebra a
have the form

(X[, Y8l = (X, Y[+ 8]+ 76, (X, Y)1, XY eq,

and the element 1 is central in a. Here the invariant symmetric bilinear form ( , ) is different
from (2.1) and defined by the formulas

(B, By =min(\i, Aj) = 6 (M + -+ Moy + (n— i + 1A,

JJ
and if \; = \; for some 7 # j then
(B ED) =M+ + A+ (n—i+ 1N,

whereas all remaining values of the form on the basis vectors are zero. The vacuum module at
the critical level over a is the quotient

V(a) = U(a)/1,

where [ is the left ideal of U(a) generated by a[¢] and the element 1 — 1. The vacuum module is
a vertex algebra and its center is defined as the subspace

3(a) = {v € V(a) | at]v = 0}.

The center is a commutative associative algebra which can be regarded as a subalgebra of
U(t_la[t_l}). This subalgebra is invariant with respect to the translation operator T which

is the derivation of the algebra U(t‘la[t_l]) whose action on the generators is given by

T:X[r]— —rX[r—1], X€a 1r<0.
By [1, Thm 1.4], there exists a complete set of Segal-Sugawara vectors Sy, ..., Sy € 3(a),
which means that all translations 7S, withr > Oand [ = 1,..., N are algebraically independent

and any element of 3(@) can be written as a polynomial in the shifted vectors; that is,

3@ =C[T"S,|l=1,....,N, r>0].

12



In the case e = 0 this reduces to the Feigin—Frenkel theorem in type A [7, 8].

To produce a complete set of Segal-Sugawara vectors, we will use the extended Lie algebra
a®Crn & --- @ Cr, where the additional elements 71, . . ., 7, pairwise commute and satisfy the
commutation relations

[TZ’,X[T’” =—r\X[r—1], [Ti, 1] = 0.

We will identify the universal enveloping algebra U (tila[t*ﬂ eCne- & Crn) with the tensor

product space V(a) @ C[ry,...,7,]. Foralli, j € {1,...,n} introduce polynomials in a variable
z with coefficients in this algebra by

ED 1)+ -+ B}V [=1] 2% it iz,

Ei(;\j—ki)[_l]zAj—Ai bt Ei(j\j_l)[_]‘] Al < g

Eij(z) =

Combine them into the n X n matrix, calculate the column-determinant

T1 + E11(2> Elg(Z) e Eln(Z)
E21(2) Ty + EQQ(Z) . Egn(Z)
cdet ] ) ) )
E1(z2) En(z) ... 7,4 Eun(2)
and write it as an element of V(a)[z] ® C[r, ..., 7,]. Furthermore, take the image of this el-
ement under the linear map V' (a)[z] ® C[r,..., 7] — V(a)[z] ® C[r] which is the identity

on V(a)[z] and sends 74 to 7, where 7 is understood as a formal variable. The image of the
column-determinant is a polynomial in 7 of the form

T o ()T A a(2), () = Do) 2

We will use the following form of the main result of [10]: the coefficients gzﬁ,(:) withk=1,...,n
and r satisfying (3.5) belong to the center 3(a) of the vertex algebra V' (a). Moreover, they form
a complete set of Segal-Sugawara vectors for the Lie algebra a.

Denote by U(tila[tfl])o the zero weight component of the algebra U(t’la[t”D with re-

spect to the adjoint action of the abelian subalgebra of a spanned by E\0. ... E©. Recall the
triangular decomposition (2.2) of a and observe that the projection

FoU(alt™), = U hlE)
to the first summand in the direct sum decomposition
U(t et ), = U+l ) @ <U(t‘1a[t_1])0 NU(tafe) t‘1n+[t_1]>
is an algebra homomorphism. Note that 3(a) is a subalgebra of U(t‘la[t_l])o.
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Proposition 4.3. The restriction of the homomorphism § to the subalgebra 3(a) is injective.

Proof. The images of the generators of the algebra 3(a) under the homomorphism f are readily
found from their definition. Namely, write the product

(71 + E11(2)) . (7o + Eun(2))

as an element of the vector space U(t‘lh[t_l])[z] ® C[r,...,7,] and take its image under

the linear map U(t_lb[t_l})[z} ® Clry,...,7a] — U(t_lf)[t_l})[z] ® C[r]. The image is a
polynomial in 7 of the form

TG ()T T 4 0,(2), B(z) =S 2

The proposition will follow if we show that the elements T%ﬁ” € U(t’lh[tfl]) , where s > 0
and k =1, ..., n with r satisfying conditions (3.5), are algebraically independent. However, we
have an isomorphism of differential algebras

V(o) - Ut '0E]),  X[s) = s!X[—s — 1]

for s > 0 and X € b, so that the derivation O corresponds to 7. Under this isomorphism, we

have @,Er) > 5,5’"). It remains to note that the required property was already established in the

proof of Proposition 4.1 for the elements 68@,5”. U

By the arguments used in the proof of Proposition 4.3 we have the following isomorphism;
cf. [8, Theorem 8.1.5].

Corollary 4.4. We have a differential algebra isomorphism

3@ = W), o) =w, T,
where k = 1,...,n and r satisfies (3.5). O
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