NON-CONCAVITY OF THE ROBIN GROUND STATE

BEN ANDREWS, JULIE CLUTTERBUCK, AND DANIEL HAUER

ABSTRACT. On a convex bounded Euclidean domain, the ground state for the Laplacian with
Neumann boundary conditions is a constant, while the Dirichlet ground state is log-concave.
The Robin eigenvalue problem can be considered as interpolating between the Dirichlet and
Neumann cases, so it seems natural that the Robin ground state should have similar concavity
properties. In this paper we show that this is false, by analysing the perturbation problem from
the Neumann case. In particular we prove that on polyhedral convex domains, except in very
special cases (wWhich we completely classify) the variation of the ground state with respect to
the Robin parameter is not a concave function. We conclude from this that the Robin ground
state is not log-concave (and indeed even has some superlevel sets which are non-convex) for
small Robin parameter on polyhedral convex domains outside a special class, and hence also on
arbitrary convex domains which approximate these in Hausdorff distance.
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1. INTRODUCTION AND MAIN RESULTS

The Laplacian eigenvalue problem on a bounded convex domain () C IR" is to find a func-
tion u and a constant A satisfying

(1.1) —Au = Auin (),
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subject to one of the following boundary conditions:

Dirichlet: u = 0 on 0(),
Neumann: D,u = 0 on 0(),
(1.2) or Robin: Dyu + au = 0 on 9Q).

Here v is the outward pointing unit normal to (), and « is a real constant. In this paper we
are exclusively concerned with the case « > 0. For each of these problems, there exists an
non-decreasing sequence of eigenvalues

0< A <A < = o0

Our main interest in this paper is in the first Robin eigenvalue A{(a) for « > 0, and the
corresponding ground state u, which is (up to scaling) the unique eigenfunction with definite
sign (which we take to be positive). The Robin problem (2.1)-(1.2) with « > 0is often regarded
as interpolating between the Dirichlet and Neumann cases: if we consider « as a parameter,
the Neumann case corresponds to &« = 0 and the Dirichlet case to the limit as & — 0. In
particular, if we write the eigenvalues for each boundary condition as AP, AJN , )\f («), then the
jth Robin eigenvalue )L]R (a) is monotone in «, so in particular we have following monotonicity
property:
A]N < /\]R(zx) < /\]D forall « > 0.

We are particularly concerned with the shape of the first eigenfunction u,. In the Neumann
case, the first eigenfunction is constant. In the Dirichlet case, the first eigenfunction u is log-
concave (that is, log 1« is concave) [4]. Explicit eigenfunctions on rectangular domains show
that this cannot be improved to concavity of the eigenfunction itself.

In the Dirichlet case, the log-concavity of the first eigenfunction is a key step in proving
the lower bound on the gap between )\(’)3 and /\1J [1,19,23]. Our investigation of the concavity
properties of the ground state was motivated by possible applications to such a lower bound
for the Robin case: indeed, in those cases where the first Robin eigenfunction is log-concave,
the same proof as in the Dirichlet case applies, implying the (non-sharp) inequality
2

T
Mi@) =25 @ = T,
where D is the diameter of (2 and & > 0. We describe this result in Section 2.

For some domains, the Robin eigenfunction u, can be found explicitly and is log-concave.
For example, on a ball {3 = Bg of radius R > 0, the first eigenfunction u, is a rotationally

symmetric function u, () satisfying

ull + ul, + AR(w)u, =0 on]0,R), with u,(0)=0.
Defining v = (log u,)’, we have

" 7N\ 2 _ _
(1.3) z/:““_<”a> __4 1U—Af(a)—vz<—drlv on [0, R)

Uy Uy
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and v(0) = 0. Thus, v < 0 on (0, R). Letting w = v’ (so that w < 0 for small » by (1.3)) we find

that R )
d A
w = — (r+2v>w—1((xz+v < — <i+2zz)w on [0, R).

It follows that w < 0 on [0, R). The eigenvalues of the Hessian of log u, are (logu,)” = w < 0

!
and 7(1°gru”)

= % <0, 50 u, is log-concave.

Another easily computed example is that of rectangular domains given by products of in-
tervals, where separation of variables produces the first eigenfunction as a product of concave
trigonometric functions, which is therefore log-concave.

One might expect then that in general, the first Robin eigenfunction u, with « > 0 on a
convex domain is log-concave, a question raised by Smits [20]. In this paper we show that
this is not the case: there exist convex domains, and small values of & > 0, for which the first
Robin eigenfunction u, fails to be log-concave and has some non-convex superlevel sets.

Our main result is concerned with convex polyhedral domains () in RY, d>1, by which we

mean open bounded domains given by the intersection of finitely many open half-spaces:
m
Q:ﬂ{xeﬂ{d‘x-vi<b,},
i=1

where vy, ..., vy, are unit vectors and by, . . ., by, are constants. The corresponding faces %; of ()
are given by
2= {XEE‘ X'Vi:bi}
and v; denotes the outer unit normal to () on the face ¥;. The tangent cone Ty to Q at x € Q is
Ie:= () {y € R’ ‘ v < O} with indexset Z(x) := {i e{1,...,m} ‘ XV = bi}.
i€Z(x)

We introduce a special subclass of polyhedral domains, with terminology borrowed from [2]:

Definition 1.1. A convex polyhedral domain Q in RY is a circumsolid if there exists a ball
Br(x0) C Q touching every face of Q) (that is, dBr(xp) N X; contains exactly one point for
everyi € {1,---,m}). Equivalently, () has the form

m
Q=) {xEIRd ‘ (x — x0) - v; <R}.
i=1
We say that a convex polyhedron Q) is a product of circumsolids if there is a decomposition of
R into orthogonal subspaces Ej, - - - , Eg, and circumsolids (); C E; fori =1, - -,k such that

Q= {xe]Rd ‘ 7T (x) eQiforizl,...,k}

where 77; is the orthogonal projection from R? onto E; for each i. Here, circumsolids are triv-
ially products of circumsolids.

We say that a point x € Q) has consistent normals if the outward unit normals {v; |i € Z(x)}
to the tangent cone Ty are such that there exists a solution ¢ € R? of the system of equations

y-ovi=-1, i€Z(x).
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A

FIGURE 1. Planar circumsolid examples: Regular triangle, regular pentagon,
skew quadrilateral

Otherwise we say that x has inconsistent normals. Consistency of the normals at x is equivalent
to the statement that the points {v; | i € Z(x)} lie in a hyperplane disjoint from the origin, or
to the statement that the tangent cone I'y is an (unbounded) circumsolid (see Proposition 9.3).

We mention some examples: In one dimension any interval is a circumsolid. Planar exam-
ples include all regular polygons, such as the triangle and pentagon in Figure 1. However
circumsolids can be non-symmetric, such as the skew quadrilateral in Figure 1. Every triangle
is a circumsolid (Figure 2). The same is not true for quadrilaterals: For the trapezium shown
in Figure 3 only a specific spacing between the ends (marked with a dashed line) results in a
circumsolid; a very long trapezium is not a circumsolid.

R 0 L0
X0 \\

FIGURE 3. Trapezium

FIGURE 2. Skew triangle

In higher dimensions any affine simplex is a circumsolid: For any d 4 1 points xo, ..., x4
in R which do not lie in a (d — 1)-dimensional subspace, the tetrahedron {Y"% , A;x; | A; >
0, Y; A; = 1} is a circumsolid (Figure 4).

FIGURE 5. Regular dodecahedron
FIGURE 4. Tetrahedron
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However, truncating one of the vertices as in Figure 6 does not produce a circumsolid unless
the plane of truncation is chosen to match the inscribed sphere. Other examples of three-
dimensional circumsolids include the platonic solids and other Archimedean solids (see for
example Figure 5).

</

FIGURE 6. Tetrahedron
with a flat top FIGURE 7. Prism over
a regular pentagon

In the plane, the only domains which are nontrivial products of circumsolids are rectangles
(products of intervals in orthogonal one-dimensional subspaces). In three dimensions, rect-
angular prisms (products of three intervals) are productes of circumsolids, as are prisms over
planar circumsolids, such as the example in Figure 7.

X0

FIGURE 8. Tetrahedron with non-
horizontal sliced tip

We note that if () is a product of circumsolids then every boundary point has consistent
normals, since we can define 7y by 77;(y) = — Rii ni(xf) —x)fori=1,--- ,k where xf) and R; are
the centre and radius of the circumsolid (); C E; for each i. In the plane, every boundary point
of a convex polygon has consistent normals. Figure 8 is an example of a convex polyhedron
in R® with vertex xo having inconsistent normals.

The following Theorem is the main result of this paper.
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Theorem 1.2. Let Q) be a convex polyhedral domain in RY, d > 2, which is not a product of circum-
solids. Then for sufficiently small « > 0, the first Robin eigenfunction u, is not log-concave.

To prove that the first Robin eigenfunction u, admits non-convex superlevel sets in dimen-
sion d > 3, we make the following stronger assumption:

Theorem 1.3. Let Q) be a convex polyhedral domain in R, If d = 2 and Q is not a product of
circumsolids, then the first Robin eigenfunction u, admits non-convex superlevel sets for sufficiently
small « > 0. The same conclusion holds if d > 3 and ) has boundary points with inconsistent
normals.

We stress that although Theorem 1.2 is stated for polyhedral domains, one cannot hope to
avoid such non-concavity results by imposing more regularity on the boundary:.

Corollary 1.4. Let Q) be a convex polyhedral domain in R?, d > 2, which is not a product of circum-
solids. Then for any sufficiently small « > 0, for any convex domain Q) which is sufficiently close to
O in Hausdorff distance, the first Robin eigenfunction u, on () is not log-concave.

For a < 0, the first Robin eigenvalue A, is negative, and the methods used to prove Theo-
rem 1.2 and Corollary 1.4 also lead to the following result.

Theorem 1.5. Let Q) be a convex polyhedral domain in RY, d > 2, which is not a product of circum-
solids. Then for sufficiently small « < 0, the first Robin eigenfunction u, is not log-convex. Moreover,
for any convex domain Q) which is sufficiently close to Q) in Hausdorff distance, the first Robin eigen-
function 6, on Q) is not log-convex.

Our approach to Theorem 1.2 is to treat the Robin problem (2.1)-(1.2) for small positive a as

a perturbation from the Neumann case &« = 0. To be more precise, let v = dd”;‘"

Y Then we
show in Section 3 that the function v satisfies

Av+pu=20 in (),

(1.4)
Dyv=-1 on d(),

for some constant y. The concavity properties of u, for small a relate directly to the concavity
properties of v, so we proceed to investigate the latter, in the particular case of polyhedral
domains. We deduce Theorem 1.2 from the statement that the solution v of (1.4) on a convex
polyhedral domain () is concave precisely when Q) is a product of circumsolids.

Our argument proceeds as follows: After some preliminary material on the perturbation
problem in Section 3, we prove in Section 4 the remarkable result that every C2? solution of
(1.4) on a polyhedral domain is a quadratic function. In section 5 we relate this to concave so-
lutions, by showing that any concave solution of (1.4) is C> up to the boundary. This involves
expanding the solution in terms of homogeneous harmonic functions about any boundary
point, and requires in particular the interesting observation that any degree two homogeneous
harmonic function with bounded second derivatives and with Neumann boundary condition
on a polyhedral cone in R? is a quadratic function.

In Section 8 we prove that those polyhedral domains on which a quadratic function solves
the equation (1.4) are products of circumsolids. This completes the preliminaries needed to
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prove our main Theorem 1.2 in Section 9. In the last section, we discuss some interesting
observations and open problems.

2. MOTIVATION: LOG-CONCAVITY AND THE FUNDAMENTAL GAP

In the case of Dirichlet boundary data, the log-concavity of the first eigenfunction is a key
step in proving the lower bound of the gap between the two smallest eigenvalues [1]. In the
case that the first Robin eigenfunction is log-concave, then a similar bound holds. Here we
note that we can include a potential, and since we impose the strong hypothesis that the first
eigenfunction is log-concave, we do not need to assume that the potential is convex.

Theorem 2.1. Let Ay and Ay be the two smallest eigenvalues for the eigenvalue problem
(2.1) —Au+Vu=2AuinQ,

with Robin boundary conditions (1.2) on a bounded convex domain Q) with diameter D, and V €

L},.(Q). If the ground state ug associated to Ag is log-concave, then
2
T

Proof. Let up and u; be the eigenfunctions associated to A¢g and A; respectively. Since u is
positive on (), we can set

e Mty (x)
)=
U(x ) e,)\otuo(x)
which solves the parabolic equation
(2.3) 3—7; = Av+2Dlogup-Dv on Q) x (0, +o0).

On the lateral boundary 9Q) x (0, +o0), the normal derivative of v disappears:

e~ Mt <Dvu1 w1 Dyug

=0 (—a+a)=0.
e*/\[]t uo u(z) > ( )

D,v =

By hypothesis, u is log-concave, so the drift term in (2.3) given by X := 2 D logu, satisfies
the modulus of contraction inequality

(Xt = X(0) - = =0

corresponding to the modulus of contraction w = 0. Therefore by [1, Theorem 2.1], for some
large constant C > 0, the function

_th . 7TS
¢(s,t) := Ce D2 sin (5) foreverys € [0,D/2],t >0,

is a modulus of continuity for v, that is,

o(y,t) —o(x,t) <2¢ <|;y/:;‘|,t> forevery x,y € O, t > 0,
7.[2
D2
interval. From this, we can deduce that

where 7 is the second (or the difference of the second and first) Neumann eigenvalue on the

2
e_(/\l_/\o)t 0SC (ul) S Ce_ﬁt fOI‘ allt 2 0,

O \Uo
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which can only hold if inequality (2.2) holds. This completes the proof of Theorem 2.1. O

The argument given follows the approach used in the Dirichlet case [1]. A similar result
would follow using the gradient estimate approach of [19,23].

The resulting estimate is sharp in the case « = 0, where it is the Payne-Weinberger inequal-
ity for the first nontrivial Neumann eigenvalue [18,24]. Otherwise, it is not sharp, as can be
seen from the one dimensional case, where the eigenvalues can be computed. It is appealing
to conjecture that the sharp lower bound for given a and D should correspond to the gap for
the corresponding one-dimensional problem, which would result in an estimate which de-
pends on « and increases from g—i to %i; as « increases from 0 towards infinity. However, our
main theorem (Theorem 1.2, that the ground state is in general not log-concave) means that a
sharp result must necessarily be proved by rather different means.

3. THE ROBIN EIGENVALUE PROBLEM AND PERTURBATIONS

We recall some properties of the first Robin eigenvalue A, and the corresponding eigen-
function u,. These results are quite well established [13], see also [14, Theorem 1.3.1] or [11],
however we include a proof for the convenience of the reader.

Proposition 3.1. Let Q) be a connected bounded Lipschitz domain in R?. Then

(1) For every a € R, there is a first Robin eigenvalue A, € R with a positive eigenfunction
u, € HY(Q).

(2) Forevery x € IR, the first Robin eigenvalue A, is simple.

(3) The function a — A, is differentiable, with derivative given by

' faﬂuid’H

1 — JoQ "« 77"
31) " Jquzdx

> 0.

(4) The positive Robin eigenfunction u, (normalised to have ‘1@ Jqu2 dx = 1) is Cl-dependent
on o in HY(Q) and in COP(Q) for some B € (0,1). More precisely, u, is continuously depen-
dent on a in H'(Q) and in C%P(Q), and if for ag € R, v is the unique solution, orthogonal to
Uy, in L2(QY), of

(3.2) AU+ Agg0 = — Ayl inQ,

D,v + agv = —uy, on dQ),

then uy, = Uy, + v (@ —ag) + o(a — ag) for every a in a neighbourhood of wg, where o(a —
wo)/ (& —ag) — 0in HY(Q) N CY%(Q) as & — .

Proof. We begin by showing that for every a € IR, there is a first Robin eigenvalue A, € R. For
every M > 0, let [+, -]y be given by

[u,v]M::/ DuDvdx+M/ uvdx
0 0

for every u, v € H'(Q). Then [+, -]y is an inner product on H'(Q), which by the theorem of
the bounded inverse [5, Corollary 2.7] is equivalent to the usual inner product on H!(Q)). We
denote by ||+|| » the norm on H!(Q) induced by |-, -] ;. For the rest of this proof, we denote by
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H1,(Q) the Hilbert space H!(Q) equipped with the inner product [-, -] s, and set
T(u,v) = / uvdH andquadquadb(u,v) = / uvdH
Q) Q

for every u, v € Hi;(Q). The bilinear forms 7 and b on H3,(Q) are bounded. Hence, by the
Riesz-Fréchet representation theorem [5, Theorem 5.5], for every u € H%/I (Q)), there are unique
Tu € Hi,(Q) and Bu € H},(Q) satisfying

[Tu,v]pm = t(u,v) and [Bu,v]ym = b(u,v)

v € Hi(Q). This defines bounded linear mappings T and B on H},(Q)). Since H'(Q) is
compactly embedded in L2((}), B is also a compact linear operator on Hi,(Q)). We employ
the two operators aT and B to characterise Robin eigenfunctions. First, recall that for every
a € R,u € HY(Q) \ {0} is a Robin eigenfunction to eigenvalue A, if and only if u satisfies

/DuDvdx—i—zx/ uvd?—l:}\“/uvdx
Q 0 Q

for every v € H'(Q)), or equivalently for every M > 0,

uvdH = (Ay + M) / uvdx

Q)

/DuDvdx+M/ uovdx +
Q Q 20

for every v € H(Q)). Thus, if I is the identity operator then the above is equivalent to
(I4+aT)u = (Ay + M)Bu in H(Q).

By the continuity of the trace operator on W1(Q) (cf [16, Theorem 15.8]) and Young’s in-
equality, we find that for all ¢ > 0, there is C; > 0 such that

HUH%Z(aQ) se¢ HDUH%Z(Q) + CEHUH%Z(Q)

for every v € H'(Q) and so by choosing M, = C,/¢, we obtain that

1/2
(3.3) lolli20) < Ve (ID0IR2(0) + Sllol2) = VEllolm
for every v € H!(Q)). Applying Cauchy-Schwarz’s inequality and (3.3), we see
Tl = [Tw, Tulaa, = (1) < Jull 20y 1Tl i2e0) < € llullm, 1 Tullm,,

proving that for every ¢ > 0, the operator T on H!(Q)), [, -], has operator norm || T|| LH(Q) <
e. Now, for given & € R, we fix ¢ > 0 such that |a| < 1. It follows that the operator aT on
(H'(Q), [-,-]m.) has operator norm || —aT || z(p1(q)) < 1. Hence the operator I + aT is invert-
ible on H'(Q)), and so u, € H'(Q) is a Robin eigenfunction with eigenvalue A, if and only if
U, is an eigenfunction of the operator T, := (I +«T) —1B for the eigenvalue A, + M,. Note, for
every a € R, T, is compact on H!(Q) since (I + a«T) ! is bounded and B is compact on H!(Q)).
Therefore [5, Theorems 6.6 & 6.8], for every a € IR, the point spectrum o, (Tx) of T, consists of
a sequence (A,gj ) )j>1 of eigenvalues AV e R \ {0} of finite algebraic and geometric mulitiplic-

ity. In particular, this proves the existence of the first Robin eigenvalue A, := ﬁ(l) — M. € R

for every &« € R (for « = 0, A, = 0 is the first Neumann eigenvalue). The eigenspace of A,
is one-dimensional (see [14, Theorem 1.3.1]) and admits a positive eigenfunction u, € H!(Q)
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satisfying the normalisation [, u3 dx = 1. Now, the family (T, )scr of compact operators T,
satisfies the hypotheses of [13, Theorem 2.6 of Chapter 8.2]. Thus, statement (4) with respect
to the topology given by H'(Q) holds. Furthermore, if we apply [17, Theorem 3.14] to the
function w := uz — u, — v(& — «), then we see that statement (4) holds with respect to the
topology given by C%?(Q) for some B € (0,1). O

Next, we state a convergence result on Robin problems on varying domains, which is a
slight improvement of [6, Corollary 3.4]. For this, we recall the definition of the Hausdorff com-
plementary topology on open sets (cf [6, Section 2]). For closed subsets Fy, F in R?, the Hausdorff
metric dy; is defined by

dy (F1, F,) = max { sup dist(x, F»), sup inf |x — y|}

xeF xeh, yeh

where dist(x, F;) := inf,cp|x — y| with the standard conventions dist(x,@) = +oco so that
dy(x,F) = 0if F = @ and dg(@,F) := +o0if F # @. Let O° = R\ Q be the complement
of (). Now, a sequence (Qn)p>1 of open sets (), in R4 converges to the open set () in R in
the Hausdorff complementary topology, which we write as (3, — Q) in H¢, if for every closed
ball B in R?, one has that dgr (BN QS, BN Q°) — 0asn — .

Proposition 3.2. Ford > 1,let D C R? be an open and bounded set, and let () and (), be open
domains with a Lipschitz continuous boundary satisfying 3, Q0, CC D. Let
O, — QinH, Q. —Q, HH00Q,) = H ()

as n — +-o00. Furthermore, for & > 0, let A, , and A, be the first Robin eigenvalue on Q),, and Q), and
let uy , and uy be the first positive Robin eigenfunctions with unit L?(Q)-norm. Then

Aan = Ay asn — +oo,
(3.4) Upnla, > Uy 1o in HY(D)asn — +co.
Furthermore, there are -y € (0,1) and C > 0 such that
(3.5) [tanllcorm,) < C foralln =1,

and for every non-empty set B C (>, Q19 > 1,and 0 < § < v, there is a subsequence (U ) p>1
of (Unn)n>1 such that

(3.6) Ugjp — Uy 1N C%7(B) as it — -co.

Proof. Under the hypotheses of this Proposition, [6, Corollary 3.4] implies (3.1). Thus,

ngTw||Du“”||L2 QuRY) +(X|‘u“nHL2 90) ngTwAan

(3.7) = Ag

= || Duallf2 ey + alluall T2 a0 -
Since (), C D for all n > 1, we can conclude from the limit (3.7) and by [6, Lemma 4.2
and Lemma 4.7] that limit (3.4) holds strongly in L?(D) and weakly in H!(D). Moreover,
by limit (3.7) and since Du,, 1o, — Du, 1o weakly in LZ(D; Rd) as n — +o0 and by [6,
Lemma 4.7], it follows that limit (3.4) holds in H!(D). Finally, bound (3.5) and limit (3.6) in
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C%7(B) for every non-empty set B C (),>;Q, and 0 < 4 < < are consequences from [17,
Proposition 3.6]. U

4. REGULAR SOLUTIONS ARE QUADRATIC

When « = 0, the perturbation problem (3.2) reduces to equation (1.4), with the constant
u computed by integrating the first equation over () and applying the boundary condition,
yielding u = H4~1(3Q) /HI(Q).

In this and the next several sections we consider a class of problems generalising (1.4),
under the assumption that () is a convex polyhedral domain in IR for d > 2. More precisely,
this means that () is the intersection of finitely many open half-spaces:

m
Q= ﬂ{xe]Rd’x-vi<bi},

i=1
and we can assume without loss of generality that the description is minimal, meaning that
omitting any one of the half-spaces from the intersection results in a strictly larger set. In this
case () has m faces

= {xeﬁ‘vi-x:bi}
fori = 1,...,m, each of which is itself a convex polyhedral subset of the affine subspace
{x € R?| v; - x = b;}. The outer unit normal to Q) on the face ¥; is v;.
For an open convex set Q) in R, the tangent cone I'y to Q) at a point x € Q) is defined by
Iy = {r(y—x) ’yeﬂ, r>0} = Jr(Q—x).
r>0

If x is in O, the tangent cone T, is simply R?. In the case of polyhedral domains, the tangent
cone can be described as follows: For each point x € (), let

(4.1) Z(x) = {z’e{l,...,m} ’x-vi:b,}

index the faces touching x, then the tagent cone

Iy = m {y‘y.vi<0}.
i€Z(x)
This is a cone over the subset A, = Ty N1S91 of the unit sphere. In particular, I'y is the
intersection of finitely many half-spaces with the origin in their common boundary. We call
such a set a polyhedral cone.

Remark 4.1. A special feature of polyhedral domains is that for every x € () there exists r > 0
such that B,(x) N Q) = x + (B,(0) N Ty), so that () is a cone near x.

We now establish a version of the strong maximum principle on general open cones I' with
a Lipschitz boundary. In this paper, our application of Proposition 4.2 remains on cones with
a polyhedral structure.
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Proposition 4.2. Let T be an open cone with Lipschitz boundary and vertex at the origin in R?, and
r > 0. Let w € H'(B,(0) NT) be a weak solution of

(4.2)

Aw=0 onB,(0)NT,
D,w =0 onB,(0)Ndr.

Ifw(0) =0and w < 0on B,(0) NI, then w = 0 on B,(0) NT.

By scaling it suffices to consider the case r = 1. We begin by setting A = S9-1NT. Then the
set B1(0) N T can be described by the polar coordinate map
(r,z) € (0,1) x A rz € B1(0) NT.

Since the set A is a Lipschitz domain in $?~!, there is a complete L?(A)-orthonormal set
of eigenfunctions {¢;}$>, for the Neumann Laplacian on A, with associated eigenvalues A;
which we arrange in non-decreasing order with A\g = 0. Let w € H'(B1(0) NT). Then for
every r € (0,1), w € H'( B,(0) NT), the trace w(r, -) of w exists in L?>(A). Using this, we see
that w can be rewritten in polar coordinates as

(4.3) w(r,z) = iwi(r)(pi(z) for every (r,z) € [0,1) x A,

where for every r € (0,1) and i > 1,
(4.4) wi(r) == (w(r,), @i)12(a)

is the ith Fourier coefficient of the trace of w(r,-) in L>(A). In order to continuous the proof
of Proposition 4.2, we need to establish first some more properties of the series decomposi-
tion (4.3) of the weak solution w of (4.2). This is done in the next two statements.

Lemma 4.3. Let T be an open cone with Lipschitz boundary and vertex at the origin in R?, and let
w € HY(B1(0) NT) be a weak solution of Neumann problem (4.2). Then for all i > 1,

(4.5) fi = limw;(r)
r—1
exists, and furthermore the series Y 5=y /1 + A;f? converges with

(4.6) ZVHA 7 < Cllwlip e,

Proof. The H'(B1(0) NT)-norm of w can be written as

2 _ 2 2 d

B —
4.7) +Z{/ ww]d3dr/D(Pz D(p]d'Hd 1()}

ij=1

B (03 )
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where w!(r) = %Wi(r) = [, Vw(r,z) -z ¢;(z) dH* 1 (z) and
/ D(pi . DgD]' d?‘[dﬁl = —/ A(pigﬂj derfl = )\i/ Pip; d/del = /\i‘Sij-
A A A
Let 5 € (0,1) and consider the mapping g : [6,1) — L?(A) defined by

=Y V1+Awi(r) foreveryr € [5,1).
i=0

Then
and so
) d
Ig(rz)—g(rl)lé/ -8(r)| dr
"n

(4.8) /r ZlJr wf+i;(w§)2
<C(52/ ( w+( ))rd_ldr.

forevery 0 < § < r; < rp < 1. By (4.7), the right hand side in the last estimate of (4.8) tends to
zero as 11, 1 — 17. Hence, the Cauchy criterion implies that

lim g(r Z V1+ A ff exists,

r—1-

where f; is defined by (4.5). This shows that the function g is absolutely continuous on [, 1]
for every ¢ € (0,1). By the mean value theorem for integrals, there is an r; € (9, 1) satisfying

1
g(rs) = 115/5 = 02/ \/1+Aw dr < C05||w]|H1 (B, (0

where we also used (4.8) and (4.7). Using this together with (4.8), one finds

g(r) = g(r) = 8(rs) + 8(rs) < Cllwlp g0y
for some C > 0 independent of r € (J,1). Sending r — 1, we find (4.6). O

Due to Lemma 4.3, every weak solution w of (4.2) has the following series expansion.

Proposition 4.4. Let T be an open cone with Lipschitz boundary and vertex at the origin in RY, and
follow the notation of Lemma 4.3. Then every weak solution w € H'(B1(0) NT) of (4.2) satisfies

(4.9) w(rz) = ifl Pipi(z) foreveryz € Aandr € (0,1).

The convergence of the series holds in H'(B1(0) NT) N C"(B,(0) NT) for every 0 < r < 1, where
vr € (0,1), and for every integer i > 0, B; > 0 solves

(4.10) B+ (d—2)Bi— A =0.

We will often use (4.10) in the form g; = 1 (d —2+4/(d-2)2+ 4/\1‘)-
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Proof. We define
¥i(rz) := rPig;(z) forevery rz € By(0)NT.

Then ¢; is harmonic on By (0) N T since

Bi 2rPBi

‘B — ,'*2 . ar ) T ‘

AP 9i(2) = P2 g1 gi 4 (d = 1) 5 —gi+ = 5 ¢
=R (A (- 2B+ )

=0
by (4.10) and the fact that ¢; satisfies

A9+ Aig; =0 on A.

Furthermore, y; satisfies Neumann boundary conditions on B;(0) N dT, since ¢; satisfies Neu-
mann conditions on dA. Thus, each ¢; is a weak solution of (4.2).
Now, let @ : B1(0) N dI' — R be given by

w(r,z) = ifl Pi(rz) = ifl rPi i(z) foreveryrz € B1(0)NT,
i=0 i=0

where f; is given by (4.5). Next, we show that the infinite series of @ converges in H!(B(0) N
T'). For this, let @V be the partial sum of @ given by

N
@N(r,z) =Y firPigi(z) foreveryrz € B;(0)NT.
i=0

For integers 1 < M < N, applying (4.7) to @V — oM = ZfiMH firPig;, we find

N

1
1™ — @3 5, 0y = ; 1 /0 ( b +l3?fi272’3"+d_3) dr
i=M+

A 1 B 2
)3 + fi
Py Zﬁi—Fd 2,31'—|—d—2
N

C Y (B+1)f}

i=M+1
N

<C Z V14 A 12

i=M+1

IN

Lemma 4.3 implies that the infinite series ) i, v/1 + A; fl.2 is convergent, and so there is @ <

H'(B1(0) NT) such that @ converges to @ in H'(B;(0) NT). Since every partial sum @" is a

weak solution of (4.2), the limit function @ is also a weak solution of (4.2) and has L?-trace
Y figi onA.
i=0

Since the same is true for w, we have w = @, proving that (4.9) holds in H'(B;(0) N T).
To obtain convergence of the series (4.3) in C7"(B,(0) NT') for every 0 < r < 1 with some
v € (0,1), we employ a reflection argument in a small neighbourhood U of each boundary
point of B,(0) N oI as in [17] and use the interior Holder-regularity result [12, Theorem 8.24].



NON-CONCAVITY OF THE ROBIN GROUND STATE 15

Further, we can cover B,(0) N T'\ oI by finitely many balls and apply again the interior Holder-
regularity to w. Summarising, we see that for every 0 < r < 1, thereis a 7, € (0,1) such that
the series (4.3) converges in C/ (B,(0) NT). O

With the above preliminary results established, we can prove Proposition 4.2:

Proof of Proposition 4.2. Since w(0) = 0 and B; > 0 for i > 0, we have fy = 0. Note that §; is
non-decreasing in A; and hence in i.

Now assume w is not identically zero. Let f; be the first non-zero coefficient, so that we
have

w(r,z) =rPo | Y figi(z)+ Y firfPog;(z)
Bi=Bi, Bi>Bi,

The bracket on the right is non-positive since w < 0, and the second term converges uniformly
to zero in z as r approaches zero, while the first term is constant in 7. Hence we have that the
term
h(z):= Y figi(z) <0 forallz € A.
B="pBi,

But & is a non-constant Neumann eigenfunction on the connected domain A, and hence
changes sign. This is a contradiction, and so w must be identically zero as claimed in Proposi-
tion 4.2. U

Although we are mostly interested in the perturbation problem (1.4), the results of this
section and the next also apply for a somewhat larger class: We consider (weak) solutions v of
the problem

Av+u=20 in ),
Dyv+v =0 on ;.

(4.11)

where y and vy, - - -, ym are constants. We observe (by integration of the first equation over
() and application of the boundary condition on each face ¥;) that these constants necessarily
satisfy the relation

m
Y (S = pHA(Q).
i=1

The main result of this section is the following:

Theorem 4.5. Let Q) be a polyhedral domain in RY with faces X1, . . ., Ly and v be a solution of (4.11).
Ifv e C2 (5) then v is quadratic; that is, there are constants ajj, b;, ¢ € R such that

d d
v(x) = Z ajx;x; + Zbixi +c
ij=1 i=1

for every x € Q.

Our strategy to prove Theorem 4.5 is to show that there exists a subspace E in R? on which
the Hessian function (x, ) — D20/, (e, e) is constant for all unit vectorse € E and x € Q. Tt will
follow from this that v(x) is a multiple of the squared length of the E component of x, plus
another function depending only on the E1 component, where E*- denotes the orthogonal
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complement of E in IR¥. This reduces the original problem to a similar problem on the lower-
dimensional space E*, enabling an induction on dimension to establish the result.

Accordingly, we proceed by induction: For 4 = 1, a polyhedral domain is simply an in-
terval, and every solution to (4.11) is a quadratic function, so the statement of Theorem 4.5
holds in this case. Now, assume that the statement of Theorem 4.5 holds for every polyhedral
domain in R/ for j < d, and let Q) be a polyhedral domain in R? and v € C2(Q) be a solution
of (4.11) on Q. Since v € C%(Q), there exists (xq,e1) € O x S%~! such that

A:= max D?%v|c(e,e) = D*v|y,(e1,e1).
x€Q), eci—1

Lemma 4.6. Suppose that v is a C? function on an open subset B of O, where Q) is a polyhedral domain
in R Forje {1,...,m},let vj be the outward pointing unit normal vector on face ¥.; and suppose

(4.12) Dyv+v;=0 onX;NB.

Then for every tangent vector e parallel to X; one has

(4.13) D?v|c(e,vj) =0 for every x € ;N B.

In particular, v; is an eigenvector for the Hessian D?v| for each x € ¥; N B.

Proof. On polyhedra, the normal vector v; is constant on face Z;. Differentiating the boundary
condition (4.12) in the direction of any tangent vector e € TY; yields (4.13). Since R? can be
decomposed as a direct sum of the tangent space T%; and the normal vector v;, (4.13) implies
that v; is an eigenvector for the Hessian D?v|, for x € ¥; N B. O

Our second lemma captures in slightly greater generality the dimension-reduction argu-
ment outlined above:

Lemma 4.7. Suppose that v is a C? solution of (4.11) on a convex open subset B of Q, where Q) is a
polyhedral domain in R?. If there exists (xq,e1) in B x S%~1 such that

(4.14) D?v|y,(e1,e1) = A:= sup  D?vl;(ee),

(x,e)eBxS1-1
then there exists a subspace E of positive dimension in RY such that
BNQ = {x €B ’ me(x) € OF, mp(x) € QL},

where E* is the orthogonal complement of E, rtg and 7t are the orthogonal projections onto E and E*,
and OF = 71 (Q) and QO+ = 71 (Q) are polyhedral domains in E and E* respectively. Furthermore,

@15 o(x) = 3 7te (x = x0) P+ Dol (e (x — x0)) + g (g (1)

for all x € B, where g is a C2 solution of an equation of the form (4.11) on 7. (B) C Q+ C EL.

Proof. Without loss of generality, we can assume that we have chosen xo € B so that the
dimension of the eigenspace of Hy(xp) with eigenvalue A is maximized. We begin by defining
u to be the part of v without its quadratic approximation about x:

(4.16) u(x) :=ov(x) —v(xp) — Dv|y,(x — x0) — %D20|x0(x — X0, X — X0)
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for every x € B. Then u has the following properties:

u(x0) =0, Du(xg) =0, D?uly, =0;

(4.17) Dul|y = Dv|, — Dv|y, — D*0ly,(x — xo,.) for every x € B;
(4.18) Au(x) = Av(x) — Av(xg) = —p+u =0 foreveryx € BNQ;
(4.19) Dyu(x) =0 forallx € £;NB ifj e Z(xo),

where the index set Z(xg) is given by (4.1). To see that (4.19) holds, first note that this is
trivially satisfied if xo ¢ 9Q), since then Z(xo) is empty. If xy € 9(), then by Lemma 4.6, for
every j € Z(xg), v satisfies (4.13). If x € %; N B, then both x and x lie in the same face ¥jand
so (x — xp) € TZ;. By taking e = x — xo and using (4.17) and (4.13), one has

Dy,u(x) = Dy,v(x) — Dy0(x0) — Dzv\xO (e,vj) = 7j—vj=0forall x € ¥;N B.

Now, let E be the eigenspace of D?v|,, corresponding to its largest eigenvalue A. Then,
e; € ENS1. We choose an orthonormal basis {e1,es,...,e} of E,1 < k < d, and set

k
f(x) = trg (D2u|x) = Z DZu‘x (ej,e;) foreveryx € B.
i=1

Then f has the following properties:

k
f(x) =Y (D*v|x — D*v|y,) (ei,e;) forall x € Bby (4.16);
i=1
(4.20) f(x0) =0 by the above;
Af(x) =0 forevery x € Q)N Bby (4.18);
(4.21) f(x) <0 foreveryx € B;
(4.22) Dy f(x) =0 foreveryx € BNE; if j € Z(xo).

To see that (4.21) holds, note that by (4.14),

D?ul(¢,&) = D*0x(&,&) — D*0l,(¢,&) = D*0[+(§,&) —A <0

forall ¢ € ENS?'and x € B.

To show (4.22), fix j € Z(xo). Then by Lemma 4.6 applied to v, the normal v; is an eigen-
vector of D?v|, for x € fj. On the interior of the face ¥, v € C3(Z]-) (since u extends by even
reflection in ; as a harmonic function) and so we can differentiate (4.13) again to find

(4.23) D%| _(e,e,v;) =0 foreverye € TS and x € £;.

Since the normal v; is an eigenvector of D?v]y,, and all eigenspaces of the matrix D?v|,, are
orthogonal, the eigenvector v; is either in E or belongs to the orthogonal space E LoIf v € EL,
then e; is orthogonal to vjand soisin TY; foreachi € {1,---,k}. Then (4.23) implies

D, f(x) = D, (Zk; D*v|_(ej, ez-)) =0
i=1
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for every x € BN Z,;. On the other hand, if v; € E, then

for every x € BN L;, where {€xy1,-..,€;} is a basis for EL C 1/jL = T%;, and we again use
(4.23).

By Remark 4.1, the set () N BN B, (x) coincides with xo + (I'y, N B,(0)) for sufficiently small
r > 0. Equations (4.20)-(4.22) (and that fact that f is continuous on B since v € C2(B)) allow
us to apply Proposition 4.2 to the function f(z) = f(xo + rz) on B;(0) NTy, to infer that f is
identically zero on a neighbourhood of xy. We conclude that the set where f vanishes is a non-
empty, open, and closed subset of B, hence equal to B. It follows from (4.16) that tr rD?*v = kA
on B. Since D?v < Al on B, this implies that Dzv(ei, e;)) = AonBforalli=1,...,kand so,

(4.24) D?v|c(e,e) = A forallx € Bande € S 1 NE.

In particular E is contained in the A-eigenspace of D?v|, for every x € B. Since we chose
xo € B such that k is the maximal dimension of the A-eigenspace of Dzv\ coverall x € B, we
can conclude that E is the A-eigenspace of D?v|, for every x € B. It then also follows that

(4.25) D?v|c(e,6) =0 forallx € B,e € E,and é € E*.

Now, writing x = 7tg(x) + 7z. (x), integrating (4.24) along directions in E yields
A
v(x) = v(me(xo) + mee (x)) + Do(me(xo) + e (x)) me(x — x0) + E\mg(x —x) %

By (4.25), differentiating Dv(7tg(xp) + 7tp1(x)) in a direction tangent to E*- gives zero, so
Do(7tg(x0) + 7mpe (x)) is independent of 7z. (x) and in particular is equal to Dv(xp). Defining
¢(rtpi(x)) = v(me(x0) 4+ 7L (x)) shows that v is of the form (4.15).

If k = dim(E) = d then E* is trivial and there is nothing further to prove. Otherwise it
follows that g is a C2 function on 7. (B) C O, and we have

0=Av+u=Ag+kA+pu
and for v; € E*- we have
0=D,v+v =D,g+ 7.
That is, ¢ is a C? solution of an equation of the form (4.11) on the open subset 7. (B) of

QL c EL By Lemma 4.6, v; is an eigenvector of H,(x) at every point x € X; N B, and hence
the normals v; are either in E or EL. Then we can write

QﬂB:ﬁ{xeB‘x-vi<bi}

i=1

=N {xeB‘x.yi<bi}m N {xGB‘x-w<bi}

i: v;€E i 1/1‘EEL
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_ ﬂ {x€B|7TE(X)'Vi<bi}ﬂ ﬂ {xEB‘TfEL(X)-Vi<bi}

i: v;€EE i: I/Z'GEl

= {x €B ‘ me(x) € QF, mpi(x) € QL},

where
ofF= N {xGE]x-vi<bl}andQL: N {xGEi‘x~vl~<bi}.
i: v;€E i: v;eE+
This completes the proof of Lemma 4.7. U

Now, we can give the proof of Theorem 4.5:

Proof of Theorem 4.5. By Lemma 4.7 (applied with B = Q)), we have that v is of the form (4.15)
for some solution g of (4.11) on Q*. If k = dim(E) = d then v is quadratic and there is nothing
further to prove. Otherwise the function g is a C? solution of an equation of the form (4.11)
on Ot in R~k By the inductive hypothesis, g is a quadratic function, and therefore v is also
quadratic. This completes the induction and the proof of Theorem 4.5. 4

5. TAME DOMAINS

Our aim over the next several sections is to prove that concave solutions of (4.11) are twice
continuously differentiable. The result of the previous section then implies that such solutions
are quadratic functions.

Recall that a function f is semi-concave if there exists C € R such that the function x —
f(x) — Cl|x|? is concave.

Over the course of the next three sections we will prove the following;:

Theorem 5.1. Let Q) be a polyhedral domain in R? with faces ¥4, . .., %, and v be a weak solution of
problem (4.11) for some , Y1, - .., Ym € R. If v is semi-concave in Q, then v € C>(Q)).

The main difficulty in proving that v € C2(Q) is to understand the behaviour of v at points
on the boundary 0(), particularly where two or more of the faces ¥; intersect. We begin by
using the series expansion (4.9) to understand the behaviour of v near a boundary point x( in
terms of homogeneous Neumann harmonic functions on the tangent cone I'y,. A crucial step
in our argument will be to prove the result that homogeneous degree two Neumann harmonic
functions must be quadratic if they have bounded second derivatives. We will accomplish this
in the next section. In the rest of this section we will establish that this result is sufficient to
prove regularity.

Definition 5.2. For given vectors vy,..., v, € RY, a polyhedral cone

F:ié{xEIRd’x-vi<0}

is called tame if every degree two homogeneous harmonic function v € C(T) with homoge-
neous Neumann boundary condition on oI is quadratic. If Q) is a polyhedral domain in R?
and B is a relatively open subset of O, then B is called tame if the tangent cone Iy is tame for
every x € B.
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The significance of tameness for our argument is captured by the following preliminary
theorem which is the main result of this section.

Theorem 5.3. Let Q) be a polyhedral domain in R? and B a relatively open tame subset of Q). Then
every weak solution w € C*(B) N H'(B) of problem

Aw=0 onQNB,

(5.1)
D,w=0 onodoQNB

is in C?(B).

Proof of Theorem 5.3. We first establish that the harmonic function w is twice differentiable at
each point xg € B, using the decomposition (4.9). Since the restriction of B to a sufficiently
small ball about xy agrees with a translate of the tangent cone to () at xy, it is sufficient to
consider a Neumann harmonic function defined on a ball about the origin in a tame cone I'.

Lemma 5.4. Let I be a tame polyhedral cone in RY with outer unit face normals vy, . .., vy, and let
B = B1(0) NT, where B1(0) is the open unit ball in R?. Then there exist constants C > 0 and
v € (0,1) depending only on T such that for every weak solution w € C1(B) N H'(B) of (5.1), there
exists a linear functional L : R? — R with {vy,...,v,} C ker(L) and a symmetric bilinear form
a:RY x RY — R with trace tr(a) := Y9, a(e;, e;) = 0 such that the following estimate holds:

(52)  Jw(x) —w(0) — L(x) — 3a(x,x)| < C||w||=(gr) |x|*T7  for every x € By;5(0) NT.

Consequently w has derivatives up to second order at x = 0, with Dw|o = L and D*w|p = a.

Proof of Lemma 5.4. We only need to consider the case d > 2. By Proposition 4.4, w has the
series decomposition (4.3). Since in the series (4.3), po = 1 and By = 0, we have w(0) = fo.
Thus, writing in polar coordinates x = rz for r > 0 and z € gi-1
w(rz) =w(0)+ Y_ firP i(z) foreveryrz € BNT,
i>1
The second derivatives D?; of ¢;(x) := |x|Pig;(x/|x|) are homogeneous of degree (B; — 2).
In particular, for every i with ; < 2, D?y; is unbounded as r = |x| approaches zero, except
in the case where B; = 1 and ¢ is a linear function. Since w € CU!(B), the only non-zero ¢;
with 0 < B; < 2 are those with B; = 1, and these form a linear function L. Those ; satisfy
homogeneous Neumann boundary conditions on B N dI', implying that L(v;) = 0 for every
i=1,...,m. Now, defining v(rz) := Y5 fi 12 @i(z) for every rz € BNT, one has that
(53) w(rz) = w(0) + L(rz) +0(rz) + ) fir gi(2)
Bi>2
for every rz € BNTI. The function v is harmonic and homogeneous of degree 2, satisfies
D,v = 0 on dI' and has bounded second derivatives since they are given by limits of second
derivatives of w € CY!(B) asr — 0T. Thus v € CY!(T). Since I is tame, v is quadratic and
since v is a homogeneous quadratic function and so, there is a symmetric bilinear form a on
R? such that
v(x) = a(x,x) foreveryx €T.
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Since v is harmonic, we have that
0= Av(x) =tr(a) foreveryx € BNT.
Furthermore, since v satisfies homogeneous Neumann boundary conditions, one has that
0 = Dyv(x) = Dv|x(v;) = a(x,v;) foreveryx € Z;andi=1,...,m.
Differentiating the last equality in any direction ¢ € T,X;, = (v;)*, we see that
0=a(e,v;) foreverye L v,
showing that v; is an eigenvector of a.

Next, defining B = min{B; > 2 : f; # 0} > 2, the remaining term on the right-hand side
in (5.3) has the form
rP ) firPi=Pg(z).
Bi>2
Since f; is defined by (4.4)-(4.5) and since ||¢||;2(4) = 1, we have that

(5.4) fil < |lwllropary foreveryi>1.
Further, by [8, Corollary 1] and (4.10),

d—1
4

(5.5) @il o) < CA,

d—1
2

<C28 foreveryi > 1,

i

where C = C(d) > 0 is a constant. Combining (5.4) and (5.5), one sees that

R
< Cllw|lz=(Bnr) Z B;* rPi=p
Bi>2

(5.6) Y firPP gi(2)

Bi>2

Note, for every r € (0,1), there is an N(r) > 0 such that f(B) := B(¢~1)/2+F is decreasing on
[N(r),+o0). Thus, for every r € (0,1), let i, > 1 be the first integer satisfying f; > N(r) + 2.
Then

ﬁgd_l)/z P < /31(:1_1)/2 rhir < [3? rPi foralli > i,.
By the eigenvalue estimates due to Cheng and Li [8, Theorem 1] and (4.10), there is an integer
ix > i, and a constant C = C(|A|,d) > 0 such that

Bi> VA= Citt foralli > i..
Applying this to the last estimate, we see that

1
U112 1B < ﬁf,d “D/2.CET gorall i >,

i

and so by (5.6),

T
<C ||w||L°°(er) 2 rei
i>i,

Y firP P gi(z)

>0y

This shows that the series 5(rz) = Y45, fi rPi=F :(z) converges pointwise on B N T, and
uniformly on By /,(0) NT. In particular, S is bounded on By /,(0) N T by Cy/; [|w||~(pnr) for
some constant C;,, > 0. Applying this to (5.3) and noting that § > 2 yields the desired
estimate (5.2). The fact that Dw(0) = L and D?w(0) = a follow from this estimate.

U
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Continuation of the Proof of Theorem 5.3. The remaining difficulty in the proof of Theorem 5.3 is
to confirm continuity of the second derivative. As before in Lemma 5.4, it suffices to consider
a Neumann harmonic function w on a cone, and to establish the continuity of the second
derivative at the origin. Accordingly, we fix a point xp in Q2 N B, and r¢ > 0 sufficiently small
to ensure that

QN By, (%) = {xo +x‘ x €Ty, |x| < ro},
where I'y, is the tangent cone to () at xo. To show that the second derivatives of w are contin-

uous at xg, it is sufficient to show that the Neumann harmonic function

ax) = ot )
HwHL”(B,O(xo)ﬂfxO)

forevery x € BNT

has continuous second derivative at the origin, where B = B;(0) is the open unit ball and I a
polyhedral cone with vertex at the origin.

Now we label parts of I' according to the number of faces which intersect. Recall the faces
of () are ¥; with outward unit normal vectors v; for every fori = 1,--- ,m. Then

r® .— U <ﬂ{x‘x-vi§0}>ﬂ ﬂ{x‘x-vj:O}
Sc{l,--,m} \i¢gS jes
|S|=k
denotes the set of all x € T where k faces intersect. Thus T(®©) =T, () = 9T, and 0 € T(™).
We now proceed by (decreasing) induction on k, starting with k = m:

Proposition 5.5. Let T be a tame polyhedral cone in R? and B = B1(0) NT. Then there exist constants
C > 0and y € (0,1) depending only on T such that for every weak solution w € C“'(B) N H'(B)

of (5.1),
(5.7) |w(y) — w(x) — Dwlx(y — x) — 3D*w|:(y — x,y — x)| < Cly — x>
for every x € By 2(0)NT™ andy € BNT.

For the proof of Proposition 5.5 we will use the following auxiliary result, which will be
also useful several times later.

Lemma 5.6. Let a be a symmetric bilinear form and L a linear functional on R?, and let ¢ € R. Define
g(x) = a(x,x) + L(x) + ¢ for every x € R

If forr > 0 and M = 0, one has that sup, 5 () |9(x)| < M, then [c| < M, [|L|| < 2M/r, and the

eigenvalues A; of a satisfy |A;| < 2M /7%

Proof. Choosing x = 0 gives |c| < M, implying that |a(x,x) + L(x)| < 2M for all x € B,(0).
Further, for x € B,(0), we have (by replacing x by —x) that |a(x,x) — L(x)| < 2 M, and hence
(taking sums and differences) |a(x,x)| < 2M and |L(x)| < 2 M. Thus, |A;| < 2M/r? follows
by choosing x/r to be a normalised eigenvector of a, and ||L|| < 2M/r follows by choosing
x € 0B,(0) with L(x) = ||L]||x|. O

In order to apply the lemma above, we need a suitable ball. This is provided by the follow-
ing:



NON-CONCAVITY OF THE ROBIN GROUND STATE 23

Lemma 5.7. Let Q) be a bounded open convex set in R?. Then there exist ¢ > 0 and R > 0 such that
for every x € Q and every r € (0, R), there exists £ € Q such that the open ball By, (%) is contained
in By(x) N QL

Proof. Let p_ be the inradius and x_ an incentre of (), and let p be the circumradius of ).
Then, for R = 2p (so that Q is included in Bg(x) for any x € Q) and 0 = %‘, one has that
(5.8) Bor(x-) =B, (x-) € Q= QnNBgr(x)
for any x € Q. Now, for fixed x € Qand r € (0,R), let

Ta(y) =x+Aly—x) fory e R9and A = % € (0,1).

Since T) (y) = (1 — A)x + Ay, convexity of () implies that T, (Q2) C Q. Thus, by (5.8) and since
Tr(Br(x)) = B,(x), one has that

Bor(x_) = Ta(Bor(x_)) C Ty (AN Br(x)) = Ta(Q) N Ty (Br(x)) € QN By (x),

as claimed. 0
With these preliminaries, we can prove the base case of our (decreasing) induction.

Proof of Proposition 5.5. For x € By/,(0) NT(™), the tangent cone T, to ) at x agrees with T at
the origin. Thus, we can apply Lemma 5.4 to the function

w(v) =w (x + g) foreveryv € ByNT
and obtain that
[w* (v) — w*(0) — Dw*|o(v) — §D*w*|o(v,0)| < C o>t

for all v € By/»(0) NTy. Now, setting v = 2(y — x) for y € By/4(x) NT and using the def-
inition of w* we obtain that estimate (5.7) holds for all y € By/4(x) NT. To derive the same
inequality for y € B;(0) \ By 4(x), we first derive bounds on the size of Dw|, and D*w|y, using
Lemma 5.6: by Lemma 5.7 applied to () = BNI'and r = 1/4, therearec > 0and x, € BNT
such that the open ball B,;4(x,) is contained in By 4(x) N T. Due to estimate (5.7) and since w
is bounded on B, /4(x.), there is a C > 0 such that

sup |Dwl|.(y — x) + 1D*w|(y — x,y —x)| < C.
Y€By/a(x:)

For y € B,/4(x.), setting v = y — x,, this shows that the quadratic function
q(v) := Dwl|y (v + x, — x) + 1D*w| (v +x — X, 0 + X — x,)

is bounded on B, /4(0) and hence by Lemma 5.6, the coefficients of g are bounded. Moreover,
the quadratic part of g gives that the eigenvalues A;(x) of D?w|, satisfy |A;(x)| < 32C/0?.
Since D*w*|y = %D2w|x and D*w*|y is symmetric by Lemma 5.4, the Hessian D?w| is sym-
metric and so, the bound on A;(x) implies that || D?*w|,|| < 32C/c?. Further, the linear part of
q gives that

| Dw|y + D?wly(x. — x)|| <8C/c
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and since ||D?w|,|| < 32C/0? and |x — x.| < 1/4, this yields that ||Dw|,|| < 16C/c. Now, if
y € B1(0) \ By 4(x), then we have ; < |y — x| < 3, and so, the bounds on w(y), w(x), Dw|y,
D?w|y, |y — x| and |y — x| ! show that

w(y) — w(x) = Dwla(y — x) = ;D*wle(y — %,y —x)| <C < Cly — 27,
as required. O

Next, we establish the inductive step:

Proposition 5.8. Let I be a tame polyhedral cone in R? and B = B1(0) NT. Suppose that there exists
ay € (0,1) such that if a weak solution w € CY1(B) N HY(B) of (5.1) satisfies

(5.9) |w(y) —w(x) — Dwle(y — x) — 3D%wlx(y — x,y —x)| < ly—x**"

for every x € By»(0)NT® andy € B1(0) NT, then w also satisfies (5.9) for all x € By ,(0) NT*—1)
andy € B1(0) NT.

To prove this proposition, we intend to apply Lemma 5.4 about x € (By,,(0) N F(kfl)) \ ),
In order to do this we need to estimate the cone radius

(5.10) p(x) := sup {r >0 ’ B,(x)NT = x + (B,(0) N Ty) },

where I is a polyhedral cone in R? with vertex at the origin and I'y the tangent cone to I at
x € o'\ {0}. This is supplied by the following result.

Lemma 5.9. There exists o > 0 such that
(5.11) p(x) > od(x,T®)  forall x € T*-=1)\ 1),

We say that a convex cone I in R? admits a linear factor E if there exist a linear subspace E of
RY of positive dimension with orthogonal complement E* in R? and a convex cone T in E*+
such that

r= {x e R? ‘ e (x) € T},

where 711 is the orthogonal projection onto E*. In this situation, we write T = I @ E.

The following observation is used in the inductive step of our argument, and will also be
used later in the paper.

Lemma 5.10. Let T be a polyhedral cone in R? with vertex at the origin and outer unit face normals
V1, -+ ,Um. Let xo € oI \ {0}. Then the tangent cone T'y, to T at xq has a linear factor Rxo, and
so had the form Ty, = T @ Rux,, where T is the polyhedral cone in the (d — 1)-dimensional subspace
(Rxo)* of RY defined by
G.12) T'= {x € (Rxp)* ‘ x-v; < O} with  Z(xg) := {i e{1,..., m} ‘ Xo - Vi = 0}.
i€Z(xp)
Proof. Since
Ip= () {xE]Rd‘x-vi<0},
i€Z(xg)
and i € Z(xg) implies v; - xp = 0, we have that v; € (Rxg)* for all i € Z(xg). Therefore
Iy, = I & Rxg, where T is given by (5.12). [l
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Proof of Lemma 5.9. If there is no such ¢ > 0 such that (5.11) holds, then there exists a sequence
(x)n>1 of points x,, € T, \ T() such that

p(xn)
(5.13) T 1] O
Since both p(-) and d (-,F(k)) are homogeneous of degree one, we can scale x, so that x,, €
S4-1NT.

We first exclude the possibility that there are « > 0 and a subsequence (X,),/>1 of (x4)n>1
such that d(x,,,T®)) > & forall n’ > 1. Otherwise, for such a subsequence (x,) =1 of (X;)y>1,
one has that p(x,s) — 0. Since x,, € $9~1 N (F*~D\ T(®)), we can extract another subsequence
of (x,)w>1 which we denote, for simplicity, again by (x,/),/>1 such that x,, converges to a
point £ € S¥~ 1 NTK*-1D\ T®) Label the faces so that % - v; is in non-increasing order. Then,
since ¥ € ['k-1) \F(k), wehavex-v; =0fori=1,...,k—1and X - v < 0. Since the function
X > X - v; is continuous, any point x in T*~1)\ T sufficiently close to ¥ also satisfies x - v; = 0
fori=1,...,k—land x-v; < %X-vk < O0fori > k. It follows that

szl",z:ﬂ{z‘z-vi<0},

i=1
so the tangent cone is constant and hence the cone radius p is continuous on I'*~1) near %. In
particular, we have that p(x,,) is bounded below, contradicting the fact that p(x,/) — 0.

The remaining possibility is that d(x,, T¥)) converges to zero. Passing to a subsequence,
we have convergence to a point ¥ € 9~ NT®). In particular for n sufficiently large x, €
Bp()?) (Jf ) NT.

In Lemma 5.10, we have observed that since ¥ # 0, the tangent cone Iy is the product
['; = I ® R, where I is a polyhedral cone in the (d — 1)-dimensional subspace (Rx)*. Thus,
it follows that both p(x,,) and d(x,, T")) are invariant under translation in the %-direction and
homogeneous of degree one under rescaling about X. Therefore, we can replace x, by

)
[(on = )|

and still have a sequence (%,),>1 satisfying £, € T N (T*~1\ T®) and (5.13) where x, is
replaced by %,,.

e (I'x {0})ns*!

= |—
=
=i

=1

Now, we repeat the above argument inductively, with T replaced by I'. At each application,
the dimension of the cone reduces by one, which is impossible since I’ is finite-dimensional.
This contradicts our assumption that there is no positive ¢ satisfying the statement of Lemma
5.9, so the proof of the Lemma is complete. 0

Now, we can complete the proof of the inductive step.

Proof of Proposition 5.8. Fix x € (By2(0) NTE)\T® . Let ¥ € T be the closest point to
x in T satisfying |x — | < 1/2. We claim that ¥ € By,5(0). As A% is in T®) for A > 0,
¢(A) := |x — A%|? is minimised at A = 1,and so 0 = ¢/(1) = —2(x — %) - %. Since x — ¥ and ¥
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are orthogonal,

x> = x =2+ 2 = |x — 2 + |2 > [z
and since |x| < 1/2, it follows that |¥| < 1/2 as claimed. Hence, by hypothesis, w satisfies (5.9)
at X. More precisely,

(5.14) |w(y) — w(%) — Dwlz(y — %) — 3D*w|:(y — %,y — )| < Cly — "7

forall y € B1(0) NT for some constant C > 0 and vy € (0, 1). To make use of this, we define
@(y) := w(y) — w(%) — Dw|z(y — %) — }D*w|:(y — %,y — %)

for every y € B1(0) NT. Then @ is a weak solution of (5.1) on B1(0) N T and by (5.14),

(5.15) |@(y)| < Cly — %[*"7 fory € B;(0)NT.

To proceed, we will apply Lemma 5.4 about x. But first note that by & € I'®), after a possible
re-ordering, we may assume without loss of generality that ¥-v; = Oforalli = 1,...,k and
since x € Tk=1) \ ') there must be an 1 < iy < k such that x - v, < 0. Now, let p(x) be the
cone radius around x given by (5.10) and we claim that

(5.16) p(x) < |x —x|.
If p(x) > |x — %[, then there is an € > 0 such that
X+ (B(ige)x—#(0) NTx) = By g)x—z/(x) NT

and since ¥ € B(1y¢)x_z(¥) NT, there is a v € B|,_4(0) N T, such that v = % — x. Then
X+ (1+€)v € x+ (B(14¢)x—3(0) NTy) and hence, x + (1 + ¢)v € T. However,

(x+Q+e)v) v, =x-vj, + (14+¢)(F—x) v, = —ex-v;, >0,
which contradicts the definition of I', proving our claim (5.16). Since |x — %| < 1/2,
w(y) == @(x +yp(x)) fory e B1(0)NT,

is a well-defined function. Moreover, @ is a weak solution of (5.1) on B1(0) N I'y. Hence, by
Lemma 5.4, thereisa ¢ € (0,1) and a C > 0 such that

[@(y) — ®(0) — Ddloy — 5D*Dlo(y,y)| < C |1, 0)ry) ly1*H”

fory € B1,2(0) NTy. Note, by (5.15) and using (5.16),

(5.17) sup = sup @< sup w<Clx—F?*".
Bl(O)DITX Bp(x) (x)ﬁf Bz|x,ﬂ(f)ﬂf

Combining the last two estimates then gives
@ (y) —(0) — Dlo(y) — 3D*@lo(y, y)| < Clyl*|x — 2[*7

for y € By,2(0) NT,. By the definition of @, this gives

_ 2+’)‘
rw<y>—w<x>—Dw|x<y—x>—;Dzmx(y—x,y—x)rgc(’y "’) = 2P
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for every |y — x| < 1p(x). Since by Lemma 5.9, there is a ¢ > 0 such that
(5.18) p(x) > olx — x|,
we can conclude from the last estimate that
(5.19) |@(y) — @(x) — DW|+(y — x) — 3D*@|x(y — %,y — x)| < Cly —x**
for every |y — x| < }p(x). From this, we deduce bounds on D@|, and D*®@|,: By Lemma 5.7
applied to QO = By,»(x) NT, there are x, € By/»(x) NT and ¢, > 0 such that the open ball
By o(x)(¥s) is contained in B,(,)(x) N T. By (5.17), we have
@ (x)| + [@(y)] < Clx — %7 forevery y € By, () (x:)
and so, by (5.19),
|D@|(y — x) + sD*®|(y — x,y — x)| < C|x — %[>
for every y € By, ,(x)(xx). Moreover, from the previous application of Lemma 5.4 to @, we
know that the Hessian D?*®|y = p~2(x) D?*®|, is symmetric. Thus Lemma 5.6 yields that
IDW s (. — x) + 3 D*@[x(x, — x)|| < Clx — 277
2C|x — x>t

5.20 Dy + D*|y(x. — x)|| <
(5.20) [P+ Dl (. — )| < =75

< Clx — |7,
AC|x — x>
020 (x)

where we used the estimate (5.18) in the second inequalities of both (5.20) and (5.21). Since

(5.21) |D*®|,|| < 2 < Clx— x|,
|x — x.| < Clx — ¥|, inequality (5.20) implies that
(5.22) ID@| || < Clx — ™7
Next, we establish estimate (5.19) for y € (B1(0) \ By(y)/2(x)) NT: On this set, we have
|x — %| 4+ |y — %| < C|y — x| due to (5.18) and since p(x)/2 < |y — x|. Thus, by (5.15), (5.22),
and (5.21),
|@(y) = D(x) — D@2y — x) = 3D*®l(y — x5,y — x)|

< |@(y)| + [@(x)| + | DD« [y — x| + 31 D*@ x| ly — x|

<Cly— & +Clx — & + Clx — ||y — x| + Clx — %" |y — x|*

< Cly — x>,

as required. This shows that estimate (5.19) holds for all y € B;(0) NT. Finally, we note that @
and w differ by a quadratic function, so

529) D(y) = D(x) = DB|x(y — x) = 3D*0e(y — x,y — %)

= w(y) — w(x) — Dwl(y — x) — 3D*w|x(y — ).
Therefore inequality (5.9) holds for all y € B;(0) NT and x € By/2(0) NT%=1), and the proof
of Proposition 5.8 is complete. U
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Completion of the Proof of Theorem 5.3. Now, Proposition 5.5 and Proposition 5.8 allow us to es-
tablish estimate (5.7) for all points x € B;,,(0) NT and all points y € B1(0) N T, by (decreasing)
induction on k: Due to Proposition 5.5, estimate (5.7) holds for x € T'("), and by Proposition 5.8
if estimate (5.7) holds for x € T'®) then it also holds for x € T*~1), Therefore, by induction, es-
timate (5.7) holds for all x € By »(0) N r® = p, /2(0) NT. This allows us to complete the proof
of Theorem 5.3 by proving that D?w is continuous at the origin. So we must prove that D?w|,
approaches D?w|y as x € By,5(0) NT approaches zero. To do this, we apply estimate (5.7)
about x € By/»(0) NT: Let

@(y) = w(y) — w(0) = Dwlo(y) — 3D*wlo(y,y)
for every y € BNT. By estimate (5.7),
[@(y)| < Cly[*™ foreveryy € By(0)NT.
By (5.23), estimate (5.7) yields

sup  |D@[x(y —x) + 3D*@[x(y — x,y — x)| < Clx[**7
YEB|y (%)

for every x € By/(0). By Lemma 5.7 there is a ball of radius comparable to |x| in Bjy(x) N T,
and applying Lemma 5.6 on this ball gives that

ID@|x(x) + 3 D*@|x(x, x)| < Clx[*7, | DW]x + D*@lx(x,.)|| < Clx[**7,
and
(524) ID*@]| < Clx|”
for every x € By,5(0) NT. Since D*®@|, = D*w|, — D*w|p, inequality (5.24) can be rewritten as
|D*w|, — D*w|o|| < C|x|7 forevery x € B;/2(0)NT.

proving that harmonic functions on a tame cone By N I satisfying homogeneous Neumann
boundary condition on B; N dT are C>7. This completes the proof of Theorem 5.3. O

6. POLYHEDRAL CONES ARE TAME

Next, we prove the following, making the tameness hypothesis in Theorem 5.3 redundant.
Proposition 6.1. Every polyhedral cone T in R? is tame.

Proof. The proof uses an induction on the dimension d > 1, and uses the regularity results for
tame domains established in the previous section. Our argument here is similar to that used
in the proof of Proposition 4.5, in that we apply a strong maximum principle to the Hessian of
the function. The homogeneity of the function allows us to consider points xo € o', which are
not near the vertex of the cone, and this is the basis of the induction on dimension: We observe
that by Lemma 5.10, the tangent cone is a direct product of a lower-dimensional cone with a
line: T'y, = ' ® Rx, where I is a polyhedral cone in the subspace (Rxp)*. To proceed, we
need to understand the relationship between homogeneous harmonic functions on I'y, and
those on I™:
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Lemma 6.2. Any homogeneous degree 2 Neumann harmonic function u on I & Rxg has the form

(6.1) u(x +sxg) = ii(x) +s9(x) +C <sz\xo|2 — 7 1 7 ]x|2>

for x € T, s € R, where il is a homogeneous degree 2 Neumann harmonic function on T, 0 is a
homogeneous degree 1 Neumann harmonic function on T', and C is constant.

Proof. Without loss of generality, we may assume that |xy| = 1. We choose an orthonormal
basis for R so that xy = e;. Denote A = (I' @ Rey) NS?~1, and A = I' N S?~2. Then homoge-
neous degree 2 harmonic Neumann functions on I' & Re; are determined by their restriction
to A which is a Neumann eigenfunction. The corresponding eigenvalue is determined by the
relation (4.10) which produces A; = 2d when B; = 2 (cf [7, Chapter 2.4]).

In the case d = 2, the cone I’ cannot be Re, since then I would be R?, contradicting xo € oI
Therefore I'is a ray in the direction of +e;, and the cone T @ Rx is congruent to the half-space
H={x>0}inR%

Any Neumann harmonic function u on H extends by even reflection to an entire harmonic
function on IR?, which is therefore C*. In particular a homogeneous degree 2 Neumann
harmonic function on H is C? at the origin and therefore agrees with the degree 2 Taylor
polynomial, since the second derivatives are homogeneous of degree zero, which must equal
C(x? — y?). In this case, (6.1) is satisfied with 7 = i = 0.

Now, consider the case d > 3. We will construct eigenfunctions on A from eigenfunctions
on A using separation of variables: We parametrise points of A by the map

dD:Ax{

— 8971 given by ®(z,0) = (cos@)z+ (sinf)e;, z€ A, 0¢€ [_n ”} _

T
~373] 22
The construction which follows is quite general (producing a basis of eigenfunctions on warped
product spaces in terms of eigenfunctions on the warping factors), but we describe it here only

in our specific situation.

The metric induced on A x [—7/2,71/2] by the map @ is
g = cos? 03 +d6?,
where § is the metric on $~2. The Laplacian in these coordinates is

ASd—l o 1

=— QASd’Z — (d—2) tan 6 + 2.
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If ¢ is an eigenfunction on A satisfying AS" "¢ + j@ = 0, then the function f(8)¢@(z) satisfies
the eigenfunction equation on A with eigenvalue A provided

(6.2) Luf = f"—(d—2)tanf f — COZZ of = =Af.

Then f¢ is a Neumann eigenfunction on A provided ¢ satisfies Neumann conditions on

A and f¢ extends continuously to the poles § = +7 of A. If ¢ is constant on A (corre-
sponding to ¢ = 0) then this amounts simply to the requirement that f extends continu-
ously to [—m/2,7/2], but if ¢ is non-constant (corresponding to u > 0) then continuity
of f¢ at the poles amounts to the requirement that f has limit zero at 7. We note that
the endpoints £77/2 are regular singular points of the ODE (6.2), and so solutions are as-
ymptotrctoC1(9+7r/2 ~V( +”—|—C2 (0+m/2)" S (52) s g —7/2, and to
Cs(t/2—90) — (1) + Cy(m/2 — 9)_7+V (42) 4 as 8 — 7t/2. The continuity re-
quirements are therefore that C; = 0 and C3 = 0.

The operator £, is essentially self-adjoint on L?((cos 6)?~2d6). Accordingly, for any y there
is an increasing sequence of values A, ; approaching infinity such that there is a solution f,, ; of
equation (6.2) satisfying the required endpoint conditions. These form a complete orthonor-
mal basis for L?((cos6)9~2d6). We claim that if {¢;}% is a complete orthonormal basis of
Neumann eigenfunctions on A with eigenvalues y;, then the resulting collection of eigen-
functions {f, ;(6)¢i(z)} forms a complete orthonormal basis of Neumann eigenfunctions on
A. To see this, suppose that g is a function in L?(dwg(cos 6)4~2d6) which is orthogonal to
fu,j(0)@i(z) for alli and j. That is, we have

/2
/ / 2,0)pi(2) dwy (2) f,,;(8) (cos 0)"2 48 = 0

/2
for all i and j. Fix i, and let g;(6) = [;8(2,0)@;(z)dwg(z). Then g; is orthogonal to f,, ; for
every j in L?((cos 0)7~2d6), and so vanishes almost everywhere. It follows that for almost all
6, gi(0) = 0 for every i. That s, (6, z) is orthogonal to ¢;(z) for every i, and hence g(6,z) = 0
for almost all z. This proves that ¢ = 0 almost everywhere, proving completeness.
It follows that an eigenfunction on A with eigenvalue A = 24 is a finite linear combination
of terms of the form f,,, ;(8) ¢;(z) for which A, ; = 2d.

Lemma 6.3. For A = 2d, solutions f,, of (6.2) with the required boundary conditions
_ _3\2
fu— CH(m/2— \0\)JT3JFV ()4 a5 0 +7/2

exist only for y = 0,y = d —2and y = 2(d — 1), and these are given by fo(0) = sin® 6 — -1 cos? 6,
fa-2(0) = sinbcos 0, and fp4_1)(0) = cos? 6.

Proof. The particular solutions given are constructed from homogeneous degree two spherical
harmonics (harmonic polynomials on IR¥): These arise from the above construction in the case
A =892 and so give rise to solutions of (6.2). On 891 we have x; = sinf and |x| = cos®b,
where x = (x1,- -+, x4.1)-
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The harmonic function x3 — 15 |x|? therefore restricts to fo(6) = sin®6 — ;1 cos?6. The
restriction of this to $%~2 is constant, hence an eigenfunction with eigenvalue y = 0onS%2
It follows that Lo fo + 2dfo = 0.

The harmonic function x,x; restricts on S~ to the function sin 6 cos 9% = fa2(0)p(x/|x])
on S?~1, where ¢(x) = x is a homogeneous degree one harmonic function on R?~!, hence an
eigenfunction of the Laplacian on $9~2 with eigenvalue y = d — 2. It follows that L4 »f; » +
2dfs_o = 0.

Finally, the harmonic function x3 — x2 on R? restricts to faa-1)(0)@(x/|x|), where

fa(a-1)(0) = cos’0 and  @(x) = x; — 1],

which is the restriction to $%~2 of a degree 2 homogeneous harmonic function on R?~!, hence
an eigenfunction of the Laplacian on $%~2
Loa-1)fa(a—1) + 2dfra-1) = 0, as required.

These formulae can be checked by explicit computation.

with eigenvalue p = 2(d — 1). It follows that

The harder part of the proof is to show that these are the only solutions of (6.2) with
the required boundary conditions. It is convenient to perform a transformation of equation
(6.2) to de-singularise the endpoints at +71/2. To do this we introduce the new variable s
by tanh(s/2) = tan(6/2), so that s increases over the entire real line as 6 increases from

td@ 1

—7/2 to /2. This choice implies that 5; = cos ), and we have the identities cos0 = -,

sinf = tanh(s) and tan 6 = sinhs. The equation (6.2) transforms to

0= fss — (d — 3) tanhsf, + ( 24 —y) f.

cosh? s

Defining f = (coshs) = g then produces the equation

2
6.3) O:gss+<(d+1)(d+3)—(d;3> —V>g.

4 cosh?s

The behaviour at = +7/2 translates to the condition that g is asymptotic to Cpe’ (422)

as s — —oo and to Cse™ V(45 tHass — oo.

Next, we consider the Riccati equation associated to the ODE (6.2), which is the first order
ODE satisfied by the function g = gs

-t (8
8 8

d—3\> (d+1)d+3)
# < 2 ) 4cosh? s 1

2
The boundary conditions then become the requirement that g — (%) +pass — —oo

and g — — (d 3) +pass — 0.

The function g approaches infinity whenever the value of g crosses zero. We remove these
singularities by defining a new variable o which gives (twice) the angle from the positive x
axis of the point (g(s), gs(s)), so that tan (¢/2) = gs(s)/g(s) = g. This is defined only modulo
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27, but a continuous choice of ¢ exists and is uniquely defined up to an integer multiple of
27t. Tt follows from the definition that tan(c/2) = g, and we deduce that

_ 2

From the asymptotic conditions on g, our construction requires a solution ¢ such that

o(s) = o_(u) := 2arctan ( (dz_3)2 + P‘)

ass — —oo,and 0(s) — o (i) modulo 27tZ as s — oo, where

o4 (p) == —2arctan ( <d;3>2 + y) :

For each y there is a unique solution oy, (s) of (6.4) with 0;,(s) — o (i) as s — —oo (arising
from the solutions of (6.2) with the required asymptotics near 6 = —7/2 provided by the
theory of regular singular points). It remains to find those values of u for which ¢, has the
required behaviour as s — oo.
The crucial property we require is monotonicity of oy (s) with respect to u for each s:
Suppose p2 > p1 > 0. Then we observe that 0y, (x) satisfies

d—3\> (d+1)(d+3)
050y, = (1+ o +1+ - -2
m = (1+ cos )(M ( 2 ) 4cosh?s

d—3\* (d+1)(d+3)
< (1+cosc +1+ - -2,
< (1+cos0) (yz < 2 ) 4cosh’s

so that solutions of (6.4) for u = p» cannot cross ¢, from above. But now for s sufficiently
negative we have 0y, (s) as close as desired to o (y1), while 0y, (s) is as close as desired to
0_(p2), and we have o (1) < o (p2). That is, we have 0y, (s) < 0y,(s) for s sufficiently
negative, and the comparison principle implies that this remains true for all s € R. This proves
that oy, (s) is strictly increasing in u > 0 for any fixed s. The limit 7, := lims_, (1, 5) therefore
also exists and is (weakly) increasing in y, although it can (and will) be discontinuous.

Our construction produces a solution f, with the required boundary behaviour precisely
when 0, — 0 () = 27k for some k € Z. Since 7, is increasing in u and o (i) is strictly
decreasing in p, we have that o, — oy () is strictly increasing in y, and hence each integer
k can arise for at most one value of ;. We note from (6.4) that 0,(s) is strictly decreasing
at any point where it takes values which are an odd multiple of 7 (corresponding to points
where g(s) = 0), and hence the value of k can be computed as the number of points where the
corresponding solution g of (6.3) equals zero.

The three solutions constructed above allow us to compute ¢, — oy () for these three spe-
cific values of y: For p = 0, the solution fy = sin”§ — - cos? 0 gives rise to

d—3 d 1
= (coshs)" 7z (1— —— ),
g=( ) < d—lcoshzs>
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which has two crossings of zero, so that we have 09 — 04 (0) = —4m. For y = d — 2, the
solution f;_, = sin 6 cos 6 gives g = (coshs) ~“% sinhs which has a single crossing of zero and
s0, we have 0y, — 0 (d —2) = —27. Finally, for = 2(d — 1), the solution f,4_1) = cos®f

~“%', which has no zero crossings, and hence Toa-1) — 0+ (2(d—1)) =

produces ¢ = (cosh(s))
0. Since the 7, — 0 () is strictly increasing, there can be no other values of 1 between 0 and
2(d — 1) for which o — ¢ € 2nZ. For y > 2(d — 1) we have 7, — 0 (1) > 0, and we observe
that the line ¢ = 7 cannot be crossed by solutions of (6.4) from below, so that we can never
have 7, — 0 (u) = 27tk for k a positive integer. This completes the proof that only the values

u=0,d—2,2(d—1) are possible. O

Finally, we complete the proof of Lemma 6.2: The argument above shows that a Neumann
eigenfunction on A with eigenvalue 24 has the form

fo(@)@o(z) + fu—2(0)pa—2(2) + foa—1)Pa(a—1)(0)v24-1)(2)

where fo, fs2» and fy4_1) are given in Lemma 6.3, and ¢o, ¢4 and ¢,4_1) are Neumann
eigenfunctions with the corresponding eigenvalues on A C S$%~2. In particular, @y is a con-
stant, ¢, _; is the restriction to A of a Neumann homogeneous degree 1 harmonic function @ on
[ c R, and ®2(4—1) is the restriction to A of a Neumann homogeneous degree 2 harmonic
function 7 on I'.

The homogeneous degree 2 Neumann harmonic function u is then given by extending this
eigenfunction on A using the homogeneity:

u(x 4 sxq) = |x + sxo|? <Cos2 01 <‘;> + sin 6 cos 07 <’;§>
+ @o sin?@ — b cos® 0
d—1
|x[> 1 slx| 1

i(x) +

X+ s [xP"

N 1 |x|?
Po |x +sx0[2  d—1]x+sxo|?

= ii(x) + s0(x) + o <52 d i 1 |x’2>

0(x)

_ 2 _
= |x+SX()‘ < ]x—i—sxoP ‘x’U

2
where we used sin?§ = ﬁ and cos?6 = %, the expressions for fo, fs 2 and fy4_1)
from Lemma 6.3, and the homogeneity of ¥ and . O

Remark 6.4. The proof above applies with minor modifications to prove that for any posi-
tive integer k, the values of y which can give rise to an eigenfunction on A with eigenvalue
A = k* + (d — 2)k (corresponding to the restriction of a harmonic function on I' x R which is
homogeneous of degree k) are precisely 4 = j2+ (d —3)j for j = 0,...,k (corresponding to
eigenfunctions on A given by the restriction of a harmonic function on I" which is homoge-
neous of an integer degree no greater than k).

Lemma 6.5. If T is a tame cone in a (d — 1)-dimensional subspace E = (xq)* of R, then T & Rx is
a tame cone in R,
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Proof. Suppose u is a homogeneous degree two Neumann harmonic function on I' & Rx,, with
bounded second derivatives. By Lemma 6.2 we can write

T \x]2> forevery x € T,

where i is a homogeneous degree 2 Neumann harmonic function on T,  is a homogeneous
degree 1 Neumann harmonic function on [, and C is constant. The last term has bounded
second derivatives, so the sum of the other two terms must also. Fixing s = 0 we conclude
that i has bounded second derivatives, and hence is quadratic function since I is tame. Fixing
s = 1 we conclude that @ also has bounded second derivatives. But the second derivatives of a
homogeneous degree one function are homogeneous of degree —1, and hence are unbounded
unless they are zero. Therefore 7 is a linear function, and we conclude that u is a quadratic
function. U

Now, we complete the proof of Proposition 6.1 by induction on dimension. Suppose that u
is a homogeneous degree 2 Neumann harmonic function on I' with bounded second deriva-
tives. We must show that u is a quadratic function.

First, for d = 1 then every Neumann harmonic function is constant, so every homogeneous
degree 2 Neumann harmonic function vanishes and hence is a quadratic function.

Now suppose that every polyhedral cone in R” is tame for 1 < p < d, and let I be a
polyhedral cone in IRY. We observe that by Lemma 5.10, for every xo € o' \ {0} the tangent
cone Iy, is a product of a cone T in (xy)* with Rxy. By the induction hypothesis, T is tame,
and hence by Lemma 6.5 we conclude that I'y, is tame. Thatis, I'\ {0} is a tame domain. It
follows from Proposition 5.3 that u is C> on T \ {0}.

Since the second derivatives of u are bounded, there exists a sequence (xy),>1 of points x
in T and a sequence (e )x>1 of ex € S~ 1 such that

el D*u(x)ex — Co:=  sup  e'D?*u(x)e ask — +oo.
(x,e)€r xG4-1
The second derivatives of a homogeneous degree 2 function are homogeneous of degree zero,
so we can replace (xi)i>1 by (Xx)k>1 given by ¥ = é—f' € S 1NT, and conclude that
el D*u(%)ex — Cp as k — +oo. By compactness, (%, e) converges for a subsequence of k
to (%,e) € (5% 1NT) x S?~1. Since u is C? at %, we have that D?u|z(¢,&) = Cp.

Now we apply Lemma 4.7 with B = T \ {0}, and deduce that T = T't x I't, where I'f is a
polyhedral cone in a subspace E of R? of positive dimension K, and T is a polyhedral cone
in E*+, and we have

u(x) = Alme(x)]2 + g (g (x).
If K = dim E = d then since u is harmonic we have A = 0 and u vanishes. Otherwise we

write . .

u(x) = KA (e () = 2l (9O ) + e (1),
The first term is harmonic, and u is harmonic, so the last term § is also harmonic. Furthermore,
since u is homogeneous of degree 2, so is §, and ¢ also satisfies zero Neumann boundary

conditions on ' since u and the first term do. Finally, § has bounded second derivatives
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since u does. Therefore by the induction hypothesis, § is a quadratic function, and so u is
quadratic and I’ is tame. This completes the induction and the proof of Proposition 6.1. U

7. CONCAVE IMPLIES REGULAR

The results of the previous two sections allow us to complete the proof of the main regular-
ity result, Theorem 5.1. We begin with the following observation.

Lemma 7.1. Let Q) be a bounded domain in R? with a continuous boundary 0Q). For u € R, let
v € H}

loc

Q).

(Q)) be weak solution of Av+ u = 0 on Q. If v is semi-concave on ), then v belongs to

Proof. Note, that due to classical regularity theory of second order elliptic equations (cf [12,
Corollary 8.11]), v € C*(Q). By assumption, there is constant C € R such that D?v|, < CI for
every x € Q). Givenany x € ) and any unit vector ¢, choose an orthonormal basis {e3, - - - , e}
with e = e;. Then

-1
D?v|x(e,e) = Av(x) — Y D*v|«(ej, ;) > p— C(d — 1)
i=1

for every x € Q. Thus D?v is also bounded from below. It follows that Dv is Lipschitz with
bounded Lipschitz constant, and so extends continuously to Q as a Lipschitz function. O

We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. We prove that v is C? on a neighbourhood of any point xy € Q). Choose
r > 0 sufficiently small such that

(7.1) B,(x0) N Q= xo +7(B1(0) N Ty,)
and set
w(x) = v(xg +rx) — Dv|y, (rx) + %r2|x]2 for every x € By NTy,.
Then w is well-defined on B; N fxo, with Aw = 0on By NIy, and
H 2

Dyw|y = rDy0|xytrx — rDy0lx, + grxv= 0 forx € By Naly,

since both xp and x( + rx are in X, 50 D}, 0|xy+rx = Dy,0]x, = —7i. We also use that x is normal
to v;. This shows that w is a weak solution of (5.1). By hypothesis, there is a constant C € R
such that D?v < C on O, and so

D¥w|x(e,e) = D0l ra(e€) + Lrle2 < (PC+5r2) Jef?
for every e € R? and x € By NT,,, showing that w is semi-concave on B; N Ty,. Thus, by

Lemma 7.1, w is in CY(B; NTy,). By Proposition 6.1, B = B1(0) N Ty, is tame and hence by
Theorem 5.3, w € C?(B). Since xq is arbitrary, w € C2(Q)). O

The results of Theorem 5.1 and Theorem 4.5 imply the following:

Corollary 7.2. Let Q be a convex polyhedral domain in R? with faces X4, ..., %y, and for given u,
Y1,---,Ym € R, let v be a weak solution of problem (4.11). If v is semi-concave, then v is a quadratic
function.
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8. QUADRATIC SOLUTIONS AND CIRCUMSOLIDS

In this section we determine precisely which are the domains on which the solution of (1.4)
(or, more generally, (4.11)) is a quadratic function:

Proposition 8.1. Let v be a quadratic function on R?, and let Ey, - - -, Ex be the eigenspaces of the
Hessian of v with eigenvalues Ay, - - -, Ay. Then v satisfies an equation of the form (4.11) on a convex
polyhedral domain Q) if and only if QO = {x € R?| mg,(x) € Q;}, where Q; is a polyhedral domain in
E; for each i. Furthermore, v satisfies equation (1.4) if and only if A; < 0 and Q); is a circumsolid in E;
with center at the maximum of v|g, and radius equal to —1/A; for each i (see Definition 1.1).
Proof. For a quadratic function, the Hessian D?v|, is constant. Accordingly we denote the Hes-
sianby A and let Ey, ..., Ey be the eigenspaces of A, so that we have v(x) = 3 YK Al 2+
b - x 4 ¢, where 7; is the orthogonal projection onto E;, where Ay, - - - , A are the eigenvalues
of A,and b € R? and ¢ € R are constants.

First we show that v satisfies (4.11) on a polyhedral domain Q) if and only if () is a product
of polyhedral domains (); C E;: If () has this form then

k
Q=) {x]|mx EQ}—ﬂﬂ{ ’ v<bl}—ﬂ{x’x-v;§b§},
i=1 =1j=1 )
where O); = ﬂ;-”:"l{x €Ei|x- 1/]’.' < b;} for each i. Thus the normals to the faces of () are vlj for
1<i<kand1 <j<m; corresponding to the face Z{: =0nNn{x|x- vlj = b{: }. The derivative
of v is given by

k
Dolc(e) = Y Apmp(x)-e+b-e,
=1
so on the face Z{ we have
DV{U‘x: ZAPT[F’('X)'Vlz‘i_b'e:)\ix'vl]'"i_b'e:)\ibg“_b‘e,

which is constant on the face. Also we have Av = Y'¥_; dim(E;)A; which is constant, and so v
is a solution of an equation of the form (4.11) on Q.

The converse statement follows from the argument of Lemma 4.7: Equation (4.13) shows
that each normal vector v; to a face of () is an eigenvector of A, and so lies in E; for some j.
This allows us to write

_ d Y )
Q—O{XG]R )x 1/1<bl}

:(k] ﬂ {xe]Rd’x-vi<bi}

j:1 I/iEE‘

—ﬂﬂ{xe]Rd‘n] vz-<bz-}

j=1vi€E;

:ﬁ{xe]Rd’n] EQ}

j=1
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where O; = ;. g {x € Ej| x-v; <bi}.

Now we specialise to the case of equation (1.4): First suppose v is strictly concave, so that
Ai <O0fori=1,---,k. Then we have
2

mi(x) — l7Ti(b) +¢

k
(8.1) Z/\]T[l P +b-x+c= ;Ai X

for some constant ¢. Hence xﬂi(b) is the maximum point of v restricted to E;. The condition
that (); is a circumsolid in E; with centre at the maximum of v|g, and radius —1/(2A;) is that

o= fres] (- 50) e a)

j=1
In this case, we have for x in the face Z;: ={x|(x— ”’}ffb)) V= —/\%} that

= ;AP <”p<x) - nf\(:)> V= A (m(x) - ni\(ib)> V= A 7\11 -1

as required. Conversely, if we suppose that the boundary condition in (1.4) holds, then we

can show that A; < 0 for every i as follows. We have
Do|,(e Z Apmtp(x) -e+b-e.
Integrating over (); and using the dlvergence theorem gives
—joQy| = [ vi-Dv= [ AFv=dim(E;)A;|Qy,
a0; o
so that A; < 0 and v is strictly concave. Therefore v has the form (8.1), and the boundary
—1=Doly-v; = A (m(x) - l/\(i )> V]

so that (); is a circumsolid in E; with radius A% and centre at %}’) Il

condition gives

Corollary 8.2. For a convex polyhedral domain (), there is a quadratic function v solving the elliptic
boundary-value problem (1.4) if and only if () is a product of circumsolids.

Proof. Proposition 8.1 shows that if () has a quadratic solution of (1.4) then ) is a product of
circumsolids. Conversely, suppose (2 is a product of circumsolids. Then there is a decompo-
sition R* = E; @ - - - & E; of R? into orthogonal subspaces Ejy, ..., Ex and

Q= ﬂ{xe]l{d)m EQZ}, where Qi::]ﬁ{eri}(x—pi)-v]zf<Ri}

for some p; € E; and R; > 0. The above calculations show that
Zml pl| for every x € ),

is a solution of (1.4) on Q). O
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Summarising, let v be a weak solution of (1.4) on a convex polyhedral domain Q in R¥.
Then by Lemma 7.1, if v is semi-concave then v € C!(Q)). Using that for every boundary
point xg € Q) and r > 0 small enough, v can be written as v(xg + 7-) = w + g on By (0) N Ty,
for a quadratic function g and a weak solution w of (5.1), Theorem 5.3 and Proposition 6.1
states that v € C}1(Q)) implies v is in C?(Q) and according to Theorem 4.5, the latter yields
that v is quadratic. By Proposition 8.1, v then needs to be concave. Combining this together
with Corollary 8.2, we can state the following characterisation.

Corollary 8.3. Let v be a weak solution of (1.4) on a convex polyhedral domain Q) in R?. Then the
following statements are equivalent.

(1) v is semi-concave;

(2) visin CH1(Q);

(3) visin C>(Q));

(4) v is quadratic;

(5) v is concave;

(6) Q)is a product of circumsolids.

9. PROOF OF THE MAIN RESULTS

In this section, we complete the proofs of our main results: Theorem 1.2, Theorem 1.3, and
Corollary 1.4.

Proof of Theorem 1.2. Suppose () is polyhedral domain in IR that is not a product of circum-
solids. We first show that for all « > 0 small enough, the first Robin eigenfunction u, is not
log-concave. Set v, = logu,. Then vy = 0 and so, by Proposition 3.1, v, can be expanded as

vy = av + f%,

where f* belongs to o(a) in C%?(Q) for all & > 0 small enough, 8 € (0,1), and v is a solution

of the Neumann problem (1.4) for y = df; a0 TNOW, by Corollary 8.3, v is not concave on Q.

Thus, there exist x, y € Q and t € (0,1) such that

e:=to(x)+(1—1t)o(y) —o(tx+ (1 —t)y) > 0.

On the other hand, for every ¢ > 0, there is an ap > 0 such that || f*||e < da forall 0 < a < ay.
Set § = £/4, and let « be less than the corresponding «g. Then

toa (x) 4+ (1 — t)va(y) — va(tx + (1 — t)y)
=a[to(x) + (1 -Ho(y) —o(tx + (1 - t)y)]
+tf5 )+ (1 =8)f*(y) = f* (tx+ (1 = t)y)
> e — 300 > 0,

so v, is not concave for any & < &g, proving Theorem 1.2. O
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Next we consider the convexity of superlevel sets {x| us(x) > c}. We first establish two
preliminary results. The first is a Lichnérowicz-Obata type result for the first non-trivial Neu-
mann eigenvalue on a convex subset of the sphere S?~!, which extends partially the result
of [10] by allowing non-smooth boundary, resulting in a larger class of quality cases.

Theorem 9.1. For d > 3, let A be a convex open subset of the sphere S*~1. Then the first nontrivial
eigenvalue
[A|Do|*adv,
peC(A) ]y V=0 [al@l?dVs

of the Neumann Laplacian on A satisfies Ay > d — 1. Moreover, A1(A) = d — 1 if and only if the cone
I'={x=rz € Rze A} in R’ has a linear factor, so that (after an orthogonal transformation)
I' = T x R for some convex cone T in R\, In this case, the corresponding eigenfunction is the
restriction to S~ of the linear function L(x,y) = y for (x,y) € R~ x R.

)Ll (A) = inf

Proof. First suppose that A has smooth boundary. Then for any u € H'(A) and f € H3(A)
with D, f = 0 on 9dA, the following Reilly-type formula holds:

[ af=@=vup = [ V2 —uglP— (@ =2) [ |Vf+Vul?~ | nTF,9p)

—(d-2) [(d—l)/Auz—/AIIWIIZ]

where V is the covariant derivative on $971, I1 is the second fundamental form of 9A, and V f

9.1)

is the gradient vector of the restriction of f to dA. This is proved by integration by parts and
application of the curvature identity (the proof due to the first author for the situation without
boundary is described in [9, Theorem B.18]).

In particular, given u € H'(A) with [ 44 =0, let f be a solution of the problem

02) {Af =(d—-1)u onA;
D,f=0 on dA.

With this choice the first term on the left vanishes, and the remaining terms are non-positive,
so the right-hand side is non-positive, proving the Poincaré inequality

JvulP = @=1) [

forallu € H'(A) with [, u = 0, implying that A;(A) > d — 1.

Now consider the general case, where the boundary of A may not be smooth. Suppose
that {A,} is a sequence of convex domains in S" with smooth boundary, which converge in
Hausdorff distance to A (these can be constructed by smoothing level sets of the distance to
0A, for example). Let {u, } be the corresponding sequence of first eigenfunctions, normalised
to fAn u%2 = 1. The solution of (9.2) is then given by f, = —%un. As n — oo we have
M(Ap) = AM(A),soA(A) >d—1.

Suppose that equality holds. Then we can find a subsequence along which u,, converges
weakly in H! to the first eigenfunction u on A, and the interior regularity estimates imply
that u, converges to u in C*(B) for any compact subset B of A. The right-hand side of (9.1)
is equal to (d — 1) — A1(A,), which converges to zero. The first term on the left is equal to
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zero for every n, and the last term on the left is non-positive by the convexity of A;, so on any
compact subset B we have

LIV = @ = D+ (@ =2) [V + Vi

< [ IV = @ = Dual* +@=2) [ [ Vfut V|
< ([@=2)(M(An) - (4= 1))

Since f, converges to —u on B, the left-hand side converges to [} [|V?u + ug||?, while the
right-hand side converges to zero. Therefore we have V2u + ug = 0 at every point of B, and
hence at every point of A since B is an arbitrary compact subset of A.

It follows that u is the restriction of a linear function on R? to $~!: Define e(z) := u(z)z +
Viu(z)g9jz € R Then we have

ke = Uz + udez + VkViugifajz + V,-ugij(—gkiz) = (VZM + ug)kigifajz =0,

so that e is constant on A. Finally, we have u(z) = e(z) - z, which is a linear function. The
claimed structure of A now follows from the Neumann condition D, u = 0. [l

This result has an immediate consequence, which is important in our proof of Theorem 1.3.

Lemma 9.2. Let T be a polyhedral convex cone in R? with vertex at the origin. Then there is a harmonic
function @ on I which is homogenous of degree one and satisfies D, = —1 on oI

Proof. Set A := 'S, First consider the case when T does not admit a linear factor. Then
by Theorem 9.1, d — 1 is in the resolvent set p(—Aﬁi_l) of the operator —Afz_l equipped with
homogeneous Neumann boundary conditions and realised in L?(A). Therefore, there exists a

unique weak solution ¢ of
(9.3) Ao+ (d—1)¢ = OonA4,
D,$ = —1onodA.
It follows that the function

W(rz):=r(z) forrel0,1],z€ A

is harmonic on I', homogeneous of degree one, and satisfies D, @ = —1 on dI'.

Now suppose I has a linear factor, so that there is a k € {1,...,d — 1} such that A =
(]Rk @ f) NS4 fora polyhedral cone [ in R9~* with no linear factors. In particular, ifk =d —1
then I' = (0, +00), and then ¢(z) = z is a solution of (9.3) on I and so,

W(xy,...,%5-1,2) ==z forevery (x1,...,x5-1,z) €T

is harmonic on I', homogeneous of degree one, and satisfies D, = —1 on dI'. Otherwise we
have 1 < k < d —2 and T is a convex polyhedral cone with has no linear factor. Then by
the first case, there is a harmonic function @ on I' which is homogeneous of degree one and
satisfies D, @ = —1 on dl. Then the function

W(x1,...,x,2) :=d(z) forevery (x1,...,%,2) ER"FxT =T
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is a harmonic on I', homogeneous of degree one, and satisfies D, @ = —1 on dI'. We note that
the solution space is in general of dimension k, since we can add an arbitrary linear function
on the linear factors. O

Further, in dimension d > 3, we will use the following characterisation of polyhedra with
boundary points with inconsistent normals. We omit the proof of this result.

Proposition 9.3. Let Q) be a convex polyhedral domain in RY, d > 2, with outer unit face normals
V1, ..., Vm. Foreach point x € Q, let Z(x) be the index set (4.1) of faces touching x. Then the following
statements are equivalent.

(1) x has inconsistent normals: That is, there is no v € RY satisfying
vi-y=—1 foreveryie I(x).
(2) If @ is a function on Iy which is harmonic and homogeneous of degree one and satisfies
D,®= -1 onZXZforalliec I(x).
then W is not a linear function.

(3) The tangent cone I'y to () is not a circumsolid.

We now proceed to the proof of Theorem 1.3:

Proof of Theorem 1.3. Under the assumptions of Theorem 1.3, we first prove that the function v
satisfying the Neumann problem (1.4) has some non-convex superlevel sets.
Let xg € 0 and I' = I'y,, and choose r > 0 small enough so that (7.1) holds. We define

5(x) 1= 0(x0 + x) + Zﬁdmz for x € B,(0) NT.

Then 9 is harmonic on B, NI and satisfies D, = —1 on B, N dI'y,. By Lemma 9.2, there is a
harmonic function @ on I' which is homogenous of degree one and satisfies D, = —1 on dI".
Then the function

w(x) :=9(x) —w(x) foreveryx € B,(0)NT
is a weak solution of the Neumann problem (4.2) on B,(0) N I'. Proposition 4.4 applied to a
suitable dilation of w gives the series expansion (4.9). Therefore, v can be written as

(9.4) v(xg+x) = —2%]342 +@(x) + Y fii(x) foreveryx € B.NT,
i=0

where 1; is the harmonic function on I given by

¥i(x) := sPig;i(z) forevery x = sz withs > 0and z € A.

Here A =T NS? !, {¢;}2,is an orthonormal basis of L?(A) consisting of eigenfunctions ¢; of
the Neumann-Laplacian AS""on A, and Bi are given by (4.10). Further, Bo = 0 (corresponding
to Ag = 0), and the remaining B; are estimated by Theorem 9.1 and (4.10), so that ; > 1 for
i > 1. Moreover, there is no loss of generality in assuming that each p; > 1, since @(x) :=
Yi.g,—1 fithi(x) is harmonic on T, of homogeneous degree one, and satisfies D,@ = 0 on dI,
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and so @ can be included in @. Summarising, we can write
(9.5) v(xo+ x) = 0(x0) — Zﬁdmz +@(x) + ) figi(x) foreveryx € B,NT,

where the non-vanishing terms in the sum all have exponent §; > 1.

Before continuing the proof of Theorem 1.3, we observe that the proof of Theorem 5.3 ap-
plies almost without change to prove the following generalisation:

Theorem 9.4. Let Q) be a polyhedral domain in R?, and B a relatively open subset of Q). Let w €
H'(B) be a weak solution of problem (5.1). For each xo € B N 9QY, choose r(xqg) > 0 small enough so
that (7.1) holds, so that by Proposition 4.4 w is given by the expansion

w(xo + x) Zﬁ x0) ) for every x € B,(,,)(0) N Ty,
where Y° is the harmonic function on Ty, given by p*0(x) = |x|Pi(0)p? (|x|) Ay, = Ty N
§i-1, { g0} is an orthonormal basis of L2(Ay,) consisting of eigenfunctions ¢>° of the Neumann-
Laplacian AS"™ on A.,, and Bi(xo) are given by (4.10). If f(xo) # 0 only for those i with B;(xg) > 2
for every xo € BN QY then w € C2(B).

Continuation of the Proof of Theorem 1.3.

The case of inconsistent normals: In the case where () has a boundary point xo where the
normal vectors are inconsistent, we have by Proposition 9.3 that @ is not a linear function.
It follows that @ does not have convex superlevel sets: Choosing any point z € A where
W(z) # 0and D*®|, # 0, we have that z is a null eigenvector of D?® (since @ is homogeneous
of degree one), and that the trace of D?®|, on the orthogonal subspace (IRz)* is zero (since @
is harmonic). It follows that D?*@|, has an eigenvector ¢ € (Rz)* with positive eigenvalue, so
that D?®|,(¢, &) > 0.

Now lety = ¢ — Dw|( () D®:(¢) ; Then we have

Dal.(y) = Dol.(&) - 5 Dal.(z) =

since D®|,(z) = W(z) by the homogeneity of @. Also, we have
D*@l.(y,n) = D*®[=(§,¢) > 0,

since z is a null eigenvector of D?®/,. It follows that the superlevel set S = {x| @(x) > @(z)}
is not convex near z, since for small s # 0 we have @(z £ sy7) > @(z) and hence z £ sy € S,
but z ¢ S. Since @ is homogeneous, the superlevel sets S, = {x| @(x) > Awd(z)} are also
non-convex near Az, for any A > 0.

Now we conclude that v also has some non-convex superlevel sets: By the non-convexity
and openness of S, there exist points x; and x; in I' such that x1, x, € Sbut x1+x2 ¢ S. It follows
that there exists ¢ > 0 such that @(x;) > @(z) +efori = 1,2, but @ (x1+x2) < w(z) —e. Now
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we use the expression (9.4) to write

v(x0 + Axj) = v(x0) + Ad(x;) — zlid/\z‘xj‘z + Zfl'/\ﬁil/)i(x]')

i>1

. A .
=v(x0) + A (w(xj) — g—d\lez + Z;‘A/S’ 11/Ji(xj)>
1>
> 0(xg) + A (D(xj) —¢)
> v(xg) + Ad(z)
for j = 1,2, for A > 0 sufficiently small. Here we used the fact that the sum Y, AP~ 1y;(x;)
converges to zero as A approaches zero, which follows as in the proof of Lemma 5.4. Similarly,

we have

v (xo p —;—x2> < v(x0) + Ah(z)

for A > 0 sufficiently small. This proves that the superlevel set {x |v(x) > v(xg) + A(z)} is

not convex.

The case of consistent normals: Now we consider the case where the normals are consis-
tent at every point. By Proposition 9.3 this implies that for every x,, the function @ on I'y,
provided by Lemma 9.2 is linear. If for every x the non-zero terms in the expansion of the
Neumann harmonic function w(x) = Y2, fip;(x) had exponent B; > 2 for every xo, then by
Proposition 9.4 w is C? near xq and hence (9.5) implies that v is also C? near x.

However, if we assume that () is not a product of circumsolids, then by Corollary 8.3, we
have that v is not C? and so there must be some xy € 9Q) such that the first nontrivial term
in the sum in (9.5) has exponent f; between 1 and 2: Precisely, we can assume (by choosing a
new basis for the corresponding eigenspace if necessary) that

v(xo+ x) = v(xp) — %Mz + fipr(x) + Y fii(x) + @(x) foreveryx € B,NT,
i>1
where f; > 0,1 < B1 < 2, and B; > p1 for i > 1. Since ; is homogeneous of order §; and
W(x) = x -7, we have

(9.6) Doy ax(E) =7 & — %X'C‘f‘Zfi/\ﬁi_lDwilx(‘:)

i>1
©7)  D%olaens(&n) = ~58-n+ AAP D2 1u(E ) + ) AR 2DM] ()
i>1
forevery x € B,(0)NI, A € (0,1),and &,y € RY.
To show that v has a non-convex superlevel set, it suffices to show that there exists x with
xo+x€Q,and ¢ € R?, such that

Dv’X0+x(C) =0 and Dzv‘xo-i-x(gzg) > 0.

We note that as A approaches zero, the right-hand side of (9.6) is dominated by the first term
since the remaining terms are homogeneous of positive degree in A, while the right-hand side
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of (9.7) is dominated by the first non-trivial term in the sum since this is homogeneous of
degree 1 —2 < 0in A.

This motivates the following lemma:

Lemma 9.5. Suppose that the restriction of 1 to the hyperplanar section L := {x € T'| y-x = |y|}
of I = T'y, is not concave. Then v has a non-convex superlevel set.

Proof. Since the restriction of ¢ to L is not concave, there exists x € L and ¢y L -y such that
D?41]+(&o, &) > 0. The expression (9.6) then implies

DU|xo+Ax(§O) = O()\/Sl—l), and Dv‘xo+/\x(x) = |v| —|—O()L/S1_l),

for A — 0+, from which it follows that Dv|y, 4 (&0 + ¢(A)x) = 0 for some c(A) = O(AF1~1)
as A — 0+. Then we have by (9.7) that

D?0 4422 (80 + c(A)x, & + c(A)x) = AP 2 (D] (Eo, &) + O(A7)),

where ¢ = min{f; — 1,2 — B2, B2 — B1}- In particular, since D%y |(&, &) > 0, we have
that D?v|y, 4 ax (&0 + ¢(A)x, & + c(A)x) > 0 for A > 0 sufficiently small, proving that v has a
non-convex superlevel set. U

Remark 9.6. We are unable to establish the hypothesis of Lemma 9.5 for dimensions d > 3, but
note here that this would be sufficient to prove that v has a non-convex superlevel set when-
ever () is not a product of circumsolids, substantially strengthening the result of Theorem 1.3.

The case d = 2: We can establish the hypothesis of Lemma 9.5 in the case d = 2, as follows:
In this case the tangent cone I'y, at any boundary point xy € d(2 is a sector with opening angle
8o < 7t. The case ) = 7T cannot arise, since in that case the homogeneous Neumann harmonic
functions on the half-plane T'y; are spherical harmonics with integer degree of homogeneity,
so one cannot have 1 € (1,2). Therefore 6y € (0, 7).

Let y be the inward-pointing bisector of this sector of length 1/ sin (6y/2). Then we have
v;-v = —1fori = 1,2, where v; and v, are the outer unit normal vectors to the two faces of ()
which meet at xg. The homogenous degree one harmonic function of Lemma 9.2 is then given
by @(x) = vy - x. In particular @ is linear, so we are in the situation where all boundary points
have consistent normals.

The corresponding eigenfunctions are given by

r% Ccos (ie—”G) , leven; o 6
Pi(r (cosB)er +7(sinf)ex) =< i 0 for @ < (—70,70),
r% sin <%9> , iodd,
with degree of homogeneity B; = %/ for non-negative integer i. Here, e; = ‘%', and e; is a unit
vector orthogonal to 7.

The only possibilities which can give rise to 1 < ; < 2 are where 6y € (77/2,71) and i = 1.
In this case ¥ is odd in 6, and hence is an odd function when restricted to the line L (see
Figure 9). Since an odd concave function is necessarily a multiple of the identity function, the

only possibility in which ¢ has a concave restriction to L is when

P1(e1 + yea) = cy,
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N IR/)/

23

FIGURE 9. The case d = 2.

which implies by homogeneity that
1 (xep +yep) = cxPr 1y
However a direct computation shows that this is harmonic only in the cases 1 = 1 or g1 = 2,
which are impossible. This proves Lemma 9.5 for the case d = 2, so we have established that
v has a non-convex superlevel set whenever () is not a product of circumsolids. We note that
for d = 2 this applies except when () is either a circumsolid or a rectangle.
Now we complete the proof of Theorem 1.3, by proving that the Robin eigenfunction u,

also has some non-convex superlevel sets for sufficiently small « > 0:
By Proposition 3.1, for all sufficiently small « > 0, the first Robin eigenfunction u, is given

by
(9.8) Uy =1 +av+ f*

where f* is o(a) in C%?(Q) for some B € (0,1).

We have proved that v has some non-convex superlevel sets, which means that there exist
points x; and x7 in ), a number ¢ € R, and € > 0 such that v(x;) > c+¢fori = 1,2, but
v (113%2) < ¢ — &. But then we have by (9.8) for a sufficiently small that

ug(x;) =14+ av(x;) +o(a) >1+ac+ae+o(a) >1+ac

fori =1,2, while

Uy <x1~2|—x2> =1+av (JCHZ-xz> +o(a) <l4+ac—ae+o(a) <1+ ac

It follows that the superlevel set {x|u,(x) > 1+ ac} is not convex for sufficiently small
x> 0. O

It remains to give the proof of Corollary 1.4.
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Proof of Corollary 1.4. It suffices to show the following: If () is a convex domain for which the
Robin ground state u, () is not log-convex (or has a non-convex superlevel set) for some «a,
and {Q), } is a sequence of convex domains which approach () in Hausdorff distance, then the
Robin eigenfunction u,, of (2, is not log-concave (respectively, has a non-convex superlevel
set) for sufficiently large n.

We apply Proposition 3.2, which applies since the volume and perimeter of convex sets are
continuous with respect to Hausdorff distance. In particular, by (3.6) the eigenfunctions u, 4
converge uniformly to u, on any subset which is contained in Q, for all large 7.

Under the assumption that u, is not log-concave on (), there exist points x; and x; in () such
that 1 (logua(x1) + log ua(x2)) > logu, (3522), or equivalently uy (x1)ua(x2) > ity ("1J2r—"2)2
For sufficiently large n the points x1, x, and xl;“—xz are all contained in (),,, and hence we have

2 2
(50t (52) = s (1572 ) = e s (x) = o (1572) >0
as n — oo, and hence the left-hand side is positive for sufficiently large n, proving that u, , is
not log-concave for n large.

Similarly, under the assumption that u, has a non-convex superlevel set, there exist points
x1,% in Q and ¢ € R such that u,(x;) > c fori = 1,2, while u, (252) < c. As before the
convergence of u, , to u, at the points x1, x; and ’”er—xz guarantees that u,,(x;) > cfori=1,2
and u, (#) < c for n sufficiently large, proving that u,, has a non-convex superlevel

set. O

10. FINAL DISCUSSIONS AND CONJECTURES
We conclude this paper by formulating some interesting observations and conjectures.

We recall that the Dirichlet eigenvalue problem corresponds to the limiting case & — +o0
in which it is well-known (cf [4]) that the first eigenfunction is log-concave. Thus, our first
conjecture is naturally:

1. Conjecture. For a given bounded convex domain (), there is an g > 0 such that for all

« > wg, the first Robin eigenfunction u, is log-concave.

Furthermore, it would be interesting to know whether the threshold a9 depends on the
dimension d > 2 and whether it can be independent of the domain ().

Let () be a convex polyhdral domain that is not the product of circumsolids. In order to
prove in dimensions d > 3 that the first Robin eigenfunction u, has non-convex superlevel
sets without imposing the stronger hypothesis () has inconsistent normals at some boundary point,
our proof of Theorem 1.3 shows that one needs to study the second case when the harmonic
function @ given by Lemma 9.2 is linear. The linear case in dimension d = 2 is much simpler
to treat than the (d — 1)-dimensional hyperplane H := {x € R? | x - 7 = ||} reduces to a line
segment L. Nevertheless, we are convinced that the following conjecture holds.

2. Conjecture. If Q is a convex polyhedron in R? for d > 3 which is not a product of
circumsolids, then for sufficiently small « > 0, the first Robin eigenfunction u, has non-convex
superlevel sets.
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Our argument shows that it would be sufficient to establish Lemma 9.5 whenever I is a
polyhedral convex cone which is a circumsolid about the point 7, and ; is a homogeneous
harmonic function with Neumann boundary conditions on I' with degree of homogeneity
between 1 and 2 (see Remark 9.6).

Our initial motivation for the work undertaken in this paper was to establish the funda-
mental gap conjecture for Robin eigenvalues:

Let Q) be a bounded convex domain in R? of diameter D, V be a weakly convex potential, and for
a > 0, let Aj(a) be the Robin eigenvalues on the interval (—5,2). Then for & > 0, the Robin
eigenvalues \Y () of the Schrédinger operator —A + V satisfy

M () = Ag () > Ax(a) — Ao(a).

In the Dirichlet case this conjecture was first observed by van den Berg [21] and then later
independently suggested by Ashbaugh and Benguria [3], and Yau [22]. The complete proof
of the fundamental gap conjecture in this case was given in [1]. Theorem 2.1 is a first attempt
to prove the fundamental gap conjecture for Robin eigenvalues, but provides non-optimal
lower bounds. But due to our main Theorem 1.2, it is clear that this conjecture can only be
proved by methods avoiding the log-concavity of the first Robin eigenfunction. To the best
of our knowledge, only Lavine’s work [15] provides a proof of the fundamental gap conjec-
ture which does not use the log-concavity of the first eigenfunction. That paper concerns the
Dirichlet and Neumann case on a bounded interval. With this in mind, we conclude with the
following question:

Open problem. How can one prove the fundamental gap conjecture for Robin eigenvalues
without using the log-concavity of the first eigenfunction?
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