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Abstract
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Hamiltonians on the Bethe vectors in the Gaudin model associated with g.
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1 Introduction

For a simple Lie algebra g over C equipped with a standard symmetric invariant bilinear
form, consider the corresponding (non-twisted) affine Kac-Moody algebra g

g=gt,t "o CK. (1.1)

The universal vacuum module V' (g) over g is the quotient of U(g) by the left ideal generated
by g[t]. A Segal-Sugawara vector is any element S € V(g) with the property

glt]S € (K +h")V(g),

where h"Y is the dual Coxeter number for g. In particular, the canonical quadratic Segal—
Sugawara vector is given by

S=> " X[-1, (1.2)

where X7, ..., Xy is an orthonormal basis of g and we write X[r] = X" for X € g.
By an equivalent approach, Segal-Sugawara vectors are elements of the subspace 3(g)
of invariants of the vacuum module at the critical level

3(8) = {v € V(@)ei | glt]v = 0}, (1.3)

where V' (g)e; is the quotient of V(g) by the submodule (K +h") V(g). The vacuum module
possesses a vertex algebra structure, and by the definition (1.3), 3(g) coincides with the
center of the vertex algebra V(g)ei. This induces a structure of commutative associative
algebra on the center which coincides with the one obtained via identification of 3(g) with
a subalgebra of U(t*g[t™!]).

The structure of 3(g) was described by a theorem of Feigin and Frenkel [8], which states
that 3(g) is an algebra of polynomials in infinitely many variables; see [11] for a detailed
exposition of these results. The algebra 3(g) is refereed to as the Feigin—Frenkel center.
Explicit formulas for generators of this algebra were found in [5] for type A and in [17] for
types B, C' and D; see also [4] and [20] for simpler arguments in type A and extensions to
Lie superalgebras.

Our goal in this paper is to give explicit formulas for generators of 3(g) in the case where
g is the exceptional Lie algebra of type Gs. In particular, we obtain a direct proof of the
Feigin—Frenkel theorem in this case. Furthermore, using the connections with the Gaudin
model as discovered in [9], we get formulas for higher Gaudin Hamiltonians associated with
g and calculate their eigenvalues on the Bethe vectors; see also [10]. In the classical types
such formulas were given in a recent work [19].

As another application, following [10] and [25] we give explicit formulas for algebraically
independent generators of maximal commutative subalgebras of U(g). These subalgebras
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A, are parameterized by regular elements p € g*, and their classical limits .71“ are Poisson
commutative subalgebras of S(g) known as the Mishchenko—Fomenko or shift of argument
subalgebras. The formulas for generators of 4, thus provide an explicit solution of Vin-
berg’s quantization problem [27].

Our calculations of the explicit expressions for the Segal-Sugawara vectors and their
Harish-Chandra images were computer-assisted. We gratefully acknowledge the use of the
Symbolic Manipulation System FORM originally developed by Vermaseren [26].

This project was completed within the visitor program of the Center of Quantum
Algebra of the South China University of Technology, Guangzhou, China. We would like
to thank the Center and the School of Mathematical Sciences for the warm hospitality
during our visits.

2 Lie algebra of type G, and its matrix presentation

We start by recalling well-known matrix presentations of an arbitrary simple Lie algebra
g; see, e.g., [6] and [16].

2.1 Matrix presentations of simple Lie algebras

Equip g with a symmetric invariant bilinear form { , ). Choose a basis X! ..., X% of g
and let X1, ..., Xy be its dual with respect to the form. Let 7 be a faithful representation
of g afforded by a finite-dimensional vector space V/,

m:g— EndV. (2.1)
Introduce the elements
d
G=> w(X")®X; €EndV ®U(g) (2.2)
=1
and
d
Q=) n(X)®r(X;) €EndV ®EndV. (2.3)
i=1

Note that G and Q are independent of the choice of the basis X*. In particular,

Q= ZT( ) @ m(X7). (2.4)

Consider the tensor product algebra End V®@End V ®U(g) and identify 2 with the element
Q ® 1. Also, introduce its elements
d d

=1



Write the commutation relations for g,
d
(X0, X5] =) el X (2.6)
k=1

with structure coefficients CZ We will regard the universal enveloping algebra U(g) as the
associative algebra with generators X; subject to the defining relations (2.6), where the
left hand side is understood as the commutator X;X; — X;.X;.

Proposition 2.1. The defining relations of U(g) are equivalent to the matriz relation
G1Gy — GGy = —Q Gy + G510, (2.7)

Proof. The left hand side of (2.7) reads

Y X er(X) @ (XiX; - X;X;).

ij=1
For the right hand side we have

=) (X @w([Xi, X)) ® X;. (2.8)

ik=1

By the invariance of the form, we find

(X3, X*, X;) = —(X*,[X5, X)) = —cf

i
Hence (2.8) equals

d
> (XN @m(XY) ® X,
irj,k=1
Since the representation 7 is faithful, we conclude that (2.7) is equivalent to the defining
relations (2.6) of U(g). O

The defining relations (2.7) can be written in an equivalent form
G1Gy — GGy = QG — Gh 4, (2.9)

which is easily verified with the use of (2.4). The element G can be regarded as an n X n
matrix (n = dim V') with entries in U(g). We point out another well-known property of
this matrix which goes back to [14].

Corollary 2.2. All elements tr G* with k > 1 belong to the center of U(g).



Proof. Relation (2.7) implies
G\GE - GEG, = -QGE + GEQ.

By taking trace over the second copy of EndV and using its cyclic property, we get
(G, tr G&] = 0 as required. O

The Casimir elements tr G¥ are widely used in representation theory, especially for
the Lie algebras g of classical types. In those cases one usually takes V' to be the first
fundamental (or vector) representation.

Note also that the relation (2.7) can be regarded as the ‘classical part’ of the RTT
presentation of the Yangian Y(g) associated with g; see [6]. More precisely, Y(g) contains
U(g) as a subalgebra, and (2.7) is recovered as a reduction of the RTT relation to the
generators of this subalgebra.

2.2 Lie algebra of type G5

The simple Lie algebra g of type G5 admits a few different presentations; see, e.g., [12],
[28]. It is well-known that it can be embedded into the orthogonal Lie algebras o7 and og;
these embeddings were employed in [21] to construct the classical W-algebra for g. We
will follow [12, Lect. 22] to realize g as the direct sum of vector spaces

g=C*@sly & (C3)".

The Lie bracket on g is determined by the conditions that sl3 is a subalgebra of g, the
vector spaces C3 and (C3)* are, respectively, the vector representation of sl3 and its dual,
together with additional brackets

C3 x C* — (C¥*, (CH* x (C*)* = C* and  C*x (C** — sls.

To produce a matrix presentation of g as provided by Proposition 2.1, consider the 7-
dimensional representation 7 : g — EndV with V = C7 where the action is described
explicitly as follows. Write an arbitrary element of g as a triple (v, A, ¢), where A € sl3 is
a traceless 3 x 3 matrix,

U1
v=|vy| €C? and @ = o1, 2, 03] € (C°)".
U3

Then, under the representation m we have

A v 12B(g0t)
T ('U,A,QO) = ¥ 0 _Ut )
LB~ A



where ¢ denotes the antidiagonal matrix transposition,

¥3
vt = [Ug, UQ,Ul}a Iz (A" = Aa—jaci
P1
and
Vy —U1 0
B(v) = |—vs3 0 u
0 U3 —U2

The representation 7 is faithful, so we may use it to identify the Lie algebra g with its
image under m where elements of g can be regarded as 7 x 7 matrices. Then the bilinear
form on g defined by

1
(X,Y) :6trXY (2.10)
is symmetric and invariant. Note that this form is proportional to the standard normalized
Killing form

1
oY tr (adX adY),

where hY = 4 is the dual Coxeter number for g. We have
1
(X,)Y) = ﬂtr (ad X adY’).

The additional scalar factor 1/3 is meant to simplify our formulas for Segal-Sugawara
vectors by avoiding fractions.

Let e;; € End C7 denote the standard matrix units. For all 1 < 4,5 < 7 set fij =
e;j — €jry, where i = 8 — i. The following elements form a basis of g:

i1 — fo2, fa2 — fa3, fij with 1<4¢,7<3 and i#j,

together with

1 1 1
f14—ﬁf3'2, f24—ﬁf1'37 f34_ﬁf2/1’
and 1 ] 1
f41_ﬁf23/’ f42_ﬁf3ll’ f43—ﬁf12/-
In the general setting of Sec. 2.1, these elements are understood as the basis X!, ..., X4

The elements X, ..., X4 of the dual basis with respect to the form (2.10) are then given
by the following expressions, where we use the corresponding capital letters to think of the
X; as abstract generators of U(g) rather than matrices:

2F11—F22—F33, F11+F22—2F33, 3}?]1 with 1 SZ,] <3 and Z#],



together with
2Fy —V2Fy, 2Fp—V2Fy,  2F3—vV2Fy,

and
2Fy, — /2 Fys, 2 Fyy — /2 Fus, 2Fyy — /2 Fyy.

Using (2.2), we can now define the entries G;; of the matrix G from the expansion

7
i,7=1
In particular,

G =2F) — Fy — Fis, Gog = 2Fy — Fiy — Fis, Gg3 = 2F33 — Fi1 — Fho,

so that Gy + G + Gsg = 0. Also, for all 1 < ¢,57 < 3 with ¢ # j we have G,;; = 3F};.
Furthermore,

G4 =2F14 — V2 F, Gaa = 2Fyy — V2 Fuug, Glag = 2F34 — V2 Fony,
and
Ga = 2Fy — V2 Fag, Gio =2Fp — V2 Fyy, Guz =2Fy3 — V2 Fiy.

The remaining entries of the matrix G are determined by the symmetry properties G = —G
which give G;; + G = 0 together with

G = —\/§G3'2, Goy = —\/§G1'3, Gy = —\/§G2/1,

and
Gu=—V2Ga, Gp=-V2Gu, Gu=-V2Gy.
Note that the above formulas define an explicit embedding of g into the orthogonal Lie

algebra o7 spanned by the elements Fj; = E;; — Ejy, where the E;; denote the standard

basis elements of gl;. An expression for the element €2 defined in (2.3) can be given by
3 3 3
=3 Z fii @ fji — Z Ji ® fj; +2 Z (fai ® fia + fur ® fui)
ij=1 ij=1 i=1
+ O123 (f12/ ® forr + fon ® f12/) (2.12)
-V2 O123 (f14 ® fazr + fay @ fra+ i1 @ fyo + fa2 ® fur),

where the symbol O, , 3 indicates the summation over cyclic permutations of the indices
1,2, 3 keeping all other symbols, including primes, at their positions; that is,

Op93 X123 =X123+ Xs12+ Xog 1.
Proposition 2.1 provides a matrix form (2.7) of the defining relations of U(g) with the
elements G and €2 defined in (2.11) and (2.12).
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2.3 A formula for (2 as an element of the centralizer algebra

By its definition (2.3), the element €2 can be viewed as an operator
Q:VeV=VeV

It is easily seen that this operator commutes with the action of the Lie algebra gon V&V
given by
X=rX)el+lon(X).

This implies that 2 must be a linear combination of the projections of V' ® V onto its
irreducible components.

As a representation of the Lie algebra sl7, the tensor product C” ® C7 of two copies of
V = C7 splits into the direct sum of two irreducible components

(C7 ® C? — A2(C7) D S2(c7)7

afforded by the exterior and symmetric square of V. The canonical projections onto the
irreducible components are given by the respective operators (1 — P)/2 and (1 + P)/2,
where P is the permutation operator

7
P = Z €ij & €ji.

The restriction of the representation A*(C”) to the subalgebra o; remains irreducible,
whereas the restriction of S?(C”) splits into two irreducible components; each of them
remains irreducible under the further restriction to the subalgebra g C 07 of type Gbs:

S3HCT) =2V, @ Vau,.

The respective projections are given by the operators /7 and (1 + P)/2 — @Q/7, where @
is the operator

7
Q = E €ij X €ir gt
,j=1

It is obtained by applying the antidiagonal transposition
t: End(C7 — End(C7, (eij)t = €14,

to the first or the second component of the permutation operator, Q = P = P%. Here
Vo is the trivial one-dimensional representation of g, and Va,, is the 27-dimensional repre-
sentation corresponding to the double of the first fundamental weight w;.



When restricted to g, the exterior square A?(C7) splits into two irreducible components
AHCT) =V, @V,

of the respective dimensions 7 and 14, associated with the fundamental weights. The
respective projections are given by the operators 7'/6 and (1 — P)/2 — T'/6, where the
operator 7' is defined by means of a 3-form on C7 as follows. The 3-form § is defined in
the canonical basis e, ..., e; of C” by

3
ﬁ:Zei/\&;/\ei/+\/§€1/\62/\63+\/§€3//\€2//\61/.

=1

One easily verifies that £ is invariant under the action of g, which provides a g-module
embegging C” — A%(CT7) defined as contraction with 3. Explicitly, the operator T can be

77
T = Z Z Bika Bjla €ij & €pis

i3,k l=1 a=1

written as

where the coefficients of the form g are defined by
7
B = Z Bijk i @ e; ® ey
irj k=1

via the standard embedding A3(C7) — (C7)®3 such that

€y Neiy, Nejy = E SN O - €, D €,y D€ g

ceG3

Thus, we have an expansion
Q= CLHO + wal + Cl_[w2 —Fdﬂgwl

into a linear combination of the projections to the respective irreducible components of the
decomposition
C'eC"2V,0V,, ®V,, ®Va,.

The coefficients in the expansion are found by applying €2 to particular vectors to give the
formula

Q=1+P-2Q-T. (2.13)

Since 11, 11, , 11, and Iy, are pairwise orthogonal projections, we derive the following
relations for the operators P, () and T'. They commute pairwise and

P?=1, Q* =170, T? =6T, PQ = Q, PT =T, QT =0. (2.14)
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By (2.13) the matrix form (2.7) of the defining relations implies a uniform expression
for the commutators of the generators of g,

(Gijy Gl = 0kj Gig — 0it Gj — 20k G + 2601 Gy

7
+ Z (5@'ab Biis Gra — Bikw Bjab Gal) . (2.15)

a,b=1

Remark 2.3. Tt is known by Ogievetsky [22] that a rational R-matrix associated with g can

be given by the formula
P 2 T
Ruy=1-——+ « +

u u—6 wu—4

Its expansion into a power series in ! takes the form

Ru)=1—(Q—-Dut+...
so that the classical limit of the RT'T relations defining the Yangian Y(g) reproduces the
defining relations (2.7) for U(g); see [6].

2.4 Isomorphism with the Chevalley presentation

The simple Lie algebra g of type G is associated with the Cartan matrix A = [a;],

A= 2 7H
-3 2
Its Chevalley presentation is defined by generators e;, h;, f; with ¢ = 1,2, subject to the

defining relations

le:, fi] = ijhi,  [hi, hy] =0,
[hi, e5] = aijes, [, fi] = —ai; /3,
together with (the Serre relations)
(ade;)?eq =0, (adey)e; =0, (ad f1)* fo = 0, (ad f2)* f1 = 0.
We let o and 8 denote the simple roots. The set of positive roots is
a, B, a+p, a+28, a+38, 2a-+30.

For each positive root v we let e, and f, denote the root vectors associated with v and —7,
respectively. In particular, e; = e, and ey = eg. We have the triangular decomposition

g=n_dohdn,, (2.16)
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where the subalgebras n, and n_ are spanned by the positive and negative root vectors,
respectively, while § is the Cartan subalgebra with the basis elements h; and hs.

By the symmetry properties of the matrix GG described in Sec. 2.2, the Lie algebra
g is spanned by the elements G;; with 1 < 4,7 < 4. Moreover, due to the relations
G11 + Go + Gz = 0 and Gy = 0 this leaves a 14-dimensional Lie algebra. Explicit
commutators between these elements can be obtained by using the embedding g — o7
defined in Sec. 2.2 or by applying the commutation relations (2.15). Assuming that the
indices i, 7, k, [ run over the set {1, 2, 3}, the commutation relations of g are then completely
described as follows:

(Gij, Gra) = 301 Gt — 304 Gy,
(Glij, Gra] = 36k Gia — 0ij Gpa,
(Gij, Gu| = =30y Gaj + 65 Gu,
(Gia, Gai] = 2 G,

together with the relations
(Gia, Gja] = 2v/2 Gy, (Gai, Gaj] = —2V2 Gy
the latter hold for the triples (4, j, k) of the form (1,2,3), (2,3,1) and (3,1, 2).

Proposition 2.4. The mapping

1 1 1 1
61'—>§G127 e — — Gy, fi—= = Ga, fz'—>—2G42

V2 3 V2

defines an isomorphism between the Chevalley and the matrixz presentations of g. Moreover,
under this isomorphism,

1
]’Ll — § (GH — GQQ) and hz — GQQ.

Proof. This follows easily from the commutation relations for the G;;. O]

By definition, the simple root subspaces g, of g are g, = (Gi2) and gg = (Ga4), s0
that by Proposition 2.4 the remaining root subspaces associated with positives roots are
spanned by the following elements:

Jatp = (Gh4), Yat28 = (Glas), Jat+38 = (Gaz), 920438 = (Gr3)-
Similarly, g_, = (G21) and g_z = (G42) together with
g-a—p = (Ga), 9-a-28 = (Ga4), g-a-35 = (Ga2), 9-20-35 = (Ga1).
Therefore, in the triangular decomposition (2.16) we have

ny = (Gh2, G, Gia, Gag, Gos, G13)  and  n_ = (Ga1, Ga2, Ga1, Ga4, G2, Ga1).  (2.17)
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3 Invariants of the vacuum module

Suppose that g is an arbitrary simple Lie algebra equipped with an invariant symmetric
bilinear form (, ) which is determined uniquely, up to a nonzero factor. We will need matrix
presentations of the affine Kac-Moody algebra g analogous to those given in Proposition 2.1
for g. The Lie algebra g is defined as the central extension (1.1), where g[t,¢™!] is the Lie
algebra of Laurent polynomials in ¢ with coefficients in g. The commutation relations have

the form
[(X[r],Y[s]] = [X,Y][r+s]+rd6._(X,)Y)K, XY eg, (3.1)

and the element K is central in g.

3.1 Matrix presentations of affine Kac—Moody algebras

We will keep the data associated with the Lie algebra g, chosen in the beginning of Sec. 2.1.
In particular, we will use a faithful representation (2.1) of g and the element 2 defined in
(2.3). In addition to the matrix G defined in (2.2), for any r € Z introduce the matrix
G[r] by

(X)) ® X;[r] € EndV @ U(g). (3.2)

M&

i=1
By analogy with (2.5) introduce the elements of the algebra End V' ® End V' ® U(g) by

ZWXZ®1®X[] and  Gofr] =) 1@7(X') @ X,[r].

=1

Proposition 3.1. The defining relations of U(g) are equivalent to the matriz relation
Gi[r]Ga[s] — Ga[s|Gi[r] = =QGalr + s] + Ga[r + 5] Q+ 1, s QK. (3.3)

Proof. The proof is completed as for Proposition 2.1, where we use (3.1) and the additional

observation that the sum .

(X, X)) (X)) @ w(X9).

ij=1
coincides with Q. O

3.2 Segal-Sugawara vectors

We will now use the notation g for the simple Lie algebra of type Gs and follow [11] to
recall some general facts on the affine vertex algebra associated with g. We equip g with
the bilinear form (2.10).
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The universal enveloping algebra at the critical level U(g)e; is the quotient of U(g) by
the ideal generated by K + 12. Define the vacuum module V(g).; at the critical level over
g as the quotient of U(g).; by the left ideal generated by g[t]. The Feigin-Frenkel center
3(9) is defined as the subspace of invariants of the vacuum module; see (1.3). Any element
of 3(g) is called a Segal-Sugawara vector. As we pointed out in the Introduction, 3(g) is
a commutative associative algebra which can be regarded as a subalgebra of U(t'g[t™!]).
The algebra U(¢t~'g[t™!]) is equipped with the derivation D = —d/dt whose action on the
generators is given by

D:X[r]— —rX[r—1], Xeg, r<o. (3.4)

The subalgebra 3(g) of U(t~'g[t™!]) is D-invariant. By [8] (see also [11]) we have the
following.

Feigin—Frenkel theorem. There exist Segal-Sugawara vectors Sy and Sg such that all
elements D*Sy and D*Sg with k > 0 are algebraically independent, and every element of
3(9) is a polynomial in the D*Sy and D*S. O

We call a pair S5, Sg satisfying the conditions of the theorem a complete set of Segal—
Sugawara vectors for g. It is known that the elements S; and Sg must have the degrees 2
and 6 with respect to the canonical filtration of U(t_1 g[t‘l]) (thus justifying the notation).
These are the degrees of algebraically independent generators of the algebra of g-invariants
of the symmetric algebra S(g). The vector Sy of degree 2 must be proportional to the
canonical Segal-Sugawara vector (1.2), whereas no formula has been known for a vector
of degree 6. Our first main result is an explicit formula for such a vector (see Theorem A
below). We keep the notation G;; for the elements of the Lie algebra g as defined in Sec. 2.
In particular, in accordance with (3.2), for any r € Z we have

Gl =) € ®Gylr] € EndC7 @ U(g). (3.5)
Set
Sy = tr G[—1]?%, (3.6)
Se = tr G[—1)° + 5tr G[-2] G[—1]* + 14 tr G[-3] G[-1]* + 456 tr G[-3)?
—639tr G[—2]* + 31 tr G[-2]*G[-1]* — 312tr G[-3]G[-2]G[-1]. (3.7)

Theorem A. The elements Sy and Sg form a complete set of Segal-Sugawara vectors for
the Lie algebra g.
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Proof. Since g is a simple Lie algebra, the Lie algebra g[t] is generated by all elements
G;]0] together with one nonzero element Gy,[1]. Therefore, in order to verify the property
Sa, S € 3(g), it will be sufficient to demonstrate that in the vacuum module, G;;[0] S, = 0
for all i, j and G11[1] S, = 0 for a = 2,6. The first part of these relations will be implied
by the following lemma.

Lemma 3.2. For any negative integers ry,...,r,, we have the relations
Gl[O] tr GQ[Tl] . GQ[T’p] =0

in the algebra
EndC” ® EndC” ® U(g), (3.8)

where the elements in U(g) are considered modulo the left ideal U(g) g[t] and the trace is
taken with respect to the second copy of End C”.

Proof. By (3.3),
Gl[O] GQ[S] — GQ[S] Gl[O] = -0 GQ[S] + GQ[S] Q.

The argument is completed in the same way as for Corollary 2.2. O

Lemma 3.3. For all k > 1 we have the relations
Gh[1] tr G|~ Ztr( [ L QGo[ 1502 — Gy -1 QG- 1))

in the algebra (3.8) modulo the left ideal of U(g) generated by K + 12 and g[t], where the
trace is taken with respect to the second copy of End C”.

Proof. Applying (2.9) and (3.3) we find
G1[1] tr G| — ZtrG Ji- 1<QG1[0] —G1[0]9+KQ)G2[—1]k—

Furthermore,
Gl [0] G2 [—1]167@ e —Q G2 [_1]]’"‘7@ + GQ[_l]kfz Q’

and by applying the partial transposition ¢, to both sides we also get
G1[0] (Gg[—l]k_")t = -0 (Gz[—l]k_i)t + (Gg[—l]k_i)t Q
since Q2 = —Q as implied by (2.12). Hence, using the general property

tr AB = tr A' B, (3.9)
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by applying t, to the factors, we get
tr Gy~ 1] G1[0] QG117 = —tr (Go[—1]71) G4 [0] (Go[—1]*7)

t

Q

t

= tr (Go[—1]"1) ' Q (Ga[-1]F) Q — tr (Gy[~1)"71) " (Go[-1]F7) Q2.

By applying (3.9) again we can write this as
tr Q Gy 1)1 Q Gy [~ 1177 — tr Go[—1]71 (Q2) " Gy 1)F.

Bringing the calculations together, we obtain

Gh[1] tr Gs[—1]F = i tr (Ga =117 QG111 Q = QGa[- 17 Q Gyl 1))

+3 tr Gy[—1] ((92)” 02 KQ)G2[—1]’H.

Since P2 = ) and Q2 = P, the relation Q% = —Q implies 7?2 =2 — P — @ — T, and so
we derive from (2.14) that (Qz)t2 =02 + 120, thus completing the proof. O

It is immediate from Lemma 3.3 that S is a Segal-Sugawara vector. In principle, the
lemma can be useful for checking this property of Sg as well; however, this leads to rather
cumbersome expressions which we were unable to handle without computer’s assistance.
We used the Symbolic Manipulation System FORM; see [26]. Namely, we verified the
relation G11[1]Ss = 0 in the vacuum module by employing a program within the FORM
which works as follows. We fix a total ordering < on the basis elements G;;[r] of g with
1 <i,j < 4 (excluding (7,j) = (3,3) and (4,4)) with the property that G;;[r] < Gls]
for r < s. The input of the program is the element G1[1]Sg written explicitly as a linear
combination of monomials in the generators G;;[r]. The output is a linear combination of
the ordered monomials which is calculated with the use of the commutation relations (3.3)
written in terms of the G;;[r]. The program confirms that the last factor of each monomial
in this linear combination is of the form G;;[0] or G;;[1].

To complete the proof of the theorem, note that the symbols S, and Sg of the elements
Sy and S in the associated graded algebra S(tg[t™']) = gr U(¢t~'g[t™"]) are given by

Sy = tr G[-1]? and S5 = trG[-1]°,

where we use the bar notation to indicate objects associated with the symmetric algebras.
It is easily seen (e.g., by taking the Chevalley images) that the elements tr G and tr G°
are algebraically independent generators of the algebra of g-invariants S(g)9. Thus, the
elements S, and Sg are the respective images of tr G- and trG° under the embedding
S(g) < S(¢t7'g[t™']) taking X € g to X[—1]. Therefore, by a general argument of [11,
Sect. 3.5.1], the elements Sy and Sg form a complete set of Segal-Sugawara vectors. ]
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Proposition 3.4. The elements

Ss = tr G[—1]?,
Sy = tr G[-1]* + tr G[-2] G[-1]?,
Ss = tr G[—1]° + tr G[-2] G[-1]?,

are Segal-Sugawara vectors for g.

Proof. For the element S5 this follows from Lemma 3.3 with & = 3 by the application of
(3.9). The claim for Sy can also be verified with the use of Lemma 3.3 and some additional
arguments which we will omit. In fact, for all three elements the claim is also verified by
the same computer program as for Sg; see the proof of Theorem A. ]

By Theorem A, each of the vectors S5, Sy and Ss is a polynomial in the DS, and
DFSg. In particular, a direct argument shows that S3 = —3 D S,. Indeed, first we note the

easily verified relation
(G[=1*)" = G[-1]* + 12G[-2],

so that by applying (3.9) we find
S = tr (G[—-1]*)' G[-1]' = =S5 — 12tr G[-2] G[-1].
This gives S3 = —6 tr G[—2] G[—1] which equals —3 D tr G[—1]? since
tr G[—2] G[—-1] = tr G[-1] G[-2].

We will be able to write down the remaining polynomials after calculating the Harish—
Chandra images of the Segal-Sugawara vectors S,; see Corollary 4.2 below.

4 Affine Harish-Chandra isomorphism

It was proved in [8] that for any simple Lie algebra g the algebra 3(g) is isomorphic to the
classical W-algebra W(%g) associated with the Langlands dual Lie algebra “g (correspond-
ing to the transposed of the Cartan matrix of g). We will follow [11, Sec. 8.1] to recall
these results before applying them to a particular case of type Gj.

4.1 Feigin—Frenkel center and classical VV-algebra

Suppose that g = n_ & b @ n, is a triangular decomposition for a simple Lie algebra g.
Regard b as a subalgebra of g via the embedding taking H € § to H[0]. The adjoint
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action of h on t~!g[t™!] extends to the universal enveloping algebra, and we have the
homomorphism for the h-centralizer

FrU(alt™])" = U ble) (4.1)
which is the projection to the first summand in the direct sum decomposition
Ut gl ) = u(t'p[t™) @ J,

where J is the intersection of the centralizer with the left ideal of U (¢t~ 'g[t™!]) generated by
t~'n_[t7!]. The Feigin-Frenkel center 3(g) is a commutative subalgebra of the centralizer,
and the restriction of the homomorphism (4.1) to 3(g) yields an affine version of the Harish-
Chandra isomorphism:

f:38) = W('e), (4.2)

where the classical W-algebra W("g) is defined as a subalgebra of U(¢t~'h[t™']) which
consists of the elements annihilated by the screening operators; see [11, Theorem 8.1.5].
The algebra W(%g) is known to possess algebraically independent families of generators.
Their explicit form in the classical types goes back to [1] and [15] in type A and to [7]
in types B, C' and D. For type Gy such generators were calculated in [21]; see also [3],
where they appear in a different context. The images of explicit generators of 3(g) under
the isomorphism (4.2) are found in [4] and [5] in type A and in [18] for types B, C' and
D:; see also [24] for a direct calculation for the Pfaffian-type vector. In the next section we
calculate the images of the Segal-Sugawara vectors in type G5 constructed in Sec. 3.2.

4.2 Harish-Chandra images

Now we assume g is of type G5 and use its Chevalley presentation; see Sec. 2.4. Note that
the Cartan matrix A is not symmetric. Although the Langlands dual g is a Lie algebra
isomorphic to g, this leads to a difference between the forms of the screening operators
associated with A and its transpose. In accordance with [11, Sec. 8.1.2], the classical W-
algebra W(g) is a subalgebra of U(¢t~'h[t']) which is defined as the intersection of the
kernels of the screening operators Vi and V5. The operators are given by

) 2
0
J S T P — 1.
. romrjzlaﬂahj[_r_l]’ )

where h;[s] = h;t* and the coefficients V;, are found by the relation

i Vir 2" = exp <§: i [;Lm] zm> (4.4)

=1
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The subalgebra W(*g) is invariant under the action of the derivation D = —d/dt
defined in (3.4). This follows from the easily verified relations

ViD= (D + h[-1]) Vi i=1,2.

To write down explicit generators of W(*g) introduce elements g;[r] and go[r] of
UEp[t™"]) by

qir] = halr] + % holr]  and  gofr] = %hg[?"], r < 0.

Moreover, we will regard the derivation —d/dt as a differential operator and denote it by
T to distinguish it from the derivation D. In other words, we consider the algebra which is
isomorphic to the tensor product U(t~'h[t7!]) ® C[7] as a vector space, with the relations

THlr)— Hlr|Tr=—rHr —1], Heb.

A version of the Miura transformation of type G was produced in [21]; cf. [3]. In the
above notation write the product

(7 =201 [~1 = go[~1]) (7 = gu[~1] = 292[-1]) (7 — @[~ 1] + ga[~1])
X7 (74 g1[—1] — g[-1]) (7 + 1 [ 1] + 292[—1]) (7 + 201 [~ 1] + g2[-1]) (4.5)
as a polynomial in 7, so that it equals
T+ waT’ + -t weT +wy,  w; € UETTHIETH). (4.6)

By the results of [21], all coefficients w; belong to W(Fg), and the elements D*w, and
D*wg with k > 0 are algebraically independent generators of W(%g).

The first claim can be verified directly by re-writing the screening operators in terms
of the elements g;[r]. We have the formulas (up to overall scalar factors):

> 0 0
i= ;VM <8g1[—r— 1 Ogo[—r— 1])’

where

;th” = exp (mZZI gil=m) ;ng[—m] zm>,

and

- 9 20
Vo= ;Vw (891[—7"— 1 dgo[—r — 1])’
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where
Z‘/QTZ —exp<z3g2[ ]zm>

We show that the polynomial (4.5) is annihilated by V; and V5 by using the relations
Vit=(+aqal-1—g[-1)Vi and Vot = (7+3g[-1]) Va.
In particular, Viwy = Vawy = 0, where the coefficient wy in the expansion (4.6) is found by

wy = =6 (g1[~1]* + g1[~1]g2[~1] + g2[~1]* — 391 [~2] — 292[~2]). (4.7)

We will use the standard notation wh = Dwsy, wy = D?w,, etc. for its derivatives. We
have the relations

2wz = Hws,
4wy = wj + 12w}, (4.8)

/ n
4wy = 3wawy + 8wy .

Our second main result provides the Harish-Chandra images of the Segal-Sugawara
vectors for g produced in Sec. 3.2. We use the isomorphism of Proposition 2.4 to identify
the Chevalley presentation of g with its matrix presentation. The triangular decomposition
of g is defined by the subalgebras n, and n_ given in (2.17). For the elements of the Cartan
subalgebra we have

Guir] = 3g1[r] and Gaalr] — 3ga[r], r < 0.
Theorem B. For the images under the isomorphism (4.2) we have
Sy = —6wo,
S3 > 18 wy,
Sy Qws — 36w,
S5 — —63 wawy + 72wy,
33 5 63

S5+ 162w — = w + — (w))?® + 90 wow} — 576w,

Proof. The first image is easily verified using the commutations relations of g. Since
(4.2) is a differential algebra isomorphism, the second image follows from the formula
Sy = —3.55, where we extend the derivative notation S’ = D S to elements of 3(g). The
remaining relations are verified by a computer program within the FORM; see [26]. Namely,
the Segal-Sugawara vectors S, are written as linear combinations of monomials in the
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generators G;;[r]. The program first provides the respective linear combinations of ordered
monomials, where the total ordering on the generators is chosen in a way consistent with
the triangular decomposition of g. The resulting Harish-Chandra images §(S,) are linear
combinations of the monomials containing only the diagonal generators G11[r| and Gao[r].
The program provides an explicit linear combination for f(S,) in terms of monomials in
the generators of W(%g). O

Remark 4.1. For verification purposes, we used another program to make sure that all
images f(S,) with a = 2,...,6 do belong to the classical W-algebra W(Xg). This was done
by applying the screening operators to check that V; §(S,) = V2 §(S,) = 0. O

Corollary 4.2. We have the relations

53 - —3 Sé,
48, =53 +2457,
485 = —T78,55 — 485

Proof. This is immediate from Theorem B and relations (4.8). [

5 Commutative subalgebras and Gaudin model

Here we consider applications of Theorems A and B to explicit constructions of maximal
commutative subalgebras of U(g) and to the Gaudin model associated with the simple Lie
algebra g of type Gs.

5.1 Quantization of the shift of argument subalgebras

We will use the matrix presentation of the Lie algebra g so that it is spanned by the entries
G; of the matrix G given in (2.11). For any element p € g* we set p;; = u(Gi;) € C so
that we can regard p = [p;;] as a matrix of the form

7

= Z €ji & Mij-

ij=1

The bilinear form (2.10) allows us to identify g* with g. An element p € g* = g is called
reqular, if the centralizer g of p in g has minimal possible dimension. This minimal
dimension coincides with the rank of g and so equals 2.

The next theorem is implied by Theorem A and a positive solution of Vinberg’s quan-
tization problem [27] given by Rybnikov [25] and Feigin, Frenkel and Toledano Laredo [10]
with the use of the algebra 3(g); cf. [13] and [17] for such applications in classical types.
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For a given arbitrary element p introduce polynomials in a variable z with coefficients
in U(g) by the formulas

A(z) = tr(G + pz)”,
B(z) =tr(G+p2)’ +5tr G(G + pz)' + 14tr G (G + p2)® + 31tr G* (G + p2)?,

and write

Az) = Ag2® + Az + Ay,
B(2) = By2® + B12° + Byz* + B32® + By2* + Bsz + Bg.

Theorem C. For any p € g*, all elements A; and B; of U(g) pairwise commute. Moreover,
if  is regqular, then the elements Ay, As, By, Bs, B3, By, Bs, Bg are algebraically independent
and generate a mazimal commutative subalgebra of U(g).

Proof. Given a nonzero z € C, the mapping
Q,u,z : U(t_lg[t_l]) — U(g), Gl‘j[T] —> Gz‘j 2"+ 57,7_1 Hijs (51)

defines an algebra homomorphism. The Feigin-Frenkel center 3(g) is a commutative sub-
algebra of U(t’lg[t’l]) so that the image of 3(g) under ¢, . is a commutative subalgebra
of U(g). This image is independent of z and will be denoted by A,,. For the images of the
generator matrices we have

20, (G[—l]) =G+puz and z"QW(G[—r]) =G for r>2.

Consider the elements S3,Ss € 3(g) provided by Theorem A. All coefficients of the poly-
nomials in z defined by

Z2Qu,z(S2) and ZGQu,z(SG)

belong to the commutative subalgebra A,. Moreover, A(z) = 2%¢,, .(S5), while %0, (Ss)
equals B(z) plus a linear combination of the terms tr G2, tr G? and tr G*(G+puz). However,
using (3.9) and the easily verified relation (G?)! = G? + 12 G, we get

trG® = —6tr G? and  trG*(G + puz) = —6tr G(G + pz).

Therefore, the constant term of the linear combination is proportional to A,, whereas the
coefficient of z is proportional to A;. This proves the first part of the theorem.

The second part will follow by considering the symbols A; and B; of the coefficients A;
and Bj; in the associated graded algebra gr U(g) = S(g). They are given by

tr(G 4+ p2)? = Ag2® + Az + Ay,
tr(G +p2)® = By2® + B12° + Byz' + B32® + By2* + Bsz + Be.
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It was shown in [10] that if the element y is regular, then the coefficients A;, Ay, By, ..., Bg
are algebraically independent generators of the Poisson commutative subalgebra .71” of S(g),
known as the Mishchenko—Fomenko subalgebra or shift of argument subalgebra. This also
follows from the earlier results of Bolsinov [2]. Furthermore, it was shown in [23] that A4,
is maximal Poisson commutative. This implies the second statement of the theorem. [

Remark 5.1. As an additional test, we employed a computer program within the FORM [26]
(similar to the one used in the proof of Theorem A) to verify some particular cases of
Theorem C. Namely, we considered diagonal matrices p = diag [p1, pi2, pi3, 0, — i3, —pi2, —fi1]
with g1 + pe + p3 = 0 and regarded p; and ps as variables. The elements Ay and Bg are
central, while A; and B; belong to the Cartan subalgebra of g and so commute with all
other elements B;. Our program verified that By commutes with each of B3, By and Bs,
and that Bs commutes with B, and Bs. O

5.2 Eigenvalues of the Gaudin Hamiltonians

A connection of the center at the critical level 3(g) with the Gaudin Hamiltonians was first
observed by Feigin, Frenkel and Reshetikhin [9]. They used the Wakimoto modules over the
affine Kac-Moody algebra g to calculate the eigenvalues of the Hamiltonians on the Bethe
vectors of the Gaudin model associated with an arbitrary simple Lie algebra g. Given an
element S € 3(g), the eigenvalues are expressed in terms of the Harish-Chandra image of
S; see also more recent work [10] for generalizations to non-homogeneous Hamiltonians.

We will use the explicit formulas for elements of 3(g) provided by Theorem A and the
general result of [10, Theorem 6.7] to write explicit Gaudin operators and their eigenvalues
on Bethe vectors for the simple Lie algebra g of type Gs.

Using coassociativity of the standard coproduct on U(¢t~'g[t™!]) defined by

AGZ][T]'—>G”[T]®1+1®Gz][r]7 7a<07

for any ¢ > 1 we get the homomorphism

®4

Ut 'glt™]) = Ut glt™]) (5.2)

as an iterated coproduct map. Now fix distinct complex numbers zq,..., 2, and let u be
a complex parameter. Applying homomorphisms of the form (5.1) to the tensor factors in
(5.2), we get another homomorphism

U glt™]) — U(e)®, (5.3)

given by
¢

U Gylr] = Y (Gi)a(za — w)" + 651 1 € U(g)®,

a=1
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where (Gjj). = 127D @ Gy; @ 19¢-9); see [25]. We will twist this homomorphism by the
involutive anti-automorphism

q: U(t_lg[t_l]) — U(t_lg[t_l]), Gz‘j[T] — —Gij[r], (54)
to get the anti-homomorphism
Ut 'g[t™"]) = U(g)®", (5.5)

defined as the composition ® = Wog. Since the Feigin-—Frenkel center 3(g) is a commutative
subalgebra of U(¢~'g[t™']), the image of 3(g) under ® is a commutative subalgebra A(g),
of U(g)®*. It depends on the chosen parameters z1,. .., 27, but does not depend on u [25];
see also [10, Sec. 2].

For any A € h*, the Verma module M) is defined as the quotient of U(g) by the left
ideal generated by n, and the elements h; — A\(h;) with i = 1,2. We denote the image of
1in M, by 1,. Given weights A1,..., Ay € h* consider the tensor product of the Verma
modules M), ® ... ® M,,. Formulas for common eigenvectors (the Bethe vectors)

¢(w§1,.‘.,wigb)EMM®...®M,\Z

for the commutative subalgebra A(g), in this tensor product can be found in [9] (also re-
produced in [19]). They are parameterized by a set of distinct complex numbers wy, . .., w,,
with w; # z; and a collection (multiset) of labels i1, ..., 4, € {1,2}.

Suppose that p € h*. We regard p as a functional on g which vanishes on ny and n_.
The system of the Bethe ansatz equations takes the form

‘ AL} (073 i
> Az(hljz), - Gulhy) _ plhi),  j=1...,m, (5.6)

w._
i=1 7

where a; = o and ay =  are the simple roots; cf. [3].
Introduce the homomorphism from U(¢~'h[t7!]) to rational functions in u by the rule:

0:Gyul-r—1]— %‘ Gi(u), r >0, i=1,2, (5.7)
where
- )\Q(Gu) = QG (Gn)
Ql-(u)—; U — 2, _; U — wj — Ha-

Consider the Segal-Sugawara vectors S, with a = 2,...,6 provided by Theorem A
and Proposition 3.4. Their Harish-Chandra images f(S,) € U(¢t7'p[t™']) are given in
Theorem B. The composition g o f takes each Segal-Sugawara vector S, to the rational
function Q(f(Sa)) in u. Furthermore, we regard the image ®(S) of S under the anti-
homomorphism (5.5) as an operator in the tensor product of Verma modules M), ®...®@M,,.
The following is a consequence of [10, Theorems 6.5 and 6.7]; cf. [19].
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Theorem D. Suppose that the Bethe ansatz equations (5.6) are satisfied. If the Bethe

vector p(w?', ..., wim) is nonzero, then it is an eigenvector for the operator ®(S,) with the
eigenvalue Q(f(Sa)) for each a =2,...,6. m
References
[1] M. Adler, On a trace functional for formal pseudo differential operators and the sym-
plectic structure of the Korteweg—de Vries type equations, Invent. Math. 50 (1978/79),
219-248.
[2] A. V. Bolsinov, Commutative families of functions related to consistent Poisson brack-
ets, Acta Appl. Math. 24 (1991), 253-274.
[3] L. Borisov and E. Mukhin, Self-self-dual spaces of polynomials, Adv. Math. 190 (2005),
T7-118.
[4] A. V. Chervov and A. I. Molev, On higher order Sugawara operators, Int. Math. Res.
Not. (2009), 1612-1635.
[5] A. Chervov and D. Talalaev, Quantum spectral curves, quantum integrable systems
and the geometric Langlands correspondence, arXiv:hep-th/0604128.
[6] V. G. Drinfeld, Quantum groups, in: “International Congress of Mathematicians
(Berkeley, 1986)”, Amer. Math. Soc., Providence, RI, 1987, pp. 798-820.
[7] V. G. Drinfeld and V. V. Sokolov, Lie algebras and equations of Korteweg-de Vries
type, J. Sov. Math. 30 (1985), 1975-2036.
[8] B. Feigin and E. Frenkel, Affine Kac—Moody algebras at the critical level and Gelfand—-
Dikii algebras, Int. J. Mod. Phys. A7, Suppl. 1A (1992), 197-215.
[9] B. Feigin, E. Frenkel and N. Reshetikhin, Gaudin model, Bethe ansatz and critical
level, Comm. Math. Phys. 166 (1994), 27-62.
. Feigin, E. Frenkel and V. Toledano Laredo, Gaudin models with irreqular singular-
[10] B. Feigin, E. Frenkel and V. Toled Laredo, Gaudi dels with irreqular singul
ities, Adv. Math. 223 (2010), 873-948.
[11] E. Frenkel, Langlands correspondence for loop groups, Cambridge Studies in Advanced
Mathematics, 103. Cambridge University Press, Cambridge, 2007.
[12] W. Fulton and J. Harris, Representation theory. A first course, Graduate Texts in

Mathematics, 129, Readings in Mathematics, Springer-Verlag, New York, 1991.

24



[13]

[14]

[19]

[20]

[25]

[26]

V. Futorny and A. Molev, Quantization of the shift of argument subalgebras in type
A, Adv. Math. 285 (2015), 1358-1375.

I. M. Gelfand, Center of the infinitesimal group ring, Mat. Sbornik 26 (1950), 103—
112 (Russian). English transl. in: 1. M. Gelfand, “Collected Papers”, vol. II, Berlin:
Springer-Verlag, 1988, pp. 22-30.

I. M. Gelfand and L. A. Dickey, Family of Hamiltonian structures connected with
integrable non-linear equations, Preprint, IPM, Moscow (in Russian), 1978. English
transl. in: I. M. Gelfand, “Collected Papers”, vol. I, Springer-Verlag (1987), 625-646.

M. D. Gould, Characteristic identities for semisimple Lie algebras, J. Austral. Math.
Soc. B 26 (1985), 257-283.

A. 1. Molev, Feigin—Frenkel center in types B, C' and D, Invent. Math. 191 (2013),
1-34.

A. 1. Molev and E. E. Mukhin, Yangian characters and classical W-algebras, in “Con-
formal field theory, automorphic forms and related topics” (W. Kohnen, R. Weissauer,
Eds), Springer, 2014, pp. 287-334.

A. 1. Molev and E. E. Mukhin, Figenvalues of Bethe vectors in the Gaudin model,
arXiv:1506.01884.

A. I. Molev and E. Ragoucy, The MacMahon Master Theorem for right quantum
superalgebras and higher Sugawara operators for gl Moscow Math. J. 14 (2014),

83-119.

m|n>
A. 1. Molev and E. Ragoucy, Classical YWW-algebras in types A, B,C, D and G, Comm.

Math. Phys., 336 (2015), 1053-1084.

E. . Ogievetsky, Factorised S-matrix with Gy symmetry, J. Phys. G: Nucl. Phys. 12
(1986), L105-L108.

D. I. Panyushev and O. S. Yakimova, The argument shift method and maximal com-
mutative subalgebras of Poisson algebras, Math. Res. Lett. 15 (2008), 239-249.

N. Rozhkovskaya, A new formula for the Pfaffian-type Segal-Sugawara vector, J. Lie
Theory 24 (2014), 529-543.

L. G. Rybnikov, The shift of invariants method and the Gaudin model, Funct. Anal.
Appl. 40 (2006), 188-199.

J. A. M. Vermaseren, New features of FORM, arXiv:math-ph/0010025.

25



[27] E. B. Vinberg, Some commutative subalgebras of a universal enveloping algebra, Math.
USSR-Izv. 36 (1991), 1-22.

[28] N. J. Wildberger, A combinatorial construction of Gs, J. Lie Theory 13 (2003), 155—
165.

26



	Introduction
	Lie algebra of type G2 and its matrix presentation
	Matrix presentations of simple Lie algebras
	Lie algebra of type G2
	A formula for  as an element of the centralizer algebra
	Isomorphism with the Chevalley presentation

	Invariants of the vacuum module
	Matrix presentations of affine Kac–Moody algebras
	Segal–Sugawara vectors

	Affine Harish-Chandra isomorphism
	Feigin–Frenkel center and classical W-algebra
	Harish-Chandra images

	Commutative subalgebras and Gaudin model
	Quantization of the shift of argument subalgebras
	Eigenvalues of the Gaudin Hamiltonians


