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Abstract

The Landau-Lifshitz—Bloch equation perturbed by a space-dependent noise
was proposed in [9] as a model for evolution of spins in ferromagnatic materials
at the full range of temperatures, including the temperatures higher than the
Curie temperature. In the case of a ferromagnet filling a bounded domain
D c R% d = 1,2,3, we show the existence of strong (in the sense of PDEs)
martingale solutions. Furthermore, in cases d = 1,2 we prove uniqueness of
pathwise solutions and the existence of invariant measures® .

!The results of this paper have been presented at The conference on Stochastic Analysis and its

Applications Bédlewo, 29th May—-3rd June 2017 and at the AIMS Conference on Dynamical Systems
and Differential Equations Taipei, July 2018
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1 Introduction

The aim of this paper is to initiate the analysis of stochastic Landau-Lifschitz-Bloch
equation (1.3). For the reader’s convenience we recall here some background material
introduced in [17].

A well-known model of ferromagnetic material leads to the Landau—Lifshitz—
Gilbert equation (LLGE) for the evolution of magnetic moment, which is valid only
for temperatures close to the Curie temperature T, [12, 16]. Several recent techno-
logical applications such as heat-assisted magnetic recording [15], thermally assisted
magnetic random access memories [21] or spincaloritronics have shown the need to
generalise this theory to higher temperatures. For high temperatures, a thermody-
namically consistent approach was introduced by Garanin [9, 10] who derived the
Landau-Lifshitz—Bloch equation (LLBE) for ferromagnets. The LLBE essentially in-
terpolates between the LLGE at low temperatures and the Ginzburg-Landau theory
of phase transitions. It is valid not only below but also above the Curie tempera-
ture. Let u(t,z) € R? be the average spin polarisation for t > 0 and x € D C R¢,
d=1,2,3. The LLBE takes the form

ou 1 1
E:’}/’U,XHeﬁ+Llw(U'Heﬁ)U_L2WuX (u X Heg), (1.1)
where the effective field Hog is given by (1.2) below. Here, | - | is the Euclidean

norm in R3, v > 0 is the gyromagnetic ratio, and L; and L, are the longitudial and
transverse damping parameters, respectively.

Nevertheless, the deterministic LLBE is insufficient to capture the dispersion of
individual trajectories at high temperatures. For example, when the magnetization
is quenched it should describe the loss of magnetization correlations in different sites
of the sample. In the laser-induced dynamics, this is responsible for the slowing
down of the magnetization recovery at high laser fluency as the system temperature
decreases [8]. Therefore, under these circumstances and according to Brown [2, 3],
stochastic forms of the LLBE are discussed in [8, 11] where the LLBE is modified in
order to incorporate random fluctuations into the dynamics of the magnetisation and
to describe noise-induced transitions between equilibrium states of the ferromagnet.

In this paper, we consider the stochastic LLBE, introduced in [11], perturbing
the effective field Hqg in (1.1) by a Gaussian noise. Furthermore, we focus on a
case in which the temperature T is raised higher than 7., and as a consequence the
longitudial L; and transverse L, damping parameters are equal. The effective field
H . is given by

1 3 T
Hgi=Au——|[1+4+= 2 1.2
o=t (14 Sl Ju (12)
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where X is the longitudinal susceptibility. Using the vector product identity a x (b x
c) =b(a-c)— c(a-b) where (-,-) is the scalar product in R3, we obtain

ux (ux Heg) = (u- Heg)u — |ul> Hg,

and from property L; = Ly =: k1, the stochastic LLBE takes the form

du = (kiAu+yu x Au—ro(1+ plul?)u) dt + Z(yu X hy, + k1hy) o dWi(t), (1.3)
k=1

with kg 1= ;—‘1' and p = % Here, we assume that

S ey < b < oc, (1.4)

k=1

and {Wj, : k > 1} is a family of independent real-valued Wiener processes. Finally,
the stochastic LLBE being studied in this paper is equation (1.3) with real positive
coefficients k1, ko,7, , initial data w(0,x) = we(x) and subject to homogeneous
Neumann boundary conditions.

We emphasise that introducing two kinds of noise, multiplicative and additive,
seems necessary to capture important features of the physical system. Namely, it is
argued in [8] that only then the model may lead to a Boltzmann distribution valid
for the full range of temperatures.

Despite its importance, very little is known about solutions to the deterministic
and stochastic LLBE. A pioneering work on the existence of weak solutions to the
deterministic LLBE (1.1) in a bounded domain is carried out in [17]. In this paper
a Faedo—Galerkin approximation was introduced and the method of compactness
was used to prove the existence of a weak solution for the LLBE and its regularity
properties. In this work we built on the theory developed in [17] and initiated
the theory of stochastic LLBE. While preparing its final version we learnt about the
paper [14]. In their work the authors, starting from the formulation in [17], prove the
existence of weak (in PDE sense) martingale solutions to equation (1.3). In our work
we show that martingale solutions are strong in PDE sense for d = 1, 2,3 and prove
pathwise unigeness in dimensions d = 1,2 and this fact by the Yamada-Watanabe
theorem implies uniqueness of martingale solutions. Finally, we prove the existence of
an invariant measure which is an important step towards thermodynamic justification
of the stochastic LLBE. The results of this paper have been presented at a number
of international meetings (see footnote on p. 1).

The paper is organized as follows. Section 2 contains Theorem 2.2 and Theo-
rem 2.3 on the existence and uniqueness strong solution of (1.3) as well as its regu-
larity properties. In Section 3 we introduce the Faedo—Galerkin approximations and



prove for their solutions some uniform bounds in various norms. Sections 4 and 5 are
devoted to the proof of Theorem 2.2. The existence of an invariant measure stated
in Theorem 6.4 is proved in Section 6. Finally, in the Appendix we collect, for the
reader’s convenience, some facts scattered in the literature that are used in the course
of the proof.

2 Notation and the formulation of the main results

Let D C RY, d = 1,2,3, be an open bounded domain with uniformly C? boundary.
The function space H':= H!(D,R?) is defined as follows:

H!(D,R?) = {u e L*(D,R?) ; g—“’ c L}(D,R?) fori= 1,2,3.} .
T

Here, P := L?(D, R?®) with p > 1 is the usual space of p'i-power Lebesgue integrable
functions defined on D and taking values in R3. Throughout this paper, we denote a
scalar product in a Hilbert space H by (-, ), and its associated norm by || - ||z. The
duality between a space X and its dual X* will be denoted by x(-,-)x+.

Let X, denote the Hilbert space X endowed with the weak topology and let

C([0,T]; Xy) := the space of weakly continuous functions u := [0,7] — X
endowed with the weakest topology such that for all ~ € X the mapping

u+—> (u(-),h)y is continuous.
In particular, u, — v in C([0,T]; X,,) iff for all h € X:

lim sup |(u,(t) — u(t),h)y| = 0.

N0 ¢0,T]

For a ball BY(R) := {x € H' : |z|m < R} we denote by BL(R) the ball B'(R)
endowed with the weak topology. It is well known that B, (R) is metrizable [1]. Let
us consider the following subspace of C'([0,T]; H},)

C([0, 7B, (R)) = {u € C((0,T];H,) : sup [ulm < R}.

te[0,7
The space (C’ ([0, 7];BL), p) is a complete metric space with

plu,v) = ts[tépﬂ q(u(t), v(t)),

where ¢ is the metric compatible with the weak topology on B*.



Definition 2.1. Let d = 1,2,3. Given uy € H' and T > 0, a weak martingale
solution (0, F,F, P, W, u) to (1.3), consists of

(a) a filtered probability space (Q, F,F,P) with the filtration F = (F,) satisfying the
usual conditions,

(b) a family of independent real-valued Wiener processes W = (W;)32,, adapted to
the filtration T,

(c) a progressively measurable process u : [0,T] x Q — H' N1L* such that P-a.s.
u € L™ (0,T;H") and for every t € [0,T] and ¢ € C°(D), P-a.s.:

(u(t), )1z = (0, B)rz — 1 / (Vu(s), Vo)oz ds — / (u(s) x Vu(s), Vo) ds
- / (1 + uluf*(s) u(s), d)oz ds

/ Z yu(s) X by + ki1hg, @)1z o dWi(s), (2.1)

0 k=1
Now we can formulate the main results of this paper.

Theorem 2.2. Let d = 1,2,3. Assume that ||ug|lm: < Cy for a certain Cy > 0. Then
there exists a weak martingale solution (2, F,F, P, W, w) of (1.3) such that

1. for everyp € [1,00), a € (0,1/2)

we LP(Q; (L0, T;H') N L*(0, T; H?))),

EHU’HWWP OTILQ) + EHuHi"O(O,T;Hl)ﬂLQ(O,T;Hz) < C, (22)

and for every q € [17 %)

E (/OT lu(t) x Au(t)]2, dt)p <e, (2.3)

where ¢ is a positive constant depending on p, Cy and h.

2. the following equality holds in I.%:
¢ t
u(t) = u(0) + K1/ Au(s)ds + ”y/ u(s) x Au(s)ds
0 0
¢ o
— @/ (1 + plul*)u(s) ds + Z/ (vu(s) x by + K1hy) o dWi(s),
0 = /o

(2.4)



3. for every a € [0, i) and 8 € 0, %]
u() € C*([0,T; L*) N C?([0,T|; L¥*) N C([0, T); HL)) P —a.s. (2.5)

Theorem 2.3. (Pathwise uniqueness) Let D C R or D C R? and let uy € H' be
fized. Assume that (0, F,F,P, W, u;) and (0, F,F,P, W, us) are two weak martingale
solutions to equation (2.4), such that fori=1,2

(a) u1(0) = uz(0) = o,
(b) the paths of u; lie in L>(0,T;H') N L*(0,T;H?),
(c) each w; satisfies equation (2.4).

Then, for P-a.e. w € Q2

Uy (-, w) = us(-, w).

Proof. Let v := u; — uy. Then v satisfies the following equation

dv = [k1Av 4+ (v X Aug + us X Av — ko (v + p(w v + (Ju ] — |uol?)us))

+ ’yvahk ) x hy] dt+fyvahdek() (2.6)

k=1

with v(+,0) = vy = 0 By using [t6 Lemma and (2.6) we get
1 1
Sdlol? = (v, dv)s + 1 (o, )
= [~rl[VolZz + 7 (v, us x Av) — kol[[f2 — rop||us|v]17
1 o0
ot (v (oY) — 5 D 0 2]
k=1
hence

1 t 1 t
§Hv(t>||2 +m/0 IVo(s)]122 ds + keollo(t)|IF §§Hvo||2 +7/0 (v(s), ua(s) x Av(s)). ds

- w/o (v(s5), (lur(s)]* — |ua(s)|*)ua(s)), . ds.
(2.7)

We now estimate all terms in the right hand side of (2.7).
Let us start with the second term. By using the triangle inequality, there holds

|/ ,(lur(s)? = Jua(s) ) ua(s >]L2 ds| </ / |2 |us|(|ui| + |us|) dz ds
s/o [[wa(8)][nee ([|a (8) Lo + [Jua(s)||lu) [[v(s) |22 ds (2.8)



The first term in case D C R is estimated by noting the following interpolation
inequality
1 1
0]l < cl]|Zellv]lF,

there hold
|/ ), ua(s) x Av(s))ypa ds| \/ 5), Vus(s) x Vo)) ds|
é/HM@MMWMﬁMﬂVW@Wm%
0
t 1 1
e [ Wl 90l Vs ds
0
t
< [ ol Voles Vs s

—%{/IWW”!VUW”HVuﬂmuh

<5 [ vl s
0
02 t 4 02
+1—1 : HVU2H12L2(1+ 71 |\Vu2H]2LQ)|]v||[2LZdS_

(2.9)

It follows from (2.7)—(2.9) that

t
o1 < 5loali+ [ @)oo ds
where
®(s) = [[ua(s) [l (lur (s) e + fuz(s) =) + [|Vaua(s)[IEz + | Vaa(s) 2.
Using Gronwall inequality and noting fo s)ds < oo, we deduce that
lo(®)[F2 < s #O% ag ,,

it implies w1 (-, w) = us(-,w) for P-a.e. w € Q as vy = 0.
The first term in case D C R? is estimated by noting that

1 1
|wlls < cl|wlfa||w]fn, Yw e H'(D) and D C R?



and using the Young inequality ab < %= //3 %, there hold

}/ ), uz(s) X Av(s)). ds| ‘/ s), Vua(s) x Vo(s))y 2 ds‘
< [ 1ot 9906) [P s s
< [ Iolaloli Vol Vuals s
/HMWHVMWWVWMMB+clﬂwmeﬂmmmmww
SM/vamw-f/Wwwmm@w

/nwmmwu—/nwwmwm@

t
+C/O (IVua|Lal[ualle + Ve [usllme) ]2 ds.

(2.10)
It follows from (2.7), (2.8) and (2.10) that
1 t
lo(®)lIE2 < 5llvolli> + C/O @ (s)[[v(s)| ds,
where
O(s) = fuz(s)llLe (Jua(s)llie + llua(s)le) + [[Vauzlizuzllie + Vs uslge.
Using the Gronwall inequality and noting fo s)ds < oo, we find that
lo(®)li72 < o ®O“|jug|F,
it implies u; (-, w) = us(+,w) for P-a.e. w € Q as vy = 0. O

Corollary 2.4. Let D C R or D C R2. Then for every uy € H*
1. there exists a pathwise unique strong solution of equation (1.3);
2. the martingale solution of (1.3) is unique in law.

Proof. Since by Theorem 2.2 there exists a martingale solution and by Theorem 2.3
it is pathwise unique, the corrollary follows from Theorem 2.2 and 12.1 in [19]. O
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3 Faedo-Galerkin Approximation

Let A = —A be the negative Neumann Laplacian in D. Then [7, Theorem 1, p.
335], there exists an orthonormal basis {e;}32, of L%, consisting of eigenvectors of A,
such that for all i =1,2,...
—Aei = )\iei, % =0 on aD, e; ]LOO,
on
where m is the outward normal on the boundary 0D; and A; > 0 for ¢ = 1,2,...are
eigenvalues of A. For 3 > 0 we define the Hilbert space X? = dom (Aﬁ) endowed
with the norm
follxs = [T + AP0

The dual space will be denoted by X%,
Let S, := span{ey,--- ,e,} and II, be the orthogonal projection from L? onto S,,
defined by: for v € L2

<an> ¢>ILQ = <Ua ¢>IL27 v¢ € Sy (31)
We note that
(Vw, VI, v)2 = (v, All,w)12 = (Vov, VI, w)yz, (3.2)
for v, w € H', hence
L < ||vlj: Vo € L2 (3.3)
and
VL2 < ||[Vo|. Vv e H. (3.4)
We are now looking for approximate solution u,(t) € S, := span{e;y,--- ,e,} of

equation (1.3) satisfying
du,, :(/flAun + I, (w, X Au,) — /‘ian«l + u]un\Q)un)) dt
+ ) T, (Y X by + kb)) 0 dWi(t), (3.5)
k=1

with w,,(0) = ug, = II,uo. The existence of a local solution to (3.5) is a consequence
of the following lemma.

Lemma 3.1. Forn € N, define the maps:

Fi:SnB’U'—)A'UESm
F?:S,2vmI,(v x Av) € S,,,
F2: 8,3 v e I, ((1+ plv*)v) € S,
Gur : Sp, D v — Hn(yun X hy, + mhk)

Then F} and Gy, are globally Lipschitz and F?, F3 are locally Lipschitz.

9



Proof. For any v € S,, we have

n

v = Z (v,e;)j-€; and — Av= Z i (v, ei)o e

i=1 =1

Using the triangle inequality and the Holder inequality, we obtain for any w,v € S,

1E3 (w) = Fy(0) iz = [Au = Avlle = [ YN (u— v, )z €2

i=1
n n

< Z)\ZKU —v,e).| < <Z )\Z-) lu — v|Le,
i=1 =1

and the globally Lipschitz property of F! follows immediately.
Next, estimate (3.3) yields

I1F2(u) — F2(v)|2 = |Ha(u x Au—v x Av) |12 < [Ju x Au — v X Av||p
< JJu x (Au — Av)||L2 + ||(u — v) x Av||L2
< Jull | (w) = Fy(0)[lez + [[(w = v) |2 ]| Av]le.
Since F! is globally Lipschitz and all norms on the finite dimensional space S, are

equivalent, F? is locally Lifshitz.
Similarly, the local Lipschitz property of F? follows from the estimate,

17 (w) = Fo(v)[lee < [lu — vl + plIL(Jul*u — [v]*0) 12
< lu = vz + plllufu — ool
< Jlu = vz + pllfuf(u = )|z + pll(w =) - (u+v) v
< (L4 pllluf i + pllu + vl f[vllee) w = vl
which completes the proof of this lemma. n

We first recall the relation between the Stratonovich and Ito differentials: if W, is
an R-valued standard Wiener process defined on a certain filtered probability space
(Q, F,F,P) then

Gk (v) 0 AW (1) = % ke (V)G (V)] dt + G (v) Wi (1),

where

G (0)[Gri(v)] = T, (Gri(v) ¥ hy) .

Therefore (3.5) can be rewritten as an Itd equation

du,, = F,(u,)dt + z": Gk (wy, ) dWi (1), (3.6)
k=1

10



with

n

Fo(uy,) := FHu,) + F2(u,) — F3(u,) + % Z IL, (Grk(wn) x hy).

k=1

We now proceed to prove uniform bounds for the approximate solutions w,,.

Lemma 3.2. For anyp>1,n=1,2,...and every t € [0,00), there holds

t p t P
E sup ||un(s)|% + E (/ Va2 ds) +E (/ /(1+#|un|2)|un|2dmds) <e,
0 0 D

s€[0,t]

where ¢ 1s a positive constant depending on p, Cy and h.
Proof. Let us consider a function 4 : S, 3 v — $|v||?. € R that is C*° with

Y (v)(g) = (v,9);. and ¢"(v)(g.k) = (k,g);. forallg kes,.
Using the [to Lemma we obtain

dp(uy,) = (U, duy,); 2 + % (dty,, duy, )y 2 - (3.7)

From (3.6) and (3.7) we deduce that
1 2

Sllun(t)llL2 = ((wn, F(un))p2 + % D Gk (wn)[F2) dt + ) (tn, Gui(wn))pz dWilt).

k=1

(3.8)

We also have

(s Pt =~ ) = 2 [ (14 )
D

1 n
+ 5 Z Y <’u'na Gnk(un) X hk>L2

k=1

V()2 — @/ (14 ) [ dez
D

1 — ] —
=5 2 Gl + 5w Y (e, Gwn)) g (3.9)
k=1 k=1

and (W, Gop(wn))y2 = K1 (U, By )po - (3.10)

11



Therefore, taking into account that (3.8)—(3.10) and (3.3) we obtain
1 t t
Sl O+ w0 [ I1Vun(o)Ezds b [ [ (1 () a5 dm s
1 , 1 &/
= §||u0,n||]L2 + 5'%1 kz:; ; (R, G (wn(8)))12 ds
n t
+m§j/<%w»mnﬂMM@
< 5 lluollz: +ctz 1P £2 + Z 1P ) / [[wn(s)]|L2 ds
+CZ / (Un (), i)y s dWi(s)
k=170

< c+c/ |, (5)]72 ds+cZ/ (wn(s), hi)p2 dWi(s). (3.11)
0 = Jo

DN | =

It follows from (3.11) and Jensen’s inequality that for any p > 1 there hold

Junt) /HW%IW% // Lt (9)) [ 2(5) dee )"
sC+d/ﬁmm$mwa+d§j/<wmmhwmdwa@F

< c+c/ l|lwn (s HLZ ds—l—c‘Z/ Wn(s), hi)p 2 dWi(s )} (3.12)

Using the Burkholder-Davis-Gundy inequality and the Holder inequality, we estimate

n

E sup \Z/ (wn(7), hy)pa AW (T <cE|Z/ W, (5), h)p2)? ds|””
s€[0,¢] P
&mzﬁwmme@wW
k=1
n t
(3 Il B ) [ o) asf”™)
k=1

t
< cE[l + (/o | (5)]22 ds)p}
¢
<c+ c/ Ellw,(s)? ds
0

12



and in view of (3.11), we find that

Bl (1% + 2 | | Fata(5) 2 ds)pﬂa (/ t [ (0t ) [ () de ds)p
< c+c/0tE|yun(s)||;€ ds.

In particular, for any p > 1

t
|, (1) < c+c/0 EJutn (s)]% ds.

The result follows immediately from the Gronwall inequality, which completes the
proof of this lemma. O

Lemma 3.3. Foranyp>1,n=1,2,...and every t € [0,00), there holds

t p
E sup HVun(s)Hi’; + rolE (/ | A, (s)|72 ds) <ec,
0

s€[0,t]
where ¢ is a positive constant depending on C7 and h.

Proof. In a similar fashion as in the proof of Lemma 3.2, we consider a function
V8 50 %HWHI{Q ER.
By noting that for all g, k € 5,
V(v)(g) = (Vv,Vg). = = (Av,g).  and ¢"(v)(g, k) = (VEk, V)L, .
and using the [to Lemma we get
dp(u,) = — (A, duy,); s + % (Vdu,, Vdu,); - .

This equation together with (3.6) and (3.7) yields

1 1 —
§d||Vun(t)lliz = (= (Aup, F(uy)) 2 + 3 Z IV Gk (un)|I72) dt
k=1

— ST (A, Gso(wn))ye dWi(2). (3.13)

k=1

13



Using (3.2), we infer that
(B, Py () = S (1) 2 0 (D (14 g [P,

1 n
~ 3 D 7 (A, Grg(un) X By
k=1
= ||V (£)|2 — @/ (1 + plean ) [V dex
D

s 1«
= 2p1s52 (i, V) 12)” = 5 DIV Gk ()| IF2
k=1

+3 R(uy, hy), (3.14)
k=1
and  — (Au,, Gup(uy))2 = (Vu,, v, X Vhy + 81 Vi), (3.15)

where,

1 1
R(un, hk) = 5’}/ (Vun, Gnk(un) X th)]l? + = (’yun X th + /€1th, VGnk(un)>L2 .

2
(3.16)
Therefore, it follows from (3.13)—(3.15) that

1 t t
§||Vun(t)\|i2 + lil/ | A, (s) |32 ds + RQ/ / (14 plun(s, @)]?)[Vu, (s, )| de ds
0 0o Jp
t
+ 2;4%;2/ ((un(s),Vun(s»Lg)zds
0
1 v o [
= §HVUO,HHLQ + ;/0 R(un(s),hk) ds
noont
+ Z/ (Vu,(s), vun(s) X VR, + k1Vhy) 2 dWi(s). (3.17)
k=10
Using the Jensen inequality we deduce from (3.17) that
t t
Va2 + ([ 182 ds)” + ([ [ Jun(sa) [Fu, (o) deds)
0 o Jp
n t
<c+ C(Z/ |R(wn(s), hu)| ds)’
k=10

+ c(zn: /t (Y, (s), Yun(s) X Vhy + k1 Vhi) . dWi(s))?. (3.18)
k=10

14



We now first estimate Y _,_, R(u,, hy) by using Holder inequality, the assumption (1.4)
and Cauchy—Schwarz inequality

n

Y [R(un b)) < e (IVanllez | Go(un) |z + (l[enllz + VR [e2) 1V g () li2)
k=1

k=1

n n
< cllunllfs +e Y I1Gurun)lli + ¢ [ VhslE
k=1 k=1

< e+ cflun )z (3.19)
This inequality together with Lemma 3.2 yields

E[(Z/O | R(un(s), he)| ds)"] < c+cE[(/0 [wn(8)|[2 ds)7] < c. (3.20)

Then by using the Burkholder-Davis-Gundy inequality, (1.4) and Hélder inequality,
we estimate the last term in the right hand side of (3.18)

E sup Z/ (Y (1), Yun(7) X VR + £1VRE) 2 dWi(T)["

s€(0t] 5

< cE|Z/ ((Vu,(s), yun(s) x Vhy + thk}]Lg)st}p/Q
— Jo
no ot

ng!Z/O (HthHLoo/D|Vun(s,a:)]|un(s,a;)]da:+ HVun(s)HL2|]th|]Lz)2ds}p/Q
k=1

t
ch|/ (/ IVt (5, ) [t (s, @) 2 d + || T (3)|22) s[>
o Jp
t t
< cE!/ / IV, (s, z)|? |u,(s, z)|* dz ds‘p/2 —i—cE‘/ |V, (s)||7s als‘p/2
0o Jp 0
1 ' 2 2 p, ' 2
§IE — |Vun(s,m)| [u, (s, )|* da ds) +— | +cE ||Vun(s)HL€ ds+c

1
Sc+3E / / Vet (5, ) 2 fatn (5, ) d ds)” +CE/ V()22 ds.
(3.21)
It follows from (3.18)—(3.21) that

t 1 t
EHVun(t)Hi’;JrE(/O |yAun<s)|y§2ds)p+§E(/o /D\un(s,w)\2|Vun(s,a:)|2da:ds)p

t
<ot e [ [ Vun()|ds
0

The result follows immediately by using Gronwall’s inequality, which complete the
proof of this lemma. n
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Lemma 3.4. For every t € [0,T], there holds

B [ 100+ ) ua5) 2 ds <
Here ¢ is a positive constant depending on T, Cy and h.
Proof. From Lemma 3.2-3.3 and the Sobolev imbedding of H! into LL°, we have
E[[luy()i2] = E[[lun(®)lis] < Ellua®)lin] <c.

SO
t t t
E[/O 1L+ sl 2(5) )2 (5) P ds] < 2/0 E [ () 2] ds + 2u2/0 E [l (¢)[2] ds
<
which completes the proof of the lemma. n

Lemma 3.5. forp>1,n=1,2,...,

B[ Imla) < (322)

Furthermore, for any r € [1, %) and p € [1,00)

B ([ unte) x o)l as) <, (323)

where ¢ is a positive constant depending on T, Cy and h.

Proof. Estimate (3.22) follows immediately from Lemmas 3.2 and 3.3 and the con-
tinuous imbedding H? C IL*°.

We will prove (3.23) for d = 3. Using interpolation we obtain for every ¢ (omitted for
simplicity)

|, < Aun”ﬂﬁ < HunH]Loo HAun”L?

< lunllggarz ([ Al
1/2 1/2

< Nl 37 et 32 122 2
1/2 3/2
< Nl N2 (3.24)

Therefore, using the Holder inequality we obtain

T T
/0 i x Mgl dt < / ot 12

T ) 3r/4 T N (4—3r)/4
< ([ Ml de) ([l i)
0 0

16



Using the Holder inequality again and invoking Lemmas 3.2 and 3.3 we find that

T T 2 i 2r/(4—3r) (
B [ xSl dt < (5 [l at) (& [ il )
0 0

<ec,

4-3r)/4

for a certain ¢ > 0 independent of n and (3.23) follows for p = 1. Estimate for
arbitrary p > 1 follows easily by similar arguments as in the proof of Lemma 3.3. [

4 Tightness and construction of new probability
space and processes

Equation (3.6) can be written in the following way as an approximation of equa-
tion (2.1)

w@=w@+£ﬂmmm—ﬁmmwwﬁﬁﬁww»m

/0 I, (Grk(n(s)) x hy) ds + ) /O G (U () d Wi ()

k=1

We will write shortly
+ZBM u,)(t) + Boa(w,, W)(t), te[0,T). (4.1)

We now prove a uniform bound for u,,.

Lemma 4.1. Let D C R? be an open bounded domain. Let r € [1, %), q € [1,00),

p>2and o€ (O, %) with pa > 1. Then there exists a constant ¢ depending on p, C
and h, such that for all n > 1

Bl Bna(wn) i1 02 < € (4.2)
EHBH 2(un)HW1r (0,T;L2) = <c, (4.3)
E[|Bns(wn) |72 o112 <6 (4.4)
Bl Bra(tn, W)lliyanoriz < ¢ (4.5)
Moreover,
Ellwn[fyas o112 < C- (4.6)

17



Proof. Inequality (4.2) follows immediately from Lemma 3.2, 3.3 and Lemma 3.4.
Inequality (4.3) is in fact a reformulation of (3.23). Inequality (4.4) follows from
Lemma 3.2. Estimate (4.5) is a consequence of Lemma 3.2 and Lemma 7.1. In order
to prove (4.6), we recall the Sobolev embedding

1 1
whr(0,T;L%) c W*P(0,T;L%), if -—a>=-—1.
P r
Therefore, using the first four inequalities, we easily deduce (4.6). O

Lemma 4.2. If3 >0 andp € (1, %), then the measures { L(w,,) }nen on L2(0,T;H')N
LP(0, T; LYY N C’([O,T]; X_B) are tight.

Proof. From Lemmas 3.2—- 3.3 and (4.6), we deduce
EHUn||WD‘vP(O,T;]L2)ﬁLP(O,T;Hl)ﬁLZ(O,T;]HI?) <c

This together with the following compact embeddings

Wer(0,T;1L%) N LP(0, T; H') — C([0,T); X °)n L*(0,T; 1Y), (4.7)
WeP(0,T;1L*) N L*(0, T; H?) — C([0,T);L*) N L*(0, T; H') (4.8)
imply the tightness of {L£(w,)}nen. O

By Lemma 4.2 and the Prokhorov theorem, we have the following property by
noting that from the Kuratowski theorem, the Borel subsets of C(]0,T]; S,,) are Borel
subsets of LP(0, T;1L4) N C([0,T]; X %) N L?(0, T; H).

Proposition 4.3. Assume that B > 0 and p > 1. Then there exist
1. a propability space (Y, F', ),

2. a sequence {(ul, W)} of random wvariables defined on (¥, F',P') and taking
values in the space (LP(0,T;L*)NC([0,T]; X #)NL*(0,T;H")) x C([0, T]; R>),

3. a random variable (u', W') defined on (Y, F', ') and taking values in (L?(0,T;L*)N
C([0, T} X %) N L*(0, T3 H')) x C([0, T|: R),

such that in the space (LP(0,T;L*) N C([0,T); X~7) N L*(0,T;H')) x C([0,T]; R*)
there hold

(a) L(w,, W)= L(u,,W)), neN,

(b) (u,, W) — (u',W') strongly, P'-a.s..

18



Moreover, for every p € [1,00) the sequence {u! }en satisfies

sup | sup [l 012 + e | < (1.9
neN te[0,7)
T
sop'| [+ b P 9l ds] < o (4.10)
neN 0
and for any r € [1, %) and p € [1,00)
T P
sup E/ (/ |lul,(s) x Aul,(s)|f2 ds) < 00, (4.11)
neN 0

(4.12)

It follows that w!, € C([0,77];S,) and the laws on C([0,77]; S,) of w,, and u], are
equal.

5 Existence of a weak solution

Our aim is to prove that «' from Proposition 4.3 is a weak solution of the stochastic
LLBESs according to the Definition 2.1. We first find an equation satisfied by the new
process (u,,(t), W, (t))wcp,r) in Subsection 5.1. Then in Subsection 5.2 we prove the

n
convergence of that equation.

5.1 Equation for the new process

The following lemmas state that the processes W’ and W/ from Proposition 4.3 are
Brownian motions, which can be proved as in [4].

Lemma 5.1. The processes W), n > 1, and W' are Wiener processes defined on
(Y, F',P'). Moreover, for 0 < s <t <T, the increments W'(t) — W’'(s) are indepen-
dent of the o-algebra generated by w'(r) and W'(r) forr € [0, s].

From now on, we work solely in the probability space (', F',F',P") and all the
processes are defind on this space. In order to simplify notations, we will write
(Q, F,F,P) and the new processes W), u!, etc. will be denoted as W,,, u,, ... etc.

Lemma 5.2. Let B,,; be defined as in (4.1). Let a sequence of L*-valued processes
(M, (t))icor) on (2, F,P) be defined by

3

M, (t) == (t) = un(0) = Y By i(un)(t).

i=1
Then for each t € [0,T] there holds
M, (t) = Bya(u,, W,)(t) P-as.
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Proof. The result is obtained by using (4.9), Lemma 3.2 and the same arguments as
in [5, Theorem 7.7 (Step 1)]. O

5.2 Convergence of the new processes

Before proving the convergence of {M, }, we find the limits of sequences {B,, ;(u,)}
for i = 1,2, 3, and their relationship with «’ in the following lemmas.

Lemma 5.3. For any ¢ € L*(D) N X?, there holds

n—oo

i B [ {001+ sl (5)], @)z ds = B [ (05 pluP)uls), s, (51)

lim IE/O (I, (wn(s) x hi) % hi), @Yo ds = ]E/O ((w(s) x hy) % hy, P2 ds. (5.2)

n—oo

Proof. Proof of (5.1): By using the same arguments in the proof of [17, Lemma 4.3]
we have P-a.s.

t

lim [ (T, ((1+ gl *(s))un(s)), @)rz ds = /0 (1 + plul*(s)u(s), @2 ds. (5.3)

n—oo 0

We have
E (T (1 + plen*)un), ¢>L2(0,t;m2)|2 < 2E|(u,, ¢>L2(0,t;L2)}2
+ 2E| (||, I, ) 12(0,4,1.2)
< 2(Blwnlltzran) * 1910 ran)?
+ 20l rae)* (ENMLla0ran)
This together with (3.3), (4.9) and the Sobolev imbedding of H' into L% imply

2
sugE’(Hn((l s ?)un), @) r20412)|” < 0o (5.4)
ne
From (5.3) and (5.4), the first result (5.1) follows immediately by using the Vitali
theorem.
Proof of (5.2): The proof of (5.2) is omitted because it is similar to the proof
of (5.1). O

‘ 2

N[

Lemma 5.4. Let {u,} and u be the processes defined in Proposition 4.3. Then for
any p > 1 there hold

w, — w weakly in L*(; (L>(0,T;H'") N L*(0, T; H?))),
hence w' € L*(Q; C([0,T];HL)) and

T P
E sup Hu(t>H§£+E< / HU(t)H?H[zdt> .
0

te€[0,T)
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Proof. From (b)-Proposition 4.3, we get for w € ', P-a.s.
T
| st g at - / bt w), (), g b,
0

for ¢ (w) € L3(0,T;1L3). Moreover, the sequence fOT pa(un(t), (1)) 4 dt is uniformly
integrable on Q if we choose 3 € L*(Q; L3(0,T;1L3)). Indeed,

sup [ [ st 90), 5 @t dP(e) < sup [ | [ a0l g @ ¥

<sup [l 1912, g, 4 )

2

< sup ||un||L4(Q;Lo<>(o,T;L4 |’¢HL4(Q L0 TL)

neN
< 00,

here the last inequality is obtained by using (4.9) and the imbedding of H! into L*.
Thus, by using the Vitali theorem we deduce

dt . (5.5)

ol

B[ walunt). 00, g B [ wult), w0),

On the other hand, by using the Banach-Alaoglu theorem we infer from (4.9) that
there exist a subsequence of {u,,} (still denoted by {u,}) and v € L?(£2; L>(0, T; H')N
L*(0,T;H?)) such that

w, — v weakly in L?(Q; L°°(0, T; H') N L*(0, T; H?)).

In particular, since L?(Q; L>(0,T;H') N L*(0,T;H?)) is isomorphic to the space
2p *
(L251(Q; LY(0,T; X ~2) N L2(0, T; X71))) ", we have

E /0 ' /D w,(t, 2)(t, @) dz dt — E /0 ' /D o(t, 2)o(t, x) de dt, (5.6)

as n tends to infinity, for any ¢ € L%(Q; LY0,T; X_%) NL%0,T; X 1).

By the density of L*(€2: L(0,T:1L3)) in L%(Q; LY0,T; X~2) N L2(0,T; X 1Y),
we infer from (5.5) and (5.6) that w = v in L?(Q; L>°(0,T;H) N L*(0, T; H?)). It
follows from Proposition (4.3) that u,, € C([0, T]; H.). This together with the weakly
convergence of w,, to w in L% (€2; (L>(0,T;H')) and the completeness of C([0, T]; HL,)
imply that uw € L*(Q; C([0,T]; HL)).

Furthermore, since v satisfies (4.9), it implies u also satisfies (4.9), which com-
pletes the proof of the lemma. n
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Let p € (1,3) be fixed. From (3.23) and by the Banach-Alaoglu theorem, there exist
subsequences of {u, x Au,} and of {IL,(u, x Au,)} (still denoted by {u, x Au,},
{I1,,(u,, x Au,)}, respectively); and Z, Z € L'(Q; L?(0,T;1L?)) such that

w, x Au,, — Z weak* in LF(Q; LP(0, T;1L?)) .
I, (u, x Au,) — Z weak* in LP(2; LP(0,T;1L?)). (5.8)

Using the same arguments as in [17, Lemma 4.2], we obtain
Z = Z in L(Q; LP(0,T;1L?)). (5.9)

Lemma 5.5. For any ¢ € L>(Q; L*(0,T; W'?)), there holds

n—oo

lim IE/O (IL, (wn(s) X Auy(s)), )iz ds = —E/O (u(s) x Vu(s), V)2 ds.
Proof. From (5.7)—(5.9) and

(un(t) X Aun(t), P)rz = —(un(t) X Vu,(t), Vé)iz,

it is sufficient to prove that

lim E /0 (0 (5) X Vatn(s), Vo)rz ds = /0 (u(s) x Vu(s), Véhsds.  (5.10)

n—o0

Using the same arguments in the proof of [17, Lemma 4.3], we have P-a.s.

T

lim [ (wn(t) X Vaun(t), V(b)) dt = /0 (u(t) x Vau(t), Vé(t))re dt .

n—oo 0

Moreover, the sequence fOT(un(t) X Vu,(t), Vé(t))L2 dt is uniformly integrable on €.
Indeed, (4.9) and the Sobolev imbedding of H' into L* yield

supE| /0 (n(t) X Vi (£), V()12 dt|

2
SSEINJE\ i [ (O] Van (0) 22 V(1) |74 dt |

< csupE (Jlunllfmio rian IV IEe0re))

< C||v¢||%4(Q;L2(O,T;L4)) S‘ég ||unH%12(Q;Loo(o,T;H1)) < 0.
n

Thus the Vitali theorem yields (5.10), which completes the proof of the lemma. [
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Lemma 5.5 together with (5.8) yields for any test function ¢ € L°°(§2; L*(0, T; Wh1))
there holds

B[ (200,00 dt = B [ () < Tul). Vo). a
= E/O (u(t) x Au(t), d(t)),. dt,

where the last equality follows from w x Au € LP(Q; L"(0,T;1L?)) for any p € (1, 0)
and r € [1, %) Hence, we deduce

Z =wuxAu in L'(Q; L7(0,T;L?)). (5.11)

The limits of {M,} and {B,4(u,, W,)} as n tends to infinity are stated in the
following lemmas.

Lemma 5.6. For each t € [0,T], the sequence of random variables M, (t) is weakly
convergent in L%(Q; X5 to a limit M that satisfies the following equation

M(t) —u(t) — w(0) — y Au ds—l—@/t(l—i—,u]ul) (s) ds

—7/ u(s) x Au(s) s——yZ/ s) X hy) X hy ds
0

Proof. Let t € (0,T] and ¢ € L*(Q; X?). Since u,, converges to u in C([0,T]; X 7)
P-a.s., we infer that

lm x-s(u,(t), d)xs =x-5 (u(t), d) xs, P-a.s.. (5.12)

n—oo

Furthermore, by using H! < X ~# and (4.9) we obtain

[NIE

ilelgE|XB(’“’n(t)aquﬁ‘zS?}ég(E[Hun@)”é{BD;( [I8ll%s])* < oo,

which implies that { x-s(u,(t), @) xs }nen is uniformly integrable. Together with (5.12),
it implies from the Vitali theorem that

im E y-s(u,(t), @) xs = E x-s{u(t), @) xs . (5.13)

n—o0

By using Lemmas 5.4 and 5.5, we infer from (5.11) and the embedding

LM 170, T;1L%)) = LY(Q; L7(0, T3 X 7)),
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that

t t
lim E / (A, (), @)z ds = E / (Au(s), By ds, (5.14)
t t
h_>m E/ X—5<Hn(un(5) X Aun<3))> ¢>X5 ds = E/ X—ﬁ<’u’(8) X A’U;(S),¢>X5 d57
(5.15)
These limits together with Lemma 5.3 imply that
111520 LS(QX ﬂ)(M’ﬂ(t)7 ¢>L4(Q;Xﬁ) %(Q xX- ﬂ)(M(t>7 ¢>L4(Q;Xﬁ)>
which complete the proof of this Lemma. n

Lemma 5.7. Let {u,} and u' be the processes defined in Proposition 4.3. Then there
holds

n—oo

t
lim EHZ/ n (YU (s )th+ﬁ1hk)de,n(S)—/( u(s)xhyt+rihy) dWi(s)) | s = 0.
0

Proof. The proof of this lemma is omitted because it is similar as part of the proof
of [4, Lemma 5.2]. O

Proof of the main theorem (Theorem 2.2):

Proof. From Lemmas 5.2, 5.6 and 5.7 we deduce
o t .
= § / (yu(s) x hy, + wihy) dWi(s) in L3(Q; X7),
— Jo

which means {u, W} satisfies (2.4).
It remains to prove that w satisfies (2.5). Since w and W satisfy (2.4) P-a.s., for
0<s<t<T we have

u'(t) —u(r) = / Au(s)ds + 7/ u(s) x Au(s)ds — Iig/ (14 plul®)u'(s) ds
72/ s) x hy) xhkdsﬂZ/ s) X hy dWi(s).

By the Minkowski inequality and the the embedding L2 — L%, we obtain for any
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p>1

Ellu(t) — u(r)||%,, < cE (/: | Au(s)]|2 ds> 2 + cE (/Tt Ju(s) x Au(s)]|ps ds) 2p

LB (/t (s)]|L2 d3>2p +cE (/Tt e (s)]]2 ds) !

+ cR (/ Z” s) x hy,) xhk||L2ds>
+CZE (Z”/ ) X By dWy(s )||IL2) . (5.16)

The following estimates follow from uw € L% (Q; (LOO(O,T;]HP) N L*(0,T; HQ))) and
the embedding H' < LL°,

(/ | Au(s) ||ms>2 < (t—T1) (/ | Au(s ||de3> <ot — 1)
([ 1) x sl as) <2 ( [ luolslisuo s )

< c(t—7)E (nunmm / ||Au<s>uﬁzds>”)

<c(t—T1)P;

/ Jua(s) 2 ds] ™ < (¢ = 7VVE [l Zepsy] < elt =)

/ leal?eu(s) s ds]® < (¢ = 7)°E / ()]G ds]?
< (t=7)E[|ul OTIHIl)]
< oft — 1),
2 2
B [ auls) x ) ¢ iz ds] < (= 123 Mhall2e) E 2. oo
k=1YT k=1
(t—T)Zp'
t
Z”/ $) % hy, dWi(s)|[2]* < cE[ Z lu(s) x Fagl|2» ds]”

k=1YT

c(t —7) Z Ak lf pE[”“HLw 0,75L2) ]

< c(t—T1)P.
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Here we use the Burkholder-Davis-Gundy inequality for the last estimate. These
estimates together with (5.16) yield

Efu(t) — u(r)||7, < et — 7). (5.17)
Noting from (3.24) that

2p
(/ u(s) x Au( )||]des) <E(/ ()i [l )||§’ﬂé2ds)

T
3p/2
< (= 1) E [l g / ()12 ds)™]
<c(t— 1)

This together with (5.17) imply that w satisfies (2.5) (thanks to the Kolmogorov
continuity test). O

6 Existence of an invariant measure for the stochas-
tic LLBE on 1 or 2-dimensional domains

In this section we will show the existence of invariant measure for equation (2.4). In
our proof we modify the ideas from [6], where different type of difficulties had to be
dealt with.

We start with the following result.

Lemma 6.1. Let u be a weak solution to equation (2.4) with properties listed in
Theorem 2.2. Then there exists a positive constant ¢ depending on Cy and h such
that for all t > 0 we have

t
/ El|u(s)|Z ds < c(1 + ).
0

Proof. We will use a version of the It6 Lemma proved in [20]. By Theorem 2.2 and
with V' = H! we easily find that assumptions of Lemma 1.4 in [20] are satsified and
therefore (2.4) yields

Sellu(t)2 = ((u(e), Fu(®))ys + 5 Zqu 0)IE:) dt+2 (D)) AWi(H),
(6.1)
where

Gr(u) := yu X hy, + k1hy,

1 o0
and F(u) == k1 Au 4+ yu x Au — k(1 + plul*)u + 3 Z Gr(u) X hy.
k=1

26



Noting (u(t), Gr(u(t))),> = k1 (u(t), hy)y» and
(ult) Pt = = |Vut) 2 = v [ (1 )l dz

1 o
+ B ZV (u, Gr(u) X hy) s

= —fﬁHVU( iz- - @Hu( )H%ﬁ2 — ropflu(t)gs
-5 Z IG(w)E> + 5 fﬁ Z P12
it follows from (6.1) that
1 t t t
IOl + / IVuls) e ds o [ o)l ds+ v [ pluls) I s
HU[)H]L2 + Iﬁtz Hhk’H]L2 + K1 Z/ hk Lz de( )
By Theorem 2.2 we have

t t
B [ (o))t ds < [BE [ ul)]ds < .
0 0

(6.2)

hence the process — fg (u(s), hg)y2 dWi(s) is a martingale on [0, 7] In particular

E/Ot <’U,(S), hk>L2 de(S) = 0,

and invoking (6.2) we obtain

1 t t t
GBI+ B [ [Vu(s) e ds -+ B | [lu(s) [ ds + o [ plfu(s) e ds
0 0 0

1 o0
—liltz |hillZz < ¢+ ct.

= 5”“’0”]%2 + 7
k=1

The inequality (6.3) implies

t
]E/ |w(s)|l3: ds < ¢+ ct.
0

27

(6.3)

(6.4)



In a similar fashion as in the proof of (3.17), we obtain the identity
1 t t
§|]Vu(t)||]i2 +/£1/ | Aw(s)]|z- dS+I€2,U/ / lu(s, )|*|Vu(s, z)|* dx ds
0 0o Jp
t t
wra [ [Vuls) B ds o+ 2 [ ((wlo). Vals),s)* ds
0 0
1 e [
= §||V’UJ0,HL2 + ;/0 R('U/(S) hk ds

+3 /0 t (Vau(s), yu(s) x Vhy, + 11 V). dWi(s), (6.5)

where R is defined as in (3.16). We first estimate R(w, hy) by using Holder inequality
as follows

1
R(u, hk) = %/ <VU, Gk(u) X th>L2 + 5 (vu X th; + /€1th, VGk(U)>L2
Y
< SIVAklle (Vi | Grlw) iz + () o[V Gir(w)]lz)
K
+ §||thIIL2I|VGk(U)I|L2

IN

K Y K ¥
—l||th||12L2 + _||th||L°°|IUHH2-]I1 + (Zl + ZHthHLOO) G (w) I
3
K
(5 5 L Ty )
.
(G IVRellim + Rl (G + 51V Rellios)) el

Hence,
> " R(u,hy) < e+ cflullf. (6.6)
k=1

Again by Theorem 2.2 we have

E[Z/ ((Vu(s), yu(s) x Vhy + /{1th>L2)2 ds]

0

. 2
Z/ (VVhlle [Vuls)lallw(s)llez + £l Vals)lleal Viglw2)” ds]
k=1

ZHthHLOO)EHuHLOO(OTHl + 27 ZHthHL? / [Vu(s) ||]L2 ds < 00,
k=1 k=1

hence the process

t— Z /t (Vu(s),yu(s) x Vhy 4+ k1Vhy) . dWi(s)
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is a martingale on [0, T]. In particular,
0t
B[S / (Vau(s), uu(s) x Vhy + 71 Vi) dWi(s)] = 0.
k=170
and invoking (6.5)-(6.6) and (6.4) we obtain

1 ¢ 1
§E||Vu(t)||i2 + /iﬂE/ HA’u,(s)Hig ds < §|]Vuo|]i2 + ¢+ ct,
0

which implies
t
E/ |Aw(s)||f2ds < c+ct.

0

This completes the proof of this lemma. O
ForT>0,p24and%>,@>;1llet
Z:=L*0,T;H") N L”(0,T;LY) N C([0,T]; X %) nC([0,T}; H},)
= ZNC([0,T]; H,,)

where H! denotes the space H! endowed with the weak topology of H!. We will
denote by 7 be the supremum of the corresponding four topologies, i.e. the smallest
topology on Z such that the four natural embedding from Z are continuous.

Theorem 6.2. Assume that an H'-valued sequence {ug;}ien is convergent weakly in
H' to ug € H'. Let Cy > 0 be such that sup,ey ||woy|lm < Cy. Let (Q, F,F,P,u’, W)
be a unique solution of (1.3) with the initial data wo;. Then there exist

e a subsequence {li},
e a stochastic basis (Q,f,]ﬁ‘, @’),
e a standard F-Wiener process W = (Wj)?il defined on this basis,

o progressively measurable processes w, {w, }ren (defined on this basis) with laws
supported in (Z,T) such that

w;, has the same law as w;, on Z

w, —uwin 2z as k — oo, P—a.s.,

and @ 1s a solution of the stochastic LLB equation with the initial data ug.
Proof. Step 1. From Theorem 2.3 and Corollary 2.4, given the inital data wy; € H*
there exists a unique solution u! to equation (1.3) defined on the stochastic basis

(Q,F,F,P,W). Since C([0,T];H.) is a non-metric space, we use the Jakubowski’s
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version of the Skorokhod theorem proved in [13], see also Theorem 7.4 in the Ap-
pendix.
Step 2. We show that the sequence {u'} of Z-valued Borel random variables defined

on (!, FIF! P!) satisfies the condition of Theorem 7.4.
Let
V(B) = W*P(0,T; X P)n L>=(0,T;H") N L*(0, T; H?)

denote a Banach space endowed with the norm
lullye) = lwllwesomx-s + lwllieorm) + wllz2orme -

By noting that {ug,}; is uniformly bounded in H' and using (2.2)-(2.3), we deduce
that for o € [0,%),p >4andforalll=1,2,---,

u' e L*(Q; 00, T); HL,))
and  E'lu'l|yg) <c,
where ¢ is a positive constant only depending on C, p > 1 and h. Let
Br(f) :={v e Y(B) : vy < R}.

By the Chebyshev inequality and the above uniform bound of {u'}, we infer that

C

sup P! ({u' € Br(8)}) 21— (6.7)
The following compact embedding
WeP(0,T; X5y N LP(0, T; HY) N L*(0, T; H?) — Z, (6.8)
holds for 5y € (0, 8). Therefore,
Br (8;) is a compact subset in Z. (6.9)

By Theorem 2.1 in [23] we have for any 3 > 0 a continuous imbedding?.
L(0,T;HY) N C([0,T]; X,,°) € C([0, T]; H,)

As a consequence we find that for a certain r > 0 we have Bg (81) € Z2NC([0, T]; BL (r))
where C([0,T]; B (r)) is the metric subspace in C([0, T]; H.) and B! (r) was defined
on p.4. Let {v,} be a sequence in Bg(51). Then {v,} is uniformly bounded in
Wer(0,T; X=P) N L0, T; HY) N L0, T; H?). Tt follows from (6.8)—(6.9) that there
exist a subsequence of {v,} (still denoted by {v,}) and v € Bg () satisfying

v, v inZ, and v,—v weak'in L®(0,T;H),

2In fact, the continuous imbedding is not explicitly stated in Theorem 2.1 but in our case it can
be easily deduced from the proof.
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which implies
lim sup |(v,(s) —v(s),h)m | =0 VheH.

=00 5¢[0,T]

Therefore, v,, — v in Z N C([0,T); BL(r)). This together with (6.9) implies
Br (p1) is a compact subset in Z. (6.10)

Now, taking into account (6.7), (6.10), the proof of the theorem follows from
Theorem 7.4.
0

Let us recall that by Corollary 2.4 equation (2.4) has a unique weak solution that, in
view of Theorem 2.2, defines a H'-valued Markov process w. Therefore, we can define

its transition semigroup: for any ¢ € By(H'), i.e. a bounded and Borel function
¢ : H' — R we define

Po(ug) .= E[p(u(t;ug))], Vuo € H', (6.11)

where u(t,ug) stands for the process w starting at time ¢ = 0 at w(0) = uo. The
next result states the sequentially weak Feller property of P;.

Lemma 6.3. Let ¢ : H' — R be a bounded and sequentially weakly continuous
function and let wg; — wy weakly in H' as | — oo. Then for every t > 0

Pip(uoy) — Pip(ug) asl— oo.

Proof. Assume that ug; — wo weakly in H' as [ — oo. By Theorem 6.2, there
exist a subsequence of w; (still denoted by w;), a stochastic basis (Q, F,F,P), an R*-
valued standard F-Wiener process W = (V%);";l defined on this basis, progressively
measurable processes @ and {u,;};cn (defined on this basis) with laws supported in
(Z,T) such that

u; has the same law as u; on Z (6.12)

and

w —uin Zasl— oo, P—a.s.

Hence, .

Elp(a(t))] = E[¢(u(t; wo))] =: Fip(uo), (6.13)
and @' — @ in C([0, T; H), P-a.s. This together with the sequential weak continuity
of ¢ implies

p(w(t)) — ¢(u(t)) inR.
Therefore, since the function ¢ is bounded, by the Lebesgue Dominated Convergence
Theorem we infer that

lim Efo (@ (t))] = Elp(a(t))). (6.14)

=00
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Note that equality of laws (6.12) yields equality of laws of @;(¢) and w,(t) for every
t > 0. Thus by (6.13)—(6.14) we obtain

lim Py (uoy) = lim E[g(u)] = lim Elo(a(1))] = Elp(a(t))] = Pig(uo),

l—00

and the lemma follows. O

Theorem 6.4. Let D C R or D C R?. Then there exists at least one invariant
measure for equation (1.3).

Proof. Lemma (6.3) implies that the semigroup { P, }:>¢ is sequentially weakly Feller
in H'. Using the Chebyshev inequality and Lemma 6.1, we infer that for every T > 0
and R >0

Lt 1 g c+ Tl
T / P({llu(s; wo)lli > RY) ds < 7 / E[ju(s: wo)llfn] ds <~

where c is the constant only depending on ug and h. Hence, thanks to the Maslowski-
Seidler theorem, see [18] or Theorem 7.3, we infer that there exists at least one
invariant measure for equation (1.3). O

7 Appendix

Lemma 7.1. Assume that E is a separable Hilbert space, p € [2,00) and o € (0, 3).
Then there exists a constant ¢ depending on T and o such that for any progressively
measurable process § = (§;)32, there holds

EHZIEJ ey < B [ Zr@ AR

where 1(§;) is defined by

1) = [ 66w, 120

In particular, P—a.s. the trajectories of the process I(€;) belong to W*2(0,T; E).

Lemma 7.2. [22, Corollary 19] Suppose s > r, p < q and s — 1/p > r — 1/q
O0<r<s<l1,1<p<qg<o0) Let E be a Banach space and I be an interval of
R. Then

WeP(I; E) — WH(I; E).

Let us recall the Maslowski-Seidler theorem [18] about the existence of an invariant
measure.
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Theorem 7.3. Assume that
1. the semigroup {P,;}i>o is sequentially weakly Feller in H';
2. there exists Ty > 0 such that for any € > 0 there exists R > 0 satisfying

1 (T
sup —/ P({||w(s;wo)|lm > R})ds <,
T>Ty T 0

Then there ezists at least one invariant measure for equation (1.3).
Let us recall the Jakubowski’s version of the Skorokhod Theorem [13]

Theorem 7.4. Let (X,7) be a topological space such that there exists a sequence
{fm} of continuous functions fn, : X — R that separates points of X. Let {X,} be a
sequence of X-valued Borel random variables defined on (Q", F",P"). Suppose that
for evey € > 0 there exists a compact subset K. C X such that

supP"({X, € K. }) > 1—e

neN

Then there exist a subsequence {ng}tren, a sequence {Yy}ren of X —valued Borel ran-
dom variables and an X —valued Borel random variable Y defined on a certain proba-
bility space (2, F,P) such that

L(X,,)=L(Yy), k=12,

and
Y, =>"Y ask —o00, P-—a.s.
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