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Abstract

The p-adic Littlewood conjecture (PLC) states that liminf, ¢ - |glp - ||gz|| = 0
for every prime p and every real . Let wop(z) be an infinite word composed of the
continued fraction expansion of x and let T be the standard left shift map. Assuming
that x is a counterexample to PLC we get several quite restrictive conditions on limit
elements of the sequence {T"weor(x)}nen. As a consequence we show (Theorem 5) that
for any such limit element w we must have lim,_, P(w,n) —n = co where P(w,n) is
a word complexity of w. We also show that w can not be among a certain collection of
recursively constructed words.

1 Introduction

In 2004 de Mathan and Teulie [6] proposed the following problem which now is called p-adic
Littlewood conjecture (PLC).

Conjecture (PLC). Let p be a prime number. Then every real x satisfies
liminfq - |q|p - [lgz|| =0 (1)
q—00

where || - || denotes the distance to the nearest integer.

It is widely believed to be easier than the famous Littlewood conjecture where the ex-
pression above is replaced by

liminf q - ||qz|| - ||qy|| = 0.
q—0o0

Despite of the essential efforts from the mathematical communities both conjectures still
remain open.

Assume that there is a counterexample x to PLC. Then it must satisfy
inf {q - . > 2
infla-laly - llazll} > € (2)

for some € > 0. We denote the set of z € R which satisfy the condition (2) by Mad.. So
PLC is equivalent to saying that for all € > 0 the set Mad. is empty.

It is already known that Mad, is very “small”. The condition (2) straightforwardly
implies that x is badly approximable hence it belongs to the set of zero Lebesgue measure.
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Moreover Mad. is included in the subset Bad, of the set Bad of badly approximable numbers
which is defined as follows

Bad, :={z € R : inf q-||gz| > €}.
qeN

In [6] it was shown that quadratic irrational x, the classical examples of badly approximable
numbers, satisfy PLC. Later Bugeaud, Drmota and de Mathan [2] generalized that result to
numbers which continued fraction expansion contain arbitrarily long periodic parts. In 2007
Einsiedler and Kleinbock [4] proved that Mad, is of zero box dimension for every e > 0.

Numbers from Bad can easily be described in terms of their continued fraction expansion.
We'll state this classical fact in terms of infinite words (the details can be found in [3], for
example).

Fact 1. Let wop(z) be an infinite word composed of the partial quotients of the continued
fraction expansion of x = [0;a1,as,...] € R. If z € Mad, then wop(x) € AY, where N =
e ' +1 and Ay := {1,2,...,N}. In the other words the word wcr(z) belongs to the finite
alphabet Ay .

We call a word w € NN recurrent if every finite block occurring in w occurs infinitely
often. Then w is eventually recurrent if T™w is recurrent for some positive integer m where
T is a standard left shift transformation in NN,

Recently Badziahin, Bugeaud, Einsiedler and Kleinbock [1] imposed restrictions on
wer(z) for potential counterexamples z to PLC.

Theorem (BBEK1). If wcop(x) is eventually recurrent then x satisfies PLC.

Almost all well known classical infinite words such as Sturmian words or the Thue-Morse
word, are recurrent so Theorem BBEKI1 states that none of them can be a continued fraction
expansion of the counterexample to PLC. Another corollary from this theorem is that for
r € Mad the complexity P(wcp(y), n) as a function on n does not grow too slow. By the
complexity P(w,n) of the word w we mean the number of distinct blocks of length n which
occur in w.

Corollary (BBEK2). If z € Mad then P(wcp(z),n) —n — 0o as n — 0o.

On the other hand another result from [1] states that the complexity of x € Mad can not
grow too fast as well.

Theorem (BBEK3). If z € Mad then

lim log P(werp(x),n)

n— oo n

=0.

In other words Theorem BBEKS says that the complexity worp(x) of a counterexample to
PLC can not grow exponentially.

The condition of Theorem BBEKI1 can be easily reformulated to the following equiv-
alent condition: For every n € N the word T"wep(x) is not a limit point of the sequence
{T"wer(z)}nen. However it says nothing about the limit points of that sequence themselves.
In this paper we will put rather restrictive conditions on them. The author does not know if
they rule out every possible infinite word w (this would actually imply PLC) however they
believe that there still exist numbers & which survive after imposing all discovered conditions
for the potential counterexamples to PLC and therefore PLC still remains open.



After making necessary preparations in Sections 2 and 3 we state the core results of this
paper in Section 4 which are pretty technical. Then Section 5 discusses various applications of
that results to certain infinite words. In particular it covers Sturmian words and a big collec-
tion of words achieved by a certain recursive concatenation procedure. Finally all necessary
proofs are provided.

2 Preliminaries

By SL;(R) we denote the set of 2 x 2 matrices over the ring R with denominator £1. We
will extensively use the homomorphism v from the set of finite words over the alphabet N to
SL¥(Z) defined in the following way:

0 1
1 a

fora € N, ¢(a) := A, ::< ); forw=ay...an, P(w):= Ay =44, ...  Aq,.

Let T be the left shift transform in NV, w,, be the n-letter prefix of an infinite word w.
For the prefixes of the particular word weop(z) we will use the notation wy,(z). Denote by
T : [0,1) — [0,1) a Gauss map defined as follows T(z) := {1/z}. The classical results from
the theory of continued fractions relate the notions defined above in the following way:

Fact 2. For every irrational x € [0,1) we have
Pn—1 DPn ™" anx” ™" n
=A ;o Tx) = ——; wep(T'z) = TM"wep(x and
<Qn—1 n ) o) (@) |lgn—12|] r(1") r(e)

qn
qn—1

= [an; Gn-1,-..,01].
where pyn/qn is the n’th convergent to x.

We extend the Gauss map T defined over [0,1) to [0,1) x Pbp in the following way:

T(x,x,) := (T, Ag,x,) where T is the standard Gauss map which can be written as Ta =
1/x — a1, a1 = [1/z]. In the same way we extend the shift map T to the pairs (w,x,) €
NN x P(l@p: T(w,xp) := (Tw, Aq,%p). One can check that T"(w,x,) is calculated as follows

T (w, ) = (T"w, (Au,)7y).
This together with Fact 2 implies the remarkable property of the map T:

Fact 3. For every x € [0,1),

et () = (P (3)

where q, is the denominator of nth convergent to x.

We say that w = (wi,ws) € P(bp is p-adically badly approximable if there exists € > 0
such that V(a,b) € Z\{(0,0)} one has

lawy + bw2|p ) min{]wl_l\p, |w2_1|p} > min{|a]72, ’b|72} " €.

Sometimes instead of projective coordinates we will use affine ones. In that case we say that
w € Q, is p-adically badly approximable if (w, 1) is. We call the set of all p-adically badly



approximable points by PBad. Then by analogy with the definition of Bad, we define the
set PBad. as the subset of PBad containing those points w for which € in the definition is
fixed.

We equip the space P(bp with the metrics defined as follows. Given w = (w1,ws),v =
(vi,v2) € P(bp let

d(w,v) = |wivy — watp - mm{]wl\p s |wal, - min{|vy ]51, ]vg\;l}.

Wherever possible we will take the coordinates (w1, ws) of w such that max{|w1 lp, lw2lp} = 1.
If this happens we emphasize it by using slightly different notation: w € PQ One can see

that for w,v € P1 the definition of distance d(w,v) as well as the definition of w being
p-adically badly approxunable point becomes simpler. We will use the following property of

d(-, ).

Lemma 1. Let Z, be the set of p-adic integers and A, B € SL;E(ZP) be two matrices such
that A= B (mod p*) for some k € N, i.e. the p-adic norm of each entry of the matriz A— B
is at most p~*. Then for every two points w,v € P(bp one has

d(Aw,v) < max{d(Bw,v),p *}.

Proof. Denote u = (u1,us) = Aw and u’ = (u},u}) = Bw. For simplicity we will choose
W,V € P1 . One can check that since p-adic norms of all entries of A are at most 1 then
max{|u; |p, ]uQ|p} max{|wi|p, |w2|p}. On the other hand since A is invertible then the inverse
inequality is also true. This implies that u € PQ and by the same arguments u’ € P1

Now we calculate
d(u,v) = luva — ugui|p = |ufve — ubvy + dyvg — davy |p-
where d = (dy,d2) = (A — B)w. Next,
d(u,v) < max{d(u’,v),|d1va — dav1]p}.

Since A = B (mod p*) an upper bound for the second term of the maximum is p~* which
finishes the proof of the lemma. O

Consider the set SLQi(Zp). In accordance to the Jordan normal form of the matrices one
can split it into two subsets:

e SLT,(Z,) which consists of all matrices having two different eigenvectors in PL .
’ P

o SL;Q(ZP) which consists of matrices which are similar to one of the matrices

v 0 —
(1 v); v e Qp.

Lemma 2. Let A € SL;l(Zp). Then there exists a positive integer k(A) < p? such that for

each eigenvalue X of A one has |\*4) — 1|, <p~ .

Proof. Both eigenvalues A and X of A are the roots of the quadratic equation

A% — tr(A)A 4 det(A) = 0.



Since det(A) = £1, A is a unit, so |A|, = 1. Further arguments follow the standard proof
of Fermat Little theorem. We compose a complete list of representatives of residue classes
in Z,[A] modulo p such that their p-adic norm equals one. Since all that residue classes are
contained in the set {a + b\ : 0 < a,b < p} there are at most p? elements on the list. We
denote its size by x(A), then the list looks as follows: x1,z2,...,2.4). If we multiply each
element from the list by A the resulting numbers will again represent each residue class Zy[A]
modulo p with p-adic norm equals one. Then by looking at products we get

K(A)

H x; = H Az; (modp) = AR — 1, <p '
i=1

One can define the p-adic logarithm as the following series

o0

_(x=1)"
logx = )i
;( ) -
It is well-defined on disc |x — 1|, < 1. Therefore by Lemma 2 the value log \*(4) is well
defined for every eigenvalue of A € SL;l(Zp). Notice also that for |z|, < p~! one has
|log x|, = |z — 1|,. Moreover one can check that for z,y € Q, such that |z — 1|, < 1 and
ly — 1|, < 1 the following formula is satisfied

T
y

10g = ’x - y’p- (3)

p

|logz — logy|, =

p

Now we want to remove (for the reason which will become clear later) all matrices A from
SL;l(Zp) such that one of their eigenvalues \ satisfies log A*(4) = 0. So we introduce another
set

§£2(Zp) ::{A € SL;l(Zp) : for two eigenvectors A1, A2 of A one has log )\ ;é O}

Lemma 3. For cvery finite nonempty word w € N™ one has A, € éig(Zp).

Proof. Firstly we show that A, has two distinct eigenvalues, so it is in Sl;fl(Zp). The
eigenvalues of A are the roots of the equation A\? — tr(A)\ + det(A) = 0. Since det(A4) = &1
there is only one possibility for A = A2, namely there should be tr(A4) = 2 and det(A) =1
but one can easily check that there are no words w with this property.

For algebraic A the condition log A*(4) = 0 is only possible when X is a root of unity. The
only quadratic roots of unity are either roots of the equation #°® = 1 or 2* = 1. Therefore
they must be roots of one of the following quadratic equations:

22 —1=0; 224+1=0; 22-20+1=0;
22 4+204+1=0; 22—2+1=0; 2>+2+1=0.

There are only two words w; = 1 and wy = 2 for which |tr(A,)| < 2. However an easy check
shows that the eigenvalues of both A; and As are not roots of unity. O



3 Sets LMad and LMad,

In attempt to make an expression from (1) small one can try to take ¢ a linear combination
of the denominators gp and ¢(, of two consecutive convergents to z. Then we get the following

Lemma 4. Let qy < q{ be the denominators of two consecutive convergents to x € Bad,.
Then for every a,b € Z and r =143 = |aqo + bgy)| we have

r e rlp - llrel] < 4max{a® b*}H(N +1) - |rl, (4)
where N = [e71] + 1.

Proof. We just use two standard facts: (N + 1)go > ¢{ (by Fact 1) and gqo||goz|| < 1,
allghx|| < 1. Then we get

1
r-|rlp - ||rz|] < (2max|al, |b|)2 qp q—o ]y < 4max{a2,b2}(N +1)|7]p.
O

As the consequence of the lemma, if one can find qo = (qo,¢)) and a,b € Z such that
Tap 7 0 and |rgplp < m -min{a~2,b72} then z is not in Mad.. With help of Fact 3 one
can then show another key property of the extended shift map T.

Corollary. If x is a counterezample to PLC then every limit point (w,xp) of
{T™(wer(x), (?))}nGN satisfies the following property: there exists € > 0 such that for every
n € N one has T"(w,x,) € A\, x PBad, where N = [e"}] + 1 as before.

We define the set of pairs (w, x,) which satisfy the conditions of this corollary by LMad.
By LMad, we define the subset of LMad containing those pairs for which the parameter ¢
is fixed.

By Fact 1 and the compactness of the set A}, elements T"(wcp(x)) belong to the compact
set. It is also well known that P(bp is compact. Therefore the sequence {T"(wcr (), (?))}nGN
must have at least one limit point. Moreover there always exist a minimal subset of

{T"(wer(x), (?))}n ¢y Which is invariant under T, i.e. the subset which does not contain

any other non-empty invariant closed subsets. It is of the form {T"(w,x;)}, o for some pair
x = (w,x,). It is well known ([5][Theorem 1.5.9]) that in that case w is uniformly recurrent
or in other words it is recurrent and for any factor u of w the distance between any two con-
secutive appearances of u in w is bounded above by some constant d = d(u). For convenience
by Wer(z) we denote the set of limit points of the sequence {T"wcp(x)}nen-

In this paper we investigate the set LMad. The ideal situation would be if one could show
that LMad = (). Then it would immediately follow that the set Mad of counterexamples to
PLC is also empty. Unfortunately this is not the case. We’ll show (Theorem 3) that LMad
contains infinitely many elements x. On the other hand all elements of LMad which we are
able to construct in this paper have periodic part w. Bugeaud, Drmota and de Mathan [2]
showed that periodic w can not be in Wer(x) for x € Mad, therefore the constructed
pairs (w,x,) € LMad can not produce counterexamples to PLC. Hopefully LMad does not
contain any more elements. So it will be very interesting to solve the following problem:

Problem A. Is it true that for every (w,x,) € LMad the word w is periodic?

The positive answer to this problem will imply PLC. In this paper we discover various
conditions on LMad which are quite restrictive but not restrictive enough to give a complete
answer to Problem A.



It follows straightforwardly from the definition that the set LMad is invariant under T
and so is the set LMad, for every ¢ > 0. Moreover it can be verified that LMad, is also
closed and therefore it is compact. In order to investigate compact invariant subsets of
LMad, it is sufficient to consider the minimal invariant subsets for which the word w is
always uniformly recurrent. One can check that every minimal invariant subset of LMad
described in Theorem 3 is finite. Therefore Problem A can be reformulated as follows:

Problem A’ Are there infinite minimal invariant subsets of LMad, ?

Remark. In [4] Einsiedler and Kleinbock posed a generalization of PLC in the following
way: every pair (z,y) € Rso x Q, satisfies

inf max{|al, |b|} - |ax — b| - |ay — b|, = 0. EK

it ma{jal ) - Jaz — bl - ay b (EK)

We do not cover this conjecture here however it has close connection with Problem A. In

particular by a similar construction to that used in the proof of Theorem 3 one can show

that if z € Ry and y € Q, are irrational roots of the same quadratic polynomial then the
condition (EK) fails which in turn means that the generalization of PLC is false.

4 Core results

Given x = (w,x,) € A} x P(l@p and n € N we write 7"x as (T"w, Xp, ). Define

Bi(x) = {(g) eP} : 3neN, st. d((é) ,xp,n> <p’f}.

Roughly speaking the set By (x) contains p~*-neighborhoods of the elements Xpn- The fol-

lowing theorem lies at the heart of this paper.

Theorem 1. Let A € S\]ZQ(ZP). Let wq = (wl) and Wy = <wz> be two eigenvectors of AT

wa w
with w1234 € Qp and max{|wi|p, |welp} = max{|ws|y, lwialp} = 1. Consider x = (w,x,) €
A% X P(l@p and define

€1 :=d(xp, W1), €2:=d(xp,W2), €3:= |10g()\i‘“(’4))|p, 0= min{el,ﬁg,pfl}

where A1 is one of the eigenvalues of A. Assume that § # 0. Finally let m € N and k € N
satisfy the inequality

o d(wi,wa)-m . (5)
- €3 -0 - \/26162 -p-/'i(A)
If
{xp, ATXp, e (AT)mXp} C Bi(x) (6)

then x ¢ LMad. for

B 2¢1€2 - p - k(A)
‘T \/6%52 ~d(wy,wg) -m’ 0

Note that the values k(A), d(w1, ws) and e3 are solely defined by the matrix A and since

A e §f42(Zp) the last two of them are always strictly positive. The value § measures how
“close” is x, to one of the eigenvectors of AT. If the parameters A and m are fixed then as &
tends to zero, the estimate (7) on € tends to infinity. In other words smaller the value of ¢,
weaker the estimate for e.



We will also need to work with matrices A of the form

A=D, := <1 0).
al

It is easily verified that D, ¢ SNLg(Zp) so Theorem 1 is not applicable to it. However very
similar (and even simpler) result is true for such matrices too.

Theorem 2. Let A = D, for some a € Z,\{0}. Consider x = (w,x,) € A} x P@p and
define 6 := d((),%p) - |alp. Assume that 6 # 0. Let m € N and k € N satisfy the inequality
PP =m - (pd)~L. If (6) is satisfied:

{xp, ATxp, ..., (AT)"x,} C By(x)

then x ¢ LMad, for e = pd~'m™".
On the other hand if 6 = 0 then x ¢ LMad.

5 Applications of Theorem 1

Theorem 1 itself is quite technical and imposes a lot of conditions on pairs (w,x,). How-
ever it can be used to check that x ¢ LMad for many classes of pairs (w,x,). The most
straightforward application of Theorem 1 is the case of periodic w.

Theorem 3. Let w € A% be a periodic infinite word and l € N be the length of its minimal
period. Then (w,x,) is in LMad if and only if x, coincides with one of the eigenvectors
of Agl.

The “only if” part of this theorem is a straightforward corollary of Theorem 1. We just
take A = A,, which by Lemma 3 is in SLy(Z),), take k arbitrarily large and take the biggest
m € N which satisfies (5). The proof of “if” part is postponed to Section 9.

Theorem 3 shows that the set LMad is infinite (at least countable). Also note that for
x € LMad described in this theorem we have T!x = x which in turn implies that the set
{T"x}nen is finite. We believe that Theorem 3 describes all elements of LMad and therefore
Problem A and Problem A’ have positive and negative answers respectively.

Next, we can show that for a big collection of words w which can be recurrently con-
structed by concatenations the pair (w,x,) is never in LMad. We call W(o1,09,...,0,) a
concatenation map if it is some composition of concatenations of words o1, ..., 0,.

Theorem 4. Let sequence of finite words over the alphabet Ay be constructed recursively as
follows: o1, ...,0m are given words of length 1 such that not all of them equal to each other.
Then for every n € N,

On+m ‘= O'n+m71W(0'na On+1y--- ,O'ner,l)

where W is a concatenation map. Assume that for every m-tuple of words n1,...,Nm the
equation .
Ay = WX, A,,..., A )

) LM m—1

has at most one solution X € SL%E (Zyp). Here W is made of W where each concatenation is

replaced by a product of matrices. Then for every limit word w of the sequence o, and every
Xp € P(l@p, (w,xp) € LMad.



In fact the condition on oy, ..., 0., in the theorem can be weakened. We just need that not
all of these words are the powers of the same finite word. However for the sake of simplicity
we do not put this condition to the theorem.

One can easily check that the Fibonacci word wy;, satisfies the conditions of Theorem 4.
Indeed it is the limit point of the sequence {0, }nen constructed as follows:

01,09 are distinct one-digit words; op11 = 0nOn_1.

Therefore (w g, Xp) is never in LMad.

In view of LMad being invariant under T, the fact that there are infinite words w such
that (w,x,) is never in LMad for every x,, € Pbp implies the following

Corollary. If {T"w},en is dense everywhere on A% then for every x, € Pbp, (w,xp) &
LMad.

The next application shows that if (w,x,) € LMad then the complexity of the word w
can not grow too slow.

Theorem 5. Let non-periodic w € AY, be such that Vn € N, P(w,n) < n+ C for some
positive absolute constant C'. Then x = (w,x,) ¢ LMad for every x, € Pbp.

In particular this theorem covers all Sturmian words and therefore for every counterex-
ample = to PLC, Wop(x) must not be Sturmian.

We finish this section with nice combinatorial condition on a word w which guarantees
that (w,x,) does never belong to LMad. Before we do that we define a sequence of bipartite
graphs G, (Sy, Ty, E,) related to w. Their definition distantly resembles more classical Rauzy
graphs for infinite words. Both S, and T, are the sets of all factors of w of length n. Then
Vertices s € S,, and t € T}, are linked with an edge iff the word st is a factor of w.

Theorem 6. Let w € A% be a mon-periodic uniformly recurrent word. If a number of
connected components in G, is bounded by an absolute constant independent of n then
(w,xp) € LMad for every x, € P(l@p.

Remark. None of the results in this section cover the Thue-Morse word wy,,,. However the
author believes that Theorem 1 itself can be applied to it in order to show that (wim,x,) is
never in LMad. Anyway it would be interesting to check if there is any prime p and point
Xp € P}@p such that (wem,x,) € LMad.

6 Proof of Theorems 1 and 2
Lemma 5. Let q = (q,q') € Bp(x) and u = (u,v) € Z>. Then if

|(w. q)l, - min{lg ™, [(¢) |y} <O

for some positive § then there exists | € N such that

(0, xp0)|p - min{\x;ll]p, ’(x;;,l)il‘p} < maX{&Pik} where  Xp; = (Tp,, x;;,l)'

Proof. Since q € By(x) then there exists x,; such that d(q,x,;) < p~*. Without loss of
generality assume that |¢[, > |g|,. Now we calculate

(0, xp1)|p = |uzp, + Ul";;,l b= |(q')_1(uq/xp7z - uqa:;,yl + uqa:;,,l + Uq/l";o,l)‘p



p @) p - 1(w, @)}

< max{|2p,lp, [, p} - max{p~*, 5}.

< max{max{|zp,[p, |$;97l|p} - d(g,Xp), |93;o,l

By dividing both sides of the inequality by max{|zp,lp, |2}, [p} we get the statement of the
lemma. O

Proof of Theorem 1. The idea is to construct a sequence of points q,, € Bi(x) and to
show that one of them do not lie in PBad,. Define qo = (qo, g) such that max{|qolp, |¢(|p} =
1 and qp = x,. Represent the vector qg in the basis wi and wa: qg = aw; + w2 where by
Cramer’s rule

_ det(qo, wa) 5= det(w1, qo)
det(wy, wa)’ det(wy, wa)’
Since qq, X1, Ws € f’}@p one can check that
d(qo, w2) €2 d(qo, w1) €1
(6% g = and = — . 8
%l = Gwr, wa) = dwr, wa) Pl = Gtws, wa) = dwr, wa) ®)

Define q,, = (gn,q,,) as follows: q, = (A7)"qg. Vectors w; and wy are eigenvectors of A7
therefore
an = AT - awy + Ay - Bwa.

All entries of (AT)™ have p-adic norm at most 1, and moreover (AT)" is invertible.
Therefore one can repeat the same arguments as in the proof of Lemma 1 to show that
max{|qnlp, |¢5|p} = max{|qolp, |g6lp} =1 or an € P(bp-

For an arbitrary integer vector u = (u,v) one has (u,q,) = AN} + B} where A =
A(u,v) =a- (u,wy), B = B(u,v) = 3 (u,ws).

From the equation for eigenvalues A2 one has A; - A = +1 and \)\172]}; = 1. Therefore
A\ = Ay 2. This gives us the following

~ B n
@uly = (2 Gl = 41| 5 42 o)

p

where A = A1

llog(A" )], = e3 < p~

In the rest of the proof we will construct integers v and v such that for some n € N the
value of |Qn|p becomes so small that qg,(a)., is surely out of PBad.. Then, using the fact
that qax(a)., 1s in By(x) one concludes that x is not in LMad..

We want to construct v and v such that pes|A|, > |A + B|,. Then it will imply that
|1 + B/A|, < 1 and this will enable us to use the idea from [2]. By Dirichlet pigeonhole
principle one can choose (u,v) € Z*\{0} such that

Note that by Lemma 2, |\ — 1, < p~! and therefore |log\|, =
1

|A+ Bl, = |uqo + vgh|p < p(e36)?;
lul, [v] < (e36)71.

Note that since v € Z then |v|, > e30. Rewrite the value |(u, w)|, in the following way
|(w, w1)lp = lqol, " - w1 (ugo + vgh) + (wago — wigp)vly.
Since |w1|, < 1, an upper bound for the first summand is

wi (ugo + vgh)|p < p(esd)?

10



and for the second summand it is
|(wago — wigp)vlp = €1 - [v]p > €30” = p(esd)”.
Therefore
€1 - ‘U’p
IQO‘p

[(w, wi)lp =
By the construction we have |A + B|, < p(e3d)? and we just showed that

®) e1€2 - [vfp
|QO|p : d(Wl,WQ)

[Alp = |- (w, w1)lp
Notice that |golp - d(W1,W2) = |wa(gowr — giw2) — w2(gows — qhwa)|p, < max{er,ez}. This
finally gives the following lower estimate for |A|,:
e3|Alp = €3 - min{er, ea} - o], > (e30)2 = p~ - |A+ B,

So the aim is proved. Now we shall give an upper bound for |A|,. If |go|, < € where € is
given by (7) then we consider u = (1,0) and |(u,q)|, < € and by Lemma 5 with e > p~*
get

we

. -1 -1
[(w,%p0)p - mm{‘xp,l > ‘(x;,l) p} <€
for some [ € N. This implies that x,; ¢ PBad, and (w,x,) is not in LMad, anyway. Hence
we can assume that [go|, > € and then

Alp < erer e - (d(wr, wa)) 7 (10)

Next, estimate the value |2 + A"[,. Since by Lemma 2, |\ — 1|, < p~t and |5 + 1], < 1
we can use the property (3) of p-adic logarithm:

-B
log (A) —nlog A

Now we show that log(—B/A)/log A lies in Q. This fact is proved in [2] but for the sake
of completeness we repeat it here. It is trivial if A € Q,. Otherwise there exists a unique
Qp-automorphism o of Q,(A) different from the identity. We have o(\) = 1/X and therefore
olog(A\) =log(o(A)) = —log \. Next,

log(—B/A)
log A

<

B
‘A“”
p

p p

AN+ BAT" = (0, due(a)n) = 0 (W, Qap(ayn)) = o(A)AT" + o (B)A™

Since it is true for every natural n then we have o(A) = B and o(B) = A. Combining these
equations for o together we get

o (BB _tos=B1)
< pez =p - |log Al,.

log A N log A
B
1 _Z
()l

therefore |log(—B/A)/log A|, < p. This together with the fact that log(—B/A)/log\ € Q,
implies that this number is also in Z,. Whence there exists integer n within the range
0<n< pd such that

Further,

NN
» A

log(—B/A)

_ —d
log A ’

<P
P

11



In other words there exists n € Z within the range 0 < n < N such that

B P
— N < =,
A+ N

One can choose 1 < n < 2;:(1A) such that

2p - k(A) (1<0) 2e1€2 - p - K(A)

~n < Al - .
|Q |p | ’P E'd(Wl,Wg)'m

Then by substituting the formula (7) for e and using that |ul, [v] < (e36)~! we get max{u?, v*}-
|Qnlp < €. Since 2k(A) - n < m, vector qo(a)., lies in the set By(x). Therefore Lemma 5 is
applicable here which in turn means that there exists [ € N such that

|(,xp.0) ] - min |2yl Jag ol '} < max{|Qulp, p ™"

By (5) we estimate the value p~* to finally get the bound

[(w,3p,)lp - min{Japl, 27,0,

Hence x,; ¢ PBad. and x ¢ LMad..

N < e min{u?,0v7?}.

Proof of Theorem 2. As before represent x, as (qo,qj) where max{|qolp, |g5lp} = 1
and denote it by qop. In this case one can easily check that § = |ag(|,. By q, we denote the
point (AT)"qp and as in the proof of the previous theorem we have max{|q,|,, |¢},|p} = 1.

Note that (DI)" = DI so one can easily get an explicit formula for qy:

an = (g0 +na- qj, qp)-

Firstly consider the situation when § = 0. In that case we should have ¢, = 0 which
straightforwardly implies that x, ¢ PBad. for an arbitrarily small e. One just need to
consider u = (1,0) and then (u,qp) = 0.

Now we can assume that § > 0. By Dirichlet pigeonhole principle one can choose u =
(u,v) € Z?/{0} such that
|(u, qo)|p < po*;
lul, |v] < 6L
Since |v], > § and |ag)|, = 0 we get
|(w,q0)lp < P> < p-[v], - |agyl, = p - [vagy|p-
This implies that |(u,qo)|p, < |vagg|p, and therefore

(u7 QO)
vagy

€7,

One can write (u,q,) as
(11, qn) = (ll, qO) + nUQQ67
hence there always exists an integer n within the range 0 < n < p? such that

(u7 CIO)

= |vag)|, - —n| <op@
’(uv qn)‘P ‘UGQO’P an(/) ) X O0p
We choose 0 < n < m such that |(u,qy)|p, < pém ™! and
max{uQ,vz}\(u,qn)]p <pdtml=e.

then since n < m we have q,, € Bi(x) and therefore by Lemma 5 there exists [ € N such that

'} < max{u®, v*} - max{|(u, qn)lp, p7*} <.

max{u®, 0%} - |(u, %) |p - min{lz, [, |2

Hence x,; ¢ PBad. and x ¢ LMad..

/ |—
p,llp

12



7 Some relations within words

In this section we consider several corollaries from Theorem 1 which will be more suitable for
applications to various particular words w € A?’V. They will also provide some evidence that
the conditions in this theorem together with Theorem 2 impose quite restrictive conditions
on x € LMad.

Given k£ € N and an infinite or finite word w over alphabet Ay we define the set
Ur(w) := {¢x(Aw,)) € SLy (Z/p"Z) : n € L0}

where ¢ : SLE(Z) — SL3(Z/p*7Z) is the canonical homomorphism. In other words it is the
set of all matrixes correspondent to the prefixes w, modulo pi Roughly speaking Theorem 1
says that if Ug(w) contains a chain A, A% ..., A™ with A € SLy(Z,) then either x, coincides
with one of the eigenvectors of A or (w,x,) is not in LMad, for some € which can be explicitly
calculated. Formally we have the following

Corollary 1. Let x = (w,x,) € A% X P}Qp. Suppose that there exists a matriz A € éig(Zp)
such that

On(A), $r(A%), ... ¢ (A™) € Up(w) (11)

where the parameters m,k € N satisfy the condition (5). Assume also that the parameter ¢
defined in Theorem 1 for the matriz AT is not zero. Then x ¢ LMad, for e given by (7).

To check it we basically use Lemma 1 which shows that (6) follows from (11). Then all
the conditions of Theorem 1 are satisfied.

In particular we can guarantee the condition (11) if ¢x(A) - Ux(w) = Uk(w). Since Id €
Uy (w) then in this case every integer power ¢ (A™) will belong to Ui (w). In other words the
condition (6) will be always satisfied and the value m from Corollary 1 will be only restricted
by (5). As soon as x, does not coincide with an eigenvector of A one can make m arbitrarily
large and e arbitrarily small as k tends to infinity. We will show in a minute that the situation
when ¢ (A) - Ux(w) = Ux(w) happens quite often.

One can easily check that Uy(w) is always finite because the space it lies in is finite. It
is also easy to check that #Uy(w) — 0o as k — oco. The next proposition gives information
about the structure of sets Ug(w).

Proposition 1. Let w be a recurrent word. Then for each m € N and k € N one has
Or(Aw,,) - Up(T"w) = Uy (w). (12)

Proof. We first prove the following auxiliary statement: there exists m € N such that
or(Aw,,) = Id. To show it we construct the sequence u, of prefixes of w by the follow-
ing rule.

e U = wj.

e Given u, we take the prefix u,4+1 such that it ends with u,. In other words u,4+1 =
Up41Uyp for some word v,41. We can always do that because w is recurrent.

Because the set SL3 (Z/pFZ) is finite we can find s,t € N such that ¢(Ay,) = ¢r(Au,,,)-
Then notice that

Ustt = VUs4tUstt—1---VUs+1Us-

By substituting this to the matrix equality we get that ¢p(A.,,,. v,,) = Id. Finally the
observation that vsi;...vs+1 = wy, is the prefix of w finishes the proof of the auxiliary
statement.

13



Now we can prove the proposition. We will prove (12) for m = 1. The rest can easily be
done by induction. The inclusion ¢y (Ay,) - Ux(Tw) C Uk (w) is straightforward. Indeed for
every prefix u of Tw the word wyu is the prefix of w and therefore ¢y ( Ay, Ay) = Op(Awu) €
Ui(w). For inverse inclusion we only need to check that Id belongs to ¢(Aw,) - Ux(Tw).
Other elements of Uy(w) correspond to prefixes w, which start with the letter w; and this
fact straightforwardly implies that they also belong to ¢x(Aw, ) - Ux(Tw). On the other hand
by the auxiliary statement one can represent Id as ¢y (A, ) where the word w, starts with w;
as well. The proof is finished. ]

Since there are only #Uy(w) different elements ¢y (A, ) then Proposition 1 shows that
the collection Uy, := {Up(T™w) : m € Zxp} consists of at most #Uy(w) elements. On the
other hand if #Uj, < #Uj(w) then one can find two prefixes wy,, w, with ¢g(Aw,,) # orx(Aw,)
such that

Or(Auy,) - Uk(w) = ¢r(A,)) - Ug(w).
Without loss of generality assume that m > n. Then this leads us to ¢r(Ay) - Up(T"w) =
Up(T"w) where wyu = wy,. By Lemma 3, A, € é\ig(Zp) and we also have ¢x(A,) # Id so
the condition (11) is satisfied for A = A,,. Then the application of Corollary 1 will give us
that either x,, is an eigenvalue of A, or T"x ¢ LMad, for € defined by (7). However with
help of only this basic observation we do not have a big control on e. To use Corollary 1 in
full we need some quantitative result of this kind which will be true for an arbitrarily large k.

Another useful corollary of Proposition 1 is that for every m € N the sets Ui (T w) have
the same size.

For every n € N and every infinite word w € A% we define the sets
V(n,w) := {Aw,, : wy is the prefix of T"w}

and Vi(n,w) := ¢p(V(n,w)). One can easily check that the sets V(n,w) are nested as n
grows: V(ny,w) C V(ng,w) for n; > ny. The same is surely true for their projections
Vi(n,w). If w is recurrent then V(n,w) is always infinite for all n € N, however Vj(n,w)
is obviously finite. We also define the set Vp(n,w) which coincides with V(n,w) but every
element in V,(n,w) is considered as a matrix over Z,. Finally let

Vp(w) := ﬂ Vp(n,w).
n=1

We can not say anything about whether it is finite or not. However it is always non-empty
since obviously Id € Vp(w).

Proposition 2. Let w € A% be recurrent word. For each k € N there exists n € N such that
for every A € Vi(n,w) we have A - Ug(w) = U (w).

Proof. For each matrix B € Uy(w) associate the value n(B), the length of the shortest word
wy(p) such that B = ¢k(Awn(B>)~ Since there are finitely many elements in Ug(w) we can
define n := maxgey, (w){n(B)}. By the construction of n for every infinite word w* which
starts with w,, one has Uy (w*) D Ug(w).

Now for each m € N such that A,,, € V(n,w) by definition we have that the word T™w
starts with w,. Therefore an application of Proposition 1 gives us Ug(w) C Uk(T™w) =
1(Aw,,) - Uk(w). Or in other words, VA € Vj(n,w) one has A-Uy(w) D Ug(w). Finally since
two sets Ug(w) and Ug(T™w) have the same cardinality we have the equality A - Ug(w) =
Ug(w). O

14



8 Relation between Vp(w) and LMad. Proof of Theorem 4

Proposition 2 shows that the condition (11) is satisfied for each A € Vi (n,w) where n is large
enough. This observation gives rise to the following

Theorem 7. Let A, As € éig(Zp) be such that their eigenvectors wiss34 € PL are all

P
distinct. Let w € A%. Assume that for some k € N and for all n € N, ¢r(A1), dp(A2) €
Vi(n,w). Then for each x, € P(l@p, (w,x,) ¢ LMad, where € >4, a,p D ".

Here we used the Vinogradov symbol: o >4, a,, ¥ means that > c¢-y where c is a
positive constant dependent on Aj, As and p only.

Proof. Consider the point x = (w,x,). Since all the values w1, ..., wy are distinct then
max{min{d(x,, w1), d(xp, w2) }, min{d(x,, w3), d(xp, Wa) } } >4, 4, 1.

Without loss of generality assume that the maximum above is reached for wq and wy. Choose
the matrix A = A;. Then the estimate on the parameter ¢ from Theorem 1 is § >4, 4, 1.

We have that ¢x(A) is in Vi(n,w) for all n € N. Therefore by Proposition 2 we have
or(A) - Up(w) = Ug(w) and therefore (11) is true for an arbitrary m € N. Choose the biggest
possible m such that the condition (5) is satisfied, then m =< p?*. Now Corollary 1 implies
that

) -1/2 —k
X € LMade fOl" € >>A17A2,p m >>A17A2,p p .
O

Note that in Theorem 7 the estimate for € depends only on A, As and p but it does not
depend on k. This simple observation makes the following corollary true.

Corollary 2. If in terms of Theorem 7 one additionally has that A1, Ay € Vp(w) then
x ¢ LMad.

Corollary shows that for (w,x,) € LMad the set Vp(w) must be very small in a sense

that it should not contain two “independent” matrices, i.e. the matrices from SLs (Zp) which

eigenvectors do not intersect. This observation is sufficient to prove Theorem 4.

Proof of Theorem 4. Firstly note that for n > m the word ¢,,_; is the prefix of ¢, and
therefore it is the prefix of o; for any [ > n. This in turn implies that o,_1 is a prefix of w.
Let L(n) be the length of o,,. Then for n > 2m, o,,_,, is the prefix of TL(=Vg5, . These two
facts together imply that A,, , € V(L(n —m),w).

Now fix k£ € N and consider the sequence s, := {¢x(As, ) }nen. Since sp4m depends only
on m-tuple sy, ..., Sp+m—1 and there are only finitely many of such m-tuples over SLQi (Z./p*Z)
then the sequence s, is eventually periodic. Moreover by the condition of the theorem s, is
also uniquely determined by Sp41, ..., Sp+m therefore s, is purely periodic.

L(n) tends to infinity as n — oo therefore sy, ..., s, are in Vi (I, w) for an arbitrary large .
Then since the inclusion is true for all £ € N we have that s1,..., s, € Wp(l,w) for all ] € N
and finally A, ,..., Ay, € Wp(w). Choose two of these matrices which are different (by the
condition of the theorem we can do so). Without loss of generality let them be A,, and A,,.
Since o1 and o9 are one letter words we use Lemma 3 to show that ¢(o12) € éig((@p) and
that the eigenvectors wi 234 of 9(01) and 9(02) are all distinct. Therefore Corollary 2 can
be applied to x = (w, xp) which finishes the proof of the theorem.
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We finish this section by showing that even weaker condition than in Corollary 2 on Vp(w)
tells quite a lot about possible elements (w,x,) € LMad.

Theorem 8. Assume that A € SNLQ(Z,,) is an element of Vp(w) and wy,ws are two eigen-
vectors of A. Then there are at most two different values x, such that x = (w,x,) € LMad :
Xp = W1 O Xp = Wa.

Note that both w; and wo are quadratic algebraic numbers therefore if w satisfies the
conditions of Theorem 8 and (w,x,) € LMad then x, must be quadratic irrational.

Proof. there are two possible values x, for which ¢ defined in Theorem 1 is zero: x, = wy
and x, = wy where w; and wy are eigenvectors of A. If x,, is not one of that two values
then § becomes strictly positive and we can repeat the proof of Theorem 7 with A in place
of A; to show that (w,x,) ¢ LMad. O

In view of Corollary 2 and Theorem 8 it would be interesting to investigate sets Vp(w)
for various words w € AN. In particular it would be good to describe the collection of words
for which Vip(w) does not contain any matrices A € SLa(Z,).

9 Periodic words w

According to Theorem 8 if Vp(w) N SL, (Zy) # 0 then there are at most two possible values
Xp € P(l@p for which (w,x,) € LMad. Moreover both of them are quadratic algebraic. We’ll
show that in fact for at least some w with this property the set

LMad N {(w,x,) : xp € P(bp}

is nonempty. Consider an arbitrary purely periodic word w. Let u be the finite factor of w
which comprises the minimal period of w. Then one can check that Vp(w) = {AF}ren. By
periodicity T'w = w where [ is the length of u. Consider the equation

Tl(w7xp) = (wvxp) (13)

in x,. If we represent x, in affine form x, = (mlp) then it becomes a quadratic equation

a+cxp = (b+dzp)x, where A, = (‘;s) It has two different roots z1 2 € Q,. For some of the
matrices A, both of these roots are in Q). Below we will show that for any such a root z,
we have (w,x,) € LMad.

Lemma 6. Let v € Q,\Q be the solution of quadratic equation with integer coefficients. Then
(1) € PBad, for some € = e(v) > 0.

The proof of the lemma uses similar ideas as Liouville’s proof that every real quadratic
irrational is badly approximable.

Proof. Let © be a conjugate of v. Consider a,b € Z such that |av — b, < 1, for other pairs
a,b the conditions of PBad, are held automatically. Since |a(v — 7)|, <, 1 we have that
lav —b|p, <y 1.

Consider the value (av — b)(av — b). It is integer, therefore

|(av — b)(at — b)|, = (a*vT — ab(v 4 7) + b*) 71 >, (max{a® b*})~L.
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Hence we get

|(av = b)(a® = b)[, - min{1, [v"[,}
lav — bl

lav — b, - min{1, jv"!|,} = >, (max{a® b*})"L.

Lemma 7. Let x € PBad. Then for any matriz A € GLa(Z) the point Ax is in PBad.

Proof. Choose x € f’}@p, ie. x = (z,y) with max{|z|,, |y[,} = 1. Then since x € PBad we
have |uz + vy, > min{|u| =2, |v|72}.
Write A in coordinate form: A = (23) Consider |u(az + by) + v(cx + dy)|,. Then

lu- (az +by) +v - (cx + dy)|p = |(ua + ve)x + (ub + vd)y|,

> min{|ua + ve| 72, |ub + vd| 72} > min{|u| 72, |v|?}.
O

Now we are ready to show that for any solution of (13) we have (w,x,) € LMad.
From the theory of continued fractions we know that x, ¢ Q (the solution of the equation
a+ cxp, = (b+ dxp)z, over R gives a solution which continued fraction expansion is periodic
with period w). Therefore by Lemma 6, x), is in PBad,, for some positive ¢y. Then by the
construction of w and x, we have that T!(w,x,) = (w,x,) therefore to ensure that (w,x,) €
LMad it is sufficient to check that x,; € PBad,, where 1 < i < [, T/ (w,x,) = (T'w, ;)
and ¢; are some positive constants. However this is in fact true by Lemma 7 and the fact that
by the construction of T, x,; = (Awi)Txp. So, (w,x,) € LMad, where € = mingg;<;{€}.
Now note that if T!(w,x,) = (w,x,) then x, coincides with one of the eigenvectors of AL
This finishes “if” part of the proof of Theorem 3.

10 Collections U; and low complexity words w

In this section we show how can Theorems 1 and 2 can be applied to words with low com-
plexity. We start with the following auxiliary lemma.

Lemma 8. Let u,v be two finite words over the alphabet N. If A,, A, € éig(Zp) share the
same eigenvector v then there exists a finite word w and positive integer values my,meo such
that u = w™ v = w™2. Moreover A, shares the same eigenvector v.

Proof. We consider v in affine form, so we can look at it as a number from @p. Note that v
is algebraic and, since there is a field isomorphism between algebraic numbers in @, and in
C, two matrices A, and A, should also share the same eigenvector v* € P%:.

From the theory of continued fractions we know that A, always has two different real
eigenvectors. Considered as real numbers they satisfy the conditions vi < 0 < v3 and
wer(vl) = u* (= wuuvuu....). Since A, and A, share the same eigenvector in P}@p they
must also share the same positive eigenvector in P(1: which in turn implies that two infinite

words u® and v*° coincide. The conclusion of the lemma can be easily derived from this
fact. O

Now we are ready to prove
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Proposition 3. Let w € A% be recurrent and Uy be constructed from w. If for every k € N,
#Uy, is bounded above by some absolute constant then there are at most two points X, € P}@p
such that x = (w,x,) € LMad. Moreover if w is not periodic then (w,x,) ¢ LMad for all
points X, € P(bp.

Proof. Assume that the sequence #Uy is bounded. Since #Ujy, is non decreasing then there
exists kg such that for k > kg, #Uy;, is a constant. Consider the minimal number n € N such
that ¢x, (Aw, ) = Id, from the proof of Proposition 1 we know that such n always exists. Then
by Proposition 1, Vk € N, Up(w) = ¢(Aw,) - Ug(T"w) and in particular Uy, (w) = Uy, (T"w).
Remind that

Uy = {Up(T"w) : n € N}.

Since for every k > ko the number of elements in Uy, stays the same we should have Uy (w) =
Up(T"w) for every k € N. In particular it means that Vk € N,

Ok (Aw,) - Ug(w) = Ug(w)

and the conditions of Corollary 1 are satisfied for A = A,,,. As k tends to infinity one can
choose an arbitrary large m satisfying (5). If x,, does not coincide with any of the eigenvectors
of AT then we have § > 0, so Corollary 1 can be applied to get x ¢ LMad. This shows the
first statement of the proposition.

For the second statement we consider an infinite sequence ny < no < ... < n < ... of
positive integers such that ¢y, (Aw,,) = Id. By slightly modifying the arguments of Propo-
sition 1 one can show that such a sequence also exists. We showed that if (w,x,) € LMad
then x;, must coincide with one of the eigenvalues of all matrices A, , in other words all of
them must share the same eigenvalue. By Lemma 8 it means that there exists a finite word
w such that w,, = @™ which straightforwardly implies that w is periodic. O

We will associate each word w € AY, with another word u = u(k) € U} by the following
rule: u = b1by ... where
by = Up(T" tw).

Lemma 9. Let x = (w,x,) € LMad. Then there exists kg € N such that for every k > ko
and every two-letter factor cica of u(k) there is the unique value a € Ay with the following

property:
o if bpby 1 = cico then a, = a where ay is the nth letter of w.

In other words Lemma 9 states that for k large enough any two-letter factor of v uniquely
determines a one-letter factor of w.

Proof. Assume the contrary: one can find an arbitrarily large & € N such that there exist
positive integer n and [ such that b,b,11 = bibj+1 = c1ca but the corresponding letters a, = a
and aq; = @ are different. From Proposition 1 we have

c1 = ¢p(Aq) - c2; and ¢ = dp(Ay) - co.
which immediately implies that
C1 = ¢k(A;/1Aa) tC1 = ?bk(Da—a’)Cl'

In other words it means that Uy (T"w) contains matrices
¢k(Da’—a)7 Qbk:(Dg/fa)a e 7¢k‘(DZ’lfa)a tee
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Lemma 1 shows that this property implies that
{xpn; Dg—a’xp7n7 7(Dg—a/)mxp,n} C By(T"x)

where m can be made arbitrarily large. In other words (6) is satisfied for T"x. Take m =
pF18. Then all the conditions of Theorem 2 are satisfied for the point T"x. If Xp,n is such
that § = 0 then Theorem 2 states that T"x ¢ LMad which by the invariance of LMad
implies that x ¢ LMad. This contradicts the conditions of the lemma. Otherwise it implies
that T"x € LMad, where € can be made an arbitrarily small positive number as k grows to
infinity. Again this leads to a contradiction. O

In particular Lemma 9 shows that if x € LMad and the word w is periodic then the word
w must be periodic too. Theorem 3 gives a complete description of elements (w, x,) € LMad
in this case.

Now we will check that for [ large enough I-letter factor of w uniquely determines (I 4 1)-
letter factor of w.

Lemma 10. Let w be uniformly recurrent word. There exists | € N such that for every
I-letter factor v of w there ewists unique | + 1-letter factor v' of u such that

e if v=(T"w); then v' = (T"u);41.

Proof. From the proof of Proposition 2 we know that there exists m € N such that for every
infinite word w* starting with w,, we have Uy(w) C Ug(w*). Since w is uniformly recurrent
there exists an absolute constant m; such that the distance between two consecutive factors
Wy, in w is at most m1. Then one can easily check that every factor of w of length [ = m+m;
contains w,, as a factor. We will show that this value [ works for the lemma.

Consider an arbitrary factor v of w of length [. We showed that it can be written as v =
ujwmuy. Denote the length of u; by n;. Consider an arbitrary n € N such that (T"w); = v.
Then (T" ™ w),,, = wyy, and Uk (T "1w) D Ug(w). However every set in the collection Uy, has
the same cardinality therefore U (T"t™w) = Ug(w). Finally by Proposition 1, Ug(T"w) =
or(Ay,) - Ug(w). The right hand side of the last equality does not depend on the position n
of the factor v so the lemma is proved. O

Proof of Theorem 5. Firstly without loss of generality we can assume that w is
uniformly recurrent. Otherwise {T"x}, . is not minimal set invariant under T. Then we can

consider its minimal subset which will be of the form {T"(w’,xJ,)} where w’ is uniformly

neN
recurrent. Since P(w’,n) < P(w,n) all the conditions of Theorem 5 will be satisfied for v’ as
well and the statement of the theorem for w will easily be followed from the same statement

for w’.

Suppose that a value x, € P<1@p such that (w,x,) € LMad exists. If for some n € N we
have that P(w,n + 1) = P(w,n) then w is periodic (see [5] for details). But this contradicts
to the conditions of the theorem. So we should have P(w,n + 1) — P(w,n) > 1 for every
n € N. Also Proposition 3 shows that the sequence {#Uj }ren is unbounded.

Since P(w,n) < n+ C, there exists a value ng € N such that for every n > ng, P(w,n +
1) — P(w,n) = 1. Choose ko such that #Uy, > P(w,ng). This will ensure that for each
k > ko, P(w,no) < P(u(k),no + 1). If for some n € N, P(u,n) = P(u,n + 1) then u is
periodic which by Lemma 9 implies that w is periodic too — a contradiction. Hence we have
P(w,n+1) — P(u,n) > 1 and this immediately implies that ¥n > ng, P(w,n) < P(u,n+1).
On the other hand Lemmata 9 and 10 together imply that there exists [p € N such that
VI > ly, P(u,l) = p(w,l —1). So we get a contradiction with assumption that the value x,
exists.
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Remark. The complexity condition in Theorem 5 does not seem to be sharp. One can
possibly use more delicate arguments to improve them.

11 Proof of Theorem 6

Since w is uniformly recurrent, Lemma 10 can be applied to find the value | = [(k) € N
such that every factor v of w of length [ uniquely determines an element v € Uy. In other
words as soon as T"w starts with v the set Uy (T"w) remains the same. Moreover the proof
of Lemma 10 tells that Uy (T"w) = Ug(v).

Now consider the graph G; and take two vertices t1,ts € 17 such that they are connected
with the same vertex s € S;. then Ui (s) = Ui(st1) = Ug(stz2). We apply Proposition 1 to get

Uk(s) = ¢(As)Ux(t1) = ¢r(As)Ux(t2) or Ug(tr) = Uk(ta).

By repeating this argument for every triple t1, t9, s in the graph GG one can show that for any
two words t], t5 € 1} from the same connected component of G; we must have Uy (t]) = U (t3).
The number of different elements Uj(s) where s runs through all vertices in \S; coincides
with #Uy. Therefore if the number of connected components in G; is bounded by absolute
constant independent on [ then # Uy, is bounded by the same constant. However Proposition 3
states that in this case (w,x,) ¢ LMad for every x, € P@p.

It would be interesting to investigate the graphs G for various infinite words w. They are
surely connected for infinite words w such that {T"w},en is dense everywhere on A%. On
the other hand numerical evidence suggests that the number of connected components of G
for Thue-Morse word ws,, tends to infinity as { — oco. Even though the author does not know
the proof of this fact it seems that Thue-Morse word is not covered by the last theorem.
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