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Abstract

Limit theory involving stochastic integrals plays a major role in time series econo-
metrics. In earlier contributions on weak convergence to stochastic integrals, the
literature commonly uses martingale and semimartingale structures. Liang, et al
(2015) (see also Wang (2015), Chapter 4.5) currently extended the weak convergence
to stochastic integrals by allowing for the linear process in the innovations. While
these martingale and linear processes structures have wild relevance, they are not
sufficiently general to cover many econometric applications where endogeneity and
nonlinearity are present. This paper provides new conditions for weak convergence
to stochastic integrals. Our frameworks allow for long memory processes, causal
processes and near-epoch dependence in the innovations, which can be applied to
a wild range of areas in econometrics, such as GARCH, TAR, bilinear and other
nonlinear models.
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1 Introduction

In econometrics with nonstationary time series, it is usually necessary to rely on the
convergence to stochastic integrals. The latter result is particularly vital to nonlinear
cointegrating regression. See Wang and Phillips (2009a, 2009b, 2016) for instance. Also
see Wang (2015, Chapter 5) and the reference therein.

Let (uj,v;);51 be a sequence of random vectors on R? x R and Fy = o(u;,v;,j < k).

Write

1 | &

xnk:_zuja ynk:_zvj>

n j=1 v j=1
where 0 < d2 — oco. As a benchmark, the basic result on convergence to stochastic
integrals is given as follows. See, e.g., Kurtz and Protter (1991).
THEOREM 1.1. Suppose

A1 (v, Fy) forms a martingale difference with supys, Evi < 00;

A2 {2y nt]s Yn,nt]} = {Ge, Wi} on Dgari[0, 1] in the Skorohod topology.

Then, for any continuous functions g(s) and f(s) on R, we have

1 n—1
{xn Int]s Yn,|nt]> Zg xnk ) _an xnk Uk+1}
k=0
1
= {Gy, W, / (Gy)dt, f(Gy) dW,}, (1.1)
0

on Drgoat2|0, 1] in the Skorohod topology.

Kurtz and Protter (1991) [also see Jacod and Shiryaev (2003)] actually established the
result with vy, being a semimartingale instead of A1l. Toward a general result beyond
the semimartingale, Liang, et al. (2015) and Wang (2015, Chapter 4.5) investigated the

extension to linear process innovations, namely, they provided the convergence of sample

n—1

quantities Y f(x,x) wry1 to functionals of stochastic processes and stochastic integrals,
k=0

where

Wg = Z Y5 Vk—js (12)
=0

with ¢ = > p; # 0 and ) jlg;| < co. Liang, et al. (2015) and Wang (2015, Chapter
=0 =0

4.5) further considered the extension to a-mixing innovations.
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While these results are elegant, they are not sufficiently general to cover many econo-
metric applications where endogeneity and more general innovation processes are present.
In particular, the linear structure in (1.2) is well-known restrictive, failing to include
many practical important models such as GARCH, threshold, nonlinear autoregressions,
etc. The aim of this paper is to fill in the gap, providing new general results on the con-
vergence to stochastic integrals in which there are some advantages in econometrical ap-
plications. Explicitly, our frameworks consider the convergence of \S,, := ni:l f(zng) we1,

k=0

where the w; has the form:
Wy = Vg + 2k—1 — Zky (13)

with z; satisfying certain regular conditions specified in next section. The {wy}r>; in
(1.3) is usually not a martingale difference, but Zn: wy = Zn: U + 20 — %, provides an
approximation to martingale. Martingale approxir%ialtion haé€ :bleen widely investigated in
the literature. For a current development, we refer to Borovskikh and Korolyuk (1997).
As evidenced in Section 3, these existing results on martingale approximation provide
important technical support for the purpose of this paper.

This paper is organized as follows. In Section 2, we establish two frameworks for the
convergence of S,. Theorem 2.1 includes the situation that u; is a long memory process,
while Theorem 2.2 is for the u; to be a short memory process. It is shown that, for a
short memory wuy, the additional term zj in (1.3) has an essential impact on the limit
behaviors of S,,, but it is not the case when u; is a long memory process under minor
natural conditions on the z;. Section 3 provides three corollaries of our frameworks on
long memory processes, causal processes and near-epoch dependence, which capture the
most popular models in econometrics. More detailed examples including linear processes,
nonlinear transformations of linear processes, nonlinear autoregressive time series and
GARCH model are given in Section 4. We conclude in Section 5. Proofs of all theorems
are postponed to Section 6.

Throughout the paper, we denote constants by C,Ci,Cs,..., which may differ at
each appearance. Dpa[0, 1] denotes the space of cadlag functions from [0,1] to R%. If
x = (x1, ..., T ), we make use of the notation ||x|| = i |z;|. For a sequence of increasing
o-fields Fy, we write PrZ = E(Z|Fy) — E(Z|Fr-1) fojriany E|Z| < 00, and Z € LP(p > 0)
if (Z), = (E|Z|P)*/? < 0o. When no confusion occurs, we generally use the index notation

Tk (Ynk) for zp, x(ynx). Other notation is standard.



2 Main results

In this section, we establish frameworks on convergence to stochastic integrals. Except

mentioned explicitly, the notation is the same as Section 1.

THEOREM 2.1. In addition to A1-A2, suppose that sup,s, E(||zxuk||) < oo and
d?/n — oo. Then, for any continuous function g(s) on R* and any function f(z) on R¢

satisfying a local Lipschitz condition?, we have

1 n 1 n—1
{xn,LntJa Yn,|nt]» E;g(l‘nk% %kz:%f(xnk) wk’-l—l}

= {G,, W, /Olg(Gt)dt, /0 f(Gy)dW,}. (2.1)

As noticed in Liang, et al. (2015), the local Lipschitz condition is a minor requirement
and hold for many continuous functions. If sup; E(||ug]|* + |2|*) < oo, it is natural to
have sup;; F (||, ux||) < oo by Holder’s inequality. Theorem 2.1 indicates that, when
d? /n — oo, the additional term z in (1.3) do not modify the limit behaviors under minor
natural conditions on z; and f(z).

The condition d? /n — oo usually holds when the components of u; are long memory
processes. See Section 3.1 for example. The situation becomes very different if d? /n —
0? < oo for a constant o, which generally holds for short memory processes u,. In
this situation, as seen in the following theorem, z; has an essential impact on the limit
distributions.

Let Df(x) = (g—mfl, - g—L)I. The following additional assumptions are required for our

theory development.
A3. Df(z) is continuous on R? and for any K > 0,
IDf(2) = Df()ll < Ck |lz = yl|?,  for some 3> 0,
Jor max{||z||, ||y||} < K, where Ck is a constant depending only on K.

|2+5

A4. (i) supgsy Ellug]|® < 0o and supys, Bz [>T < oo for some 6 > 0;

2That is, for any K > 0, there exists a constant C such that, for all ||z|| + ||y|| < K,

d
[f(2) = f)| < Ck Y|z =yl

j=1



(i) Ezrur — Ao = (Ao, -, Aao), as k — oo;
Set A\ = zpup — Ezpuy.
(iii) supgsom ||E(Ak | Fieem)|| = 0p(1), as m — oo; or
(i) supgsom B [|E (M | Frem)|| = o(1), as m — oo.

THEOREM 2.2. Suppose d?/n — o2, where o* > 0 is a constant. Suppose A1-A}

hold. Then, for any continuous function g(s) on R?, we have

—

1 «
{xn |nt]s Yn,|nt]s Zg Tpk), N Of(fﬂnk)wkﬂ}

d 1
= {Gt, Wt,/ Gt dt /f dWs+0_1ZAjO %(GS)dS} (22)
= 0o 0%

B
Il

Remark 1. Condition A3 is similar to that in previous work. See, e.g, Liang, et al.
(2015) and Wang (2015). The moment condition supjs; F|z;|** < oo for some § > 0 in
A4 (i) is required to remove the effect of higher order from z;. In terms of the convergence
n (2.2), supys; F|z;|? < 0o is essentially to be necessary. It is not clear at the moment if

the § in A4 (i) can be reduced to zero.

Remark 2. If wy satlsﬁes (1.2), we may write wy, = v, + 251 — 2k, where 2z, =
E ©j Up—; With ¢; = Z ©m, 1.€., wg can be denoted as in the structure of (1.3). See,
fa.g., Phillips and Solo ?135%) For this wy, Theorem 4.9 of Wang (2015) [also see Liang, et
al. 2015] established a result that is similar to (2.2) by assuming (among other conditions)

that, for any i > 1,
Z@jE(uj—HUi \ »7:1'—1) =Ay, as., (2.3)
=0

where Ay is a constant. Since it is required to be held for all ¢ > 1, (2.3) is difficult to be
verified for the u to be a nonlinear stationary process such as uy = F(e, €51, ...), even
in the situation that (ex,vg) are independent and identically distributed (i.i.d.) random
vectors. In comparison, A4 (ii) and (iii) [or (iii)’] can be easily applied to stationary

causal processes and mixing sequences, as seen in Section 3.
n n n
Remark 3. We have \/%7 kz_:l wy, = \/iﬁ kz_:lvk + \/%7(20 — z,), indicating that \/iﬁ 1;1 Wy

n
provides an approximation to the martingale \/Lﬁ >~ vk, under given conditions. However,
k=1



n
\/iﬁ > wy, is not a semi-martingale as considered in Kurtz and Protter (1991), since we do
k=1
n
not require the condition sup,,~, \/Lﬁ > Elzk—1 — 2| < 0o. As a consequence, Theorems
> =
2.1-2.2 provide an essential extension for the convergence to stochastic integrals, rather

than a simple corollary of the previous works.

3 Three useful corollaries

This section investigates the applications of Theorems 2.1 and 2.2. Section 3.1 consid-
ers the situation that u, is a long memory process and wy, is a stationary causal process.
Section 3.2 contributes to the convergence for both u; and wy being stationary causal
processes. Finally, in Section 3.3, we investigate the impact of near-epoch dependence
in convergence to stochastic integrals. The detailed verification of assumptions for more
practical models such as GARCH and nonlinear autoregressive time series will be pre-

sented in Section 4.

3.1 Long memory process

Let (€, 7:)icz be i.i.d. random vectors with zero means and EeZ = En? = 1. Define a

long memory linear process uy by

o
Ur = E %‘Ek—j;
j=1

where ¢; ~ j7"h(j), 1/2 < pp < 1 and h(k) is a function that is slowly varying at co. Let

F be a measurable function such that
wk:F("'vnk—lank)7 kGZ,

is a well-defined stationary random variable with Fwy = 0 and Fw2 < oco. The wy is
known as a stationary causal process that has been extensively discussed in Wu (2005,

2007) and Wu and Min (2005).
k k n
Define s = & > u; and y, = \/iﬁ > wj, where d2 = var(Y u;). To investigate the
" 7j=1 J=1 Jj=1

n—1
convergence of \/iﬁ > f(znr) wei1, we first introduce the following notation.
k=0

Write Fr = o(€;,m;,1 < k) and assume » i (Pyw;)s < 0o. The latter condition implies
i=1



that E(v} + 2}) < oo, where

o o
U = Zpkwi+k7 Zk = Z E<wi+k|]:k>‘
i=0 i=1

See Lemma 7 of Wu and Min (2005), namely, (35) there. All processes wy, vy and zj are

stationary satisfying the decomposition:
Wy = Vp + Zh_1 — 2k (3.1)

& 1 . .
We next let p = Fequg = >, Eequw;, 2 = ) E[z)Q , (Bit, Bat) be a bivariate Brownian
i= 0
motion with covariance matrix €2t and B; be a standard Brownian motion independent of

(Bit, Bat). We further define a fractional Brownian motion By (t) depending on (B, Bit)

By (t) = ﬁ /0 [(t —s)d - (_S)d] dB, + /t(t — $)%dB,,,

oo 0

A(d) = (2d1+1 +/Ooo [(1 +s)d— sdrds)l/g.

After these notation, a simple application of Theorem 2.1 yields the following result

where

in the situation that wuy is a long memory process and wy, is a stationary causal process.

THEOREM 3.1. Suppose > i(Pyw;)s < 0o and, for some € > 0,

=1

Zz’”e Elw; — wi]* < oo, (3.2)

i=1
where wi = F(....on 1,08, M, o, Mk—1, M) and {njtrez is an ii.d. copy of {nk}trez and
independent of (€x, Mk )kez. Then, for any continuous function g(s) and any function f(x)

satisfying a local Lipschitz condition, we have
1 n 1 n—1
{xn,Lntja Yn,|nt]» o ;g(xnk>, % % f(zni) wk+1}

[ By u(t), Bun. /0 9[Byjan(t)] dt, /0 F[Bajoy ()] dBa}.  (33)

We remark that condition ) i(Pyw;)2 < 00 is close to be necessary. As shown in the
=1
proof of Theorem 3.1 (see Section 6), condition (3.2) can be replaced by

° 2
E[Zpk(wi+k—wf+k) —0, ask — oo,
=0



which is required to remove the correlation between e_; and v; for j > 1 so that a bivariate
process (Bpy(t), Ba) depending on (B, By, Bat) can be defined on Dg2[0, 1]. Without this
condition or equivalent, the limit distribution in (3.3) may have a different structure.
Condition (3.2) is quite weak, which is satisfied by most of the commonly used models.
Examples including nonlinear transformations of linear processes, nonlinear autoregressive

time series and GARCH model will be given in Section 4.

3.2 Causal processes

As in Section 3.1, suppose that (€;,7;)icz are i.i.d. random vectors with zero means

and Ee3 = En2 = 1. In this section, we let

uk:Fl(...,kal,Gk); wk:Fg(...,nk,l,nk), kEZ,

where F} and F, are measurable functions such that both w; and w; are well-defined
stationary random variables with Fuy = Fwy = 0 and Eu3 + Ew? < oo, namely, both uy,
and wy, are stationary causal processes.

n—1

k
. . . . 1 _ 1
This section investigates the convergence of 7 ]} f(znk) Wet1, where x,p = 7 > 1 uj.
=0 j=

To this end, let Fy, = o(€;,m;,1 < k),

an = Y B(uiklFr), 2w =Y E(wi] Fr)
i=1

i=1
oo o
Vg = E Prtivk, v = E Prwit-
i=0 =0
The following assumption is used in this section.

A5 (i) i(Poui)a < oo; (i) > i(Pow;)ars < 00, for some § > 0;

i=1

It

Il
—

(2

Set Xk = ULk — Eukz%.
(iii) supgso,, |E(Xk | Feem)| = op(1), as m — oo; or

(i)’ supysom BBk | From)| = 0(1), as m — oc.

As noticed in Section 3.1, all uy, wy, z; and v, 7 = 1,2, are stationary, having the

decompositions:

Up = V1p + 21,k—1 — 21k, Wk = Vo + 22.5—1 — Z2k- (3.4)



Furthermore A5 (i) [(ii), respectively] implies that E(v}, + z{,) < oo [E(|vaol*™ +

|z20|2+5) < 00, respectively|. As a consequence, it follows that

oo
Elugzor| < 00 and Ag:= Fugzy = ZE(uowi) < 0.
i=1
EU%O EU10U20
E’Ul()’UQ(] E’U%O
with covariance matrix 2¢. We have the following result by making an application of

Theorem 2.2.

We further let (2 =

and (B, By;) be a bivariate Brownian motion

THEOREM 3.2. Suppose that A3 (withd = 1) and A5 hold. Then, for any continuous

function g(s), we have

n n—1
1 1
{xn,tntju Yn,|nt)> ﬁzg<xnk>7 ﬁZf(xnk)warl}
k=1 k=0
1 1 1
= {Bu, By, / g(-Bls)dSa / f(Bls)dB2s+Ao/ f/[Bls]dS}; (3-5>
0 0 0
5>
where Ypp = —= Y W;.
k \/ﬁj:]_ 7

Theorem 3.2 provides a quite general result for both u; and w; are causal processes.
In a related research, using a quite complicated technique originated from Jacod and
Shiryaev (2003), Lin and Wang (2015) considered the specified situation that u; = wy.
In comparison, by using Theorem 2.2, our proof is quite simple, as seen in Section 6.
Furthermore our condition A5 is easy to verify. An illustration is given in the following
corollary, investigating the case that w; is a short memory linear process and wy is a

general stationary causal process.

COROLLARY 3.1. Suppose that u; = Z j€—;, where Z @i < co. Result (3.5)
holds true, if, in addition to A3 (with d = 1)
f: k(wp — w,)ars < 00, for some § > 0, (3.6)
k=1
where wy, = Fy(oo, -1, 05,01, ooy M) and {niYeez is an id.d. copy of {mYrez and indepen-
dent of (ex, Mk )kez-

Condition (3.6) is required to establish A5 (ii). When u; = ) pje,_; with > i|¢;| <
=0 i=1

[e.e]
00, A5 (iii) can be established under less restrictive condition: - k({wy — w))s < oo as
k=1



seen in the proof of Corollary 3.1 given in Section 6. Some examples for wy satisfying
(3.6), including nonlinear transformations of linear processes, nonlinear autoregressive

time series and GARCH model are discussed in Section 4.

3.3 Near-epoch dependence

Let {Ax}r>1 be a sequence of random vectors whose coordinates are measurable func-
tions of another random vector process {ny}rez. Define F! = o(n,,...,n;) for s < ¢ and
denote by F; for F . As in Davidson (1994), {Ax}r>1 is said to be near-epoch depen-

dence on {7 }rez in Lp-norm for p > 0 if
(A = E(A | FEE))p < dyv(m),

where d; is a sequence of positive constants, and v(m) — 0 as m — oco. For short, { Ay }r>1

is said to be Lp-NED of size —p if d; < (A;), and v(m) = O(m~#~¢) for some € > 0.

k k
For k > 1, let @, = \/Lﬁ > uj and Yy = \/iﬁ > wj, where (ug, wg)g>1 defined on R4
j=1 j=1

n—1

is a stationary process. This section investigates the convergence of \/Lﬁ > f(@nr) Wity in
k=0

the following conditions:

A6 (i) m = (Mk1y -, Maem), k € Z, is a-mixing of size —6 3;

)
(ii) (ug)g>1is Lo-NED of size —1 and uy, is adapted to Fy;
) (wg)g>1 is Lo15-NED of size —1 for some 6 > 0;

)

(iV E(Uo,wo) =0 and E(||U0||4 + ’U)()|4) < Q.

Due to the stationarity of (ug, wy)g>1, it follows easily from A6 that
L . 1 " Y . Ql P
Q = lim -~ ; E(M{M;) = <p, 92) , (3.7)
where My = (uy,wy) and
Ql = EU;)UO + 2 Z EU;)U“ Qg = Ew% + 2 Z E’LU()'LUZ',
i=1 i=1

p = FEuywy+ Z(Eul)wi + Eujwy).

i=1

3For a definitions of a-mixing, we refer to Davidson (1994).
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For a proof of (3.7), see Section 6. In terms of (3.7) and A6, Corollary 29.19 of Davidson
(1994, Page 494) yields that, as n — oo,

(xn,[nt}a yn,[nt]) = (B1t7 B2t)7 (38)

where (B, By) is a d+ 1-dimensional Brownian motion with covariance matrix 2¢. Now,

by using Theorem 2.2, we have the following theorem.

THEOREM 3.3. Suppose A8 and A6 hold. For any continuous function g(s) on R<,

we have

n—1

1

1 n
{xn,LmJ, Yn,|nt]> EZQ(%% _n f(xnk)wk+1}
k=1 k=0

1 1
= {Bi, Ba, / g(Bys)ds, / f(Bls)nger/ AgDf[By,lds}, (3.9)
0 0 0

where Ay = ) E(uow;).

=1

Theorem 3.3, under less moment conditions, provides an extension of Theorem 3.1 in
Liang, et al. (2005) [see also Theorem 4.11 of Wang (2005)] from a—mixing sequence
to near-epoch dependence. We mentioned that NED approach also allows for our results
to be used in many practical important models such as bilinear, GARCH, threshold

autoregressive models, etc. For the details, we refer to Davidson (2002).

4 Examples: verifications of (3.2) and (3.6)

As in Section 3.1 and 3.2, define a stationary causal process by
wk:F(...,nk,l,nk), l{EZ,

where 7;,7 € Z, are 1.i.d. random variables with mean zero and Enj = 1 and F is a
measurable function such that Fwy = 0 and Fw2 < oo.

In this section, we verify (3.2) and (3.6) for some practical important examples, includ-
ing linear processes, nonlinear transformations of linear processes, nonlinear autoregressive
time series and GARCH model. These examples partially come from Wu (2005) and Wu
and Min (2005). For the convenience of reading, except mentioned explicitly, we use the
notation as in Section 3, in particular, we recall the notation that {n; }rez is an i.i.d. copy

of {n}rez and independent of (e, Ny )rez, and

*

Wy =FCo, 18, My s Mi—1, M) and  wh, = F (oo, D1, 05,01y s M1, M) -

11



We mention that, due to the stationarity of wy and i.i.d. properties of ny,

E|Pow,”? < El|w, —w.|

IN

Cp (E|wn - w:|p + E|wn+1 - w;+1|p)a (4-1)

for any p > 1, where C,, is a constant depending only on p. As a consequence, both (3.2)

and (3.6) hold if we can prove
Elw, —w![*° < Cn™17% (4.2)

for some § > 0 and all n sufficiently large.

4.1 Linear process and its nonlinear transformation

Consider a linear process wy defined by wy = > 0;n,_; with Eny = 0. Routine
=0

calculation show that wy — wy, = Ok (no — 1) and wy, — w; = Z()9j+k(n_j —n";). Hence,
]:

o if 3 jlO;] < oo, leer‘SQJQ. < 0o and E|ny|*™ < oo for some § > 0,

J J=
then (3.2) and (3.6) hold true.

Indeed (3.6) follows from > k{wg —wj)oys < D k- |0k|- (no—ng)2+s < 00; and (3.2) from
k=1 k=1

oo oo

S it —w) = D B 0y — i)

=1 =1 Jj=t

< S - < O3 <
i=1 j=i

j=1
The result above can be easily extended to a nonlinear transformation of wy. To see

the claim, let
hi = G(wy) — EG(wy,),
where G is a Lipschitz continuous function, i.e., there exists a constant C' < oo such that
|G(x) = G(y)| < Clr —y|, forall z,ye€R. (4.3)

It is readily seen that (3.2) and (3.6) still hold true with the wy being replaced by hy by

using the following facts:

|hi, — | < Clwy, —wy|  and  |hy — hE| < Clwy — wj).

12



4.2 Nonlinear autoregressive time series
Let w,, be generated recursively by
wy, = R(wp—1,M,), n € Z, (4.4)

where R is a measurable function of its components. Let

R — R(a
Lno = sup ’ ('T7770> /(JS 7770>’
wa! |z — /|

be the Lipschitz coefficient. Suppose that, for some ¢ > 2 and xy,
E(log Ly,) < 0 and E(L} + |xo — R(wg,m0)|?) < 00. (4.5)

Lemma 2 (i) of Wu and Min (2005) proved that there exist C'= C(q) > 0 and r, € (0,1)
such that, for all n € N,

Elw, —wp|* < Cry. (4.6)

Since (4.6) implies (4.2), the w,, defined by (4.4) satisfies (3.2) and (3.6).

We mention that the w, defined by (4.4) is a nonlinear autoregressive time series
and the condition (4.5) can be easily verified by many popular nonlinear models such as
threshold autoregressive (TAR), bilinear autoregressive, ARCH and exponential autore-
gressive (EAR) models. The following illustrations come from Examples 3-4 in Wu and
Min (2005).

TAR model: w, = ¢; max(w,_1,0) + ¢ max(—w,_1,0) + n,. Simple calculation
implies that if L,, = max(|¢1], [¢2|) < 1 and E(|no|?) < oo for some g > 0, then (4.5) is
satisfied.

Bilinear model: w,, = (ay + $11,)w, + 1., where o and f; are real parameters and
E(|no|?) < oo for some ¢ > 0. Note that L,, = |a1 + Simo]. (4.5) holds if only E(L{ ) < 1.
O

4.3 GARCH model

Let {w;}+>1 be a GARCH(/, m) model defined by
m l
wy = \/h_tnt and h;y = ag + Z w? ; + Z Bihi—;, (4.7)
i=1 Jj=1

where 7, ~ i.i.d. with Emy = 0 and Enf =1, a9 >0, a;j > 0for 1 < j<m, 3 >0

m l
for 1 < i <, and hy = O,(1). It is well-known that, if > «a; + > 5; < 1, then w,
i=1 j=1

13



is a stationary process having the following representation (see, e.g., Theorem 3.2.14 in

Taniguchi and Kakizawa (2000)):
1/; = Mt}/t—l + bt with Mt = (07737 €155 Em—1, 97 Cm+1s-- -, el+m—1)T7

where V; = (wf,...,wi i1 hese oo hun)? and b = (aon?,0,...,0,00,0,...,0)" and
0= (ar,...,0m,B1,...,3)%; e, = (0,...,0,1,0,...,0)T is the unit column vector with
1th element being 1, 1 <7 <[+ m.

Suppose that E|n|* < oo and ,o[E(Mt®2)] < 1, where p(M) is the largest eigenvalue
of the square matrix M and ) is the usual Kronecker product. Proposition 3 in Wu and

Min (2005) implies for some C' < oo and r € (0, 1),
E(jw, —wi*) < Cr™. (4.8)

Since (4.8) implies (4.2), the w,, defined by (4.7) satisfies (3.2) and (3.6). O

5 Conclusion

On weak convergence to stochastic integrals, we have shown that the commonly used
martingale and semimartingale structures can be extended to include the long memory
processes, the causal processes and the near-epoch dependence in the innovations. Our
frameworks can be applied to GARCH, TAR, bilinear and other nonlinear models. In
econometrics with non-stationary time series, it is usually necessary to rely on the con-
vergence to stochastic integrals. The authors hope these results derived in this paper
prove useful in the related areas, particularly, in nonlinear cointegrating regression where

endogeneity and nonlinearity play major roles.

6 Proofs

This section provides the proofs of all theorems. Except mentioned explicitly, the

notation used in this section is the same as in previous sections.
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Proof of Theorem 2.1. We may write

n—1 -1
1
— f (@)W1 = Z f(@nk) (Vks1 + 25 — 2k1)
o k::
1 n—1
= \/— Z F(@nk)Vks1 + _n ; [ «Tnk xn,k—1)] 2, + 0,(1)
= — Z F(Znk)Vksr + Ro +0p(1),  say. (6.1)
Vi

Write Qx = {xn; 1 maxi<i<p ||Tn]] < K}, Since f satisfies the local Lipschitz condition,

it is readily seen from sup, F||zxug|| < oo that, as n — oo,

E\R,|I(Qk) < Ck

ZEszukH < Ck (n/d®)Y* = 0.
\/_d” k=1
This implies that R,, = op(1) due to P(Qx) — 1, as K — oo. Theorem 2.1 follows from
Theorem 1.1. O

Proof of Theorem 2.2. We may write
1 n—1

1
NG 2 (k) W1 = \/ﬁ kz_: f(xng) (Vksr + 2k — 2Zkt1)

—

3

% Z J(@nr) Vg1 + [f (znk) — f(%,k—l)} 2 + 0p(1)

IS
Il
—_

- % > emuin + (nt — T )Df (Ept) 2 + Raln) + 0p(1)

n—1

= 3" E(zur)Df (2np-1) + Ru(n) + Ra(n) + 0,(1),(6.2)

k=1

e
Eo
Il

n—1
= % Z f(@nk) v+ +
k=1

where the remainder terms are

Ry (”) = Ln ; 2k [f(xnk) - f(xn,k—l) - (xnk - %,k—l)Df(%,k—l)]
k=1
Ry(n) = \/ﬁldn ;[zkuk — E(zpug)|Df(xnp—1)-

By virtue of Theorem 1.1, to prove (2.2), it suffices to show that

Ri(n) =o0p(1), i1=1, 2. (6.3)

15



To prove (6.3), write Qi = {z; : maxi<;<, ||Tni|| < K}. Note that A3 implies that,
for any K > 0 and max{||z||, ||y||} < K, ||[Df(z)|| < Ck and

(@) = f(y) = (z —y) Df (2)| < Ck [lz —y[["*7,

where ' = min{o/(2 + ), 8} for § > 0 given in A4(i). Then,

C ’
E|R (n)|I(Qx) < \/fi ZE &k — oo |77 |20])
< Con O Y Bl Jal) = O "), (64

k=1

where we have used the fact that, due to A4(i),
’ 1+8)/2 1/(2+6
sup B(|ug] " ]) < sup (BlJue][2) 7 sup (Bl ) 1T < o0
k>1 k>1 k>1

This implies that R;(n) = Op(n=%/2) due to P(Qx) — 1 as K — co.
It remains to show Ry(n) = op(1). To this end, let m = m,, — oo and m,, < logn.

By recalling Ay = zpup — E(2,uy), we have

Ry(n) = —Z)\kDf Tpp1) +— Z MDD f (2 p—m-1)
k: 2m
+E Z >\k Df Tnk— 1) Df(xmk_m_l)] = R21(n) +R22(n) —|—R23(n).
k=2m

As in the proof of (6.4), it is readily seen from A3 that

E|R21(n)|I(QK) < Cgmn~ ! sup E||\i|| < Cgn~t logn,
k>1

E|Rys(n)|[I(Qk) < Cgnt Z E(||#nk-1 — T gom—tl|]” [ Ak]])

k=1
n k—1
< Cxn YT ST Bl A < Cren™ P log,
k=1 j=k—m

where /= min{d/(2 + 0), 8}. Hence Ry1(n) + Rasz(n) = op(1) due to P(Qx) — 1 as

K — o0. To estimate Rga(n), write

n—1
1
IRl(n) = — [)\k — E()\k ‘ ]-"k,m,l)}xz,
no k=2m
1 n—1
[RQ(”) = — E()\k | fkfmfl)xlta
no k=2m

16



where x} = D f (2 g—m—1)I (maxi<j<t—m—1 ||Znj|| < K). Due to A4 (iii) and A3,

O n
[[Ry(n)| < YKZ ENe | Fr—m—1)|] < sup Eg | Fr—m-1)|| = op(1).
k=1 Zem

Similarly, if A4 (iii)’ and A3 hold, then

C n
ElIRy(n)| < TK > EIEO | Frem)l] < Sup EEXs | Fr—m-1)|| = o(1),
k=1 Zem

which yields | Ry(n)| = op(1). On the other hand, we have
IRi(n) =Y IRy(n),
=0

where

n—1

TRy(n) = — 37 [BOw| Fiy) — B | Foyon)]a.

k=2m
Let Aix(j) = [E(\e | Fiej) — E(Ak | Fr—j—1)]x;. Note that, for each j > 0,

IR j(n) = i Z k()

no

is a martingale with sup,~, E|[Aix(j)|['? < C'supysy E|[Ag] [ < oo for some § > 0. The
classical result on strong law for martingale (see, e.g., Hall and Heyde (1980, Theorem

2.21, Page 41)) yields
IRy;(n) = 04.5(log ?n),

for each 0 < j <m <logn, implying IR,(n) = > IRy;(n) = op(1).
=0
We now have Rag(n) = op(1) due to P(Qx) — 1 as K — o0, and the fact that, on €,

n—1
1
k=2m

Combining these results, we prove Ry(n) = op(1) and also complete the proof of (2.2). O

Proof of Theorem 3.1. Except mentioned explicitly, notation used in this section is

the same as in Section 3.1. First note that

n 1 oo
di = UGT(Z Uj) ~Cy n3_2“h2(n), with Cu = (1 - M)(3 _ 2/1) / x_“(l‘ + 1)_de’
0

=1

17



d%/n — oco. See, e.g., Wang, Lin and Gullati (2003). By recalling (3.1) and using
Theorem 2.1, Theorem 3.1 will follow if we may verify A2, i.e., on Dg2[0, 1],

[nt] [nt]
ZUJ, \/ﬁ Z’U)J = Bg/g_u<t), Bgt). (65)

We next prove (6.5). Since {(eg, vx), Fkr>1 forms a stationary martingale difference
with covariance matrix €2, an application of the classical martingale limit theorem |[see,

e.g., Theorem 3.9 of Wang (2015)] yields that

] 1 ]
¢y —= ) _v;) = (Bu, Bar), (6.6)

J=1 J:1

%\H
;%

on Dg2[0,1]. Recall that, for k > 1,

Wy = F (o, ,m0, M1y oo Mhe1, M)

Where {ni}kez is an i.id. copy of {ni}rez and independent of (eg, Mi)rez. Let vy =

Z Prw;, . Note that e_; is independent of (¢;, v;) for i > 1. If we have the condition:

1=0

k
1
— max Z(Uj —v;)| = op(1), (6.7)
/1 1<k<n g
it follows from (6.6) that
[n1] [nt] [n1]

\/—Z — \/—Z 3 \/_ZUJ (Bt Bu, Ba), (6.8)

on Dgs[0,1], where B; is a standard Brownian motion independent of (Bu, Bgt). Note
that

24l /v = op(L).

max
1<k<n

T 1<k<n

VMR

Result (6.8) implies that

[nt] [nt]

[nt]
\/_ZE_J, \/1_26], \}ﬁzw] Bt7B1t7B2t)

J=1

on Dgs[0,1]. As a consequence, (6.5) follows from the continuous mapping theorem and

similar arguments to those in Wang, Lin and Gullati (2003).
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It remains to show that (3.2) implies (6.7). In fact, by noting {vy — v}, F }x>1 forms

a martingale difference, it is readily seen from martingale maximum inequality that, for

any € > 0,
k 9 n
* *\2
P | 2o =] 2 Vi) < o5 3Bl =)
j=1 j=1
2 2
< 25 B[S P i) o0
=1
By Holder’s inequality and (3.2), we have
Bl Pulwi —win)] € 04k D+ BB Pelwik — wii)
=0 =0 i=0

< C ZiHEE(wi —wi)? =0,

as k — oo. Taking this estimate into (6.9), we yield (6.7) and also complete the proof of
Theorem 3.1. O

Proof of Theorem 3.2. As in the proof of Theorem 3.1, by recalling (3.4) and using
Theorem 2.2, we only need to verify A2, i.e., on Dg2[0,1],

[n1]

[rt]
1
Zuk, nZwk) = (Buy, Bx). (6.10)
k::l

In fact, by noting that {(vlk, Vo), .Fk} 4>, forms a stationary martingale difference with
E (v%o + v%o) < 00, the classical martingale limit theorem [see, e.g., Theorem 3.9 of Wang

(2015)] yields that

[nt] [nt]

\/_Zvlk’ \/—ZU% Blt,BZt)

on Dgz2[0, 1], where (B, Ba;)i>o is a 2-dimensional Gaussian process with zero means,

stationary and independent increments, and covariance matrix:

1
Q, = JLIEOEZCOU[ (Z;:) (vlk,v%)] =QOt.

As a consequence, we have

[rt]
1
(JJn,[nt};Z/n,[nt]) = \/—Z 1k7\/—zv2k +Rnt

= (BltaB2t)a
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Y

due to the fact that, by recalling E(|z10|* + |290/%) < o0

sup || Rl < max (Jzael + [226])/vin = 0p(1).

0<t<

This yields (6.10), and also completes the proof of Theorem 3.2. O

Proof of Corollary 3.1. We only need to verify A5. First of all, simple calculation

shows that Pru;ir = pi€r. As a consequence, » i (Pyu;)e < 0o, that is, A5 (i) holds.
i=1
Due to (4.1), A5 (ii) is implied by (3.6). It remains to show that A5 (iii) holds true

0 , J
if Yt (w —w,)s < 00, as the latter is a consequence of (3.6). In fact, by letting > =0
i=1

i=k
if 7 < k, we may write

k—m
E(XH}—’C—W) - ZPJ (ukz2,) Z%Dzzpkgﬂc iZ2,k)

J:o_oo max{m i} 00
= 2 Z Y )Polejuizy)
=0 j=max{m,i}+1
max{m i} 00

— ngz Z Pole; iz ) +Z% > D Polejiweyy)

j=max{m,i}+1 t=1

It is readily seen from FE|zo;|? = E|z90|* < oo that

BlAw| < 23 iloil (B2 (B -0,

i=m

as m — co. As for Ay, by noting Po(ej_jwit;) = Elej_i(wiy; — w;ﬂ.) | Fo] whenever

7 > 1, we have

ElAy,| < Z"Pz’ Z ZE’% i(Weyj — wt+])‘

jm—&-ltl

C Z Z {(wy —w;>2

j*m-i-l t=1+j

< Czt wt2—>0

IA

as m — oo. Taking these estimates into (6.11), we obtain

E [ sup |E(Xk | f-'k_m)H < ElAin| + E|Az| — 0,

k>2m
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implying A5 (iii). O

Proof of Theorem 3.3. First note that, under A6, it follows from Theorem 17.5 of

Davidson (1994) that wg, k € Z, is a stationary Ly s-mixingale of size —1 with constant

(w0>4,

(E(wy | Fri—m))2+s C(wi)am™7, (6.12)
(W — E(wg | Frgm))o+s < C(wi)am™, (6.13)

IN

hold for all k£, m > 1 and some v > 1. Furthermore, by Theorem 16.6 of Davidson (1994),

we may write
Wy = Vg + Zk—1 — 2k,

where, as in Section 3.2,
o0 (o]
vy = Zpkwim 2k = Z E(wi x| Fr).
i=0 i=1
It is readily seen that both vy and zj are stationary and (vg, Fr)r>1 forms a martingale

difference with Evi < 2Bw? 4+ 4E2? < oo, since, by (6.12), the following result holds
(implying Fz} < 00):

(Zhj)ovs < Z (E(w;|Fo))a+s < Clwr)a Z i < oo, (6.14)
1=7+1 1=7+1

for any j > 0, where z,; = > E(w;yx|Fk). By (6.12) and (6.13), for any k£ > 1, we also
i=j+1
have

|E(wiwy)] < E(lwy — wil |wil) + Ef|wi] |E(we | Fry2)l]
< (wr)s {(w1 — wi)a + (E(w | Firy2))a}

< Cwr)ofwr)g k77, (6.15)

where wi = E(w; | Fy2). The result (6.15) will be used later.

Since wy, has structure (1.3) with the vy, satisfying A1, (3.8) implies A2 and A6 (iii)
and (6.14) with j = 0 imply A4 (i), by using Theorem 2.2, Theorem 3.3 will follow if we
prove (3.7) and

sup E||E(M\ | Feem)l| — 0, (6.16)

k>2m
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where A\, = zpup — Ezpug, as m — oo.
By recalling the stationarity of (uy, wy)g>1, to prove (3.7), it suffices to show that €, Qs
and p are finite. In fact (6.15) implies that Q] < Ewi 4+ C > 777 < oo. Similarly, we
j=1

may prove that (uy)r>1 is a stationary Lo-mixingale of size —1 with constant (ug),s. As a

consequence, the same argument yields |21 < oo and |p| < oc.

Qm

In order to prove (6.16), let z; = 2k — 2ka,, = ; E(w; k| Fr),
Ak = Zpug — Ezpug, Ak2 = ZhamUk — E2g.a,, Uk,
where a,, — 00 and zyq,, is given as in (6.14). Due to (6.14), we have
ENEMe2 | Frem)|l < EllXeal| < 2 (zha,)2 (to)2 — 0, (6.17)

as m — oo, uniformly for any k£ > 2m and any integer sequence «a,, — co. By recalling

that uy, is adapted to Fy, and Fi_,, C Fi, we may write
E||E(Ai1 | Foem)l| <> ENE(Ak | Fiem)ll,
i=1
where Ay = upw;ir, — Eupw; . Since both ug and wy, are Lo-NED of size —1, Corollary

17.11 of Davidson (1994) implies that Ay is £,-NED of size —1. As a consequence, as in

the proof of (6.12), there exist a sequence of vy, such that v,, — 0 and
E||E(A | Fim)l] < Cuop.
Hence, uniformly for k£ > 2m,
ElEMea | Frem)|| < C amvn, — 0,

as m — 0o, by taking «,, to be such an integer sequence that o, — oo and a,,v,, — 0.

This, together with (6.17), yields

sup E||E()\k | ]-"k_m)|| < C (mVm + 2 (Zk,an )2 (U0)2) — 0,

k>2m

as m — 0o, as required. The proof of Theorem 3.3 is now complete. O
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