Type A-admissible cells are
Kazhdan-Lusztig
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ABSTRACT. Admissible W-graphs were defined and combinatorially characterised by Stem-
bridge in [12]. The theory of admissible W-graphs was motivated by the need to construct
W-graphs for Kazhdan—Lusztig cells, which play an important role in the representation theory
of Hecke algebras, without computing Kazhdan—Lusztig polynomials. In this paper, we shall
show that type A-admissible W-cells are Kazhdan—Lusztig as conjectured by Stembridge in his
original paper.

1. INTRODUCTION

Let (W, S) be a Coxeter system and (W) its Hecke algebra over Z[g,q '], the ring of Laurent
polynomials in the indeterminate q. We are interested in representations of W and (W) that
can be described by combinatorial objects, namely W-graphs. In particular, we are interested
in W-graphs corresponding to Kazhdan—Lusztig left cells.

In principle, when computing left cells one encounters the problem of having to com-
pute a large number of Kazhdan-Lusztig polynomials before any explicit description of
their W-graphs can be given. In [12], Stembridge introduced admissible W-graphs; these can
be described combinatorially and can be constructed without calculating Kazhdan—Lusztig
polynomials. Moreover, the W-graphs corresponding to Kazhdan—Lusztig left cells are ad-
missible. Stembridge showed in [[13]] that for any given finite W there are only finitely many
stongly connected admissible W-graphs. It was conjectured by Stembridge that in type A all
strongly connected admissible W-graphs are isomorphic to Kazhdan-Lusztig left cells. In this
paper we complete the proof of Stembridge’s conjecture.

We shall work with S-coloured graphs (as defined in Section 3 below), of which W-graphs
are examples. These graphs have both edges (bi-directional) and arcs (uni-directional). A cell
in such a graph I' is by definition a strongly connected component of I', and a simple part of I"
is a connected component of the graph obtained from I' by removing all arcs and all edges of
weight greater than 1. A simple component of T is the full subgraph of I" spanned by a simple
part. If I" is an admissible W-graph, simple components of I" are also called molecules.

Admissible W-cells and admissible simple components are by definition cells and simple
components of admissible W-graphs.

In [4], Chmutov established the first step towards the the proof of Stembridge’s conjecture,
showing that the simple part of an admissible molecule of type A, is isomorphic to the
simple part of a Kazhdan—Lusztig left cell. The proof made use of the axiomatisation of dual
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equivalence graphs on standard tableaux generated by dual Knuth equivalence relations, given
in an earlier paper by Assaf [[1]]. Our proof makes use of Chmutov’s result.

We organize the paper in the following sections. Section [2| and Section (3| deal with the
background on Coxeter groups and the corresponding Hecke algebras. In Section 4| the
definition and properties of W-graphs are recalled. In Section [5] we recall the definitions
of admissible W-graphs and molecules and how these can be characterised combinatorially.
Section [f] presents combinatorics of tableaux and the relationship between Kazhdan—Lusztig
left cells, dual Knuth equivalence classes and admissible molecules. We introduce the paired
dual Knuth equivalence relation in Section [/} In Section |8} we prove the first main result,
namely that admissible W-graphs in type A, are ordered. The proof that type A-admissible
cells are isomorphic to Kazhdan-Lusztig left cells is completed in Section 9}

2. COXETER GROUPS

Let (W, S) be a Coxeter system and / the length function on W. The Coxeter group W comes
equipped with the left weak order, the right weak order and the Bruhat order, respectively
denoted by <, <r and <, and defined as follows.

DEFINITION 2.1. (i) The left weak order is the partial order generated by the relations
x <y forall x,y € W with I(x) < I(y) and yx~! € S.
(if) The right weak order is the partial order generated by the relations x <g y for all
xy € W with [(x) <I(y) and x 'y € S.
(iii) The Bruhat order is the partial order generated by the relations x < y for all x,y e W
with (x) < I(y) and yx~' conjugate to an element of S.

Observe that the weak orders are characterized by the property that x <g xy and y <_ xy
whenever [(xy) = 1(x) +1(y).

For each J C S let W be the (standard parabolic) subgroup of W generated by J, and let D,
the set of distinguished (or minimal) representatives of the left cosets of Wy in W. Thus each
w € W has a unique factorization w = du with d € Dy and u € Wy, and I(du) = I(d) + 1(u)
holds for all d € Dy and u € Wj. It is easily seen that Dy is an ideal of (W, <), in the sense
thatif w € Dy and v € W with v < wthenv € Dj.

If Wj is finite then we denote the longest element of W; by w,. By [7, Lemma 2.2.1], if W
is finite then Dy = {d € W | d < d;}, where dj is the unique element in Dy NwsW;.

3. HECKE ALGEBRAS

Let A = Z|g,q '], the ring of Laurent polynomials with integer coefficients in the indetermi-
nate ¢, and let A" = Z[g]. The Hecke algebra of a Coxeter system (W, S), denoted by H(W)
or simply by H, is an associative .A-algebra with A-basis { H,, | w € W } satisfying
H>=1+(qg—q ")H, forallses,
H,, =HH, forallx,ye W withl(xy)=1(x)+I(y).

We let a +— @ be the involutory automorphism of A = Z[q,q '] defined by g = ¢~ '. Tt is well
known that this extends to an involutory automorphism of H satisfying

H,=H '=H,—(qg—q ') forallscs.

If J C S then H(W;), the Hecke algebra associated with the Coxeter system (Wy,J), is
isomorphic to the subalgebra of H (W) generated by { H; | s € J }. We shall identify H (W)
with this subalgebra.
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4. W-GRAPHS

Given a set S, we define an S-coloured graph to be a triple I' = (V, u, T) consisting of a set V,
a function pt: V x V — Z and a function 7 from V to P(S), the power set of S. The elements
of V are the vertices of T, and if v € V then 7(v) is the colour of the vertex. To interpret I as a
(directed) graph, we adopt the convention that if v, u € V then (v, u) is an arc of I if and only
if w(u,v) #0 and t(u) € 7(v), and {v,u} is an edge of I' if and only if (v,u) and (u,v) are
both arcs. We call p1(u,v) the weight of the arc (v,u). An edge {u,v} is said to be symmetric if
w(u,v) = u(vyu), and simple if u(u,v) = u(vyu) = 1.

If (W,S) is a Coxeter system, then a W-graph is an S-coloured graph I' = (V, u, T) such
that the free .A-module with basis V admits an 7{-module structure satisfying

n Hoe —q ifser(v)
qv+ Yiueviserquy Bu,v)u  if s ¢ t(v),

forallse SandveV.

We shall write Mt for the H-module afforded by the W-graph I in the manner described
above. Since Mr is A-free with basis V it admits an .4-semilinear involution & — @, uniquely
determined by the condition that v = v for all v € V. We call this the bar involution on Mr. It
is a consequence of (I) that hat = hd for all h € H and o € M.

We shall sometimes write I'(V') for the W-graph with vertex set V, if the functions ¢t and t
are clear from the context.

Following [8]], define a preorder <r on V as follows: u <r v if there exists a sequence of
vertices u = xg,X1,...,%, = v such that T(x;—;) € t(x;) and p(x;—1,x;) # 0 forall i € [1,m].
That is, u <r v if there is a directed path from v to u in I". Let ~r be the equivalence relation
determined by this preorder. The equivalence classes with respect to ~r are called the cells
of I'. That is, the cells are the strongly connected components of the directed graph I'. Each
equivalence class, regarded as a full subgraph of T, is itself a W-graph, with the y and 7
functions being the restrictions of those for I'. The preorder <r induces a partial order on the
set of cells: if C and C’ are cells, then C < C' if u <r v forsome u € C andv € C'.

It follows readily from (T)) that a subset of V spans a H(W )-submodule of Mr if and only
if it is I'-closed, in the sense that for every vertex v in the subset, each u € V satisfying
p(u,v) #0and 7(u) € 7(v) is also in the subset. Thus U C V is a I'-closed subset of V if and
only if U = U,cy{u € V| u <rv}. Clearly, a subset of V is I'-closed if and only if it is the
union of cells that form an ideal with respect to the partial order <r on the set of cells.

Suppose that U is a I'-closed subset of V, and let I'(U) and T'(V \. U be the full subgraphs
of I' induced by U and V \ U, with edge weights and vertex colours inherited from I". Then
I['(U) and T'(V \U) are themselves W-graphs, and

Mryv) = Mry)/Mrw)
as H(W)-modules.
It is clear that if J C S and T = (V, u, 7) is a W-graph then I'; = (V, i, 7y) is a Wj-graph,
where the function 1;: V — P(J) is given by 7;(v) = t(v) NJ.
We end this section by recalling the original Kazhdan—Lusztig W-graph for the regular
representation of 7 (W). For each w € W, define the sets

Lw)={seS|Il(sw) <I(w)}
R(w)={seS|l(ws) <l(w)},

the elements of which are called the left descents of w and the right descents of w, respectively.
Kazhdan and Lusztig give a recursive procedure that defines polynomials P,,, whenever
y,w € W and y < w. These polynomials satisfy degPy,, < 1(I(w) —I(y) — 1), and p,, is
defined to be the leading coefficient of P, if the degree is %(l (w) —1(y) — 1), or 0 otherwise.

and
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Define W° = {w° | w € W } to be the group opposite to W, and observe that (W x W°, SLIS°)
is a Coxeter system. Kazhdan and Lusztig show that if i and 7 are defined by the formulas

ify<w

_ _ S
,u(w,y)—,u(y,w) {“W’y lfW<y

T(w) = L(W)UR(w)°

then (W, u,7) is a (W x W°)-graph. Thus M = AW may be regarded as an (#,H )-bimodule.
Furthermore, the construction produces an explicit (H,H )-bimodule isomorphism M = H.

It follows easily from the definition of p,,, that ut(y,w) # 0 only if /(w) — I(y) is odd; thus
(W,u,7) is a bipartite graph. The non-negativity of all coefficients of the Kazhdan—Lusztig
polynomials, conjectured in [8]], has been proved by Elias and Williamson in [5].

Since W and W° are standard parabolic subgroups of W x W, it follows that ' = (W, u, 7)
is a W-graph and I'® = (W, ., 7°) is a W°-graph, where 7 and 7° are defined by t(w) = L(w)
and 7°(w) = R(w)°, forallw € W.

In accordance with the theory described above, there are preorders on W determined by the
(W x W°)-graph structure, the W-graph structure and the W°-graph structure. We call these
the two-sided preorder (denoted by =<|Rr), the left preorder (<) and the right preorder (=XR).
The corresponding cells are the two-sided cells, the left cells and the right cells.

5. ADMISSIBLE W-GRAPHS

Let (W, S) be a Coxeter system, not necessarily finite. For s, r € S, let m(s,?) be the order of st
in W. Thus {s,¢} is a bond in the Coxeter diagram if and only if m(s,#) > 2.

DEFINITION 5.1. [12| Definition 2.1] An S-coloured graph I" = (V, , T) is admissible if the
following three conditions are satisfied:
@) u(VxV)CN;
(i) T is symmetric, that is, p(u,v) = p(v,u) if 7(u) ¢ 7(v) and 7(v) € t(u);
(iii) T has a bipartition.

REMARK 5.2. As we have seen in Sec. 4] the Kazhdan-Lusztig graph I'y = ['(W, &) is
admissible. So its cells are admissible.

Let (W, S) be a braid finite Coxeter system. (That is, m(s,7) < oo for all s,z € S.)

DEFINITION 5.3. [[14] Definition 2.1] An S-coloured graph I' = (V, i, ) is said to satisfy
the W-Compatibility Rule if for all u, v € V with p(u,v) # 0, each i € T(u) \ 7(v) and each
J € T(v) \ 7(u) are joined by a bond in the Coxeter diagram of W.

By [12} Proposition 4.1], every W-graph satisfies the W-Compatibility Rule.

DEFINITION 5.4. [14] Definition 2.3] An admissible S-coloured graph I = (V, u, 7) satisfies
the W-Simplicity Rule if for all u, v € V with u(u,v) # 0, either (v) G t(u) and p(v,u) =0
or 7(u) and 7(v) are not comparable and u(u,v) = u(v,u) = 1.

The Simplicity Rule implies that if @ (u,v) # 0 and p(v,u) # 0 then p(u,v) = u(v,u) = 1.
That is, all edges are simple. Furthermore if {u,v} is an edge then 7(«) and 7(v) are not
comparable, so that there exist at least one i € T(u) \ T(v) and at least one j € T(v) \ t(u). If
the Compatibility Rule is also satisfied, then {i, j} must be a bond in the Coxeter diagram.

If (W,S) is simply-laced then every W-graph with non-negative integer edge weights
satisfies the Simplicity Rule, even if it fails to be admissible: see [12, Remark 4.3].
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DEFINITION 5.5. [14] Definition 2.4] An admissible S-coloured graph I = (V, u, 7) satisfies
the W-Bonding Rule if for all i, j € S with m; ; > 2, the vertices v of I with i € 7(v) and
jé¢t(v)ori¢ t(v)and j € t(v), together with edges of I that include the label {i, j}, form a
disjoint union of Dynkin diagrams of types A, D or E with Coxeter numbers that divide m(i, j).

REMARK 5.6. In the case m(i, j) = 3, the W-Bonding Rule becomes the W-Simply-Laced
Bonding Rule: for every vertex u such that i € 7(u) and j ¢ T(u), there exists a unique adjacent
vertex v such that j € T(v) and i ¢ 7(v).

By [12} Proposition 4.4], admissible W-graphs satisfy the W-Bonding Rule.

LetI' = (V,u, ) be an S-coloured graph. Let i, j € S with m(i, j) = p > 2. Suppose that
u,v eV with i, j ¢ t(u) and i, j € 7(v). For 2 < r < p, adirected path (u,vq,...,v—1,v) in T’
is said to be alternating of type (i, j) if i € T(v;) and j ¢ T(v;) for odd k and j € t(v;) and
i ¢ 7(v) for even k. Define

2 N(Cuv) = Y g )R©1vea) - 1(v2,v) (v, u),
VeensVr—1
where the sum extends over all paths (u,vy,...,v,_1,v) that are alternating of type (i, j).

Note that if I" is admissible then all terms in (2)) are positive.

DEFINITION 5.7. [14} Definition 2.9] An admissible S-coloured graph I' = (V, u, 7) satisfies
the W-Polygon Rule if for all i, j € S and all u,v € V such that i, j € T(v) \ 7(u), we have

N; j(Tyu,v) = Nj ;(Tsu,v)  for all r such that 2 < r < mfi, j).

By [12} Proposition 4.7], all W-graphs with integer edge weights satisfy the Polygon Rule.
The following result provides a necessary and sufficient condition for an admissible S-
coloured graph to be a W-graph.

THEOREM 5.8. [12, Theorem 4.9] An admissible S-coloured graph T = (V, 1, T) is a W-graph
if and only if it satisfies the W-Compatibility Rule, the W-Simplicity Rule, the W-Bonding Rule
and the W-Polygon Rule.

It is convenient to introduce a weakened version of the W-polygon rule.

DEFINITION 5.9. [14] Definition 2.9] An admissible S-coloured graph I = (V, u, 7) satisfies
the W-Local Polygon Rule if for all i, j € S, all r such that 2 < r < m(i, j), and all u, v such that
i,j € T(v) \ 7(u), we have N/ ;(T;u,v) = N} ,(I';u,v) under any of the following conditions:
() r=2,and 7(u) \ 7(v) # @,
(i) r=13, and there exist k,/ € T(u) \ T(v) (not necessarily distinct) such that {k,i} and
{j,1} are not bonds in the Dynkin diagram of W;
(ii)) r > 4, and there is k € T(u) \ 7(v) such that {k,i} and {j,k} are not bonds in the
Dynkin diagram of W.

DEFINITION 5.10. [14} Definition 3.3] An admissible S-coloured graph is called a W-molecular
graph if it satisfies the W-Compatibility Rule, the W-Simplicity Rule, the W-Bonding Rule
and W-Local Polygon Rules.

A simple part of an S-coloured graph I' is a connected component of the graph obtained by
removing all arcs and all non-simple edges, and a simple component of I is the full subgraph
spanned by a simple part.

DEFINITION 5.11. A W-molecule is a W-molecular graph that has only one simple part.

REMARK 5.12. If I" is an admissible W-graph then its simple components are W-molecules,
by [[14} Fact 3.1.]. More generally, by [[14} Fact 3.2.], the full subgraph of I" induced by any
union of simple parts is a W-molecular graph.
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If M = (V,u,t) is an S-coloured graph and J C S then the W-restriction of M is defined to
be the J-coloured graph M|, = (V, i, ) where 7(v) = t(v)NJ for all v € V and

{u(u,V) if 7(u) ¢ z(v),

p(u,v) = 0 if 7(u) C z(v).

It is easy to check that if M = (V, i, T) is a W-molecular graph M, is a W;-molecular graph.
The W;-molecules of M ; are called W;-submolecules of M.

PROPOSITION 5.13. [4] Proposition 2.7] Let (W,S) be a Coxeter system and M = (V, 1, T)
a W-molecular graph, and let J = {r,s,t} C S with m(s,t) =3 and r ¢ {s,t}. Suppose that
v,V u,u' €V, and that {v,v'} and {u,u’} are simple edges with

t(v)NJ = {s}, t(u)NJ = {s,r},
t(V)NJ = {t}, (W )NJ = {t,r}.

Then p(u,v) = pu(u',v).

6. TABLEAUX, LEFT CELLS AND ADMISSIBLE MOLECULES OF TYPE A

For the remainder of this paper we shall focus attention on Coxeter systems of type A.

A sequence of nonnegative integers A = (A1,4;...,A) is called a composition of n if
Zf;l A; = n. The A; are called the parts of A. We adopt the convention that A; = 0 for all i > k.
A composition A = (A1, Az,...,A) is called a partition of nif Ay > --- > A > 0. We define
C(n) and P(n) to be the sets of all compositions of n and all partitions of n, respectively.

For each A = (A1,...,A4) € C(n) we define

Al ={(i,j)|1<i<Ajand 1 < j <k},

and refer to this as the Young diagram of A. Pictorially [A] is represented by a top-justified
array of boxes with A; boxes in the j-th column; the pair (i, j) € [A] corresponds to the i-th
box in the j-th column. Thus for us the Young diagram of A = (3,4,2) looks like this:

If A € P(n) then A* denotes the conjugate of A, defined to be the partition whose diagram is
the transpose of [A]; thatis, [A*] = {(j,i) | (i,j) € [A]}.

Let A € P(n). If (i, j) € [A] and [A] ~\{(i, j)} is still the Young diagram of a partition, we
say that the box (i, j) is A-removable. Similarly, if (i, j) ¢ [A] and [A]U{(i, )} is again the
Young diagram of a partition, we say that the box (i, j) is A-addable.

If A € C(n) then a A-tableau is a bijection z: [A] — T, where T is a totally ordered set
with n elements. We call T the target of ¢. In this paper the target will always be an interval
[m+1,m+ n], with m = 0 unless otherwise specified. The composition A is called the shape
of t, and we write A = Shape(t). For each i € [1,n] we define row, (i) and col; (i) to be the row
index and column index of i in ¢ (so that ¢! (i) = (row, (i), col,(i))). We define Tab,,(A) to be
the set of all A-tableaux with target 7 = [m+ 1,m+n], and Tab(A) = Tabg(A). If h € Z and
t € Tab,,(A) then we define ¢ + i € Tab,,. (1) to be the tableau obtained by adding 4 to all
entries of . '

We define T, € Tab(A) to be the specific A-tableau given by 1 (i,j) =i+ Z;;ll Ay, for all
(i,j) € [A]. That is, in T; the numbers 1, 2, ..., A; fill the first column of [A] in order from
top to bottom, then the numbers A; + 1, A; +2, ..., A; + A, similarly fill the second column,
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and so on. If 2 € P(n) then we also define 7% to be the A-tableau that is the transpose of Ty
Whenever A € P(n) and ¢ € Tab,,(A) we define t* € Tab,,(1*) to be the transpose of ¢.

Let A € C(n) and ¢ € Tab(A). We say that t is column standard if the entries increase
down each column. That is, 7 is column standard if #(i, j) < #(i+ 1, j) whenever (i, j) and
(i41, ) are both in [A]. We define CStd(A) to be the set of all column standard A-tableaux.
In the case A € P(n) we say that ¢ is row standard if its transpose is column standard (so that
t(i,j) <t(i,j+1) whenever (i, j) and (i, j+ 1) are both in [A]), and we say that 7 is standard
if it is both row standard and column standard. For each A € P(n) we define Std(A) to be the
set of all standard A-tableaux. We also define Std(n) = (U cp(n) Std(2).

Let W, be the symmetric group on the set {1,2,...,n}, and let S, = {s; | i € [1,n— 1]},
where s; is the transposition (i,i + 1). Then (W,,S,) is a Coxeter system of type A,_;. If
1 < h <k < nthen we write Wy, ;) for the standard parabolic subgroup of W, generated by
{si|i€[hk—1]}. We adopt a left operator convention for permutations, writing wi for the
image of i under the permutation w.

It is clear that for any fixed composition A € C(n) the group W, acts on Tab(1), via
(we)(i, j) = w(z(i, j)) for all (i, j) € [A], for all A-tableaux 7 and all w € W,,. Moreover, the
map from W, to Tab(A) defined by w — wt,,_ for all w € W, is bijective. We define the map
perm: Tab(A) — W, to be the inverse of w — wT,, and use this to transfer the left weak order
and the Bruhat order from W, to Tab(4). Thus if #; and #, are arbitrary A-tableaux, we write
t1 €L tp if and only if perm(z;) <. perm(z,), and #; < 1, if and only if perm(#;) < perm(z,).
Similarly, we define the length of r € Tab(A) by I(¢) = I(perm(z)).

REMARK 6.1. If A € C(n) and t € Tab(A) then the reading word of t is defined to be the
sequence by, ...,b, obtained by concatenating the columns of ¢ in order from left to right, with
the entries of each column read from bottom to top. This produces a bijection Tab(A4) — W,
that maps each ¢ to the permutation word() given by i — b; forall i € {1,...,n}. It is obvious
that perm(z) = word(t)w;l, where wy = word(7),).

Given A € C(n) we define J, to be the subset of S consisting of those s; such that i
and i+ 1 lie in the same column of 7,, and W), to be the standard parabolic subgroup of
W, generated by J,. Note that the longest element of W, is the element w; = word(7))
defined in Remark [6.1] above. We write D, for the set of minimal length representatives of
the left cosets of W), in W,,. Since I(ds;) > I(d) if and only if di < d(i+ 1), it follows that
D) ={deW,|di<d(i+1) whenever s; € W), }, and the set of column standard A-tableaux
is precisely {dz1), | d € D; }.

We shall also need to work with tableaux defined on skew diagrams.

DEFINITION 6.2. A skew partition of n is an ordered pair (A4, 1), denoted by A /u, such that
A € P(m+n) and p € P(m) for some m > 0, and A; > y; for all i. We write A/ - n to mean
that A/ is a skew partition of n. In the case m = 0 we identify A /u with A, and say that 1 /u
is a normal tableau.

DEFINITION 6.3. The skew diagram [A /1] corresponding to a skew partition A /u is defined
to be the complement of [u] in [A]:

(A/u]={G.j) [ (i,)) € [A] and (i, j) & [u]}.

DEFINITION 6.4. A skew tableau of shape A/, or (A/u)-tableau, where A /i is a skew
partition of n, is a bijective map 7: [A/u] — T, where T is a totally ordered set with n elements.
We write Tab,, (A /) for the set of all (A /ut)-tableaux for which the target set 7 is the interval
[m+ 1,m+ n]. We shall omit the subscript m if m = 0.
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Let A/ be a skew partition of n. We define 73/, € Tab(A/p) by

j—1
3 Tl/u(iaj):iiluj+2()thfﬂh)
h=1

for all (i, j) € [A/u], and define T*/* € Tab(A /1) to be the the transpose of (7RIE

If A/pt=nand m € Z then W, 1 1 acts naturally on Tab,,(A/pt), and we can define
perm: Tab,;, (/1) = Wiyt 1 min) and use it to transfer the Bruhat order and the left weak
order from Wi, | ;4 to Tab,, (4 /) in exactly the same way as above.

All of our notation and terminology for partitions and Young tableaux extends naturally to
skew partitions and tableaux, and will be used without further comment.

Let A € C(n) and ¢ a column standard A-tableau. For each m € Z we define ¢t m to
be the tableau obtained by removing from ¢ all boxes with entries greater than m. Thus if
u = Shape(¢t{m) then u € C(m) and [u] = {b € [A] |#(b) <m},andtym: [u] — [1,m] is the
restriction of ¢. It is clear that 7 | m is column standard. Moreover, if A € P(n) and ¢ € Std(1)
then € P(m) and ¢ ym € Std ().

Similarly, if A € P(n) and ¢ € Std(A) then for each m € Z we define ¢ Tm to be the skew
tableau obtained by removing from ¢ all boxes with entries less than or equal to m. Observe
that {b € [A] | 1(b) < m} is the Young diagram of a partition v € P(n), and A /v is a skew
partition of n —m. Clearly ¢t m is the restriction of ¢ to [A/V], and t T m € Std,,(A/V).

We also definet {m =1t (m—1)and ttm=11(m—1).

The dominance order is defined on C(n) as follows.

DEFINITION 6.5. Let A, u € C(n). We say that A dominates (1, and write A >t or u < A, if

f: 1A < Zle u; for each positive integer k.

The lexicographic order on compositions is defined as follows.

DEFINITION 6.6. Let A, i € C(n). We write 1 >x U (or 1L <jex A) if there exists a positive
integer k such that A, <ty and A; = y; for all i < k. We say that A leads pt, and write A >1ex U,
ifA=pord >l

It is clear that the lexicographic order is a refinement of the dominance order.
PROPOSITION 6.7. If A, it € C(n) with A > U, then A >1ex U.
For a fixed A € C(n) the dominance order on CStd(A) is defined as follows.

DEFINITION 6.8. Let u and 7 be column standard A-tableaux. We say that r dominates u if
Shape(t{} m) > Shape(u | m) for all m € [1,n].

REMARK 6.9. Let A € C(n) and let u,r € CStd(A) with u # ¢. Since u{0 =¢|0 and
ulln # t{n, we can choose i € [0,n— 1] with ulli =r{iand ul (i+1) ¢l (i+1). Let
u = Shape(u | (i+1)) and A = Shape(t{} (i+ 1)), and let k = col,(i+ 1) and / = col, (i + 1).
Then k # I, and uj = A; for all j < m = min(k,[). Furthermore, W, = A, + 1 if m =k, and
Am = Uy +1if m =1. Thus A > u if and only if [ > k.

Now suppose that # dominates u. Since u{}i = |} i we have Shape(ul}m) = Shape(t | m)
for all m < i, and by Definition [6.8| we must have Shape(z |} (i + 1)) > Shape(u} (i + 1)). That
is, A > L. Byit follows that A >jex i, and so col,(i+1) =k <l =col,(i+1).

The following theorem shows that the dominance order on CStd(4) is the restriction of the
Bruhat order on Tab(A). That is, if u, t € CStd(A) then t dominates u if and only if r > u.

THEOREM 6.10. Let A € C(n), and let u and t be column standard A-tableaux. Then t
dominates u if and only if perm(t) > perm(u).

Proof. This is exactly [9, Theorem 3.8], except that we use columns where [9] uses rows. [
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Let A = (A1,...,A) € C(n). For each r € Tab(A), we define cp(¢) to be the composition of
the number Y'X_, iA; given by cp(t); = col,(n+ 1 —i), the column index of n 41 —i in t. We
can now define the lexicographic order on CStd(A), a total order that refines the Bruhat order.

DEFINITION 6.11. Let A be a composition of 7 and let u and ¢ be column standard A-tableaux.
We say that 7 leads u, and write 1 > u, if cp(t) 2ex cp(u).

REMARK 6.12. It is immediate from Definitions and that if u, r € CStd(A) then
t >1ex u if and only if there exists / € [1,n] such that col, (/) < col, (/) and col, (i) = col,(i) for
all i € [+ 1,n]. Since u and ¢ are column standard and of the same shape, the latter condition
is equivalent to t 1/ = uTl.

LEMMA 6.13. Let A € C(n), and let u,t € Tab(A). Ift > u then t >ex u.

Proof. By Theorem [@] and the definition of the Bruhat order, it suffices to show that
if u = (i, /)t for some i,j € [1,n], then ¢ > u implies ¢ >x u. Without loss of generality
we may assume that j > i, and then 7 > u means that col,(j) < col,(i) = col,(j). Since
{k | col; (k) # col, (k) } = {i, j}, and j is the maximum element of this set, it follows from
Remark [6.12]that # > u, as required. d

COROLLARY 6.14. Let A € C(n), and let u,t € CStd(A). If t dominates u then t >ex U.

Let A € P(n). For each ¢t € Std(4) we define the following subsets of [1,n— 1]:
SA(t)={ie[l,n—1

[1,n—1]

SD(¢) = {i € [I,n—1] | col, (i) > col,(i+ 1)},

WA(r) = {i € [1,n—1] | row, (i) = row,(i+ 1)},
(1 [ }

WD(t) ={ie[l,n—1]]|col;(i) =col,(i+1)}.

| row, (i) > row,(i+1) },

REMARK 6.15. Itis easily checked that i € SA(¢) if and only if s;t € Std(A) and s;t > ¢, while
i € SD(¢) if and only if s;# < t (which implies that s;# € Std(1)). Note also that if w = perm(#)
then i € D(¢) if and only if s; € £L(ww;, ); this is proved in [10, Lemma 5.2].

REMARK 6.16. It is clear that if A /u tn and m € Z then m + 73/, is the unique minimal
element of Std,,(A /) with respect to the Bruhat order and the left weak order. Accordingly,
we call m+ 1/, the minimal element of Std,,(4 /). It is easily shown that if # € Std,, (1 /1)
thent = m+ 1), if and only if SD(¢) = &. That is, ¢ is minimal if and only if D(t) = WD(z).

For technical reasons it is convenient to make the following definition.

DEFINITION 6.17. Let A/ +n > 1 and m € Z. Let i be minimal such that A; > g;, and assume
that ;41 > Wit+1. The m-critical tableau of shape A/ is the tableau 7 € Std,,—1 (A /) such
that col,(m) =i and col;(m+1) =i+ 1, and 1 (m+ 1) is the minimal tableau of its shape.

If ¢ is m-critical then, with i as in the definition, col,(m+2) =i if and only if A; — i; > 1.

REMARK 6.18. Let A € P(n) and m € Z, and let r € Std(A) satisfy col,(m+1) = col,(m) + 1.
We claim that ¢ {} m is m-critical if and only if the following two conditions both hold:
1) either col;(m) = col;(m+2) orm+1 ¢ SD(z),
2) every j € D(¢) with j > m+ 1 is in WD(¢).
Let Shape(¢fym) = A/, and put i = col;(m). Note that since m + 1 is in column i + 1 of
tfrm, it follows that A; 11 > Hi1 1.
Given that col,(m+ 1) = col,(m) + 1, the second alternative in condition (1) is equivalent
to col,(m) + 1 < col;(m+2). Hence condition (1) is equivalent to col; (m) < col,(m+2). But
by Remark condition (2) holds if and only if #1(m+ 1) is minimal, which in turn is
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equivalent to col,(m+2) < col,(m+3) < --- < col,(n). So (1) and (2) both hold if and only
if 11 (m+ 1) is minimal and col;(j) > col,(m) for all j > m.

Since col,;(m+ 1) =i+ 1, it follows from the definition that # {}m is m-critical if and only
if 1 (m+1) is minimal and i = col,(m) is equal to min{ j | A; > u; }. But this last condition
holds if and only if m is in the first nonempty column of # {} m, and since this holds if and only
if col,(j) = col,(m) for all j > m, the claim is established.

Recall that if w € W, then applying the Robinson—Schensted algorithm to the sequence
(wl,w2,...,wn) produces a pair RS(w) = (P(w),0(w)), where P(w), Q(w) € Std(4) for
some A € P(n). Details of the algorithm can be found (for example) in [L1, Section 3.1]. The
first component of RS(w) is called the insertion tableau and the second component is called
the recording tableau.

The following theorem is proved, for example, in [11, Theorem 3.1.1].

THEOREM 6.19. The Robinson-Schensted map is a bijection from Wy, to Uy cp(n) Std(2)2.

The following property of the Robinson—Schensted map is also proved, for example, in [11}
Theorem 3.6.6].

THEOREM 6.20. Let w € W,,. If RS(w) = (¢,x) then RS(w™') = (x,1).

The following lemma will be used below in the discussion of dual Knuth equivalence
classes.

LEMMA 6.21. [10, Lemma 6.3] Let A € P(n) and let w € W,,. Then RS(w) = (t,7)) for
some t € Std(A) if and only if w = vw,,_for some v € W, such that vt), € Std(A). When these
conditions hold, t = vTy.

DEFINITION 6.22. The dual Knuth equivalence relation is the equivalence relation ~ on W,
generated by the requirements that for all x € W, and k € [1,n — 2],
1) x = sg1x whenever £(x) N {sg, k1 = {sx} and L(sg1%) NSk, k1) = {Sk+1}>
2) x =~ spx whenever L£(x) N {s, g1} = {sk21} and L(sgx) N {sk, 841} = {5t}

The relations 1) and 2) above are known as the dual Knuth relations of the first kind and
second kind, respectively.

REMARK 6.23. It is not hard to check that 1) and 2) above can be combined to give an
alternative formulation of Definition [6.22] as follows: ~ is the equivalence relation on W,
generated by the requirement that x ~ sx for all x € W,, and s € S, such that x < sx and
L(x) € L(sx). In [8] Kazhdan and Lusztig show that whenever this holds then x and sx are
joined by a simple edge in the Kazhdan—Lusztig W-graph I = I'(W,,). Furthermore, they show
that the dual Knuth equivalence classes coincide with the left cells in T'(W,,).

The following result is well-known.
THEOREM 6.24. [11] Theorem 3.6.10] Let x,y € W,,. Then x =y if and only if Q(x) = Q(y).

Let A € P(n), and for each t € Std(A) define C(t) = {w € W, | Q(w) =1 }. Theorem|[6.24]
says that these sets are the dual Knuth equivalence classes in W,,. It follows from Lemma [6.21]
that C(1)) = {vw, | vty € Std(1) } = {perm(¢t)w, |t € Std(A) } = {word(¢) | r € Std(A) }.

Let 7, u € Std(A), and suppose that = sxu for some k € [2,n — 1]. By Remark [6.15]above,
if x = word(u) then L£(x) N {sg_1,s%} = {sx—1} and L(sgx) N {sk—1,5¢} = {s¢} if and only if
D(u)N{k—1,k} = {k—1} and D(z) N {k — 1,k} = {k}. Under these circumstances we write
u —*¢, and say that there is a dual Knuth move of the first kind from u to ¢. Similarly, if f = szu
for some k € [1,n—2] such that D(u) N {k,k+ 1} = {k+ 1} and D(t) N {k,k+ 1} = {k} then
we write u —*2 ¢, and say that there is a dual Knuth move of the second kind from u to t.

10
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Since C(7y,) is a single dual Knuth equivalence class, any standard tableau of shape A can be
transformed into any other by a sequence of dual Knuth moves or their inverses.

We call the integer k above the index of the corresponding dual Knuth move, and denote it
by ind(u,1).

REMARK 6.25. Dual Knuth moves are also defined for standard skew tableaux; the definitions
are exactly the same as for tableaux of normal shape. If A /u - n and u, t € Std(A/u) then we
write u ~ ¢ if and only if u and ¢ are related by a sequence of dual Knuth moves.

DEFINITION 6.26. For each J C §), let ~; be the equivalence relation on W,, generated by the
requirement that x ~; sx for all s € J and x € W, such that x < sx and £(x) NJ € L(sx).

REMARK 6.27. Let J C S, let (W,S) = (W,,S,) and let I" be the regular Kazhdan—Lusztig
W-graph. By the results of Section 4| we know that a simple edge {x,y} of I remains a simple
edge of I'|.; provided that £(x) NJ € L(y) NJ and L£(y) NJ € L(x) NJ. Recall that the simple
edges of I all have the form {x,sx}, where s € § and x < sx € W. Given that x < sx, the
condition £(sx)NJ € L£(x)NJ holds if and only if s € J, and so {x,sx} is a simple edge of I'|
if and only if s € J and £(x) NJ € L(sx). Thus ~ is the equivalence relation on W generated
by the requirement that x ~; y whenever {x,y} is a simple edge of I'| ;.

DEFINITION 6.28. Let A € P(n) and 1 < m < n. Let &, be the equivalence relation on Std(A)
defined by the requirement that u =, t whenever there is a dual Knuth move of index at
most m — 1 from u to t and D(u) N[1,m — 1] € D(¢). We call such a move a (< m)-dual Knuth
move. The 2, equivalence classes in Std(A) will be called the (< m)-subclasses of Std(1),
and we shall say that u, t € Std(4) are (< m)-dual Knuth equivalent whenever u =z, t.

REMARK 6.29. Assume that A € P(n) and 1 < m < n, and let u, t € Std(4). If u —*? ¢ and
ind(u,t) <m—1 then D(u) N [1,m — 1] € D(¢) if and only if ind(u,t) € [1,m — 2]. Clearly
this holds if and only if utm = t1tm and ullm —*> t ym. If u —*' ¢ and ind(u,t) <m—1
then ind(u,t) € [2,m — 1], and D(u) N [1,m — 1]  D(¢) is automatically satisfied. Clearly this
holds if and only if utm =t1m and ullm —*' t | m. It follows that u ~,, t if and only if
utm=t1m, since Shape(ul}m) = Shape(¢ |} m) guarantees that u |} m and ¢ |, m are related by
a sequence of dual Knuth moves. So in fact u ~,, ¢ if and only if t = wu for some w € W,.

It is a consequence of Definitions and that if u, ¢ € Std(A) then u =, ¢ if and
only if word(u) ~; word(¢), where J = S,,. The set of all (< m)-subclasses of Std(4) is in
bijective correspondence with the set {v € Std,,(A/u) | 4 € P(m) and [u] C [A] }, and each
(< m)-subclass of Std(A) is in bijective correspondence with Std(u) for some p € P(m) with
[u] C [A]. If t € Std(A) then the (< m)-subclass that contains 7 is denoted by C,(¢) and is
given by Cp,(t) = {u € Std(A) |utm=1t1m}.

In view of Remark [6.23]and Theorem[6.24] the following theorem follows from the results
of Kazhdan and Lusztig [8].

THEOREM 6.30. Ift,t' € Std(n) then the Wy-graphs T'(C(t)) and T'(C(t")) are isomorphic if
and only if Shape(r) = Shape(t'). In particular, if A € P(n) then T(C(¢)) 2 T'(C(1y,)) whenever
t € Std(A).

COROLLARY 6.31. Let I be the W,,-graph of a Kazhdan—Lusztig left cell of W,,. Then T is
isomorphic to T(C(t),)) for some A € P(n).

Clearly for each A € P(n) the bijection 7 — word(z) from Std(4) to C(7;,) can be used to
create a W,,-graph isomorphic to T'(C(t;,) with Std(A) as the vertex set.

NOTATION 6.32. For each A € P(n) we write I'; = I'(Std(A), u*), t*)) for the W,,-graph
just described.

11
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REMARK 6.33. Let A € P(n) and let J = S,, C S,,. It follows from Remark and Defini-
tion [6.28] that the J-submolecules of Iy are spanned by the (< m)-subclasses of Std(A).

Now let A € P(n) and 1 < m < n, and put J = S, \. S,,. The J-submolecules of '), can be
determined by an analysis similar to that used above. We define =" to be the equivalence
relation on Std(A) generated by the requirement that u =™ t whenever there is a dual Knuth
move of index at least m from u to ¢ and D(u) N [m,n— 1] € D(t). The &~ equivalence classes
in Std(A) will be called the (> m)-subclasses of Std(A). If u, r € Std(A) then u ~™ ¢ if and
only if word(u) ~; word(z), with J = S,, \. S,. An equivalent condition is that ulm =r)m
and uftm ~ ¢ tm. It follows that if r € Std(A) then the (> m)-subclass that contains 7 is the
set C"(t) ={ueStd(Ad) |ulm=tlmanduftm=~tfm}.

REMARK 6.34. Let A € P(n) and m € [1,n], and put J = S, \\ S,,. By the discussion above,
the J-submolecules of I, are spanned by the (> m)-subclasses of Std(1).

We shall need to use some properties of the well-known “jeu-de-taquin” operation on skew
tableaux, which we now describe.

Fix a positive integer n and a target set 7 = [m+ 1,m+n]. It is convenient to define a partial
tableau to be a bijection 7 from a subset of { (i, ) | i, j € Z* } to T. We shall also assume that
the domain of # is always of the form [x/&] ~ {(i, j) }, where k/& is a skew partition of n+ 1
and (i, ) € [x/&]. If (i, j) is §-addable then 7 is a (k/p)-tableau, with [1] = [E]U{(i, j)}, and
if (i, j) is k-removable then ¢ is a (A /&)-tableau, with [A] = [k] ~ {(i, /) }.

Now suppose that A /u is a skew partition of n and ¢ € Std(A /), and suppose also that
¢ = (i,j) is a g-removable box. Note that + may be regarded as a partial tableau, since
[A/u] = [x/E]~{(i, )}, where [k] = [A] and [E] = [u] ~{(i,/)}. The jeu de taquin slide on
t into c is the process j(c,t) given as follows.

Start by defining 7o = ¢ and by = (i, j). Proceeding recursively, suppose that k > 0 and
that #; and by are defined, with 7 a partial tableau whose domain is [k/&] ~ {by}. If by is
A-removable then the process terminates, we define ¢’ = ; and put m = k. If by = (g, h) is not
A-removable we put x = min(t(g + 1,h),t(g, 1+ 1)), define by =1, ' (x), and define #.. |
to be the partial tableau with domain [k/&] ~\ {by+1} given by

t(b)  whenever b is in the domain of #; and b # by 1,
tir1(b) = X if b= by

(We say that x slides from by into by.) The tableau ¢’ obtained by the above process is
denoted by j(©) (). The sequence of boxes by = ¢, by, ..., by, is called the slide path of j(c,t),
and the box by, is said to be vacated by j(c,1).

The following observation follows immediately from the definition of a slide path.

LEMMA 6.35. Let by = c,b1,...,by, be the slide path of a jeu de taquin slide, as described
above. If 0 <i < j<mthen bi(1) <b;(1) and bi(2) < b;(2).

We also have the following trivial result.

LEMMA 6.36. Let A = (A",...,1"") € P(n) and u = (1) € P(1), and put t = (7, 11) — 1.
Then (A1,m) is vacated by the slide j((1,1),t). Similarly, if u = (t* 1) — 1, where A € P(n)
and A* = = (uy", ..., %), then (ny, 1) is vacated by the slide j((1,1),u).

A sequence of boxes 8 = (by,...,b;) called a slide sequence for a standard skew tableau ¢
if there exists a sequence of skew tableaux 7y =1, 1, ..., t; such that the jeu de taquin slide
j(bi,ti—1) is defined for each i € [1,1], and #; = j)(t;_;). We write f; = Jjp(t). Clearly the
slide sequence B = (by,...,b;) can be extended to a longer slide sequence by,...,b; ; if
the skew tableau 7 is not of normal shape. If #; is of normal shape then we write #; = j(¢).

12
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Theorem below says that j() is independent of the slide sequence and is the insertion
tableau of word(r).

THEOREM 6.37. [L1] Theorem 3.7.7] Let A/ be a skew partition of n and t € Std(A /). If
B is any maximal length slide sequence for t then jg(t) = P(word(z)).

Skew tableaux u and 7 are said to be dual equivalent if the skew tableaux jg (u) and jg(z)
are of the same shape whenever 3 is a slide sequence for both u and ¢. Dual equivalent skew
tableaux are necessarily of the same shape, since the slide sequence B is allowed to have
length zero. It is easily shown that if u and ¢ are dual equivalent then every slide sequence
for u is also a slide sequence for ¢, from which it follows that dual equivalence is indeed an
equivalence relation. The following result says that this equivalence relation coincides with
dual Knuth equivalence.

THEOREM 6.38. [11, Theorem 3.8.8] Let A /1 be a skew partition, and let u and t be standard
A /u-tableaux. Then u is dual equivalent to t if and only if u =~ t.

Note that Theorem generalizes the fact that the set of standard tableaux of a given
normal shape form a single dual Knuth equivalence class.

If A /1 is a skew partition of n then the corresponding dual equivalence graph has vertex
set Std(A /1) and edge set { {u,t} | u,t € Std(A/u) and u —*' t or u —*>¢}.

If k € [1,n— 1] then each v € Std(A/u) with D(v) N {k,k+ 1} = {k} is adjacent in the
dual equivalence graph to a unique v/ with D(V') N {k,k+ 1} = {k+ 1}, and each v with
D(v)N{k,k+1} = {k+ 1} is adjacent to a unique v/ with D(v') N {k,k+ 1} = {k}. In fact,
v = sv if col, (k) < col,(k+2) < col,(k+ 1) or col,(k+ 1) < col,(k+2) < col,(k), and
V' = spqvif col,(k+ 1) < col, (k) < col, (k+2) or col, (k+2) < col, (k) < col,(k+1).

DEFINITION 6.39. We call the above tableau V' the k-neighbour of v, and write v/ = k-neb(v).

It follows from Remark [6.23]that if  is the empty partition then the dual equivalence graph
is isomorphic to the simple part of each Kazhdan—Lusztig left cell I'(C(¢)) for ¢ € Std(A); in
this case we call the dual equivalence graph the standard dual equivalence graph corresponding
to A € P(n). Extending earlier work of Assaf [[I]], Chmutov showed in [4] that the simple
part of an admissible W,,-molecule is isomorphic to a standard dual equivalence graph. The
following result is the main theorem of [4].

THEOREM 6.40. The simple part of an admissible molecule of type A,—1 is isomorphic to the
simple part of a Kazhdan—Lusztig left cell.

It is worth noticing that Stembridge has shown that there are Ajs-molecules that cannot
occur in Kazhdan-Lusztig left cells [14, Remark 3.8].

REMARK 6.41. It follows that if M = (V, , T) is a molecule then there exists A € P(n) and a
bijection ¢ + ¢; from Std(A) to V such that 7(c;) = D(¢) and the simple edges of M are the
pairs {cy,¢; } such that u,# € Std(A) and there is a dual Knuth move from u to ¢ or from ¢ to u.
The molecule M is said to be of type A.

Let M = (V, 11, T) be an arbitrary S,-coloured molecular graph, and for each A € P(n) let
m;, be the number of molecules of type A in M. For each A such that m, # 0 let Z; be some
indexing set of cardinality m; . Then we can write

) V=] L] Var

AEAOET

where A consists of all A € P(n) such that m; # 0, each Vi, 3 = {cq, |t € Std(A)} is the
vertex set of a molecule of type A, T(cq,) = D(¢), and the simple edges of M are the pairs
{causcp,} such that @ = B € 7, for some A € P(n) and u,t € Std(A) are related by a dual
Knuth move. We shall call the set A the set of molecule types for the molecular graph M.

13
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Note that if I' = (V, i, 7) is an admissible W,-graph then I is an S,,-coloured molecular
graph, by Remark [5.12] and hence Eq. (@) can be used to describe the vertex set of I".

REMARK 6.42. We know from Remark [5.2and Corollary [6.31] that, for each A € P(n), the
W,-graph T; = (Std(A),u®), 1)) is admissible. Since {u,} is a simple edge in I'; when
u,t € Std(A) are related by a dual Knuth move, and Std(A) is a single dual Knuth equivalence
class, we see that Iy, consists of a single molecule (of type A).

REMARK 6.43. LetI' = (V, 1, T) be an admissible W,-graph, and continue with the notation
and terminology of Remark [6.41]above. Let m € [1,n], and let K = S, and L = S, \. S,

Let A € A and o € ), and let ® be the molecule of I whose vertex set is V,, ;. Write
I'lx = (V,u,1) (where T = 1k in the notation of Section above). By Remark applied to

Ol g, we may write
Va,l = |_| |_| Va,lﬁﬂm
KEAK o BEIK,OC‘)»,K
where Ak 4 ; is the set of all k € P(m) such that ® contains a K-submolecule of type k, and
Tk, a2 1s an indexing set whose size is the number of such K-submolecules. Each V,, ; g «
is the vertex set of a K-submolecule of @ of type k. Writing Vy, 3 g = {Cb’u | u e Std(x) },
we see that each cq; €V, 5 coincides with some C%.v with B € Tg o 1 and v € Std(k). It
follows from Remark above that the K-submolecule of ® containing a given vertex cq
is spanned by the (< m)-subclass G, (1) = {u € Std(A) | uTm =t1m}. Thus when we write
Cat = cb‘v as above, we can identify v with ¢ |} k.
Similarly, applying Remark [6.41]to ®];, we may write

Va,l: |_| |_| leﬁy,ev

GeAL_,a‘,l yeIL_Ww

where A 4 ; is the set of all 6 € P(n—m+ 1) such that ® contains an L-submolecule of
type 0, and Z; 4 ; ¢ is a set whose size is the number of such L-submolecules. Each Vy, ; , ¢ is
the vertex set of an L-submolecule of ® of type 6. Writing Vi 5 5.0 = { ¢}, [ v € Stdy—1(0) }
(where Std,,—1(0) is the set of standard 6-tableaux with target [m,n]), we see that each
Cas € Vg, coincides with some ¢y, with y € Z; 4 3 ¢ and v € Std,,1(6). By Remark
above we see that the L-submolecule of ® containing a given vertex cq; is spanned by the
(= m)-subclass C"(t) = {u € Std(A) | ulm =1t} m and ufym ~ tfym}. Since the condition
ufrm = tfym is satisfied if and only if word(1 —m + (ufrm)) ~ word(1 —m+ (¢ ftm)), and
j(I=m+(tftm)) = P(word(1 —m+(tftm))) by Theorem[6.37] it follows that when we write
Cop = cg)v as above we can identify v with j(tftm) =m— 1+ j(1 —m+ (tftm)).

7. EXTENDED DOMINANCE ORDER ON Std(n) AND PAIRED DUAL KNUTH
EQUIVALENCE RELATION

Let n > 1, and let (W,,S,) be the Coxeter group of type A,_; and #, the corresponding
Hecke algebra. We shall need the following partial order, called the extended dominance order,
on Std(n).

DEFINITION 7.1. Let A, u € P(n), and let u € Std(1) and ¢ € Std(ut). Then ¢ is said to
dominate u if Shape(u{m) < Shape(z |} m) for all m € [1,n]. When this holds we write u < 1.

This is obviously a partial order on Std(n) = U; cp(,) Std(4), and it is also clear that u <7
if and only if Shape(u) < Shape(r) and ul} (n— 1) < t{ (n—1). The terminology and the <
notation is justified since it extends the dominance order on Std(A ) for each fixed A € P(n). For
example,forn:Z,wehave<,andforn:3,wehave< 3] <[ 2] < [1]2]3],

2 3
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We remark that in [2] this order was used in the context of the representation theory of
symmetric groups, while in [3]] it was used in the context of combinatorics of permutations.

LEMMA 7.2. Let u, A € P(n), let u € Std(ut) and t € Std(A), and let n = Shape(uln) and
0 = Shape(t|.n). Suppose that n < 0 and col,(n) < col;(n). Then p < A.

Proof. Let col,(n) = p and col,(n) = g, and assume that p < g. We are given that ) < 6, and
soY! 6, <Y! _ n,holds for all . Hence for all € [1, p — 1] we have

$hn= Y00 Y= Y

while for all / € [p,q — 1] we have

and for all / > g we have

l
£ -

oy M~
=
=
_|_
M
=
3
Il
-
=
s

Hence u < 1. O

LEMMA 7.3. Let A € P(n) and t € Std(A). Suppose that i € SD(t), and let p = col,(i) and
j=col(i+1). Forallh e [1 n—1] let A") = Shape(t |} h) and 6") = Shape(s;t |, ). Then

/ Y =y 1)*(Hr1 =y 1)*“_1) ifl<j
G Yo ={y A=yl AFD oyl AV ri<i<p

! Yo 12'm =Y 1)*&1)—1:257,:1115571)‘*‘1 ifp<lI
and

1 Y6 =Xl 60" =¥, ,w:” ifl<j
© Y= ZmI%R 1=%!, laﬁ‘ =yl o iri<i<p

" Yoo =yl el - z BV ifp <t

Proof. The results given by Eq. (3) and Eq. (6) are readily obtained from the following
formulae

AV +1=2 =TV itm=

() 0 =3 A0 1 =27 1 =28 ifm=p
A =5 =40 ifm+# j,p
and
o) —1=0itV _1=0"" iftm=
®) A =60 1 =0i™ =6 V41 itm=p
6y = o5t — gl ™V it m # j,p,
respectively. O

LEMMA 7.4. Let u, A € P(n), letu € Std(u) and t € Std(A). Suppose that i € SD(u) NSD(t).
Then u <t if and only if sju < s;t.
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Proof. Let j = col,(i+ 1), let p = col,(i), let k = col, (i + 1) and let ¢ = col,(i). For all
h € [1,n] let A) = Shape(r L), let 8") = Shape(s;t |} ), let u'") = Shape(ul}h) and let
n® = Shape(s;u | ).

Suppose that u < ¢. Since s,u and st differ from u and ¢ respectively only in the positions
of iand i+ 1, we have u") = n and A = 0" for all h + i. But since u) < A" for all
h by our assumption, it follows that n") < 9( ) for all h # i. Hence to show that s;u < sif it
suffices to show that n() < 01, Let [ € ZJr be arbitrary.

Case 1.

Suppose that [ > k. By Lemmaapphed to u, we have Zm 1nm Zm 1ﬂm +1 by the
last two formulae of Eq.. Since u(=1 < 201 gives Y [Jm > YA ), it follows

that ! | Tlm >y, l,ﬁ,i_l) + 1. But by Lemma apphed to t, in each case in Eq. we
have Y. _ A\~ g S 41>¥ 6\ Hence X! ,n\ >¥! _

Case 2.
Suppose that [ < k. By Lemmaapphed to u, we have Zm 177m = Zm l.U-m = Zm 1,Uml+l)7
by the first formula of Eq. (5} Smce p® < A0 and ,u(”rl < 7L (+1) for each hil,H— 1}

we obtain Y _, ,um >y, lm ,and hence ! _, nm >y A By Lemma|7.3|applied
to ¢, in each case in Eq there exists i € {i,i+ 1} such that ! _ lmh) =y 6. Hence
): =1 nm Z

Conversely, suppose that s;u < s;t. As above, it suffices to show that u(i) < A Letlezt
be arbitrary.
Case 1.
Suppose that / > j. By Lemmaapphed to ¢, we have Zm_ Z - 9 G _ 1, by the
last two formulae of Eq.(6). Since n(*+1) < 00+ gives ! _, nm”rl >y 0D it follows
that Y! —1 n D _q >y! i ) . But by Lemma apphed to u, in each case in Eq. (EI)

have ¥/ _ 1Hm >y n*h — 1. Hence ¥! _ 1[.Lm >yl

Case 2.

Suppose that [ < j. By Lemmaapplied to ¢, we have Zm lﬁ,mi Z Z Bm ,
by the first formula of Eq. @ Since 801 > =1 and 00 > n() for each he{i—1,i}
we obtain ):fn 1 9,$,h) < ):I —1Mm ), and hence Z m < Zm | nm By Lemmaapplied
to u, in each case in Eq there exists h € {i— 1 l} such that Y/, _, nm =y _ [,L,(,f). Hence

Zm 11’m Zm lnu' O

DEFINITION 7.5. Let A, € P(n) and let 1 <m < n. Letu,v e Std(u) and ¢, x € Std(A), and
leti € {1,2}. We say there is a paired (< m) -dual Knuth move of the i-th kind from (u,t) to
(v,x) if there exists k < m — 1 such that u —*' v and t —* x are (< m)-dual Knuth moves of
index k. When this holds we write (u,#) —* (v,x), and call k the index of the paired move.

We have the following equivalence relation on Std(gt) x Std(4).
DEFINITION 7.6. Let A, u € P(n). The paired (< m)-dual Knuth equivalence relation is the
equivalence relation =, on Std(u) x Std(A) generated by paired (< m)-dual Knuth moves.
When m = n we write =~ for ~,,, and call it the paired dual Knuth equivalence relation.

We denote by G, (u,7) the =, equivalence class that contains (u,7). By Remark we

see that if (v,x) € Cy,(u,t) then (v,x) = (wu,wr) for some w € W,,; furthermore, vtm = utm
and xtTm=t1Tm.
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REMARK 7.7. Tt is clear that (u,1) =, (v,x) implies (u,t) ~,, (v,x) whenever m < m’. In
particular, (u,t) =2, (v,x) implies (u,t) = (v,x). For this reason, Cin(u,t) will be called the
(< m)-subclass of C(u,t) = Cp(u,t).

REMARK 7.8. Let A € P(n). Since Std(A) is a single dual Knuth equivalence class, it follows
that C(u,u) = {(¢,¢) | t € Std(4)} holds for all u € Std(1).

For example, consider t = (3,1) and A = (2,1, 1). Then set Std() x Std(A ) has 9 elements.
It is easily shown that there are seven paired dual Knuth equivalence classes, of which two
classes have 2 elements and five classes have 1 element only. The two non-trivial classes are

(T2, (LA 213D and (AL A T8, (T2 00},

3 4 4 4

Let i, A € P(n) and (u,t), (v,x) € Std(u) x Std(A). and suppose that (v,x) = (s;u,s;t) for
some i € [1,n—1].1f i € SD(u) N SD(r) then u <t if and only if v < x, by Lemmal[7.4] and it
follows by interchanging the roles of (u,¢) and (v,x) that the same is true if i € SA(u) N SA(r).
In particular, if there is a paired dual Knuth move from (u,?) to (v,x) or from (v,x) to (u,t)
then u < ¢ if and only if v < x. An obvious induction now yields the following result.

PROPOSITION 7.9. Let , A € P(n). Let (u,t), (v,x) € Std(u) x Std(A) and suppose that
(u,t) = (v,x). Then u < t if and only if v < x.

Let u, A € P(n) and (u,t), (v,x) € Std(u) x Std(4). and suppose that (v,x) = (s;u,s;t) for
somei € [1,n—1].Ifi € SD(u)NSD(¢) then [(v) —(x) = (I(u) — 1) — (I(t) = 1) = I(u) — I(¢),
and if i € SA(u) NSA(z) then I(v) —I(x) = ({(u) +1) — (I(t) +1) = I(u) — I(¢). In particular,
1(v) —I(x) = I(u) — I(¢) if there is a paired dual Knuth move from (u,7) to (v,x) or from (v,x)
to (u,t). It clearly follows that /(x) —I(v) is constant for all (v,x) € C(u,t). Hence we obtain
the following result.

PROPOSITION 7.10. Ler p, A € P(n). Let (u,t), (v,x) € Std(pt) x Std(A) and suppose that
(u,1) = (v,x). Then u < v if and only if t < x.

Proof. Since (u,t) = (v,x) there exists w € W, such that v = wu and x = wr. By the definition
of the left weak order it follows that u < v if and only if /(v) —I(u) = I(w), and ¢ < x if and
only if I(x) —I(t) = I(w). Since (u,t) =~ (v,x) implies that [(v) —I(u) = I(x) — I(¢), the result
follows. O

DEFINITION 7.11. Let u, A € P(n) and (u,t) € Std(pt) x Std(A). If j € [I,n] and u j =1t j
then we say that the pair (u,t) is j-restrictable.

REMARK 7.12. Tt is clear that the set R(u,t) = {j € [1,n] | (u,?) is j-restrictable } is always
nonempty, since 1 € R(u,t). Moreover, R(u,t) = [1,k] for some k € [1,n].

DEFINITION 7.13. Let u, A € P(n) and (u,t) € Std(p) x Std(A). We shall call the number k
satisfying R(u,t) = [1,k] the restriction number of the pair (u,t). If k is the restriction number
of (u,t) then we say that (u,7) is k-restricted.

REMARK 7.14. With (u,7) as above, the restriction number of (u,¢) is at least 1 and at most 7.
If k € [1,n] then (u,t) is k-restricted if and only if it is k-restrictable and not (k + 1)-restrictable.
If (u,t) is k-restricted then k = n if and only if u = ¢, and if k < n then col, (k+ 1) # col,(k+1)
and row,, (k + 1) # row, (k+1).

LEMMA 7.15. Let i, A € P(n), and let u € Std() and t € Std(A). If n < 4 then D(u) = D(¢)
implies u =t.

Proof. This is trivially proved by listing all the standard tableaux. U
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DEFINITION 7.16. Let 4, A € P(n) and (u,r) € Std(u) x Std(A). We say that the pair (u,?)
is favourable if the restriction number of (u,t) lies in D(u) ® D(), the symmetric difference
of the descent sets of u and t.

REMARK 7.17. Let u, A € P(n), and suppose that (u,7) € Std(u) x Std(4) is k-restricted.
Then no element of [1,k — 1] can belong to D(u) ® D(¢), since ullk = ¢ k implies that
D(u)N[1,k—1] =D(r)N[l,k—1]. So if (u,t) is favourable then k = min(D(u) & D(¢)), and
if (u,1) is not favourable then k < min(D(u) ®D(¢)).

Let 4, A € P(n), and let (u,¢) € Std(u) x Std(A). Let i be the restriction number of (u,?),
and suppose that i # n. Let w = ul}i = t{}i € Std(£), where & = Shape(w), and let also
(g,p) =u"'(i+1) and (h,q) =t"'(i+1), the boxes of u and ¢ that contain i + 1. Thus (g, p)
and (h, q) are £-addable, and (g, p) # (h,q) since (u,f) is not (i + 1)-restrictable. Clearly there
is at least one &-removable box (d,m) that lies between (g, p) and (h,q) (in the sense that
eitherg>d >hand p<m<gq,orh>d>gand g <m< p), and note that i € D(u) & D(r)
if and only if the &-removable box w~! (i) is such a box.

With (d,m) as above, suppose that w' € Std(&) satisfies w'(d,m) = i. Since Std(&) is a
single dual Knuth equivalence class there must be a sequence of dual Knuth moves of index
at most i — 1 taking w to w’. This same sequence of dual Knuth moves takes (u,) to (v,x),
where v satisfies v{}i = w’ and v1i = uti, and x satisfies x|} i = w' and x1i =t 1i. Thus (v,x)
is i-restricted and favourable, and (v,x) =2; (u,1).

We denote by F'(u,t) the set of all (v,x) obtained by the above construction, as (d,m) and
w' vary. Clearly every (v,x) € F(u,t) is k-restricted and favourable, and satisfies(v,x) ~; (u,7).
Note also that (u,t) € F(u,t) if and only if (u,7) is favourable.

Since col,(i+ 1) = col,(i+ 1) and col,(i+ 1) = col,(i + 1), we can now deduce the fol-
lowing result.

LEMMA 7.18. Let u, A € P(n) and let (u,t) € Std(u) x Std(A) with u # t. Let i be the
restriction number of (u,t), and assume that i ¢ D(u) ®D(¢). Let (v,x) € F(u,t). Then either
D(x) \D(v) =D(¢) " D(«) and D(v) \D(x) = {i} U(D(u) \D(t)), this alternative occurring
in the case that col,(i+ 1) < col,(i+ 1), or else D(x) ~D(v) = {i} U (D(¢t) ~ D(u)) and
D(v) \D(x) = D(u) \D(¢) (in the case that col;(i+ 1) < col,(i+1)).

Proof. The construction of (v,x) is given in the preamble above. Since (v,x) and (u,?) are both
i-restricted, D(v) N [1 i—1]=D(x)N[1,i—1] and D(u)N[1,i — 1] =D(z) N [1,i — 1]. That
is, (D(v)®D(x))N[l,i—1] = (D(u) ®D(¢)) N[1,i — 1] = &. Furthermore, since v1i = uti
and x1i = ¢1i it follows that (D(v) \D(x))N[i+1,n—1] = (D(u) \D())N[i+1,n—1]
and (D(x)~D(v))N[i+1,n—1] = (D ( )N\D(u))N[i+ 1,n— 1]. It remains to observe that
if p=col,(i+1) < m = col,(i) = col(i) < g =col,(i+ 1) then i € D(v) \ D(x), while if
g<m< pthenieD(x)\D(). O

LEMMA 7.19. Let u, A € P(n) and let (u,t) € Std(u) x Std(L). Assume that the restriction
number of (u,t) lies in D(u) ®D(t), and let (v,x) € F(u,t). Then D(v) ~ D(x) = D(u) \. D(¢)
and D(x) ~D(v) =D(¢) ~ D(u).

Proof. The proof is the same as the proof of Lemma|[7.18] except that it can be seen now that
i€D(v)\D(x)if i € D(u) \D(z) and i € D(x) \D(v) if i € D(¢) " D(u). O

LEMMA 7.20. Let u, A € P(n) and (u,t) € Std(u) x Std(A), and i the restriction number
of (u,t). Suppose that D(t) G D(u) and i < j, where j = min(D(u) \D(t)). Let (v,x) € F (u, t)
If col,(i+1) < coli(i+ 1) then D(v) \D(x) = {i} U (D(u) \D(z)) and D(x) \D(v) =

while if col, (i + 1) < col,(i+ 1) then D(v) \ D(x) = D(u) ~ D(t) and D(x) ~D(v) = {i }
In the former case D(v) N {i,j} = {i,j} and D(x) N{i,j} = @, while in the latter case

D(v)N{i,j} = {j} and D(x) N {i, j} = {i}.
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Proof. Since D(t) G D(u) we have D(u) ©®D(r) = D(u) \D(r) # @; so j = min(D(u) ®D(r)),
and since j > i, we have i ¢ D(u) @ D(z), hence (v,x) € F(u,t) satisfies the further properties
specified in Lemma(7.18

If col, (i + 1) < col;(i+ 1) then Lemmal[7.18| gives D(v) \ D(x) = {i} U (D(u) . D(¢)) and
D(x) \D(v) = &, since D(¢) \ D(u) = @ by hypothesis. In particular, since j € D(u) \ D(¢),
we see that D(v) \. D(x) contains both i and j.

If col; (i+1) < col,(i+ 1) then Lemmal[7.18|combined together with D(¢) \ D(u) = & gives
D(v)\D(x) =D(u) \D(¢) and D(x) ~ D(v) = {i}. In particular it follows that j € D(v) \ D(x)
and i € D(x) \D(v). O

LetI'=T'(C,u,7) be a W,-molecular graph, and let A be the set of molecule types for I.
For each A € A let m; be the number of molecules of type A in I', and Z; some indexing set
of cardinality m; . As in Remark [6.41] the vertex set of I" can be expressed in the form

C= |_| |_| Ca,lv

AEAQET)

where Cy 3 = {ca, |t € Std(A)} for each o € 7, and the simple edges of I" are the pairs
{¢pu»Cas} such that o = B € T, for some A € A and u, ¢ € Std(A) are related by a dual
Knuth move.

Now let A, i € A, and let (a,t) € Z; x Std(A) and (B,u) € Z, x Std(u), so that ¢q; and
cp, are vertices of I". Suppose that D(u) \ D() # &, and let j € D(u) \ D(t).

Suppose that there exist i < j and (v,x) € Std(u) x Std(A) such that (u,7) and (v,x) are
related by a paired (< i)-dual Knuth move. Then j € D(u1i) \ D(z1i), since j € D(u) \ D(z)
and j > i. Thus j € D(v1i) \ D(x1i), since (v,x) ~; (u,t) gives v1i =uti and x1i =17i.
Hence j € D(v) . D(x). Moreover, since (u,t) and (v,x) are related by a paired (< i)-dual
Knuth move, there are k,/ < i— 1 with [k —I| = 1 such that

D(x)N{k,1,j} = {k}, D) ik, 1, j} =1k, j},
D(e)n{k, L, j} = {1}, D(u) N {k,1,j} = {L,J},

and it follows from Proposition|[5.13|that ft(cp v, ca,x) = 1(CpusCar)-

More generally, suppose that i < j and (v,x) € Std(u) x Std(1) satisfy (v,x) =; (u,t),
so that for some m € N there exist (ug,%), (u1,t1), -, (thm,t,y) in Std(p) x Std(A), with
(up—1,tn—1) and (uy,t,) related by a paired (< i)-dual Knuth move for each & € [1,m], and
(uo,t0) = (u,t) and (uy,tm) = (v,x). Applying the argument in the preceding paragraph and a
trivial induction, we deduce that j € D(u,) \ D(#,) and p(cg y, ,Cor,) = H(CusCa,) for all
h € [0,m]. Thus we obtain the following result.

LEMMA 7.21. Let T be a W,-molecular graph. Using the notation as above, let A, |l € A,
and let (o,t) € Iy x Std(A) and (B,u) € I, x Std(u). Suppose that D(u) \D(t) # &, and
let j € D(u) \D(t). Then for all i < j and all (v,x) € Ci(u,t) we have j € D(v) \D(x) and
:u(cﬁ,vaca,x) = nu(cﬁ?uacoc,t)‘

COROLLARY 7.22. Let T be a Wy-molecular graph as above. Let A € A, and u,t € Std(1),
and suppose that u = st >t for some j € [1,n—1]. Then U(cqu,ca;) =1, for all o € I;.

Proof. Since t < sjt = u, it follows from Remark [6.23]that if D() ¢ D(u) then there is a dual
Knuth move from 7 to u, and {cq u,ca, } is a simple edge. Thus t(ceu,ca,r) = 1 in this case,
and so we may assume that D(r) & D(u).

Since u = st itis clear that ¢ j = u | j, and hence D(r)N[1,j—2] =D(u)N[1,j—2]. If
j—1€D(u)then j—1€D(z),as col,(j— 1) =col,(j—1) = col,(j) > col,(j+1) = col, ().
Moreover, since ¢ < s;t gives j € D(u) \ D(z), it follows that j = min(D(u) \. D()). Note
also that j — 1 is the restriction number of (u,?).
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Writing i for j — 1, we see that u and ¢ satisfy the hypotheses of Lemma since
i < j=min(D(u) \D(z)). Since col; (i+ 1) < col,(i+ 1), it follows that (u,7) ~; (v,x), where
(v,x) € F(u,t) satisfies D(v) N{i, j} = {j} and D(x) N {i, j} = {i}. Since (u,t) ~; (v, x) there
exists w € W; with v = wu and x = wt, and since j > i it follows that s;w = ws;. Thus
sjx = sjwt = ws;t = wu = v. Furthermore s;x > x, since j ¢ D(x), and D(x) € D(v) since
i € D(x) \D(v). So there is a dual Knuth move indexed by j from x to v, and so {cq v, Ca x} is
a simple edge. Thus fi(ca,y,cax) = 1, and so f(cau, ca,) = 1 by Lemma[7.21] O

LEMMA 7.23. Let I be a W,-molecular graph as above. Let L, A € A, letu € Std(L) and let t €
Std(A). Suppose that D(u) = {n—1}UD(¢) and p(cg y,co.) # 0 for some B € I, and o € T,
Suppose further that the restriction number of (u,t) is i <n—2. Then col,(i+1) < col;(i+1),
and (u,t) =; (v,x) for some (v,x) € Std(ut) x Std(A) such that D(v) = D(x) U{i,n— 1} and
,u(cﬁ,vaca,x) = nu'(cﬁ,u»coc,t) # 0.

Proof. Since clearly u # t, the set F(u,t) is defined and nonempty. Let (v,x) € F(u,). Then
it follows by Lemmasandthat (u,1) =i (v,x) and p(cp s Canx) = U(CB ysCas) 7 O.
Moreover, if col,(i+ 1) < col;(i + 1) then Lemma([7.20|gives D(v) = D(x) U {i,n — 1}. Thus
it remains to show that col,(i+ 1) < col;(i + 1). Suppose otherwise. Then Lemma([7.20]shows
that n —1 € D(v) \D(x) and i € D(x) \ D(v), and now the W-Compatibility Rule says that
i and n — 1 must be joined by a bond in the Coxeter diagram of W,,. This contradicts the
assumption that i < n—2. 0

LEMMA 7.24. Suppose that u,t € Std(n) are such that the restriction number of (u,t) isn— 1
and D(u) = {n—1}UD(¢). Then col,(n) < col,(n), Shape(u) < Shape(t), and u < t.

Proof. Clearly n > 2. Since u{l (n—1) =¢{(n— 1) we have Shape(uln) = Shape(t|n),
and since n — 1 € D(u) \. D(¢) we have col,(n) < col,(n—1) = col;(n — 1) < col;(n). Hence
Shape(u) < Shape(t) by Lemmal[7.2] and u < ¢ by Definition[7.1} O

LEMMA 7.25. Let I be a Wy-molecular graph as above. Let L, A € A, let u € Std(), and let
t € Std(A). Suppose that D(u) = {n— 1} UD(t) and that li(cg y,Ca,) 7 0 for some B € I,
and o € Ty, and suppose that the restriction number of (u,t) is n —2. Then (u,t) ~p_3 (v,x)
for some (v,x) € Std(u) x Std(A) with p(cgy,cax) = U(CpusCas), and either u <t and
D(v) = {n—2,n—1}UD(x) (in the case col,(n—1) < col;(n—1)), or else (A, a) = (u,B)
and u = syt > t, and PL(cg y,Ca ) = 1 (in the case col;(n—1) < col,(n—1)).

Proof. Clearly n > 3. Since (u,t) is (n — 2)-restricted, we have u|} (n—2) =¢{ (n—2) and
col,(n— 1) # col,(n — 1). Observe that (u,r) satisfies the hypotheses of Lemma [7.20] with
i=n—2and j =n— 1. Thus letting (v,x) € F(u,t), it follows that (u,t) ~,_» (v,x), and
furthermore, p(cg y,Ca.x) = K(CpuCas) 7 0 by Lemmam

Case 1.

Suppose that col,(n — 1) < col;(n — 1). Then since Shape(u} (n —2)) = Shape(¢{} (n —2))
it follows from Lemma [7.2]that Shape(u} (n — 1)) < Shape( |} (n — 1)). Furthermore, since
n—1¢€ D(u) \D(z), it follows that col,(n) < col,(n—1) < col;(n— 1) < col;(n). Hence
1t < A by Lemma(7.2] and u < by Definition[7.1} Moreover, since col,(n— 1) < col,(n — 1)
and D(u) \ D(r) = {n — 1}, it follows from Lemma[7.18|that D(v) = D(x) U{n—2,n— 1}.
Case 2.

Suppose that col;(n — 1) < col,(n— 1). Lemma[7.18| gives D(x) N{n—2,n— 1} = {n—2}
and D(v)N{n—2,n—1} = {n—1}, and since p(cg ,,ca.x) # 0 it follows from W,-Simplicity
Rule that p(cg ,,cax) = 1. Hence pi(cg ;o) = 1. Moreover, since {cg ,,cq .} is a simple
edge, it follows that from Theorem and Remark that A = u and @ = 3. Hence
u=sy_1t, since ull (n—2) =1 (n—2), and u > ¢ since col;(n — 1) < col,(n—1). O
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REMARK 7.26. Let I be a W,,-molecular graph as above. Let y, A € A, let u € Std(u), and let
t € Std(4). Suppose that D(u) = {n— 1} UD(t) and that u(cg ,,cq,) # 0 for some B € Z,,
and o € 7,. Let i be the restriction number of (u,#), and note that i <n—1. Ifi <n—2
then col, (i + 1) < col;(i+ 1) by Lemma [7.24] and if i = n — 1 then col,(n) < col,(n) by
Lemma[7.23] In the remaining case i = n — 2, if col,(n — 1) > col;(n— 1) then u = s,1t > ¢
by Lemma Thus it can be deduced that if u # s,_1¢ > ¢ then col, (i + 1) < col,(i+ 1).

REMARK 7.27. Let I" be a W,-molecular graph as above. Let 4, A € A, and let (B,u) €
Ty x Std(u) and (a,1) € T), x Std(A) satisfy the condition p(cg ,,ca,) # 0 and D(r) & D(u).
Let j = min(D(x) \D(¢)), and i the restriction number of (u,t), and note that i < ;.

Let K =S~ {sj41,...,5,—1}, and let 'y = I'| ¢, the Wg-graph obtained by restricting I
to W. As in Remark[6.43] for each A € A and & € 7, we define Ag 4 to be the set of all
K € P(j+ 1) such that the molecule of I" with the vertex set C,, 5 contains a K-submolecule of
type K, and let Zg 4 » i index these submolecules. Let Ax = [Jy 2 Ak a1, the set of molecule
types for I'x, and for each k € Ag let Ig = I—'{(O(,l)\KEAK‘a_;L}Ik,a,l,K' For each 8 € Zg  we
write {c%‘u | u € Std(x)} for the vertex set of the corresponding K-submolecule of T.

Let v=ul(j+1) and x=r{(j+1), and write 1 = Shape(v) and 6 = Shape(x). By
Remark we can identify the vertex cg , of I'x with c%.v for some 6 € Zg g ,, > and the
vertex cq, of I with ¢/, for some y € Zg 45 ¢. It is clear that D(v) = D(x) U {/}, so it
follows that ,u(c%’v,cg,’x) = (cpusCas) 7 0. Moreover, since i < j, the restriction number of
(v,x) is also i. Thus Lemma(7.24] Lemma(7.23|and Lemma([7.25]are applicable to I'x and (v,x)
subject to hypotheses i = j, i < j— 1 and i = j — 1, respectively. In particular, Remark [7.26|
says that if u # s;y1¢ >t then col, (i+ 1) < col, (i +1).

We end this section with two technical lemmas that will be used throughout the rest of the
paper. They are concerned with descent sets and the lexicographic order on standard tableaux.
The first of these lemmas is needed for future applications of the polygon rule. Recall that if
t € Std(n) and i € [1,n— 1] then s;z € Std(n) if and only if either i € SA(¢) or i € SD(¢).

LEMMA 7.28. Lett € Std(n) and let i € A(t) and j € SD(t). Put v = s;t.
(i) Suppose thati < j—1. Theni¢ D(v) and j ¢ D(v).
Additionally, if i € SA(v) then i € D(s;v) and j ¢ D(s;v).

(ii) Suppose thati= j—1 and col;(j+1) > col,(j—1). Then j—1 ¢ D(v) and j ¢ D(v).
Additionally, if j—1 € SA(v) then j—1 € D(s;_1v) and j ¢ D(sj_v).

(iii) Suppose thati= j—1 and col,(j+ 1) < col,(j—1). Then j—1 € SD(v). Writing
w=sj_1v, we have j—1 € D(v) and j ¢ D(v), and j— 1 ¢ D(w) and j ¢ D(w).
Additionally, if j € SA(w), then j—1 € SA(s;w), and we have j € D(s;w) and
J—1¢D(sjw), and j—1 € D(sj_1sjw) and j ¢ D(sj_15;w).

Proof. (i) Since v =s;t and j € SD(t), it follows that j € SA(v), whence j ¢ D(v). Since
v is obtained from ¢ by switching the positions of j and j+ 1, and since i 4 1 < j, it follows
that i and i 4 1 have the same row and column index in v as they have in ¢. Since i ¢ D(¢), this
shows that i ¢ D(v).

If i € SA(v) then s;v is standard and i € D(s;v). Since s;v is obtained from v by switching
iand i+ 1, and since j > i+ 1, it follows that j and j+ 1 have the same row and column index
in s;v as in v. Since j ¢ D(v) it follows that j ¢ D(s;v).

(ii) Sincev=s;t and j € SD(z), it follows that j € SA(v), whence j ¢ D(v). Now since
col,(j—1)=col;(j—1) and col,(j) =col;(j+1),and col;(j—1) < col,(j+ 1) by assumption,
it follows that col,(j — 1) < col,(j). Thatis, j— 1 ¢ D(v).

If j—1 € SA(v) then s;_v is standard and j— 1 € D(s;_v). Since j—1 and j are both
ascents of v, we have col, (j— 1) < col,(j) < col,(j+ 1), and since s;_;v is obtained from v
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by switching j — 1 and j, we have colsjflv(j) =col,(j—1) and colsjflv(j—i— 1)=col,(j+1),
and it follows that coly; ,,(j) < cols;_;v(j+1). Thus j & D(s;—1v).

(iii) Asin (i) and (ii) we have j ¢ D(v). The assumption col,(j+ 1) < col,(j — 1) gives
col,(j) <col,(j—1),and so j—1 € SD(v). Hence w = s;_v is standard, and j — 1 € SA(w).
Since col,,(j+ 1) = col,(j+ 1) = col,(j) and col,,(j) = col,(j — 1) = col;(j — 1), and since
Jj—1 € A(r) by assumption, it follows that j € A(w). Thus j—1 € D(v) and j ¢ D(v), and
j—1¢ D(w) and j ¢ D(w), as required.

If j € SA(w) then sjw € Std(A). Since j— 1 and j are both strong ascents of w, we have
row,,(j— 1) > row,,(j) > row,,(j+ 1), and since s;w is obtained from w by switching j and
Jj+ 1, we have rowy ,,(j — 1) = row,,(j — 1) and row;,,(j) = row,,(j + 1), and it follows that
1oW; 1 (j — 1) > 10w 30 (j). Thus j— 1 € SA(s;w).

Now j—1 € SA(sjw) gives j—1 ¢ D(s;w), and gives j — 1 € D(s;j_(s;w). Similarly,
J € SA(w) gives j € D(s;w). Finally, the assumption col,(j+ 1) < col,(j — 1) gives
COlsj,lst(j) = CO]Sjw(j - 1) = COlt(j+ 1) < COlt(j - ]) = CO]Sjw(j+ 1) = COlSj,]Sjw(j"‘ 1)»
andjgéD(sj,lsjw). U

Recall from Remark that if A € P(n) and u, ¢ € Std(1) then t >ex u if and only if
there exists / € [1,n] such that col,(/) < col, () and r 11 = utl.

LEMMA 7.29. Let A € P(n) and 0 < i< n—1. Let t,t' € Std(L) satisfy t1i =1'1i. Let
J € SD(t) and put v = sjt, and suppose that i € A(t) and i < j. Then v <x t', and the
following all hold.
(i) Ifi € SA(v) then s;v € Std(A) and s;v <jex t'.
(i) Ify e Std(A) and y < vitheny <jex t'.
(iii) Suppose that i = j—1 and that col,(j+1) < col,(j—1), and let w = sj_yv. Then
w e Std(A) and w <iex t'. If j € SA(w) then sj_1sjw € Std(A) and sj_15jw <jex t'.
(iv) Suppose that i = j—1 and that col;(j+1) < col;(j— 1), and let w = s;_1v. Let
x € Std(A) be such that x < w and D(x) contains exactly one of j— 1 or j, and let y
be the (j — 1)-neighbour of x (see Definition . Theny <jex t'.

Proof. Since j € SD(t) we have t > 5;t = v, and hence t >¢ v by Corollary Indeed,
col,(j+1) <coly(j)=col,(j+1)andt1(j+1)=v1(j+1).Sincerti=¢Tiand j+1>i
it follows that col,/(j+ 1) < col,(j+1)and /1 (j+1) =v1(j+ 1), giving ¢’ >jex v.

(i) The assumption i € SA(v) gives s;v € Std(A), and since j+ 1 > i+ 1 it follows that
coly(j+1) <col,(j+1)=coly,(j+1)and ' (j+1) =sivT(j+1). Sot’ >ex siv.

(i) Ify <vtheny <j v, by Corolla.ry and since v <jx ¢’ this gives y <jex t'.

(iii) Since col,(j) =col;(j+1) <col;(j—1)=col,(j—1), we have j—1 € SD(v), and
since this gives s;_1v € Std(A), an argument similar to that for (i) yields w <jex #'.

If j € SA(w) then s;w € Std(A). Since j — 1 € SA(s;w) by Lemma [7.28| (iii), we have
sj—15jw € Std(A4). Since col,(j+1) < col,(j—1) = colsjflsjw(j+ 1),and since j+1>i+1,
it follows that coly(j+ 1) < coly;_s;w(j+1) and '1j+1=sj_1s;wTj+ 1. This gives
t Slex Sj—18jW.

(iv) There are two cases to consider.

Case 1.
Suppose that D(x) N {j—1,j} ={j—1} and D(y)N{j—1,j} = {j}. Then either y = sjx > x
ory=s;_1x <x.

Suppose first that y = sx > x. Since x < sjx =y and w < s;w, the assumption x < w gives
y < s;w by Lemma @ Since sjw < s;_15;w, it follows that y < s;_1s;w, and this gives
Y <lex Sj—15jw by Corollary But 5j_15jw <jex 1’ by (v), this yields y <jex #'.

Suppose now that y = s5;_1x < x. Since x < w, we have y < w, whence y <jex w by Corol-
lary But w <jex ¢’ by (v), this yields y <jex #'.
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Case 2.
Suppose that D(x) N {j—1,j} ={j}and D(y)N{j—1,j} = {j— 1}. Then either y = sjx < x
ory=s;_1x>Xx.

Suppose first that y = s;_1x > x. Since x < s;_1x =y and w < s;_w = v, the assumption
x < wgivesy < v by Lemma Thus y <jex ¢’ by (ii).

Suppose now that y = s;x < x. Since x < w, we have y < w, whence y <jex w by Corol-
lary [6.14} But w <jex # by (v), this yields y <jex #'. O

8. ORDERED ADMISSIBLE W-GRAPHS IN TYPE A

LetI'=T(C, u, 7) be an admissible W,-graph, and let A C P(n) be the set of molecule types
for I'. As in Remark [6.47] we write

C= |_| |_| Coc.,la

AeANQETy

where for each A € A the set Z, indexes the molecules of I of type A, and for each A € A
and o € 7 the set Cy 3 = {cq |t € Std(A)} is the vertex set of a molecule of type A. Fix
AeAandletC, =C~ (l—laeIx Cq, ;L), the set of vertices of I" belonging to molecules of type
different from A. We define Ini, (") to be the set of (¢,7) € Z; x Std(2) such that there exists
an arc from ¢y to some vertex in C;L. That is,

Iniy () = { (a,1) € T) x Std(A) | u(cp urcay) # 0 for some (B,u) € | | (ZuxStd(u))}.
HEAN{A}
For each o € 7 we also define Ini(g 3)(I') = {7 € Std(A) | (,¢) € Iniy (T') }.

Note that, by Theorem I' satisfies the W,,-Compatibility Rule, the W,,-Simplicity Rule,
the W,,-Bonding Rule and the W,,-Polygon Rule.

Now since I satisfies the W,-Simplicity Rule, it follows by Definition [5.4]that whenever
vertices cq, and cg, belong to different molecules and p(cg ,,ca,r) 7 0, we must have
D(t) & D(u) and p(coy,cp ) = 0.

Suppose that Iniy (I') # &. We define #1; to be the element of Ugez, Ini(g,2)(I') that is
minimal in the lexicographic order on Std(A). If I is clear from the context then we will
simply write ¢, for 5 .

We make the following definition.

DEFINITION 8.1. Let I'=T(C, u, ) be an admissible W,-graph, and let

C= |_| |_| CaJLv

/’LEAaEIl

as above. Then I is said to be ordered if for all vertices cq, and cg , with /,L(cl;_,mca,,) #0,
either u < ¢ (in the extended dominance order) or else &« = 8 and u = st > ¢ for some s € S),.

Note that {i(cg ,,ca,) 7 0 implies that D(u) € D(z). In particular, since S| = @, the
condition p(cg ,,cq,) # 0 can never be satisfied in the case n = 1. Thus it is vacuously true
that any W;-graph is ordered.

Our objective in this section is to prove Theorem [8.18] which states that all admissible
W,,-graphs are ordered. The proof will proceed by induction on n.

REMARK 8.2. In particular, it will follow from Theorem that the Kazhdan—Lusztig
W,-graph corresponding to the regular representation of 7 (W,,) is ordered in the sense of
Deﬁnition In this case the vertex set of I' = (C, i, 7) is C = W,,, the set of molecule types
is A = P(n), for each A € P(n) the set of molecules of type A is indexed by Z; = Std(A), and
for each A € A and x € Z), the set C, ; consists of those w € W, such that Q(w) = x, where
O(w) is the recording tableau in the Robinson—Schensted process.
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Now let v, w € W, and put RS(w) = (¢,x) € Std(1)? and RS(v) = (u,y) € Std(v)?, where
A, p € P(n). The conclusion of Theorem 8.18] applied in this case, is that if u(v,w) # 0 and
7(v) € t(w) then either u <t orelse 4t = A and (u,y) = (st,x) for some s € S,,.

If T is replaced by I'° = (C, u,1°), then since RS(w™!) = (x,#) and RS(v™!) = (y,u) by
Theorem the conclusion of Theoremis that if (v, w) # 0 and 7°(v) € 7°(w) then
either y < x or else t = A and (u,y) = (t,sx) for some s € S,,.

Thus, in particular, if it(v,w) # 0 and 7(v) € t(w) or 7°(v) € 7°(w) then u < 7.

It follows from the definition of the preorder <|r (in Section E] above) that if v, w € W,
and v X g w then there is a sequence of elements zgo = v, z1, ..., Zm—1, Zm = W such that
U(zi—1,zi) # 0 and T(z;i-1) € 7(z;) for each i € [1,m]. Since 7(z;—1) € 7(z;) is equivalent to
T(zie1) € 7(zi) or 1°(zi—1) € 7°(z;), it follows that pu < A.

We now commence the proof of Theorem [8.18] We assume that n is a positive integer
and that all admissible W,,-graphs are ordered for 1 < m < n. We let ' = T'(C,, T) be an
admissible W,,-graph, and use the notation introduced in the preamble to this section: A is the
set of molecule types of I, and for each A € A the set Z; indexes the molecules of type A. We
fix K=S,~{sy,—1} and L= S, \ {51}, and we let ['x =T'|x and I';, = T"};, the Wx-graph
and Wy -graph obtained by restricting I to Wx and W;.. Since |K| = |L| = n — 1, the inductive
hypothesis tells us that I'x and I'; are ordered.

By Remark [6.43] the set of molecule types for 'y is Ax = Ug 3 Ak a2, Where Ag g2
is the set of all kK € P(n— 1) such that the molecule with the vertex set C,, 5 contains a K-
submolecule of type k, and for each k € Ag, the indexing set for those molecules of type « is
Ik = U{Q:A‘KEAK,Q,)L}IKW‘-,A-,K’ where Zg ¢ 1« indexes the K-submolecules of type x in the
molecule with the vertex set Cy, 5. The vertex set of I'k is

C= || {c). | (v:x) € Ig x x Std(k) }.
KEAK
By Remark the set of molecule types for 'z is Ay = Ug 3 AL a.r» Where Ap o 5 is
the set of all 6 € P(n— 1) such that the molecule with the vertex set C, ; contains an L-
submolecule of type 8, and for each 6 € Ay, the indexing set for those molecules of type 6
isZrg= u{a,MOeAL.a‘Z}IL,a,lﬁ? where 7; 4 3 ¢ indexes the L-submolecules of type 6 in the
molecule with the vertex set C, ; . The vertex set of I'y is

C= || {ct, | (e.y) €T x Std(K)}.
9€AL

LEMMA 8.3. Let i, A € Awith u < A, and let (B,u) € T, x Std(u) and (a,t) € T x Std(A)
satisfy the condition p(cg y,ca,s) 7 0and D(t) G D(u). Let j = min(D(u) \D(t)) and assume
that j <n—1. Then u <t unless ot = B and u=sjt > t.

Proof. Since j is at least 1, the requirement that n — 1 > j implies thatn > 3. Letv=ul (n—1)
and x =t} (n— 1), and write = Shape(v) and 6 = Shape(x). We shall need the restriction
of I' to W constructed earlier.

By Remark we can identify the vertex cg, of I'x with ¢5  for some & € Zx g, .
and the vertex cq, of T'x with ¢/, for some y € Zg 4 3 9. Now since j € D(u) ~ D(¢) and
j<n—1,wehave j € (D(u)N[l,n—2])~ (D(¢)N[1,n—2]) = D(v) ~\ D(x), and it follows
that p1(cys .y ) = (Cpu>Cay) # 0. Since Ik is ordered, we have either v <x or y = & and
v =s;x > x for some i € [1,n—2]. In the former case, since Shape(u) = < A = Shape(¢) by
hypothesis and since u{} (n — 1) =v <x=r{ (n—1), we have u < t by the remark following
DeﬁnitionIn the latter case, we have o = 3, and since it is clear that i = j, it follows that
u=s;t>t. U
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PROPOSITION 8.4. Let u, A € A with u < A, and suppose that (B,u) € I, x Std(u) and
(o,t) € T x Std(A) satisfy p(cg yscay) # 0. Then u <t unless o = B and u = s;t >t for
some i€ [1,n—1].

Proof. Since W(cg ,,ca;) # 0, it follows that D(u) € D(zr). If D(r) € D(u) then the W,-
Simplicity Rule shows that {cg ,cq,} is a simple edge, thus a = B and u = s;¢ for some
i € [1,n— 1]. Thus we may assume that D(t) G D(u). If min(D(s) \ D(r)) <n— I then the
result is given by Lemma [8.3]

It remains to consider the case D(u) = D(¢) U{n — 1}. Let i be the restriction number of
the pair (u,1) and note that i < n by Remark [7.14] If i = n — 1 or i = n — 2 then the results
are given by Lemma[7.24]and Lemma [7.25] respectively. We may assume that i < n—2. It
follows by Lemma([7.23|that (u,1) ~; (v,x) for some (v,x) € Std(u) x Std(2) satisfying the
condition p(cg 4, ca) = U(cpy,Cax) # 0 and D(x) G D(v) = D(x) U{i,n — 1}. Since it is
clear that v # spx > x for all k € [1,n— 1], Lemma shows that v < x, equivalently, u < t by
Proposition a

The following definitions are motivated by the structure of 71 ;.

DEFINITION 8.5. Let u,A € P(n). Let (u,t) € Std(p) x Std(A), and let k be the restriction
number of (u,¢). The pair (u,t) is said to be k-minimal, and ¢ is said to be k-minimal with
respect to u, if D(r) & D(u) and 7tk is k-critical, and 7 | k is the minimal tableau of its shape.

30) is 4-

[N

For example, ([1[2]5] 3]) is 2-restricted but not 2-minimal, ([1[2[3]
43 4 45
&

v

[4]
12\5\7|25
3 304
[4]

minimal, and ( ) is 3-minimal.

Let i, A € P(n), and let (u,7) € Std(p) x Std(A). Let k be the restriction number of (u,?),
and assume that k € [1,n— 1] (or, equivalently, u # t). Recall that

F(u,t) = {(v,x) € Ce(u,t) | v (k) = x~ ' (k) lies between u~ ' (k+1) and t ' (k+1)}.

DEFINITION 8.6. Let u,A € P(n) and (u,) € Std(u) x Std(A) with u # ¢, and let k be the
restriction number of (u,¢). We define A(u,t) = {(v,x) € F(u,t) | col,(k) = col,(k+ 1) — 1}
and call any element of A(u,t) an approximate of (u,t).

Note that A(u,t) # & if and only if col,(k+ 1) < col,(k+ 1).

REMARK 8.7. Let u, t as above and assume that A(u,?) # &. It is clear from Deﬁnition
that every approximate (v,x) of (u,t) is k-restricted and satisfies (v,x) a2 (u,¢), and that
A(u,t) = {(v,x) € Cr(u,t) | col,(k) = col(k) = col,(k+ 1) — 1}, which is a (non-empty)
(k — 1)-subclass of Ci(u,z). It follows that if ¥ = Shape(x} (k— 1)) = Shape(v{ (k — 1)),
where (v,x) € A(u,t), then the bijection from Std(x) to A(u,t) given by w — (v,x) such that
v{ (k—1) =x| (k— 1) = w transfers the partial order < from Std(x) to A(u,t). The minimal
element of A(u,t), called the minimal approximate of (u,t), is the pair (v,x) given by w = 7y,
and the maximal element of A(u,t), called the maximal approximate of (u,t), is the pair (v,x)
given by w = ¥,

REMARK 8.8. Let u, A € A, and let (B,u) € Z, x Std(u) and (a, 1) € Z) x Std(A) satisfy
the condition u(cg 4, ca,) 7# 0 and D() G D(u). Let k € [1,n — 1] be the restriction number
of the pair (u,7). Let [ = min(D(u) \ D()), and let L = {s,...,s;}. Remark [7.27] applied
to I |z, the Wz-graph obtained by restricting I" to Wz, shows that if u # sg 1t > ¢ then
col,(k+1) < col;(k+1). Thus if u # sp17 > ¢ then the set A(u,t) # . In particular, if @ # 8
then, since U (cg ,,Co,) 7 O implies that D(r) & D(u), and since u = A and u(cg o) # 0
imply that u <t by Proposition8.4] the condition yi(cp ,,ca,) # 0 is sufficient for the set
Alu,t) # .
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LEMMA 8.9. Let u,A € P(n) and (u,t) € Std(p) x Std(A) with u # t, and let k be the
restriction number of (u,t). Assume that A(u,t) # &, and let (v,x) € A(u,t). Then (v,x) is
k-restricted and satisfies (v,x) = (u,t). If, moreover, D(t) S D(u), then we have D(x) S D(v)
with k = min(D(v) \ D(x)).

Proof. Tt follows from Remark [8.7) that (v,x) is k-restricted and satisfies (v,x) ~ (u,1). It
remains to show that D(x) & D(v) with k = min(D(v) \. D(x)) if D(z) & D(u). So suppose
further that D() G D(u)

Since col, (k+1) < col;(k+1) (since A(u,) # @), Lemma[7.18and Lemmal(7.19|show that
D(x) \D(v) = D(r) ~ D(u) and D(v) ~ D(x) 2 D(u) \ D(t). Since D(r) & D(u), this yields
D(x) & D(v). Now since (v,x) is favourable, we have k = min(D(v) ®D(x) by Remark
and it follows that k = min(D(v) \ D(x)). O

LEMMA 8.10. Let pt,A € Awith u # A, and let (B,u) € I, x Std(u) and (et,t) € T; x Std(A)
satisfy WW(cp u,Car) 7 0. Let k be the restriction number of (u,t). Then A(u,t) # 3, and for all
(v,x) € A(u,t) the following three conditions hold:
) (v.0) ~ (1),
(ii) D(x) & D(v) and k = min(D(v) \ D(x)),
(iii) .u(cﬁ,vacmx) = .u(cﬁ,uyc(x,t)'

Proof. We have A(u,r) # @ by Remark [8.8] Let (v,x) € A(u,t), then by Lemma[8.9] we have
(u,t) = (v,x), whence (u,t) ~ (v,x). Moreover, since u # A, and since p(cg 4, Ca,) 7 0, we
have D(r) S D(u), and it follows by Lemma|8.9that D(x) S D(v) with k = min(D(v) \ D(x)).
It remains to show that t(cg ,,ca.x) = H(CB u,Car). Let I = min(D(u) \D(¢)). Since (u,t) is
k-restricted, we have k < [.

Suppose first that k < I. Since (u,7) =~ (v,x) and k <! € D(u) \ D(¢), the result follows
from Lemma[Z.21]

Suppose now that k = [ = min(D(«) . D(¢)), in particular, this shows that k € D(u) \ D(z).
Letw=tllk=ullk € Std(&), where & = Shape(w), and let (h,q) =t~ (k+1) and (g, p) =
t~1(k), the boxes of ¢ that contain k+ 1 and k respectively. Since k ¢ D(t), it follows that g > h
and p < q. If p =g — 1 then we have (u,1) € A(u,r). Since (u,1) ~_1 (v,x) by Remark 3.7]
and since k € D(u) \ D(¢), we have p(cg.,,Ca.x) = U(CgusCa,s) by Lemma Thus, we
can assume that p < g— 1.

Let (d,m) = (§,-1,q9 — 1), and note that the assumption implies that g >d > h > &,. It
is clear that (g, p) and (d,m) are &-removable, and (g, p) # (d,m). Let { € P(k—2) such
that [§] = [§] < {(g,p),(d,m)}, and let (i, j) be a {-removable box that lies between (g, p)
and (d,m) (in the sense that g > i > d and p < j < m). We can choose w' € Std(§) with
w(i,j) =k—2,w(d,m) =k—1 and w(g,p) = k, and define (u1,f;) by u; }k = w' and
uy Tk =utk,andt; Lk =w' and t; Tk = t tk. Since

(u1,101) € {(v,x) € C(u,1) | coly (k) = coli(k) = g},
the (k— 1)-subclass of Cy (u,1), it follows that (u,7) ~_; (u1,1). and it follows by Lemmal[7.21]
that p(cg u,»Car) = H(CB usCas) and k € D(u1) \D(ty).

Since p < m, we have k—1 € SD(w'), and so k— 1 € SD(u; ) and k— 1 € SD(#;). It follows
that we can define (up,1;) € Std(p) x Std(4) by uy = sg_u; and t, = s;_111, and we note that
W =ulk=tk=s_ 1w, and uptk =u; Tk and trtk = t; Tk. Since w' = s;_ 1w’ > w",
and DW")N{k—2,k—1} = {k—2} and DW')N{k—2,k— 1} = {k— 1}, it follows that
there is a dual Knuth move (of the first kind) of index k — 1 taking w” to w'. As the same
dual Knuth move takes (u2,2) to (uj,t1), we have (u,#;) and (up,1,) are related by a paired
< k-dual Knuth relation indexed by (k — 1). Moreover, it can be verified easily that

D(t))N{k—2.k—1,k} = {k—1}, D(u)n{k—2,k—1,k} = {k—1,k},
D(n)N{k—2,k—1,k} = {k—2}, D(u)N{k—2,k—1,k} = {k—2,k}. :
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and it follows by Propositionthat H(CBuysCaty) = H(CBu s Caty)-

Finally, since it is clear that (u,7,) € A(u,t), we have (up,12) ~_1 (v,x) by Remark [8.7]
and since k € D(uz) \ D(12), it follows by Lemma [7.21| that p(cp y,cax) = H(CpuysCary)-
Thus, t(cg,ysCax) = K(CBusCay)- as required. O

PROPOSITION 8.11. Let A € A satisfy the condition that Iniy (I') # @, and let t' =11 ;. Let
(o0,1") € T) x Std(A) and (B,u') € T, x Std(p), where u € A~ {A}, satisfy the condition
that u(cg v, Co ) 7 0. Let k be the restriction number of (u',t'), and let (u,t) € A(u',t"). Then
ik is k-critical. Thus if (u,t) is the minimal approximate of (u',t') then t is k-minimal with
respect to u.

Proof. Lemma tells us that (u,7) ~ (u',1'), that D(r) & D(u) and k = min(D(u) \. D(z)),
and that (cg 4, Car) = H(cpwsCor) # 0. Note that col, (k+ 1) = col, (k) + 1, since (u,t) is
an approximate of (u/,1') (see Definition [8.6)). Thus, by Remark to show that ¢}k is
k-critical it will suffice to show that every j € D(¢) with j > k+ 1 is in WD(z), and that either
col;(k+2) =col, (k) or k+ 1 ¢ SD(¢). We do both parts of this by contradiction.

For the first part, suppose that j > k+ 1 and j € SD(t). Since j € D(r) and D(r) & D(u),
we have j € D(#)ND(u), and since k € D(u) \D(¢), it follows that j € D(r) and k ¢ D(¢), and
k,j € D(u). Let v = s;t, which is standard since j € SD(z). It follows by Lemma([7.28|(i) that
k, j & D(v). Moreover, since {i(ca,,cq,) = 1 by Corollary[7.22} and since p(cp ,cay) 70,
it follows that (cq,y,ca;Cp ) is an alternating directed path of type (j, k).

Recall that if p(cg,,ca,) # O then p(cg,,cas) > 0, because I' is admissible. Thus
N%k(F; v,u) > 0, whence N,ij(l“; v,u) > 0, as I satisfies the W,-Bonding Rule. So there exists
at least one v € A and (,y) € Zy x Std(v) such that (¢, cy,y,cp ) is an alternating directed
path of type (k, j). Since k=t 1k and k < j— 1, we have v <jex ¢’ by Lemma(7.29] Thus,
if v # A then we have (e, v) € Inij (') and v € Ugez, Ini(g,2)(I), and so this contradicts the
assumption that 1’ = rr- ;. It follows that v = A and y € Std(A).

By Proposition [8.4] we must have either y = & and y = sy > v or y < v. Recall that
sgv € Std(A) and sxv > v if and only if k € SA(v). Thus in the case Y= o and y = sy > v,
then since ¢/ Tk =11k and k < j — 1 we have y = s;v <jex ' by Lemma([7.29|(i), while in the
case y < v, then since ' Tk =11k and k < j— 1 we have y <jex ' by Lemma([7.29](ii). In either
case, since (7,y) € Iniy (') and y € Ugez, Ini(g,2)(I), this contradicts the assumption that
' =1,

For the second part, suppose that k+ 1 € SD(¢) and col; (k+2) # col, (k).

Case 1.
Suppose that col, (k) < col,(k+2). Since (u,t) € A(u,t"), we have col,(k) = col, (k+ 1) — 1,
and it follows that col; (k+ 1) < col;(k+2). This contradicts the assumption that k+ 1 € SD(r).

Case 2.

Suppose that col;(k+2) < col; (k). Since k41 € SD(¢) € D(¢) and D(z) G D(u), it follows
that k+ 1 € D(¢) N D(u), and since k € D(u) \D(z), it follows that k+ 1 € D(¢) and k ¢ D(¢),
and k,k+ 1 € D(u). Let v = s441¢. Since k+ 1 € SD(¢)), we have v € Std(1). Let w = s;v.
Since k € SD(v) by Lemma 7.28](iii), we have w € Std(A4). Now, it follows by Lemma(7.2§|
(iii) that k € D(v) and k+ 1 ¢ D(v), and k ¢ D(w) and k+ 1 ¢ D(w).

Moreover, since U(cq v, Caw) = U(Cayr,Cay) =1 by Corollary and since it is also
true that (g y,ca ) # 0, it follows that (cow,Ca.v;Car,Cp ) is an alternating directed path
of type (k,k+1).

As recalled above, if (cg 4, Car) 7 O then u(cg ;o) > 0, because I is admissible. Thus
Nl?,k+1 (T;w,u) > 0, whence N,?H’k(l“; w,u) > 0, as T satisfies the W,,-Bonding Rule.

So there exist § € A and (§,x) € Zg x Std(§), and v € A and (7,y) € Zy x Std(v) such
that (ca.w,C5.x,Cyy,Cp.u) is an alternating directed path of type (k+ 1,k).
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Since t' Tk =t 1k, we have w <j¢x t’ by Lemma (iii). Thus, if £ # A then we have
(a,w) € Iniy (T') and w € Ugez, Ini(g2)(I), and so this contradicts the assumption that
t' =tr 3. It follows that § = A and x € Std(A).

Since u(cy,y,cs ) # 0, and since D(x) N {k,k+ 1} = {k+ 1} and D(y) N {k,k+ 1} = {k},
we have {cs \,cyy} is a simple edge by the W,,-Simplicity Rule. Thus v =2 and y =0, and y
and x are related by a dual Knuth move. We have either § = o and x = Sk+1W > worx < w by
Proposition[8.4] and y is the unique k-neighbour of x. If x = s;,.yw > w, then since x € Std(2),
this is equivalent to k+ 1 € SA(w). It follows by Lemma (iii) that y = sgx > x is the
unique k-neighbour of x. In this case, since ¢ Tk =t Tk, we have y <jex ¢’ by Lemma
(iii). If x < w and y is the unique k-neighbour of x, then since ¢’ Tk =t Tk, we have y <ex t’
by Lemma [7.29] (iv). In either case, since (¥,y) € Iniy (T') and y € Ugez, Iniqz)(I), this
contradicts the assumption that ¢’ =11 ;.

If (u,¢) is the minimal approximate of («',1"), then it is clear that 7 is k-minimal with respect
to u in accordance with Definition [8.3] O

COROLLARY 8.12. Let A € A satisfy the condition that Iniy (T') # &, and let t' =t;. Let
(o,t") € ) x Std(A) and (B,u') € T, x Std(1), where p € A~ {A}, satisfy the condition
that u(cgw,cqy) # 0. Let k be the restriction number of (u',t'). Then ty 1 (k+ 1) is minimal
and ifk+ 1 € SD(1; ) then col, (k+1) = col,, (k+2)+ 1.

Proof. Let (u,t) € A(u/,t"). Then 11 k is k-critical, by Proposition Now since t Tk =13 Tk,
this shows that , 1 (k + 1) is minimal and if K+ 1 € SD(t ) then col;, (k+4-1) = col, (k+2) +
1. ]

LEMMA 8.13. Letn > 2, and let 1, A € P(n). Let t € Std(A) and u € Std(u) and suppose
that t is 1-minimal with respect to u. Then |1 < A.

Proof. Since (u,t) is 1-minimal, we have 7(1,1) = u(1,1) =1 and #(1,2) = u(2,1) = 2. So if
n=2,wehave u = (2) < (1,1) = A. We proceed inductively on n > 3. If #(1,3) = 3 then since
t is 1-minimal, we have t = 1), where A = (1,...,1). Since A = max((P(n),
t

<)), and since
W > 1= Ay, we deduce that yt < A. We may just assume that#(2,1) =3,...,t(A;,1) =24, +1,
and it follows that 2,...,A; € D(t). Now since D(t) & D(u), we have 2, ., A1 € D(u), and

so, u(3,1) =3,...,u(A4; +1,1) = A; + 1. In particular, this shows t; > A;.

Let n = Shape(u | (n — 1)) and let & = Shape(¢ |} (n — 1)). It is clear that t |} (n — 1) is
I-minimal with respect to u |} (n — 1), whence 11 < 6 by the inductive hypothesis. We shall
show that col, (n) < col;(n). Suppose to the contrary that col;(n) < col,(n).

Suppose first that col,(n — 1) = 1 so that 1,3,...,n — 1 fill column 1 of . Since D(¢) & D(u),
we have 1,2,3,...,n— 1 fill column 1 of u. Since col,(n) > 1, we have u(1,2) = n, and it
follows that n — 1 € A(u). Now since D(t) & D(u), we have n— 1 € A(t), consequently
coly(n) > col,(n— 1) = 1. It follows that col,(n) > 2 = col,(n), contradicting our assumption.

Suppose now that col;(n—1) > 1. Let 1 < g = col;(n— 1) < col;(n). Since n < 0, we
haven—1=Y7_, 6, <Y! _, Nn, and so, if i < n then col,(i) < col,(n— 1). It follows that
col,(n) <g+1=col;(n—1)+1 < col,(n) + 1, whence col,(n) < col;(n), if n — 1 € WA(u),
and col,(n) < col,(n—1) < col;(n—1) < coly(n), if n— 1 € D(u). Either case contradicts our
assumption.

Since 1 < 0 and col,(n) < col,(n), we have u < A by Lemma and since gy > A, we
obtain 1 < A. O

LEMMA 8.14. Let A € A satisfy the condition that Ini, (T') # @. Let (o,t") € Iniy (I') with

' =1y, and let p € A~{A} and (B,u') € Ty x Std(u) such that u(cg,cqy) # 0. Let
(u,t) € Std(p) x Std(1L), and let k > 3 be the restriction number of (u,t). Suppose that (u,t)
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satisfies

k—ulk = 2\ \kfz\kq\’

1

k

) = k— 1, and u satisfies further properties that
¢ ( ).
Proof. Assume to the contrary that (u,) € A(«/,t'). By Remark [8.7] both («/,#') and (u,t)
have the same restriction number, and A (', #’) consists of (v,x) € Std(u) x Std(A) such that
v (k—1) =x{ (k—1) € Std((1¥1)), and vtk = ufk and x 1k = £ k. Thus it follows that
(u',1") is k-restricted, and A(«/, ') = {(u,1)}.

It follows by Lemmathat (u,r) = (u',1'), D(r) & D(u) with k = min(D(u) \ D(t)),
and p(cg y,car) = U(cgu Car) # 0, and it follows by Lemma that ¢} k is k-critical.
Since col;(k+ 1) = col,(k) + 1, we have #(2,2) = k+ 1, and since k € D(u) \ D(z), we
have col, (k+ 1) < col,(k), hence col,(k+ 1) = 1, and it follows that u(3,1) = k+ 1. Since
u(1,k) = n, it follows further that k+ 1 < n.

Case 1.
Suppose that (u,1) = («',1").

Since k > 3, we have col, (k) =1 <k—1=col,(k— 1), and so k— 1 € SD(u) C D(u).
Let v = s;_ju. Since k — 1 € SD(u), it follows that v € Std(¢t) and k — 1 ¢ D(v). Since
col,(k—2) =k—2 <k—1=col,(k—1), it follows that k — 2 ¢ D(u). Moreover, since v
is obtained from u by switching the positions of kK — 1 and &, and since k > 3, we have
col,(k—1) = col, (k) =1 < k—2 = col,(k—2) = col,(k—2), and so k —2 € D(v).Thus
there is a dual Knuth move (of the first kind) of index k£ — 1 taking v to u, which shows that
{cpuscp,y} is asimple edge in I

Since k > 3, we have 1 <k—2 =col,(k—2) <k—1=col;(k— 1), and it follows that
k—2 ¢ D(r). Since k € D(u) \ D(r), we also have k ¢ D(r). Similarly, since u{k =t |k,
we have k —2 ¢ D(u), but since k € D(u) \ D(z), we have k € D(u). We have shown that
k—2 € D(v). Now since col,(k+ 1) =col,(k+1)=1<k—1=col,(k—1) =col,(k), as v
is obtained from u by switching the positions of k — 1 and k, we also have k € D(v). Moreover,
since (e u,Cas) 7 0 and p(cp y,cp) = 1 (as {cp 4 cp )} is a simple edge), it follows that
(CarsCpusCp,y) is an alternating directed path of type (k,k—2).

Since Nf_zlk(F;t,v) = Nkzlk_2(1“;t,v), as I satisfies the W,-Polygon Rule, and since
N,ikfz(l";t,v) > W(cp u»Cay), it follows that N,ffzvk(lﬁ;t,v) > 0, whence there are & € A and
(7,%) € Zg x Std(&) such that (cq s, cy.x,cp ) is an alternating directed path of type (k—2,k).

Since row, (k —2) = row,(k— 1), we have k — 2 € WA(r), and so k —2 ¢ D(r), and since
tlk=ulk, wehave k—1¢€D(t), since k — 1 € D(u). Thus if k — 1 ¢ D(x) then {cq,cy}
is a simple edge. That is, if k— 1 ¢ D(x) then oo = ¥ and ¢ and x are related by a dual
Knuth move. Moreover, since sg_ot ¢ Std(1), this shows that x = s;_;7. But then since
k > 3 and since x is obtained from ¢ by switching the positions of kK — 1 and k, we have
coly(k+1) =col,(k+1) =2 < k—1=col,(k—1) = coly(k), and it follows that k € D(x),
contradicting the requirement that k ¢ D(x). Thus k — 1 € D(x).

Since w(cp,y,cyx) # 0, and since D(x) N {k —1,k} = {k—1} and D(v) N {k — 1,k} = {k},
the W,-Simplicity Rule shows that {cg ,,,cy..} is a simple edge. Equivalently, y = 8, and x and
v are related by a dual Knuth move. Indeed, x is, in this case, the (k — 1)-neighbour of v. But
the (k — 1)-neighbour of v is sy v, since col, (k+ 1) = col,(k— 1) < col, (k). Therefore, x = sv.

It can be seen that (o,¢) = (o) and (f,s,v) satisfy the conditions of Corollary
Since it is clear that (sgv,#") = (spv,1) is (k — 2)-restricted, and since col, (k) < col,(k— 1),
we have by Corollary that k — 1 = col,(k — 1) = col;(k) + 1 = 2. Thus, k = 3, and so
col;(n) = 2. Since 11 (k— 1) is the minimal tableau of its shape by Corollary[8.12] we have
col;(3) < col;(4) < --- < coly(n), and so col,(3) = 1 and col,(4) = --- = col;(n) = 2. Thus

and t satisfies further properties that col;(n
u(l,k)=nand (2,k—1) ¢ [u]. Then (u,t)
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A =2and A, =n—2, and since A; > A,, it follows that n < 4. This contradicts the fact that
n > k+ 1 (as shown earlier).

Case 2.
Suppose that (u,r) # (u',1").

Since (u,r) =~ («/,1") by Lemma|[8.9] there exists z € Wy \ {1} with «’ = zu and ¢’ = z1.
Hence there is an i € [1,k — 2] such that &’ and ¢’ satisty

v [l o ]k

/:t/ k: / k:
v b ul i+1

)

and, furthermore, ¢’ tk =tk and v’ Tk = utk.

If k = 3 then since (2,2) ¢ [u] and u(1,3) = n, we have y, = 1 and uz = 1. Therefore
U= (mn—2,1,1) and the first row of uis[ 1 [ 2 [ n |, while u(2,1) =3 and u(i,1) =i+ 1
for i € [3,n—2]. Since col,(n—1) =1 < 3 = col,(n), we have n — 1 ¢ D(u), and since
D(t) G D(u) it follows that n — 1 ¢ D(t). That is, col,(n — 1) < col;(n). Now 11 (k4 1) is the
minimal tableau of it shape, by Corollary [8.12] and so

coly(5) < coly(6) < --- < col;(n—1) < coly(n).

Thus col; (k+2) = col;(5) =--- =col;(n— 1) = | and col,(n) = 2. Hence A = (n—3,3), the
first three rows of rare [ 1 [ 2 ],[ 3[4 |and[5 [ n]and#(i,1) =i+2 forie [4,n—2].
Now since Ci(u,t) = {(u,1), (sau,s2t)}, we have («/,¢') = (spu, sot). It can be verified easily
that D(sou) = D(sat) = {1,3,...,n—2}, and it follows that t(cg s)u;Ca.s,) = 0. This is in
contradiction to the assumption that ,u(cﬁ,u/ ,Cqy) 7 0. Henceforth, we may assume that k > 4.

Since '}k = ' | k, we have D(¢') N [1,k— 1] = D(«’) N [1,k — 1]. Since k > 4, one the
one hand, we have col,(k+1) =col,(k+1) =2 < k—1=col;(k— 1) = col,(k), and on the
other hand, we have col,s(k+ 1) = col,(k+ 1) =1 < k—1 = col,(k— 1) = col, (k). Thus,
it follows that k € D(#') ND(u'), and so D(#') N [1,k] = D(«') N [1,k]. Let [ € D(u') \ D(¢'),
which is not an empty set since D(r’') & D(u’). This shows that [ > .

We claim that i = 1. Suppose to the contrary that i > 1. Now since i > 1, it follows that
col(i+1)=1<i—1=col,(i—1) <col,(i—1)+1=col,(i),and soi € SD(w') C D(n')
and i — 1 ¢ D(w'). Since i € SD(w'), we have s;w’ is standard and i ¢ D(s;w). Moreover,
since coly,,, (i) = col,y (i+ 1) < col,y (i) = coly,,s (i — 1), it follows that i — 1 ¢ D(s;w’). Thus
siw’ —*1 w/ with the index 7, and since the same dual Knuth move takes (s;’, s;t') to (u',1'), we
have (s;/,sit") =y (s,¢'). It follows by Lemthat H(ep s> Casir) = H(CB s Cayr) # 0.
Since s;#' < ¢, it follows from Corollary that s;t" <je t'. But (a,s;t") € Iniy (T') and
sit € Uaez, Inig 2)(I), this contradicts the assumption that t' =1t,. Hence, i = 1, as claimed.

Let v=j(u'11) and x = j(¢'11), and write { = Shape(v) and & = Shape(x). We shall
need the restriction of I" to Wy, constructed earlier.

By Remark we can identify the vertex cg s of 'y, with cg’v for some 6 € Tigucs
and the vertex cq p of I'y with c’}fyx for some y € Z; 45 ¢ Note that since u # A, and so
B #a,wehave Z; gy ¢ NT; o3 ¢ = D, and it follows that & # y. Now since / > 1, we have
I € D(v) ~ D(x), whence D(v) € D(x), and it follows that i (cs ,,cy.x) = 1(cg s Cay) 7 0.
Since I';, is ordered, and since & # 7, we obtain v < x; in particular, { < €.

Let (g, p) and (1, q) be boxes vacated in j(u’' 1) and j(¢' 1 1) respectively. Since t' Tk =11k,
we have #/(2,2) = k+ 1 and col,(n) = k — 1. Moreover, Corollary [8.12]shows that #' 1 (k+ 1)
is the minimal tableau of its shape, equivalently col, (k+2) < --- < coly(n). It is therefore
clear that coly (i) < coly(n) = k—1 for all i € [1,n], in particular, this shows that ¢ < k— 1.
Since u' Tk = utk, we have u/(1,k) = n, and since «’(1,k— 1) = k while (2,k—1) ¢ [u], it
follows that col /(i) < k—2 forall i € [1,n]\ {k}U{n}. Note, moreover, that the box (2, 1) is
in the slide path of j((1,1),u’11)), and so we have g > 2, and it follows that p < k—2 < k— 1.
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Hence, we obtain Y51 &, = Y5\ 4, — 1 =Y, +1-1=¥*" ¢, +1+1~1. Thus
¢ £ &, a desired contradiction. O

LEMMA 8.15. Let A € A, let p € A~ {A}, and suppose that (o,t') € ) x Std(A) and
(B,u') € T, x Std(u) satisfy the condition that ji(cg y,cq ) # 0, where we write t' for ty,.
Then L < A.

Proof. Ttis clear that n is at least 2. Recall that p(cg v, cq ) # 0 implies that D(¢') S D(u')
and ,Lt(cwx,cﬁw) =0, since vertices ¢g ;s and ¢ belong to different molecules. Let k be
the restriction number of the pair (u/ 1 ) and note that | <k < n—1.By Lemma we
have A(u/,") # @. Let (u,t) be an approximate of («/,#'). By Lemma|[38.9] we have (u,?) is
k-restricted. By Lemmal8.10} we have (u,1) ~ ('), D(t)  D(u) with k = min(D(«) \D(r)),
and p(cg ysCay) = KL(CpusCar) 7 0. By Proposition tfr k is k-critical. For later reference,
let v = Shape(ul} k) = Shape(z | k).

If k =1 then since ¢ is 1-minimal with respect to u, it follows by Lemma @that U<,
and if k = n — 1 then since D(u) = {n— 1} UD(z), it follows by Lemma[7.24|that u < A . We
may therefore assume that | <k <n—1.

Let w= j(ut1l) and let y = j(r11),and let v=ul(n—1) and let x =7 (n — 1). Let
¢ = Shape(w) and £ = Shape(y), and let 1 = Shape(v) and 6 = Shape(x). We shall need the
restriction of I" to Wx and W, established earlier.

By Remark (6.43} the vertex cg , of I'x coincides with the vertex Cla,v for some 6 € Zx , and

the vertex cq, of Ix coincides with the vertex ¢/, , for some y € Zg g. Since k € D(u) \D(t)
and k <n—1, we have k € D(v) \ D(x), and so, p(cfs . cy.x) = H(cp usCar) # 0.

By Remark|6.43] the vertex cg , of I', coincides with the vertex c7; ,, for some 7 € Z; » and
the vertex cq, of I', coincides with the vertex ¢y, for some € € Z; ¢. Since k € D(u) \ D(¢)
and k > 1, we have k € D(w) \. D(y), and so, p(c% ,,,Cey) = K(Cp u,Cas) 7 0.

Since & # B (since  # A), we have y # 6 and € # 7. Since 'y and I';, are ordered, it
follows that v < x and w < y. In particular, this gives n < 6 and { < &.

Since 7k is k-critical, it follows from the minimality of col, (k) that col;(n) > col, (k).
We shall show that if col,(n) > col,(k) then col;(n) > col,(n). Suppose to the contrary that
col; (k) < col;(n) < col,(n). We aim to show that (u, 1) satisfies the hypothesis of Lemma|8.14}

Let [ = col,(n). Since N < 0, it follows that

©) Y 6, <Y M

! !
m=1 m=1

Moreover, since col;(k+2) < --- < col;(n— 1) < col,(n), since 1 (k+ 1) is the minimal
tableau of its shape, and since col,(k+ 1) < col,(n), since col,(k) + 1 = col,(k+ 1) and
col; (k) + 1 < col,(n) by assumption, we have

(10) col, () <1 if k<i<n,

and so Eq. (9) can be expressed in the form

! ! !
Y vutn—1-k< Y v+ Y (0 — V).
m=1

m=1 m=1
Thus ¥ (Nm — Vi) = n— 1 —k. But for each m € [1,1], N, — V,, counts certain positive
integers between k and n, and so, we have Zﬁnzl(nm —Vp) <n—1—k. It follows that
Z,ln:l (Mm — Vi) = n— 1 — k. Equivalently, we have
(11) col,(i) <1 if k<i<n.
In particular, Eq.(11) shows that col,(n — 1) < I = col,(n). Since col;(n) < col,(n) by our
assumption, this implies that col,(n — 1) < col,(n). Thus n —1 € A(u). Since D(¢) G D(u),
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it follows that n — 1 € A(r). Since col, (i) < [ whenever k < i < n by Eq.(11) and col, (i) <!
whenever k < i < n by Eq.(10), and since col, (n) > col,(n) = [ by our assumption, we have

) ! ! I
(12) Y =Y vutn—1-k=Y vu+(n—k)—1=3 A,—1.
m=1 m=1 m=1 m=1
Let (g, p) and (h,q) be the boxes vacated by j((1,1),u11) and j((1,1),211), respectively.
We claim that

(13) g<I1<p.

Ifl<gthenY! &, =Y _| Ay, andsince Y | pn =Y _| &y, it follows by Eq. that
L En>Y G T p<I=coly(n)then Y ;& =Y _ thy—1<Y! _| ty. Moreover,

since Y4, Ay — 1 < X4, & it follows by Eq.(12) that Y1, & < X, &,. Since § <€,
either case results in a contradiction, whence g < I < p, as claimed.

Let u(g, p) = b. We claim that b = n.
If k+1 < b < nthen p = col,(b) < I by Eq. (L1}, contradicting Eq. (13). Thus b < k or b = n.
But col, (k) = col;(k) < col;(n) = I by our assumption, and so the case b = k is excluded by
Eq. (13). Suppose that b < k. Since the box (g, p) in the diagram of Shape(u 1) is vacated
by j((1,1),u?11), and since u | k =t | k, the box (g, p) in the diagram of Shape(s11) is in the
slide path of j((1,1),711), and it follows that & > g and ¢ > p by Lemma[6.35] The latter
inequality contradicts ¢ < p given by Eq.([I3). Hence b = n, as claimed.

We claim that

(14) col,(i) <p—1 if k<i<n.

By Eq. (10), we have col,(k+ 1) < col;(n).

Suppose first that col;(k+ 1) = col;(n). Since n — 1 € A(t), as shown above, we have
col,(n—1) < col;(n), and since col; (k+ 1) = col,(k) + 1, the assumption col, (k+ 1) = col,(n)
implies that col,(n — 1) < col, (k). But col;(n — 1) > col,(k) by the minimality of col; 44(k),
we therefore have col,(n — 1) = col, (k). Since 71 (k+ 1) is the minimal tableau of its shape,
this shows that col,(k+2) < --- < col,(n— 1) = col,(k), and so it follows by the minimality of
col; ¢ (k) that col, (k) = col,(k+2) =--- =col;,(n— 1), whence k+ 1,k+2,...,n—2 € D().
On the one hand, since k € D(u), and since D(¢) & D(u), we have k,k+1,...,n—2 € D(u),
and it follows that col,(n— 1) < col,(n—2) < --- < col,(k+ 1) < col, (k). On the other hand,
since col, (k) = col; (k) = col;(k+1) — 1 = col,(n) — 1 = — 1, and it follows by Eq.(13) that
col, (k) < p— 1. Hence, if k < i < n then col, (i) < p— 1.

Suppose now that col;(k+ 1) < col;(n) = I. Since t1(k+ 1) is the minimal tableau of
its shape, and since n— 1 € A(r), as shown above, so that col;(n — 1) < col;(n), we have
col;(k+2) <--- < col;(n—1) < col,(n). Hence if k < i < n, we have col, (i) <. Since 1 < 6,
we have an;ll O < ):in;ll M- This gives

thatis,n—1—k < ,ln_zll (N — V). But since 1, — v;, counts, for each m € [1,] — 1], certain

positive integers between k and n, it follows that Zin;ll (Mm — Vi) < n—1—k. Therefore, we
conclude that Y1 (1, — Vi) = n— 1 —k, that is, col, (i) </ — 1 if k < i < n. Since [ < p by
Eq. , we have col, (i) < p— 1 if k < i < n. This completes the proof of our claim.
Obviously 7 slides from the box (g, p) of the diagram of Shape(u1 1) into either the box
(g — 1, p) or the box (g,p — 1). Note that Eq. gives u(g,p—1) < kand u(g—1,p) <k,
and so7(g,p—1) =u(g,p—1) and t(g— 1,p) = u(g — 1, p). Now if n slides into the box
(g —1,p), so that the box (g— 1,p) is in the slide path of j((1,1),711), then Lemma [6.35]

gives p < g, contradicting Eq. (13). Thus n slides into the box (g,p — 1), so that the box
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(g,p—1)isin the shde path of j((1,1),711), and Lemmal6.35 gives p — 1 < ¢. But since
g <1< pby Eq. (13), this shows that col;(n) =1 =g=p—1.

Let k = (KTI,...,KS’”Y) = Shape(ul} k — 1) = Shape(t ||k —1).

We claim that col,, (k) = col, (k) = 1.
Suppose to the contrary that col,(k) > 1. Choose (u,t) to be the minimal approximate of
(u,1'). By Lemmal6.36] we have (ki,m;) is vacated by j((1,1),7c11). Since (g,p—1) is
vacated by j((1,1),7¢11), we have x; = g and m; = p — 1. Since col;(n) = p — 1, and since
t~1(k) is a x-addable box and t~!(k) # (x1,1), we have p— 1 =m < colt(k), the latter
inequality shows that col;(n) < col;(k), contradicting our assumption that col;(k) < col,(n).
Thus col, (k) = col,(k) = 1, as claimed.

Since k; = g, as shown above, we have row, (k) = row; (k) = k1 + 1 = g+ 1. We claim
thatg=1.
Suppose to the contrary that g > 1. We have (g, p) ¢ [x] since u(g,p) =nbut (g—1,p) € [K]
because g > 1 and because of Eq. . It follows that (g, p) = u~!(n) is a k-addable box,

whence s > 1. Choose (u,) to be the maximal approximate of (u,1’). Let k* = (K}, ..., k™).

It follows from Lemma [6.36] that (ny, k}) is vacated by j((1,1),7¥11). Since n; = m, and
ki =mi+---+my, it follows that (ki,m;) # (n1,K}), a clear contradiction. Thus g = 1, as
claimed.

Since #(2,1) = u(2,1) = k, we deduce that x consists of (k— 1) parts of length 1, that is,
m; =k—1and x; = 1. Thus col,(n) = k— 1 and u(1,k) = n, and since col;(n) > col;(k) by
our assumption, we have col, (n) > 2, and it follows that k > 3. Moreover, since col, (i) <k—1
for k <i<n—1, we have (2,k—1) ¢ [u]. Tt is clear that (u,) satisfies the hypothesis of
Lemma|8.14] But Lemma|[8.14]shows that (u,7) ¢ A(u,’), which completes our argument by
contradiction.

We have shown that col,(n) = col,(k) or if col;(n) > col, (k) then col;(n) > col,(n).

Suppose first that col, (n) = col, (k). Since 11 (k+ 1) is the minimal tableau of its shape,
we have col,(n) > col;(n—1) > --- > col;(k+3) > col;(k+2). Since col;(k) = col;(n), it
follows from the minimality of col,ﬂk(k) that col, (k) = col,;(k+2) = --- = col,(n). Moreover,
since col;(k+ 1) = col, (k) + 1 > col,(k), this shows that col,(k+ 1) > col,(k+2). Thus, it
follows that k4 1,k+2,...,n—1 € D(t). Now since D(r) & D(u) and k = min(D(u) . D(z)),
in particular, k € D(u) \. D(¢), it follows that k,k+ 1,k+2...,n— 1 € D(u). This shows that
coly(n) < col,(n—1) < --- < col, (k) = col; (k) = col;(n), whence y < A by Lemma([7.2]

Finally, suppose that col, (n) < [ = col,(n). Since 1 < 0, we have it < A by Lemma([7.2]
and since 4 # A, we have u < A. O

LEMMA 8.16. Suppose further that T is a cell. Then A = {1} for some A € P(n).

Proof. Assume to the contrary that A consists of more than one partitions of n. Let A € A.
Since I is strongly connected, the set Iniy (I') # @. Let (a,#;) € Iniy (T'). Let 4 € AN {4}
be such that pi(cg , oy, ) # 0, for some (B,u) € I, x Std(u). Then p < A by Lemma
Repeating the argument with gt in place of A. Since A is a finite set and I is strongly connected,
a finite chain A >y > --- >y > ... > v > yis eventually reached, a clear contradiction. [J

Lemma 8.16]says that the set of molecule types for an admissible W,,- cell is a singleton set
{1}, where A is a partition of n.

LEMMA 8.17. Suppose that n > 2. Let D and D' be cells of T, and let {u} and {1} be the
sets of molecule types for D and D/, respectively. Then D <r D' implies i < A. In particular,
if cay € D' and cg, € D satisfy the condition that u(cg y,ca,s) # 0, then p < A.

Proof. If 4 = A then the result holds trivially. So we can assume that 4t # A. Let (C,<r) be
the poset of cells of I" induced by the preorder <r-. It follows that |C| > 2.
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Suppose first that D and D’ are the only cells of T". Since D <r DV, the set Iniy (I') # @. Let
(o,13) € T) x Std(A) and (B,u) € I, x Std(u) satisfy p(cg u,Cary ) # 0. It follows readily
from Lemma|[8.15]that u < A.

Suppose now that |C| > 2 and the result holds for any admissible W,,-graph of less than
|C| cells. Let Cy and C; be a minimal and a maximal cell in (C,<r). It is clear that Cy and
C ~\ C) are closed subsets of C, hence the full subgraphs I'(C \. Cp) and I'(C \. C}) induced by
C . Cp and C \ Cy are themselves admissible W,-graph with edge weights and vertex colours
inherited from T". It follows that if both D and D’ are cells of I'(C \. Cy) or I'(C \. Cy), then the
result is given by the inductive hypothesis. Furthermore, since D <r D’ by assumption, we
can assume that D = Cy and D’ = C) are the (unique) minimal and maximal cells in (C, <r).

Let C' # Cp, Cy be acell of T'. By Lemma the set of molecule types for C' is {v} for
some v € A. Now since Cy <r C’ and Cy and C’ are cells of I'(C \. Cy), we have i < v by the
inductive hypothesis. Similarly, since C' <r C; and C’ and C; are cells of I'(C \. (), we have
v < A by the inductive hypothesis. It follows that tt < A as required.

Since p(cgy,ca,) # 0. we have D(u) € D(r). It follows that cg , <r cq., hence D <r D'
by the definition of the preorder <r. It follows from the result above that y < A. 0

THEOREM 8.18. TI' is ordered.

Proof. Suppose that (e,7) € Zj x Std(4) and (B,u) € Z), satisfy p(cg ,,ca,) # 0. It follows
from Lemma that it < A. Now Proposition[8.4says that u < 7 unless o = 8 and u = s;t > ¢
for some i € [1,n— 1]. That is, I is ordered. O

REMARK 8.19. Let y,w € W, and let RS(y) = (u,v) and RS(w) = (z,x). It follows from
Remark[8.2]that ify <, w then jt < A, where 1 = Shape(x) = Shape(u) and A = Shape(y) =
Shape(v). This gives an alternative approach to the necessary part of the following well-known
result. (See, for example, [6, Theorem 5.1].)

THEOREM 8.20. Let y,w € W, and i, A € P(n), and suppose that RS(y) € Std(p) x Std(u)
and RS(w) € Std(A) x Std(A). Then y < g w if and only if U < A. In particular, the sets
D(A) :={w e W, | RS(w) € Std(A) x Std(L)}, where A € P(n), are precisely the Kazhdan—
Lusztig two-sided cells.

Let A € P(n). For each 7 € Std(A), since C(¢t) = {w € W,, | Q(w) =t} gives rise to the left
cell isomorphic to I'y, we have D(A) = ||;egua(a) C(t) gives rise to the union of [Std(4)| left
cells whose molecule types are A.

9. W-GRAPHS FOR ADMISSIBLE CELLS IN TYPE A

DEFINITION 9.1. Let A € P(n). A pair of standard A-tableaux (u,7) is said to be a probable
pair if u < tand D(r) S D(u).

It can be seen that there is no probable pair unless n > 5.

LEMMA 9.2. Let A € P(n), and let u,t € Std(A). Let i be the restriction number of (u,t) and
Jj =max(SD(z)). If (u,t) is favourable and satisfies D(t) G D(u) theni < j.

Proof. Suppose to the contrary that i > j. Since (u,1) is favourable, and since D() & D(u),
we have i € D(u) @D(¢) = D(u) \D(z). Since i ¢ D(t), we have i # j, and so i > j. Let
w=rt{i=ullie Std(u), where yt = Shape(w). Since j = max(SD(¢)) and since i > j, we
have D(t1i) N [i+ 1,n—1] = WD(t1i) N [i+ 1,n — 1], and it follows by Remark [6.16] that
t11is minimal, that is, t 7i = 7, /,. Moreover, since i ¢ D(t), this shows that for all k > i, we
have col, (k) > col,(i+ 1) > col,(i), from which we have A,, = W, for all m < col, (7). Hence
if k > i then col, (k) > col, (i), in particular, col, (i + 1) > col, (i), contradicting i € D(u). O
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LEMMA 9.3. Let A € P(n), and let u,t € Std(A). Let i be the restriction number of (u,t).
Suppose that (u,t) is favourable and satisfies D(t) G D(u). If, moreover, i+ 1 = maxSD(z),
then col, (i+2) # col, (7).

Proof. Suppose to the contrary that col, (i +2) = col,(i). Since (u,t) is i-restricted, we have
ulli =1t i Let u = Shape(z| i) = Shape(ul i), and let u(g,p) = t(g,p) = i. Now since
i+ 1 = maxSD(¢), we have 771 (i + 1) is minimal, hence col, (i) = col,(i +2) < col,(k) for
k > i+ 2. Furthermore, since (u,?) is favourable, we have i € D(«) \ D(¢), and so we have
col, (i) < col,(i+ 1). It follows that for k > i, we have col,(k) > col,(i). Therefore, for each
Jj€[1,p—1], we have A; = p;. This shows that for k > i, we have col, (k) > col,(i), in
particular, we have col, (i + 1) > col,(i). Since i € D(u) \ D(¢), as (u,t) is favourable, we
have col, (i + 1) < col, (). Thus col,(i+ 1) = col, (i), and we have u(g+1,p) =i+ 1. An
easy induction on / € [1,4, — g shows thatif 1(g+1,p) =i+I1+ 1 thenu(g+1,p) =i+1.
However, this contradicts D(¢) G D(u), as desired. O

LetI'=T'(C, i, t) be an admissible W,-graph. Suppose that A = {1}, where A € P(n), is
the set of molecule types for I', and let Z = 7 index the molecules of I". By Remark [6.41] the
vertex set of I"is given by C = | |47 Cq 2, Where foreach a € Z, Cy 5 = {cq, |t € Std(A)},
the simple edges of I are the pairs {cg ,,cq,} such that o = B and u and ¢ are related by a
dual Knuth move, and 7(cq,) = D(z).

LEMMA 9.4. Let u,t € Std(A), and suppose that the pair (u,t) is probable. Then for all
(v,x) € F(u,t), the pair (v,x) is probable, max(SD(v)) = max(SD(¢)), and p(cg ,,Cca.x) =
“(Cﬁ,uact%,l)'

Proof. We may assume that (u,?) is not favourable. Let (v,x) € F(u,t). Let i be the restriction
number of (v,x) (which is also the restriction number of (u,t)), and let j = max(SD(x)). Since
(v,x) € F(u,t), we have (v,x) ~; (u,t), and so (v,x) &~ (u,t) by Remark[7.7] and since (u,1) is
probable, we have u < ¢, and it follows by Lemmathat v < x. Furthermore, u < t implies
that ul} (i+1) <zl (i+ 1), but since (u,t) is i-restricted. we have u{ (i+1) £ (i+1),
therefore ull (i+ 1) < ¢l (i+1). It follows by Remark that col,(i+ 1) < col, (i + 1).
Moreover, as (u,1) is not favourable and D(¢) G D(u), so that D(u) @ D(z) = D(u) \ D(z), we
have i < min(D(u) \D(t)) by Remark[7.17] Thus (u, ) satisfies the hypothesis of Lemma([7.20}
Since col, (i + 1) < col,(i+ 1) as shown above, it follows by Lemma([7.20|that (v,x) satisfies
D(v) \D(x) = {i} U(D(u) ~D(¢)) and D(x) ~ D(v) = &. Since D(x) \ D(v) = @ while
D(v) \D(x) # @, we have D(x) S D(v). Hence (v,x) is probable.

Next, since j = max(SD(x)) and j > i by Lemmal9.2] we have j = max(SD(x?i)), and
since 7 1i = x71i, we have j = max(SD(z71i)), and it follows that j = max(SD(¢)), as required.

Finally, since i < min(D(«) \ D(t)) as shown above, we have i(cg ,,cax) = U(CB usCar)
by Lemma

PROPOSITION 9.5. Monomolecular admissible cells of type A,,—1 are Kazhdan—Lusztig.

Proof. Suppose that ' =T'(C, , ) is a monomolecular admissible W, -cell. Then there is a
partition A of n such that C = {¢; |t € Std(A)}, and {cy, ¢} is a simple edge of T if and only
if u,r € Std(A) are related by a dual Knuth move. In view of Corollary our task is to
show that [ = T'; = '(Std(4),u*), 7). Recall from Remark [6.42|that [';, is an admissible
W,,-graph consisting of a single molecule of type A. Since it follows from Remarkthat
7(¢,) =D(t) = T (¢) for all t € Std(A), it remains to show that p(c,,¢;) = ™) (u,z) for all
u,t € Std(2). Note that, by Theorem [5.8] both I" and T';, satisfy the W,,-Compatibility Rule,
the W,-Simplicity Rule, the W,-Bonding Rule and the W,,-Polygon Rule.

We have shown in Theorem|8.18|that I" and I, are both ordered. Thus if u, € Std(A) then
p(cu,cr) = u™ (u,t) = 0 unless u < t or u = s;t >t for some i € [1,n— 1]. If u = s;t > t for
some i € [1,n— 1] then we have u(c,,¢;) = u™ (u,) = 1 by Corollaryh Now suppose
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that u < ¢ and D(t) ¢ D(u). If one or other of u(c,,c;) and u*)(u,t) is nonzero then, by
the Simplicity Rule one or other of {cy,c;} and {u,t} is a simple edge, whence u and ¢ are
related by a dual Knuth move (by Remark[6.41)), and both {c,, ¢} and {u,t} are simple edges.
So w(cy,¢) = u® (u,1) = 1 in this case. Obviously there is nothing to show if p(c,,c;) are
1) (u,1) both zero, and so all that remains is to show that t(c,,¢,;) = u*) (u,r) whenever
u < tand D(r) S D(u). That is, it remains to show that pi(c,,¢;) = @) (u,1) for all probable
pairs of standard A-tableaux.

Let (1/,1") be a probable pair. If ' = 7, then there is nothing to prove. Proceeding inductively
on the lexicographic order, let 1) # ' € Std(A), and assume that the result holds for all
x € Std(A) such that x <jex 7'.

Let i be the restriction number of (¢,¢'), and let j = max(SD(¢')). Let (u,t) € F(u',1'),
and note that (u,t) is i-restricted and favourable, and satisfies 1i = ¢'1i and uti =/ 1i.
Moreover, Lemma shows that (u,t) is probable, max(SD(r)) = max(SD(¢')) = j, and
w(cu,c) = ey, cp) and u (u,r) = ™ (i, ¢'). By the last result, it suffices to show that
,u(CH’CY) = ,LL()L)(M,Z‘).

Since j € SD(r), we have st € Std(A) and st < t. Let v = s;t, and note that v <jex ¢’ by
Lemma[7.29] Since i < j by Lemma[9.2] we have either j—i > lor j—i= 1.

Case 1.

Suppose that j —i > 1, so that m(i, j) = 2. Since (u,t) is favourable, and since D(r)
(since (u,t) is probable), we have i € D(u) \D(r) and j € D(u) ND(z), that is, i ¢ D
j€D(t),and i, j € D(u). We also have i, j ¢ D(v), by Lemma [7.28| (i).

If (cy,cy,,c4) is any alternating directed path of type (j,i), then, since I' is ordered, it
follows that either y; = s;v =t > v or y; < v. Similarly, if (¢,,cy,,c,) is any alternating
directed path of type (i, j), then it follows that either x; = s;v > v or x; < v. Note that if
X1 = s;v > v, then since x; € Std(1), it follows that i € SA(v). Thus, if x; = s;v > v, then
i € D(s;v) and j ¢ D(s;v) by Lemma([7.28](i). Now since I" satisfies the W,,-Polygon Rule, we
have N7 ,(T; ¢y, ¢u) = N7 ;(Ts ¢y, ), and it follows that

D(u)
) and

<HN

(15) .LL(CZ,CV)[J(CM,C}) +Z.LL(Cy1,CV)[.L(Cu,CyI)
y<v
:,u(cs,-vacv),u(cuacs;v) +Z.u(cxl»cv),u(cmcxl)a

x1<v

where the term U (cy;y,¢y) [ (cy, ¢5,v) on the right hand side of Eq. (I5) should be omitted if
i ¢ SA(v). Note that if i € SA(v) then (¢, ¢, ¢,) is not necessarily a directed path, since there
need not be an arc from s;v to u, but in this case [ (s, €)1 (cu, Cspv) = 0 since p(ey, cs) = 0.
Similarly, (cy,c¢;,c,) is not necessarily a directed path, since there need not be an arc from ¢
to u, but p(c,, ¢ ) (cu,c;) = 0 in this case. So Eq. (T3) still holds in these cases

Since Corollary [7.22] gives i (c;,cy) = 1, and fi(cyy,¢,) = 1if i € SA(v), Eq. (T3) yields
the following formula for u(cy,¢;):

.u(cuvct):“(cuacs,-v) +Z”(Cxlacv Cuacxl Z.u C}I,C‘ Cuvc)'l)v
x<v yi<v
where 1(cy, cs,y) should be interpreted as 0 if s;v ¢ Std(A).
Working similarly on I'y, yields the following formula for u*) (u,t):
u ey = p® sy + Y 1™ o) p® ) =Y 0 ® )™ ().

x1<v yi<v

Since v <jex 1 by Lemma [7.29] s;v <iex 1 (if i € SA(r)) by Lemma[7.29] (i), and x| <jex
and y; <jex t by Lemma (ii), it follows by the inductive hypothesis that the corresponding
edge weights that appear in the two formulae above are the same. Thus i (c,,¢;) = u™) (u,1),
as desired.
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Case 2.
Suppose that i = j— 1, so that m(i, j) = 3. By Lemma [9.3] col,(j — 1) # col,(j+ 1), and
it follows that either one of the following situations occurs: col,(j — 1) < col;(j+ 1) or
col,(j—1)>col,(j+1).

If col;(j — 1) < col;(j+ 1), then the result follows by the same argument as above, with
Jj— 1 replacing i and Lemma [7.28[ii) replacing Lemma [7.28|i).

Suppose that col;(j — 1) > col;(j+ 1). Since j—1 € SD(v) by Lemma (iii), we
have s;_1v € Std(A) and s;_1v < v. Let w = s5;_v. It follows by Lemma (iii) that
j—1,j¢D(w),but j—1, j € D(u), since (u,t) is favourable and probable.

We consider length three alternating directed paths of type (j— 1, ) and (j, j— 1) from c,,
to ¢,. We have j € D(r) and j— 1 ¢ D(¢) (since (u,t) is favourable), while j — 1 € D(v) and
j & D(v) by Lemma [7.28](ii).

If (¢, Cx, » Cxy» Cu) 18 any alternating directed path of type (j— 1, ), then, since I' is ordered,
it follows that either x; = s;_1w = v > w, or else x; < w. Moreover, since I satisfies the
W,-Simply Laced Bonding Rule, the fact that j — 1 € D(x;) and j ¢ D(x;) shows that cy, is
the unique vertex adjacent to c,, satisfying j—1 ¢ D(x,) and j € D(x,). That is, x; is the
(j — 1)-neighbour of x;. Thus it follows that either x; = v and x, = sjv =1, or else x; < w and
either xo = s;x1 > x1 or xp = s;_1x1 < X1.

Similarly, if (¢, cy,,cy,,c4) is any alternating directed path of type (j,j— 1), then it
follows that either y; = s;w > wor y; < w, and y is the (j — 1)-neighbour of y;. Note that if
y1 = sjw > w, then since y; € Std(A), it follows that j € SA(w). Thus, if y; = s;w > w then
y2=s8j_1y1 =sj—15;w>s;w=y,and j €D(s;,) and j—1 ¢ D(s;w),and j—1 € D(s;_1s;jw)
and j ¢ D(s;_1s;w) by Lemma (iii), while if y; < w then either y» = s;_1y1 > y1 or
Y2 =15jy1 <Jyi1.

Now since I satisfies the W,,-Polygon Rule, we have Nj{l: j(F; CyrCu) = N3

jij—1 (F’ Cw, Cu),
and it follows that

(16) .uV(cVacW).u'(clacv)u(cu7Cl)+ Z I'L(CX] 7CW).U'(C)CzaCX1)H(CuaCX2)
X <w
x2=(j-1)-neb(x)

= .u(csjvw CW).u(Csj,ISjW; Cs_/w)ﬂ(cm Csj-,ls_,'w)'i‘

Z H(eysew) ey, cy )l (cu;cy, ),
yi<w
y2=(7=1)-nebi(yy)

where the term u(cy;w,cw) H(Csj,]sjw,cs,w) I«l(Cu,Csj,ls,w) on the right hand side of Eq. (16
should be omitted if j ¢ SA(w). Note that if j € SA(w) then (cy,Csjuw,Cs;_ys;wsCu) 18 DO
necessarily a directed path, since there need not to be an arc from Csj_ys;w 1O Cus but in
this case IJ(Csjw,Cw)IJ(Csj,lsjw,Csjw)IJ(Cu,Csj,lsjw) = 0 since IJ(CmCsj,lsjw) = 0. Similarly,
(Cw,Cv,crycy) is not necessarily a directed path, since there need not be an arc from ¢, to ¢,
but w(cy,cw)pt(cr,ev)(cu,c;) = 0 in this case. So Eq. still holds in these cases.

Since l(cy,cy) = u(csjw,cw) =1l and p(c,cy) = ,u(csjflsjw,csjw) =1, by Corollary ,
and since i (cy,,¢x,) = 1(cy,, ¢y, ) = 1, since {cy, , ¢y, } and {c,,, ¢y, } are simple edges, Eq. (16)
yields the following formula for y(c,, ¢ ):

‘U.(Cu,Ct) = /"L(Cmcsj*,ls_/W) + Z .U—(Cylacw)ll(cuacyz)
yi<w
32= (1) meb(n)

- Z N(CXNCW)IJ(Cu’sz)a
xp<w
xp=(j—1)-neb(x;)

where U (c,, Csj,lsjw) should be interpreted as 0 if s;w ¢ Std(A).
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Working similarly on Iy yields the following formula for u(*) (u,1):

P ) =pPusisw)+ Y 1P onw)n® (u,y,)
' <w
y2:(jill)'“eb(y'1)

- Y aP e wu ).

X <w
x=(j—1)-neb(xy)
Since w, s;_15jw <jex t’ (if j € SA(w)) by Lemma (iii), and x, y2 <iex ¢’ by Lemmal[7.29)
(iv), it follows by the inductive hypothesis that the corresponding edge weights that appear in
the two formulae above are the same. Thus i (c,/,cy) = ) (i,1'), as desired. O

PROPOSITION 9.6. Let I' =T'(C, u, ) be an admissible W,-graph. Suppose that A = {1},
where A € P(n), is the set of molecule types for I, and let T = T)_index the molecules of T.
Foreach o € Z, let Co = Cy ) = {cq, | t € Std(A)} be the vertex set of a molecule of T'. Then
I'=uer T(Cx), and T'(Cy) is isomorphic to Ty, for each a € T.

Proof. If |Z] =1 then I = T'(Cy). Since I'(Cy) is a monomolecular admissible W,-cell of
type A, Proposition[9.5]says that I'(C,) is isomorphic to I'; . So we assume that |Z| > 1.

IfI"' =| |47 I'(Cq) then for each o € T the set Cy = {cq, | t € Std(A)} is the vertex set
of a monomolecular admissible W,,-cell of type A. The result then follows immediately from
Proposition which says that each I'(Cy) is isomorphic to I'y . Thus it suffices to show that
I'=lgez F(Ca)~

Suppose otherwise. Then there exists o € Z such that

Inig(T) = {r € Std(1) | p(cguscay) # 0 for some (B,u) € (T~ {o}) x Std(A)} # &,

and we let 1’ be the element of Iniy(T") that is minimal in the lexicographic order on
Std(A). Choose (B,u’) € (Z~{a}) x Std(A) with u(cg ,cq) # 0. Since I satisfies the
W,-Simplicity Rule (by Theorem , the assumption that a # 8 and p(cg ,/,cq ) # 0 im-
plies that D(¢') S D(u'). Moreover, since I' is ordered (by Theorem , o # B implies that
u' <t'. Hence («,1") is a probable pair.

Let i be the restriction number of («',#') and j = max(SD(¢')). Let (u,t) € F(u/,¢'). It is
clear that (u,r) is i-restricted and favourable. Thus Lemma [9.4]shows that (u,7) is probable,
max(SD(t)) = max(SD(¢')) = j, and p(cgu>car) = U(Cpu;Cay) # 0. Furthermore, since
i € D(u) . D(z) (since (u,t') is favourable), and since j € D(r) and D(r) & D(u) (since (u,1)
is probable), it follows that j € D(¢) and i ¢ D(r), and i, j € D(u). Let v = sz, and note that
v e Std(A) and v < t. Since i < j by Lemma[0.2] eitheri < j—1ori=j—1.

Suppose first that i < j — 1. It follows by Lemma([7.28] (i) that i, j ¢ D(v). Moreover, since
M(car,carv)=1by Corollary and since U(cg y,ca, ) # 0, it follows that (cq,v,Ca.r,Cp u)
is an alternating directed path of type (j,i).

Since T is admissible, if u(cgy,cas) # 0 then u(cgy,car) > 0. So it follows that
Nii(F; v,u) > 0, and so Ni%j (T;v,u) > 0, since I satisfies the W,,-Bonding Rule. Thus there
exists at least one (8,x1) € Z x Std(4) such that (cqv,¢5.x,,¢p,) is an alternating directed
path of type (i, j). If & # o then v € Inig(T"). Now since #'1i = 1, we have v <jex 1’ by
Lemma(7.29 This, however, contradicts the definition of #’. Hence § = a, and x| € Inig(I).
Now Theorem|8.18]shows that either x; = s;v and i € SA(v), or else x; < v. Butx; <jex ' by
Lemma (1) in the former case, and x| <jex ¢’ by Lemma (ii) in the latter case. Both
alternatives contradict the definition of ¢/, thus showing that i < j — 1 is impossible.

Suppose now that i = j — 1. By Lemma [9.3] we have col,(j — 1) # col,(j+ 1), and it
follows that either col,(j — 1) < col,(j+ 1) or col,(j—1) > col,(j+1).

Case 1.
Suppose that col,(j — 1) < col;(j+ 1). The result follows by the same argument as above,
with j— 1 replacing i and Lemma [7.28](ii) replacing Lemma[7.28](i).
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Case 2.

Suppose that col;(j — 1) > col,(j+1). Then j—1 € SD(v), and j—1 € D(v), and j ¢ D(v)
by Lemma [7.28](iii). Note that since j — 1 € SD(v), we have s; v € Std(A) and 5;_v < v.
Let w = s;_1v. It follows by Lemma([7.28|(iii) that j — 1, j ¢ D(w).

Next, since U(cq.c,Xaw) = U(CasrCarv) =1 by Corollaryand since p(cg y,cay) # 0,
it follows that (cow,Cav,Car,Cp ) is an alternating directed path of type (j — 1, j).

Since T" is admissible, if u(cgy,cas) # 0 then w(cgy,car) > 0. So it follows that
stfl,j(r; w,u) > 0, and so N;,jfl (T;w,u) > 0, since T satisfies the W,-Bonding Rule.
Thus there exists at least one (8,x;) € Z x Std(A) and one (y,x2) € Z x Std(A) such
that (caw,C5.x,,Cy.xs,Cp,u) 18 an alternating directed path of type (j,j—1). If 6 # « then
w € Inig(T). Now since 11 (j— 1) =/ 1(j — 1), we have w <jex ' by Lemma([7.29](iii). This,
however, contradicts the definition of . Therefore, § = «.

Since D(x1) N {ji— 1, 7} = {7} and Dxa) A {ji— 1, 7} = {j— 1} and f(cpy,c5,) 70 it
follows from the W,-Simplicity Rule that {c5 y,,cy.x, } is a simple edge. Thus ¥ = §, and x,
and x, are related by a dual Knuth move. Thus x; is the (j — 1)-neighbour of x;. We see that
x2 € Inig(T), and it will suffice to show that x, <jex ', contradicting the definition of #'.

By Theorem[3.18Jeither x; = sjw > worx; <w.Ifx; <wthensincest(j—1)=11(j—1),
the conclusion x; <jex ¢’ follows from Lemma([7.29|(iv). We are left with the case x; = s;w > w.
This gives j € SA(w), and we see that the conditions of Lemma(iii) are satisfied: we have
v=s;t with j € SD(¢) and col; (j+1) < col,(j—1),and w =s;_v. Since j € SA(w) it follows
that j —1 € SA(x1), and s;_1x; is the (j — 1)-neighbour of x;. Thus x, = s;j_1x; = 5j_15;W,
and since 11 (j— 1) =#'1(j — 1), we have x, <jex ' by Lemma [7.29](iii). O

REMARK 9.7. Since o # 8 and p(cg ,v,cq ) # 0, it follows by RemarkthatA(u’,t’) + 0.
Let (u,t) € A(d,1'), noting that (u,7) € F(u',¢"). Then ¢’ {}i is i-critical. (The proof is very
much the same as that for Proposition [8.11]) Since i < j (as shown above) and j < i+2,
since ¢ (i+ 1) is minimal, we have j = i+ 1. Definition says that col, (i +2) = col, (i).
But col, (i +2) # col;(i) by Lemma[9.3] This contradiction provides an alternative proof for
Proposition[9.6]

We are now in a position to state and prove the main result of the paper.

)-
)

THEOREM 9.8. Admissible cells of type A,—1 are Kazhdan—Lusztig.

Proof. LetI' =T'(C, u,7) be an admissible W,-cell, and let A be the set of molecule types
for I'. By Lemma A = {A} for some A € P(n). Let Z =T, be the indexing set for
the molecules of T, and let, for each y € Z, C, = Cy 3 = {cy,w | w € Std(A)} be the vertex
set of a molecule of I'. By Proposition [' =,z [(Cy), where for each y € Z, T'(Cy) is
isomorphic to I'y. Since I is an admissible W,-cell by hypothesis, it follows that Z = {y},
whence I' = I'(Cy) and I is isomorphic to I, . Since I is isomorphic to I'(C(7; )), it follows
from Corollary [6.31] that I is isomorphic to a Kazhdan—Lusztig left cell. g

REMARK 9.9. Let A € P(n) and let D(A) = | J;csia(2) C(#), the Kazhdan-Lusztig two-sided
cell corresponding to A. By Remark the singleton set {1} is the set of molecule types of
the admissible W,,-graph I'(D(A)). It follows from Proposition [9.6]that I'(D(4)) is a disjoint
union of the Kazhdan—Lusztig left cells I'(C(¢)). This implies the following well known result
(see, for example, [7, Theorem 5.3]).

THEOREM 9.10. Let A € P(n) andy,w € D(A). If y <L w then y,w € C(t) for some t € Std(A).
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