THE TOEPLITZ NONCOMMUTATIVE SOLENOID AND ITS KMS STATES
NATHAN BROWNLOWE, MITCHELL HAWKINS, AND AIDAN SIMS

ABSTRACT. We use Katsura’s topological graphs to define Toeplitz extensions of Latrémoliere
and Packer’s noncommutative-solenoid C*-algebras. We identify a natural dynamics on each
Toeplitz noncommutative solenoid and study the associated KMS states. Our main result shows
that the space of extreme points of the KMS simplex of the Toeplitz noncommutative torus
at a strictly positive inverse temperature is homeomorphic to a solenoid; indeed, there is an
action of the solenoid group on the Toeplitz noncommutative solenoid that induces a free and
transitive action on the extreme boundary of the KMS simplex. With the exception of the
degenerate case of trivial rotations, at inverse temperature zero there is a unique KMS state,
and only this one factors through Latrémoliere and Packer’s noncommutative solenoid.

1. INTRODUCTION

In this paper, we describe the KMS states of Toeplitz extensions of the noncommutative
solenoids constructed by Latrémoliere and Packer [22]. We prove that the extreme boundary
of the KMS simplex is homeomorphic to a topological solenoid. In recent years, following Bost
and Connes’ work [2] relating KMS theory to the Riemann zeta function, there has been a
great deal of interest in the KMS structure of C*-algebras associated to algebraic and com-
binatorial objects. In particular Laca and Raeburn’s results [20] about the Toeplitz algebra
of the ax + b-semigroup over N precipitated a surge of activity around computations of KMS
states for Toeplitz-like extensions. Various authors have studied KMS states on Toeplitz alge-
bras associated to algebraic objects [4, 21], [6], directed graphs [14] 12, 5], higher-rank graphs
[28, [13], @], C*-correspondences [19, [15], and topological graphs [I]. The results suggest that the
KMS structure of such algebras for their natural gauge actions frequently encodes key features
of the generating object.

The noncommutative solenoids Ay~ are C*-algebras introduced by Latrémoliere and Packer
n [22]. They are among the first examples of twisted C*-algebras of non-compactly-generated
abelian groups to be studied in detail, and have interesting representation-theoretic properties
[23,24]. In addition to the definition of noncommutative solenoids as twisted group C*-algebras,
Latrémoliere and Packer provide a number of equivalent descriptions. The one we are interested
in realises them as direct limits of noncommutative tori. Specifically, given a positive integer
N and a sequence 6, of real numbers such that N26, ., — 0, is an integer for every n, there
are homomorphisms Ay, — Ay, , that send the canonical unitary generators of Ay, to the
Nth powers of the corresponding generators of Ay, ,,. The noncommutative solenoid for the
sequence 0 = (6,,) is the direct limit of the Ay, under these homomorphisms. Latrémoliere and
Packer’s work focusses on features like simplicity, K-theory and classification of noncommuta-
tive solenoids.

Here we use Katsura’s theory of topological graph C*-algebras [16] to introduce a class
of Toeplitz extensions 7,7 of noncommutative solenoids, realised as direct limits of Toeplitz
extensions T (Ep, ) of noncommutative tori, and then study their KMS states. Our main result
says that at inverse temperatures above zero, the extreme boundary of the KMS simplex of
7,7 is homeomorphic to the classical solenoid .#, and there is an action of . on T;” that
induces a free and transitive action on the extreme KMS states. This is further evidence that
KMS structure for Toeplitz-like algebras recovers key features of the underlying generating
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objects. Interestingly, this homeomorphism is subtler than one might expect: though the
results of [I] show that the KMS simplex of each approximating subalgebra T (Ep, ) C T,” has
extreme boundary homeomorphic to the circle, these homeomorphisms are not compatible with
the connecting maps in the inductive system. In fact, none of the extreme points in the KMS
simplex of any T (Ey, ) extend to KMS states of 7;”. Identifying the simplex of KMS states of a
given T (F,,) that do extend to KMS states of 7;” requires a careful analysis of the interaction
between the subinvariance relation, described in [I], that characterises KMS states on the
T (Ep,) and the compatibility relation imposed by the connecting maps 7 (Ep,) — T (Ey,,,).
We think the ideas involved in this analysis may be applicable to other investigations of KMS
states on direct-limit C*-algebras. Our main result also shows that at inverse temperature
[ there is a unique KMS state (unless all the 6,, are zero, a degenerate case that we discuss
separately), and that there are no KMS states at inverse temperatures below zero. Perhaps
surprisingly, for nonzero 6 the structure of the KMS simplex of 7,7 does not depend on whether
the 6,, are rational.

We proceed as follows. After a brief preliminaries section, we begin in Section [3| by consid-
ering KMS states for actions on direct limits that preserve the approximating subalgebras. We
record a general—and presumably well known—description of the KMS simplex as a projec-
tive limit of the KMS simplices of the approximating subalgebras. The connecting maps in
this projective system need not be surjective, which is the cause of the subtleties that arise in
computing the KMS states of Toeplitz noncommutative solenoids later in the paper. In Sec-
tion , we consider the topological graph E. that encodes rotation on the circle R/Z by angle
v € R. We describe the Toeplitz algebra T (E.,) of this topological graph as universal for an
isometry S and a representation m of C(R/Z), and its topological-graph C*-algebra O(E.) as
the quotient by the ideal generated by 1 — SS*. In particular, O(E,) is canonically isomorphic
to the noncommutative torus A,. In Section |5 we consider a sequence 6 = (¢,,) in R/Z such
that N26,..1 = 6, for all n. We use our description of T (E.,) from the preceding section to
describe homomorphisms 1, : T(Ey, ) = T (E,,) that descend through the quotient maps to
the homomorphisms 7, : O(Ey,) — O(Ey,,,) for which the noncommutative solenoid A7 is
isomorphic to @(O(Egn), Tn).

In Section @, we define the Toeplitz noncommutative solenoid as T;” := @(T(Egn),wn),
by analogy with the description of A" outlined in Section . We describe a dynamics a on
7,;” built from the gauge actions on the approximating subalgebras T (Ep, ). Though the gauge
actions on the T (FEj,) are all periodic R-actions, the dynamics « is not. We are interested in
the KMS states for this dynamics. The case 6 = 0 := (0,0,0,...) is a degenerate case, and we
outline in Remark how to describe the KMS states in this instance by decomposing both
the algebra T3~ and the dynamics « as tensor products. Since 6, # 0 implies 6,,.; # 0, we
can thereafter assume, without loss of generality, that every 6,, is nonzero. In the remainder of
Section [0, we use our results about direct limits from Section [3] to realise the KMS simplex of
7,;” for a at an inverse temperature 3 > 0 as a projective limit of spaces Q" of probability
measures on R/Z that satisfy a suitable subinvariance condition. This involves an interesting
interplay between the subinvariance condition for KMS states on the 7 (Ey,) obtained from [I],
and the compatibility condition coming from the connecting maps 1,,. We believe that this
analysis and our analysis of the space €27, in Section [7| may be of independent interest from
the point of view of ergodic theory. The theorems in [I] are silent on the case 8 = 0, so we
must argue this case separately, and our results for this case in Section [f] appear less sharp than
for > 0: they show only that the KMSy-simplex embeds in the projective limit of the spaces
Q0 .. But we shall see later that the subinvariance condition at 8 = 0 has a unique solution,
so that the projective limit in this case is a one-point set. So our embedding result for 5 = 0
is sufficient to show that there is a unique KMS, state.

In Section [7| we analyse the space €1, for r > 0. We first construct a measure m, satistying
the desired subinvariance relation, and then show that the measures obtained by composing

this m, with rotations are all of the extreme points of €27 ;. This yields an isomorphism of 2
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with the space of regular Borel probability measures on R/Z. A key step in our analysis is the
characterisation in [12] of the subinvariant measures on the vertex set of a simple-cycle graph.
We then turn in Section [§ to the proof of our main theorem. The key step is to establish that
the connecting maps ¢, : T(Ep,) — T (Ejy,,,) induce surjections Q" — QI by showing that
the induced maps carry extreme points to extreme points.

2. PRELIMINARIES

In this section we recall the background that we need on topological graphs and their C*-
algebras, as introduced by Katsura in [I6]. We then recall the notion of a KMS state for a
C*-algebra A and dynamics a.

Topological graphs and their C*-algebras. For details of the following, see [16]. A topo-
logical graph E = (E° E',r,s) consists of locally compact Hausdorff spaces E° and E*', a
continuous map r : E* — E° and a local homeomorphism s : E' — E°. In [16] Katsura con-
structs from each topological graph E a Hilbert Cy(E°)-bimodule X (F) and two C*-algebras:
the Toeplitz algebra 7 (E) and the graph C*-algebra O(FE). In this article we only encounter
topological graphs of the form F = (Z,Z,id, h), where h : Z — Z is a homeomorpism of a
compact Hausdorff space Z, so we only discuss the details of X(E), T(E) and O(F) in this
setting.

When E = (Z, Z,id, h), where Z is compact, the module X (F) is a copy of C'(Z) as a Banach
space. The left and right actions are given by

g1+ 1 92(2) = 1(2) f(2)g2(n(2)),  for g1, 92 € C(2), [ € X(E),

and the inner product by (fi1, f2)(2) = fi(h=1(2)) f2(h7(2)), for fi, fo € X(E). We denote by
¢ the homomorphism A — L£(X(F)) implementing the left action. In this case ¢ is injective.

A representation of X(FE) in a C*-algebra B is a pair (¢, 7), consisting of a linear map
Y : X(F) — B and a homomorphism 7 : C'(Z) — B satisfying

O -h) = (f)m(h), o (Nlg) =7({f,9)) and (h-[f) =n(h)y(f)

for all f,g € X(F) and h € C(Z). The Toeplitz algebra T (E) is the Toeplitz algebra of X (F),
in the sense of [10], which is the universal C*-algebra generated by a representation of X (F).
We denote by (i g, %)) the representation generating 7 ().

For fi, fo € Xg there is an adjointable operator O 5, € L(X(E)) given by Oy, 1,(9) =
fi(f2: 9)cz) = fif59. The algebra of generalised compact operators on X (E) is

K(X(E)) :=span{®p, 5, : fi, f> € X(E)}.

Since ©11 = 1(x(m)), we have K(X(E)) = L(X(F)). For a representation (¢, m) of X (£) in
B there is a homomorphism (v, 7)) : (X (E)) — B satisfying (v, 7)Y (0y, 1,) = ¥ (1) (f2)*
(see [26], page 202]).

The graph algebra O(F) is the Cuntz—Pimsner algebra of X (E). So O(F) is the quotient of
T (E) by the ideal generated by

{(i%my %)M (0(h) = % (h) : h € C(2)},

and is the universal C*-algebra generated by a covariant representation of X (FE)—that is, a
representation (¢, 7) satisfying

(1, 7)Y (p(h)) =7(h) for all h € C(Z).

We denote the quotient map 7 (E) — O(F) by ¢, and we define (j)l((E),jg((E)) = (qo zg((E), qo

ig(( E)), the covariant representation generating O(F).
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KMS states. For details of the following, see [3]. Given a C*-algebra A and an action « :
R — Aut(A), we say that a € A is analytic for « if the function ¢ — «a;(a) is the restriction
of an analytic function z — a,(a) from C into A. The set of analytic elements is always norm
dense in A. A state ¢ of A is a KMSy-state if it is an a-invariant trace on A. For § € R\ {0},
a state ¢ of A is a KMSg-state, or a KMS-state at inverse temperature 3, for the system (A, a)
if it satisfies the KMS condition

o(ab) = ¢(bayp(a))  for all analytic a,b € A.

It suffices to check this condition for all a,b in any a-invariant set of analytic elements that
spans a dense subspace of A. The collection of KMSg-states for a dynamics a on a unital
C*-algebra A forms a Choquet simplex, and we will denote it by KMSg(A, av).

3. KMS STRUCTURE OF DIRECT LIMIT C*-ALGEBRAS

The C*-algebras of interest to us in this paper are examples of direct-limit C*-algebras. In
this short section we show that the simplex of KMS states of a direct-limit C*-algebra, for an
action that preserves the approximating subalgebras, is the projective limit of the simplicies of
KMS states of the approximating subalgebras.

Proposition 3.1. Suppose € [0,00), and that {(4;,p;,a;) : j € N} is a sequence of unital
C*-algebras Aj, injective unital homomorphisms ¢; : A; — A1, and strongly continuous
actions o : R — Aut A; satisfying o109 = pjoa;, for allj € N andt € R. Denote by A
the direct limit lig(Aj, ©;), and by @j .« the canonical maps A; — Ao satisfying @j11,00 © @j =
Voo for each 7 € N. There is a strongly continuous action o : R — Aut Ay, satisfying
Pjoo Ot = 00 Yj o for each j € N andt € R. Moreover, there is an affine isomorphism from

KMSs(Aw, v) onto @(KMSﬁ(Aj, ), ¢+ ¢ o ;1) that sends ¢ to (¢ 0 pje0)iy-
Proof. For each j € N and t € R we have

(Pjt+1,00 © Wjt1,t) © Pj = Pji1,00 © Pj O Uit = Yoo © Wi
So the universal property of A gives a homomorphism oy : A, — Ao such that o 0 ) =
©j00 © 0y for all j.

It is straightforward to check that each a; is an automorphism of A, with inverse a_;, and
that o : R — Aut A is an action satisfying ¢; 00, = a0@; . An e/3-argument using that
each «; is strongly continuous and that |J; ¢j(A;) is dense in A shows that « is strongly
continuous.

For j € N and ¢ € KMSg(Aw, ) define h;(¢) := ¢ 0 ;. Since KMSg states restrict to
KMSg states on invariant unital subalgebras, h; maps KMSg(Aw, ) to KMSg(A;, ;) for each
j. We have

hit1 095 = (¢ 0 Pit1,00) 00 = 00 (Pt100 ©5) = ¢ 0 Pjic = Ny,
and so the universal property of @KMSB(Aj,aj) gives a map h from KMSg(Ay, «) into
l'glKMsg(Aj,ozj) satisfying p; o h = h;, where p; denotes the canonical projection onto
KMSgs(A;, ;). We claim that & is the desired affine isomorphism.
The map h is obviously affine. To see that h is surjective, fix (¢;)52, € @(KMSg(Aj, a;)),
and take j <k, a € A; and b € Ay, with ¢, (a) = ¢k0o(b). Then

0 = Proo(b) = ©j0o(@) = Phioo(D) = Proo(Pr-10 0 @j(a)) = Proo(b—@r_10---0p;a)).

Since each ¢, is injective, each ¢, is injective, and so b = ;1 0---0p;(a). Now

¢;(a) = dr(pr-1 00 p;(a)) = di(b),
and so there is a well-defined linear map ¢ : UjZ) ¢j00(A;) — C satisfying doo(je0(a)) =
¢;(a) for all j € N and a € A;. Since each ¢ is isometric and each ¢; is norm-decreasing,
each ¢ © ;o is norm-decreasing, so ¢, is norm-decreasing. It therefore extends to a norm-
decreasing ¢ : Ao — C. Since [[¢oo]| > [P0 © 5] = |l@j]] = 1, we see that ||¢s|| = 1. Since
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U; @i ((Aj)1) is dense in (Ax); and since each @oo © Q)00 = ¢ is positive, oo is positive,
and therefore a state of A.

To see that ¢, is KMS, observe that if a € A; is «oj-analytic, then ;. (a) is a-analytic.
Indeed, since z — @jo(a;.(a)) is an analytic extension of ¢ — au(p;(a)), the analytic
extension of ¢ — () (a)) is given by

@ ($j.00(@)) = @j00(@jz(a)).
SoU{pj(a) : a € A; is analytic} is an a-invariant dense subspace of analytic elements in Aw.
So it suffices to show that ¢eo(©)00(a)Pk,ec(D)) = Poo(Ph,0(b)is(j0(a))) Whenever a € A;
and b € Ay, are analytic. For this, let [ := max{j, k} and observe that a' := ¢;; and V' := ¢y ;(b)
are og-analytic, and so

Doo (2,00 (@) k00 (D)) = Poo(Pr,00(a’V) = i(a'V') = ¢y(V'auip(a’))
= Poo (P1.00(0") Qi (@100 (@) = Poo (P00 (D) ip (0500 (a)))-

Since h(oo) = (oo © Pioo)i20 = (¢5)50, We see that h is surjective.
Checking that h is injective is straightforward: if h(¢) = h(¢)), then ¢ o ;. = 1 0 @;  for
all j € N, which implies that ¢ and ¢ agree on the dense subset (J;Z ¢;00(4;), giving ¢ = 1.
To see that h is continuous, let (¢y)ren be a net in KMSsz(Aw, o) converging weak™ to
¢ € KMSg(Aw, ). Then p;(h(¢yr)) = ¢r0 ;o converges weak™ to p;(h(¢)) = ¢pop; for each
j € N. Since the topology on the inverse limit is the initial topology induced by the projections
pj, this says that h(¢,) converges weak™ to h(¢). Hence h is continuous. O

4. C*-ALGEBRAS FROM ROTATIONS ON THE CIRCLE

We are interested in topological graphs built from rotations on the circle. We write
S:=R/Z

for the circle, which we frequently identify with [0, 1) under addition modulo 1.

For v € R, let R, denote clockwise rotation of the circle S by angle v. So R,(t) =
t—~ (mod 1). Each R, is a homeomorphism of S, and we denote by E., := (S, S, ids, R,) the cor-
responding topological graph. We denote the Hilbert bimodule X (E,) by C(S)., its inner prod-
uct by (-, -),, and the homomorphism implementing the left action by ¢., : C(S) = L(C(R/Z),).

We can give alternative characterisations of the C*-algebras T(E,) and O(E,). This is
certainly not new: the description of O(E,) goes back to Pimsner [26, page 193, Example 3].
But we could not locate the exact formulation that we want for the description of 7 (E,) in the
literature.

Definition 4.1. A Toeplitz pair for E, in a C*-algebra B is a pair (m,S) consisting of a
homomorphism 7 of C(S) into B, and an isometry S € B satisfying

St(f)=n(foR,)S forall feC(S).
A covariant pair for E. is a Toeplitz pair (m, W) in which W is a unitary.

Proposition 4.2. Let v € R and E, = (S,S,ids, R,).

(1) The pair (i, s,) = (iOX(EW),ik(Ew)(l)) is a Toeplitz pair for E. that generates T (E.).
Moreover, T (E,) is the universal C*-algebra generated by a Toeplitz pair for E.: if (7, S)
is a Toeplitz pair in a C*-algebra B, then there is a homomorphism ©x S : T(E,) — B
satisfying (m x S) oiy, =m and (7 x S)(sy) = 5.

(2) The pair (j,wy) == (jg((Ew),j)l((Ew)(l)) is a covariant pair for E., that generates O(E,).
Moreover, O(E,) is the universal C*-algebra generated by a covariant pair for E.: if
(m, W) is a covariant pair in a C*-algebra B, then there is a homomorphism m x W :

O(E,) — B satisfying (m x W) o j, =7 and (m x W)(w,) = W.
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Proof. We have s’s, = ZX( L 1),) = OX(EW)(l) = 1, and so s, is an isometry. For each
f € C(S) we have

iy(f o Ry)sy = ixmy(f 0 Ry)ix(s,) (1) = ix(z,)((f o Ry) - 1)
= Z}((E (1-f)= ZX E )(1) i3 X(E, )(f) = 5,i,(f),
and so (i,,s,) is a Toeplitz pair. For f e C(S), we have z}((Ew)(f) = i,(f)s,, so the pair

(i+,17,(1)) generates the ranges of both z'g((Ew) and z%((EV), and hence all of T (E,).

Now suppose B is a unital C*-algebra and 7w : C(S) — B and S € B form a Toeplitz pair
(m,S) for E, in B. Define ¢ : C(S), — B by ¢¥(f) = n(f)S. We claim that (¢, 7) is a
representation of C(S), in B. For each f € C(S), and g € C(S) we have

m(g)(f) = w(g)m(f)S = w(9f)S = ¢(9f) = ¥(g- f)

and

U(f)m(g) = n(f)Sm(g) = n(f(goR,))S =1(f(go R,)) =U(f - 9).
To check that the inner product is preserved, we let f, h € C(S), and calculate

U (R) = Sr(f7)n(h)S = S'm(f* o RV o Ry)m(ho RV o R,)S

= n(f* o R;1)S*Sm(ho RSY) = w((f*h) o R}Y).

We have (f,h),(z) = mg(ﬂ’;l(z)) = (f*9) o R;'(2). So (f,h), = (f*h) o R;', and
hence ¢(f)*(h) = w({f, h),). This proves the claim.

The universal property of T(E,) yields a homomorphism ¢ x 7 : T(E,) — B satisfying
(¢><7r)ozx wand(l/JXW)ozX(E)—W Let m x S :=1 x m. Then

(mx S)o ZX(EW) = (Y xm)o ig{(EW) =T,
and
(1 % )(s5,) = (1 % 7)) (1)) = (1) = 7(1)S = 8.

Hence T (E,) is the universal C*-algebra generated by a Toeplitz pair for E..
To prove (2) it suffices to show that the ideal I generated by

{(ZX(EH,)vlg(( ))( )(Spv(f)) - Z.g((EW)(f) 1 feC(S)}
is the ideal generated by the element s,s> — 1. We have

sy85 =1 = (ix(m,) ix(5,) DD (O11) — S (m,) = (%((Ev)vig{(EW)>(1)<¢n(1)) —ixmy(1) €1,

and hence the ideal generated by s,s7 — 1 is contained in /. For the reverse containment we
first note that ¢, (f) = Oy, for all f € C(S). Then

(Z‘}X(Eyyig{(Eﬂ,))(l)(SOﬂ(f)) — iy (f) = (ix(s,), Z‘g((Ev)>(1)(@f,l) — iy (f)
= i% ) (Fix e, (1) —iy(f)
= %) (Nixe,) (Vi) (1) = ik, (f)
= ZX(E”(f)(S’ij; 1)7

and the result follows. O

Remarks 4.3. (1) We saw in the proof of Proposition that a Toeplitz pair (m,S) for
E. gives a representation (¢, m) of X(E,) such that ¢(f) = n(f)S. We denote the
homomorphism (¢, 7)) of K(X(E,)) by (7, S)Y; so (, S)(l)(@fg) =m(f)SS*r(g)*.

(2) In [I7, Theorem 6.2] Katsura proved a gauge-invariant uniqueness theorem for the
Toeplitz algebra of a Hilbert bimodule. Suppose A is a C*-algebra, X is a Hilbert
A-bimodule, and (¢, 7) is a representation of X in a C*-algebra B. The gauge-invariant
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uniqueness theorem says that ¢ x 7 : 7(X) — B is injective if B carries a gauge action,
1 X 7 intertwines the gauge actions on 7(X) and B, and the ideal

{a€A:n(a) € (v, M)W (KX))}
of A is trivial. If (7, 5) is a Toeplitz pair for E., then this ideal is {f € C(S) : n(f) €
(7, )M (K(X(E,)))}, which we can write as
{f € C(S) : n(f) € span{n(g)SS"n(h) : g, h € C(S)}}.

We denote this ideal by I(rs).

(3) Proposition 4.10 of [17] says that I;; .y =0.

We can give spanning families for 7(E,) and O(E,) using Toeplitz and covariant pairs.
Proposition 4.4. Let v € R and E, = (S,S,ids, R,). Then
T(E,) = span{s'iy(f)s}" :m,n € N, f € C(S)},

and
O(E,) = spanf{w'j,(flw" :m,n €N, f € C(S)}.

Proof. The set span{sZ'i,(f)s:" : m,n € N, f € C(S)} contains the generators of T(E,), so

it suffices to show that it is a %-subalgebra. It is obviously closed under involution; that it is
closed under multiplication follows from the calculation

_ s (F)sy iy (g)syt ifn > p
siiy (f)sh i (g)s2? ifn<p
— {S'Tiv(f(g o R;(n_p)))S:”_pﬂ ifn>p

s ((fo RyP ™) g)ste if n < p.

sy (f)s2 " shiy(g)sh?

Since each s7'i,(f)s:" is mapped to w]'j,(f)w:" under the quotient map 7 (E,) — O(E,), we
have O(E,) = span{w'j,(f)w:" : m,n € N, f € C(S)}. O

5. AN ALTERNATIVE DESCRIPTION OF THE NONCOMMUTATIVE SOLENOID

Throughout the rest of this paper we fix a natural number N > 2. In [22], given a sequence
0 = (0,)>, in S = R/Z such that N%0,,,, = 6, for all n, Latrémoliere and Packer define
the noncommutative solenoid Ay as a twisted group C*-algebra involving the N-adic ratio-
nals. In [22 Theorem 3.7] they give an equivalent characterisation of Ay". We will take this
characterisation as our definition. We recall it now. Let

En = {(0,)2: 0, €S and N0, = 0, for each n}.
Recall that for v € S the rotation algebra A, is the universal C*-algebra generated by unitaries
U, and V, satistying U,V, = e*™V,U.,.

Definition 5.1. Let 6 = (0,)%°, € En, and for each n € N let ¢, : Ay, — Ay
homomorphism satisfying

be the

n+1
¢n<U9n> = 0]X+1 and @n(%n) - QJXJA’

The noncommutative solenoid Aj is the direct limit HE(A%, ©n).

Remark 5.2. We have taken a slightly different point of view to [22] in describing A;". In [22],
Latrémoliere and Packer consider collections of (6,) such that N6, — 6, € Z, and take the
direct limit liﬂAQ%, with intertwining maps going from Ay, to Ag,, .

We now give an alternative characterisation of the noncommutative solenoid using topological
graphs built from rotations of the circle as discussed in Section [4]

Notation 5.3. We denote by ¢ : S — T the homeomorphism ¢ — €™, and by py : S — S the
function t — Nt.
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Proposition 5.4. Let N > 2, and 0 = (0,)5°, € En. For each n € N there is an injective
homomorphism 1, : O(Ey,) — O(FEy satisfying

nit)
(o, (f)) = Jonn (fopn)  and  7(we,) = wp |,
for all f € C(S). Moreover h_n;l(O(Egn),Tn) ~ A7,
We will prove the existence of the injective homomorphisms 7,, using the following result.

Lemma 5.5. Let N € N with N > 2, and take v,n € S with N*n —~v € Z. Then there is an
injective homomorphism ¢ : T (E,) — T (E,) satisfying

U(iy(f)) =iy(fopn) and Y(s,) = sy,
for all f € C(S). The map 1 descends to an injective homomorphism 7 : O(E,) — O(E,)
satisfying 7(j,(f)) = jn(f o pn) and 7(w,) = w) for all f € C(S).
Proof. Consider 7 : C(S) — T (E,) given by n(f) = i,(f o py) and let S := s)}. Since
R,opy = Ry2y0py = R opy =pyo R,
we have
T(fo RS =iy(foR, opN)Sfyv =iy(fopno R7]7V)57]7V = Sfyvin(f opn) = Sm(f).

So (,S) is a Toeplitz pair for £,. The universal property of 7 (E,) now gives a homomorphism

Y T(E,) — T(E,) satisfying %Un(%(f)) = iy(f opy) for all f e C(S), and ¥(s,) = s

To see that 1 is injective, we aim to apply the gauge-invariant uniqueness theorem discussed
in Remarks . We claim that Iz # 0 = I, 4,) # 0. To see this, suppose that
0# f € g Fix e > 0, and choose g;, h; € C(S) Wlth

(- Z n(g:)SSm(h

So
k
H fopx) Zzn giopPN)s N’in(hiopN)H<€-

For every function g € C(S) we have

(gORN 1) _S*N 1 N 1 (gORN 1) S;N_lin(g)sgil-

Hence

k
in(fopyo Ri\[{l) — Zin(gi opyoO Rjj,;l)sns;;in(hi OpNo© Rivnil)
i=1

sy ¥ g (fopn)sy N =) st iy (gi 0 pa)sy sy N ig(hi o pa) sy H

<

inlf o pw) = D (g0 pa)si sy Via(hi o )| < e
i=1
It follows that i,(fopy o RN,') € (iy, 5,) M (K(X(E,))), and hence that fopyo RN € I, ).
This proves the claim.
By Remarks [.3|@), I(i,s,) = 0, so the claim gives I(rg = 0. We have ¢(T(E,)) C
span{siNi,(f)sy" : f € C(S),a,b € N}. Hence the gauge action p” of T on T(E,) satis-

7
fies plotp = p?  ,.w 09 for all z € T. So there is an action p” of T on (7 (£,)) such that
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Planin 0 ) = pe™/N for all t € R. In particular,
Promie © Y(50n(£)53) = Plamiey (85" i (F) 57
_ eQm’t(a—b) S;;Nl'n(f)sj;b]v _ ¢ o ;022772'15 (SgNin(f)S;bN).
So continuity and linearity gives pl.; = % 0 pla.. Hence the gauge-invariant uniqueness
theorem [17, Theorem 6.2] shows that v is injective.
To see that 1 descends to the desired injective homomorphism 7 : O(E,) — O(E,), it suffices
to show that the image under 1 of the kernel of the quotient map 7 (E,) — O(E,) is contained

in the kernel of T(E,) — O(E,). For this, it suffices to show that ¢/(1 — s,s7) is in the ideal
generated by 1 — s,s,, which it is becase

P(L—sy87) =1~ sfys:)N = Z sf;[_i(l - snsn)s,‘;N%. O
i=1

Proof of Proposition|5.4) For each n € N, Lemma [5.5| applied to v = 6,, and n = 6, gives the
desired injective homomorphism 7.

Proposition says that each O(E),) is the crossed product C(S) x Z for the automorphism
f = foR,of C(S), which is the rotation algebra A, (see [7, Example VIII.1.1] for details).
So for each n € N there is an isomorphism from O(Ey,) to Ay, carrying jy, (¢) to Uy, and wy,
to Vp, . Since each T, satisfies

7a(J0, (1)) = Jo,1n (L0 PN) = o, (1) and 7 (we,) = wp,

the diagrams
Tn

O(E9n> O(E9n+1)

gl |=

®n
Ag A9n+1

n

commute. Hence lim(O(Ey, ), ) = A7 O

Remark 5.6. In [I8, Section 2], Katsura studies factor maps between topological-graph C*-
algebras, and the C*-homomorphisms that they induce. He shows that the projective limit of
a sequence ([,) of topological graphs under factor maps is itself a topological graph. He then
proves that the C*-algebra O(@ E,) of this topological graph is isomorphic to the direct limit
lim O(E,) of the C*-algebras of the E,, under the homomorphisms induced by the factor maps.
So it is natural to ask whether the maps 7,, : O(Ey,) — O(FEy,,,) correspond to factor maps.
This is not the case: as observed on page 88 of [I1], there is no factor map from Ejy, ,, — FEj,
that induces the homomorphism of C*-algebras described in Lemma, |5.5

n+1

6. THE TOEPLITZ NONCOMMUTATIVE SOLENOID AND ITS KMS STRUCTURE

In this section we introduce our Toeplitz noncommutative solenoids 7,”. We introduce a
natural dynamics on 7,7 and apply Proposition to begin to study its KMS structure.

Given 0 = (0,)32, € =Zn, Lemma gives a sequence of injective homomorphisms 1, :
T (Ep,) — T (E,,,,) satisfying

Unio, (f)) =g, (fopn) and  hn(se,) = s
for all f € C(S).

Definition 6.1. We define 7,7 := li%(T(Egn),wn) and call it the Toeplitz noncommutative

solenoid. We write ¢y, o : T (Ejp, ) — T4~ for the canonical inclusions, so that ¥y, 0 = ¥n11,000Un
for all n.

The following lemma indicates why it is sensible to regard 7,7 as a natural Toeplitz extension
of the noncommutative solenoid.
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Lemma 6.2. In the notation established in Proposition[5.4), there is a surjective homomorphism

q¢: T — A such that q(vn.s(io, (f))) = Taso(Jo, (f)) and q(vnca(s6,)) = Toeo(ws,) for all
n € N and all f € C(S). Moreover, ker(q) is generated as an ideal by 11 (ig, (1) — 0,55, )-

Proof. For the first statement observe that the canonical homomorphisms ¢, : T (Ey,) —
O(Ey,) intertwine the 1, with the 7,. For the second statement, let I be the ideal of ﬁy
generated by 11 o (76, (1) — s¢,55,). Since ker(q) clearly contains 1 o (76, (1) — s¢,55,), we have
I C ker(q). For the reverse inclusion, note that for n > 1,

V159, (1) — s9,55,) = 49, (L0 tyn) — sgivs;:N
=g, (1) = o, (55 155N V)sp, > g, (1) = so,.55,.
80 each Y oo(i, (1) — 50,55,) < Ynoo(V1,n(i, (1) — 86,55,)) = V1,00(16, (1) — g, 55, ), which be-
longs to I. Thus ¢, (i, (1) — senszn) € I. Since ker(q) = U, ker(¢) N ¢noo(T(Ep,)) =

U, ¥n,e0(ker(gy)), it therefore suffices to show that each ker(g,) is generated by ig, (1) — 54,55 ,
which follows from Proposition 4.2 O

Proposition 6.3. There is a strongly continuous action o : R — Aut T,;” satisfying

e (Yj,00(s4 10, (f) s ) = g tm=m)/N? Vjoo(8gi0,(f)sy) ), (6.1)

for each jym,n € N and f € C(S). This o descends to a strongly continuous action, also
written a, on the noncommutative solenoid Ay .

Proof. For each j € N we denote by p the gauge action on T (Ejp,), and by p; the strongly
continuous action ¢+ p_;./ni of R on T(Ey,); so pj 0ig;, = ig, and p;(sg;) = eit/N?

t € R. For each j € N and t € R we have
m: *n 7 m—Nn +1 m *Nn
Pj+1t © %(sejlej(f)sej) = /HNm= N/ Sé\jﬂleﬁl(f)seﬁl
= TN Y g, ()it = w5 0 pia(sirio, (f)s5!).
Hence pji14 0 ¢; = 9 0 pj, and Proposition applied to each (4;,a;) = (T (Ey,), p;) gives

the desired action a : R — Aut 7,”.
For the final statement, observe that the a; all fix ¥y (g, (1) — 59, 55, ), and so leave the ideal

that it generates invariant; so they descend to Ay by Lemma . O

sg. for each
J

Remark 6.4. The actions on graph C*-algebras and their analogues studied in, for example,
[0, 8, [, 12] are lifts of circle actions, and so are periodic in the sense that a; = a4 o, for all ¢.
By contrast, while the action « of the preceding proposition restricts to a periodic action on
each approximating subalgebra ;. (T (Ep,)), it is itself not periodic: a; = ay = t = s.

We now wish to study the KMS structure of the Toeplitz noncommutative solenoid 7,7 under
the dynamics « of Proposition [6.3]

Remark 6.5. The case § = 0 = (0,0,...) is relatively easy to analyse. Let ./ = @(S,p]\z)
denote the classical solenoid, and 7 the Toeplitz algebra. Write s for the isometry generating
T,and k : T — T for the homomorphism given by k(s) = s¥. Then 73" = C(.%) ® @(T, K).
This isomorphism intertwines the quotient map ¢ : 737 — Ag with the canonical quotient
map id®q : C(¥) ® h_n;(T, k) = C(¥) @ C(). It also intertwines a with 1 ® & where
At (Kjoo(8)) = €Nk o(s). That is, & is equivariant over ko, with an action &; on 7 that
is a rescaling of the gauge dynamics studied in [I12]. Theorems 3.1 and 4.3 of [12] imply that
(T,@&;) has a unique KMSg state for every 5 > 0 and has no KMSy states for 5 < 0, and
that the KMS, state is the only one that factors through C(S). So Proposition implies
that (lim(7,x), &) has a unique KMSg state ¢g for each 3 > 0 and has no KMSy states for
f < 0, and that the KMSy state is the only one that factors through C(’). Hence the map
Y+ 1 ® ¢g determines an affine isomorphism of the state space of C'(.%) onto KMSz(75”, )
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for each § > 0, there are no KMSg states for 8 < 0, and the KMS, states are the only ones
that factor through Ay .

In light of Remark [6.5, we will from now on consider only those § € Zy such that 6; # 0 for
some j. Since 0; # 0 implies ;.1 # 0, and since Lim((Ag, , pn)nZ,) = im((Ay,, n)7Z;) for any
J, we may therefore assume henceforth that 6; # 0 for all j.

Our main result is the following.

Theorem 6.6. Take N € {2,3,...}, take 0 = (0;)52, € En, and take § € (0,00). Suppose
that 0; # 0 for all j. Then KMSs(T;”, ) is isomorphic to the Chogquet simplex of reqular Borel
probability measures on the solenoid ./ := @(S,pN), and there is an action X of & on T;”

that induces a free and transitive action of % on the extreme boundary of KMSs(T;”, ). There
is a unique KMSo-state on T;” for o, and this is the only KMS state for a that factors through
Ay . There are no KMSg states for 8 < 0.

The first step in proving Theorem |6.6|is to combine the results of [I] on KMS states of local
homeomorphism C*-algebras with Proposition to characterise the KMS states of 7;” in
terms of subinvariant probability measures on the circle. We start with some notation.

It is helpful to recall what the results of [I] say in the context of the topological graphs
E.. Recall that p denotes tha gauge action on 7 (E.,); we also use p for the lift of the gauge
action to an action of R on 7(E,). Combining Proposition 4.2 and Theorem 5.1 of [I], we
see that for each regular Borel probability measure g on S that is subinvariant in the sense

that u(R,(U)) < e’pu(U) for every Borel U C S, there is a KMSg-state ¢, € KMSg(T(E,), p)
satisfying

D521, (F)570) = B /S fdp: (6.2)

and moreover, the map p — ¢, is an affine isomorphism of the simplex of subinvariant regular
Borel probability measures on S to KMSg(7 (E,), p).

Definition 6.7. Fix r,;s € [0,00), and v € S. Let M(S) denote the set of regular Borel
probability measures on S. We define

Mg (s,7) == {m € M(S) : m(R,(U)) < e*m(U) for all Borel U C S}
and
QO i={m e M(S) : m(R,(U)) < e"m(U) for all t € [0,00) and Borel U C S}. (6.3)
Notation 6.8. For the rest of the section we fix 6 = (0;)52, € Zn such that 0; # 0 for all j,

and 3 € [0,00). We define ’
= (B/N’§; forall j € N.

Theorem 6.9. Toke N € N with N > 2, 0 = (0;);%, € En, and 8 € [0,00). Suppose that
0; # 0 for all j. Then there is an affine injection

w: KMSs(T;7, a) — @(Q:ﬂb, m— mopy')
such that

6 0 yon i (1)55) = B [ (o (6.4)
for each ¢ € KMSs(T;”, ) and j € N. If B> 0, then w is an isomorphism.

Write p for the gauge action on T (Ej,), and p; for the action t +— p_,/x; of R on T(Ej,).
Since the dynamics « on T;” is induced by the p;, Proposition yields an affine isomorphism

KMSB(T ) ) = @(KMSB(T<E9J')>/)J')7¢ = ¢o wjfl)'

For each j € N and t € R we have p;; = py/ni, 50 KMSg(T (Ep,), pj) = KMSg/ni (T (Ep;), p).
For 3 > 0, the KMSg simplex of each (7 (Ep,),p) is well understood by the results of [I] (see
the discussion preceding (6.2))), and we use these results to prove the following.
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Proposition 6.10. With the hypotheses of Theorem[6.9, there is an affine injection
7 U (KMSg) i (T (Ey, ), p), ¢ = ¢ 0 1) — m (Mg (B/N?,6;),m — mopy')
such that ¢; = Gr((gy)2,),, as defined at ( (6.2), for all (¢r)i2y and j € N. If B > 0 then T is an

isomorphism.

Throughout the rest of this section we suppress intertwining maps in projective limits.

Proof of Proposition[6.10 We first claim that for each j € N there is an affine injection 7; of
KMSﬁ/Nj (T(Eej)’ p) onto Msub(ﬁ/Nj, ej) satisfying

) = /S Fd(ry(@)) for all ¢ € KMSy s (T(Ep. ), p) and f € C(S),

and that for 8 > 0, this 7; is an isomorphism. The statement for 5 > 0 follows directly from
[T, Theorem 5.1] (see (6.2)).

To prove the claim for 3 = 0, recall that the KMS, states on 7 (Ej,) for p are the p-invariant
traces. Let (ig,, 59,) be the universal Toeplitz pair for Ey,. If ¢ is a KMSy-state, then (with the

convention that s” := s*"l for n < 0),
O(s5,i0;(f)s5,") = Dlio, (f)sg]"s5,) = Plie; ()5, ™)
/ Spulin,(£)si™)) dp(t) = i, (1)) (65

So the Riesz—Markov-Kakutani representation theorem gives a regular Borel probability mea-
sure mg on S such that ¢(sf ig, (f = Js f(t)dmy(t). For f € C(S);, we have

Slio, (f)) = (ig, (V) (V7))
= ¢(s5,i0, (\/F)io, (V/F) 50,) = d(s5,10,(f)s0,) = @lig, (f © Rep)).

Hence m¢(R9 (U)) < mg(U) for all Borel U. So ¢ + my, is an affine map from KMS, (T (Ej, ), p)
and shows that it is injective. This completes the proof of the claim.
For each J € Nlet p; be the projection from lim KMSg)y; (T(Ey,), p) to KMSg/ni (T (Ey,), p),

and 7; the projection from @Msub(ﬁ/Nj,Qj) to M (B/N7,0;). Fix an element (¢;)32, of
Wm KMSgni (T (Ep,), p). For each k > 1 and f € C(S) we have

/ f AT (Ser)) = Srrlin_, () = Su(r(in,_, (£)))
S
— bulia,(f o py)) = /S (F o pw) d(me(c)) = /S Fd(r(6x) o pb),

and hence 7,1 (¢x_1) = 7(¢1) o py'- It follows that

Tho1 0 Pe-1((05)720) = T(Pr—1) = Tu(dr) 0 py' = Tk © Pe((0)720) © PN,

for each k£ > 1. The universal property of 1&n M (B/N7,6;) yields a map
T @1 KMS,B/NJ (T(Egj), p) — i&l Msub(ﬁ/va 9j)7

whose image is Lrange(rk) satisfying T 0T = Tp o p for each k € N. For 8 > 0, we
have Jim mrange(y) = Jm Mg (8/N7,6;), and otherwise it is a compact affine subset, so it now
suffices to prove that 7 is an affine isomorphism onto its range. Since 7 is an injective map
from a compact space to a Hausdorff space, it therefore suffices to show that it is affine and
continuous.
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Suppose Y71 Ai(¢%)52, is a convex combination in m KMSg) (T (Ey,),p). For each k € N
and f € C(S) we have

/S fd(m(fjwz)) = (iw)u'ek(f)) = iw(iek(f))
= iAi/Sfd(Tk(%)) = /Sfd<i)\ﬂk(¢i;)>-

So the Riesz—Markov—Kakutani representation theorem gives 7 ( P )\z%) =37 Nm(9h),
and it follows that 7 is affine.

Straightforward arguments using that 7, o 7 = 7, o p. for each £ € N, and that each
T is injective, show that 7 is injective. We just need to show that 7 is continuous. Let
((#3)320)ren be a net in Wm KMSg,n; (T (Ep, ), p) converging in the initial topology to (¢;)52,.
Then pi(((¢7)720)aea) = (#2)rea converges weak™® to pi((¢;)329) = ¢k for each k € N. Since 7
is continuous and myo7 = T0p; for each k € N, we have that 74 (7(((¢7)720)aea)) = Te((2)ren)
converges weak* to 7p(¢r) = m(T((¢;);2)). Hence 7(((¢});20)aea) converges in the initial
topology to 7((#;)32). So 7 is continuous. O

Remark 6.11. Fix 8 > 0. Let h be the affine isomorphism of Proposition and let 7 be the
affine isomorphism of Proposition Setting w := 7 o h gives an affine isomorphism

w : KMSIB(%( s ) — L sub( /Njagj)

satisfying ¢ o ¥ = ¢u(g), for each ¢ € KMSg(7,7, ) and j € N. So to prove Theorem it
now suffices to show that lim M, (B/N7, 0;) = lim O e

Fix (m;)32, € L Sub Taking t = 0 in the definition of Q7. (see Definition shows
that Q7. C Mgu,(B3/N7,0;). Hence 1@. sub 18 contained in lim M (B/N?,60;). So we need the

reverse containment. We start with a lemma.

Lemma 6.12. Let m be a regular Borel probability measure on S, and fix v € (0,1), s € [0, 00)
and N € N with N > 2. Suppose that m(Ryx(U)) < e/N'm(U) for every k € N and every

Borel set U C'S. Then m € Q.

sub *

Proof. We need to show that m(R,(U)) < e/M'm(U) for all + > 0 and Borel U C S; or
equivalently, that m(R:, (U)) < e¥*m(U) for all t > 0 and Borel U C S. By the Riesz—Markov—
Kakutani representation theorem, it suffices to show that

foR_pdm<et [ fdm (6.6)
/ /

for every ¢t > 0 and every f € C(S);. Furthermore, if (6.6) holds whenever 0 < ¢t < 1, then
for arbitrary 7' € [0, 00), we can iterate (6.6)) [1'] times for ¢ = fT1 to obtain (6.6) for T so it
suffices to establish for ¢ € [0, 1].

Fix t € [0,1] and f € C(S). Write

al
LN
i=1
where each a; € {0,...,N —1}. For each n € N, let t,, := > | $. So t, is a monotone
increasing sequence in [0, 1] converging to ¢t. Since the action s — Ry of R on S by rotations
is uniformly continuous, we have fo R_; ., — fo R_, in (C(S),] - |lx). Since m is a Borel

probability measure, the functional f — fs f dm is a state, and so

/foRtnydm%/fondm.
S S
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So it suffices to show that each [; foR_; ., < €™ [L fdm. Sofixn e N. Let K := 3" a;N"",
so that t > t,, = K . By hypothesis, for every Borel U, we have

m(R%(U)) < eV m(Ru-u, (U)) < --- < evmm(U) < es'm(U),
T N7
and it follows that fS foR ., <e fS f dm as required. O

Proof of Theorem [6.9. As described in Remark|6.11] . it suffices to show that lim Mg, (5/N, 0 7,6;)

is contained in @Q;b For each v € S we have py o R, = Ryy o pn, which implies that

' (Rn-(U)) = R, (py' (U)) for all Borel U C S. An iterative argument shows that
Py (Ryey(U)) = Ry (ppf(U))  for all Borel U C S and k € N. (6.7)

Fix (m;)32, € Hm M, (B/N7,6;). Since the connectlng maps in lim Mo (8/N?,6;) and
L m (2’ are the same, it suffices to show that m; € Q7, for each j € N. le j € N. For each
k € N we have N?*0; ;= 0, and m; opN = m;. These identities and ( give

mj(Rej/Nk<U)) = mj(RNkejM(U)) = mj+k<pz_v (RNkeﬁk(U)))
= mjk(Ra,, (03 (0))) < ™ my (o (U)) = 2Ny (U),

for every Borel U C S. So Lemma with v = 6, and s = B/N7 gives m; € Q.

sub*

7. SUBINVARIANT MEASURES ON S

Throughout the section we fix r € [0,00) and denote Lebesgue measure on S by u. The
main result of this section gives a concrete description of the simplex Qf . of (6.3). Define
W, :S —[0,00) by

W, (t) = ( r )e—”,

1—e"

_ / W, (t) dt. (7.1)

This defines a regular Borel probability measure m,. on S.

For each Borel U C S, define

Theorem 7.1. The simplex QL is the weak*-closed convex hull conv{m, o R, : 0 < s < 1}. If
r =0, then m, = p and Q. = {u}.

We need a number of results to prove this theorem.
Lemma 7.2. Let m € Qp, andn € N. For 0 < j < 2", let Uy = [j/2",(j +1)/2") C S, and
let v3 be the vector
r/2
o (ef(Q"fj)r/an et @/ 2 e/ 767(2”7(j+1))r/2") c R

e o
Then (m(Ug), m(UT), ..., m(Us_y)) € conv{v}: 0 < j < 2"}

Proof. Let © = (xo, 21, ..., 22n_1) be the vector (m(Ug), m(U}),...,m(Us._,)). For each 0 <
Jj < 2™ we have

T; = m([]]n) = m(RQ—n<UJn+1)) < €r/2nm(U]n+1) = er/2n$j+1,

where addition in indices is modulo 2". Let C*" denote the graph with vertices Z/2"Z and
edges {e; : j € Z/2"Z} with s(e;) = j and r(e;) = j + 1 (mod 2"), and let Acen denote the
adjacency matrix of C?". Then z satisfies Acenz < €™/2"2. So x is subinvariant for Ace» in the
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sense of [12, Theorem 3.1], and is a probability measure because m is. By [12, Theorem 3.1(a)],
there is a vector y € [1,00)%/2"Z such that

o
= Y TSN e 2 (1= YT for € Z/2Z
pE(C?")* s(n)=j k=0

For 0 < j < 2", define ¢; € [0,00)%/2"Z by

1—e " ifk=j
€j(k) = -
0 otherwise.
We have
(I — e_r/QnAczn)v?
- - 72" Agan ) (@I @2 /2@ ()2t
—e T
—r/2™
- _11_ € _/ ((642"7]’)7%2“7_”7642“71%/2", 1,672 em@ =Gy
— e T
e (@ /2 (2 g /2 e—(2n—(j+2>>r/2")>
1 — —r/2"
== C (0,....,0,1—¢7,0,...,0)
— e T
=(1—¢"")(0,...,0,1,0,...,0)
Ej.

So v = (I — e "/*" Agan)~'¢;. Since the ¢; are the extreme points of the simplex {e: e-y = 1},
it follows from [I2, Theorem 3.1(c)] that the v} are the extreme points of the simplex of
subinvariant probability measures on Z/2"Z. Since x is a subinvariant probability measure, it
follows that it is a convex combination of the v7. 0

We now approximate m, by convex combinations of restrictions of Lebesgue measure.

Lemma 7.3. Forn € N and j € Z/2"Z, let U} = [j/2",(j +1)/2") CS, and let W, be the
simple function
2n—1

Wn,r = Z 2”(U6L)j1UJT_L.
7=0

Let m,,, be the measure m,,(U) = fU Wi (t) du(t) for Borel U € S. Then lim, Hmr —
m,w”1 =0.

Proof. Fix n € N and 0 < j < 27". Then the average value of W, over the interval U} is

G+n/2 r —1 (G+1)/2"
2" [ W.(t) du(t :2"/ ( )e*”d t :2”[< )e*’“t]
. () dp(t) . —— (1) = o
_2TL (4 r/on —ir n n ]. - 677‘/2”‘ —qr/2n n n
= (T ) (o — e ) = o (o ) = 2w,

the constant value of W, , on U?". The Mean Value Theorem—applied to [ W,.(t) du(t)—implies
that there exists ¢} € (j/2", (j +1)/2") such that W,(c}) = W, .(c}).
Fix € > 0. The function W, is uniformly continuous on [0, 1), and so there exists N € N such

that |[W,.(s) — W,(t)| < € whenever s,t € [0,1) satisfy |s —t| < 27V. In particular, for n > N
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and 0 < j < 2", the point ¢ of the preceding paragraph satisfies
sup{W,(t) = Wy,-(t) : j/2" <t < (j+1)/2"}
= sup{W,(t) = Wy, (cj) - j/2" <t < (j+1)/2"}
— sup{W,(t) = Wi(e)) : /2" <t < (j+1)/2"} < e.
So for n > N,

Iy — ms| / Wi (t) — War(8)] dpa(t)

271 (/2

(G+1)/2"
- Z/ Wi (t) = W (8)] du(t) < Z/ edu(t) = ¢,

j=0 Y3/2" j=0 Ji/2"

and hence lim, o ||m, — ma, ||, = 0. 0

Corollary 7.4. Given a sequence (\")>, of vectors \" € [0,1]*" satisfying Zfial A =1 for
all n, we have

2n—-1 2n—1
J= J=

Proof. The triangle inequality gives
a1 on_1 o1

H Z )\?(mr o Rjm) — Z )\?(mnm o Rj/on) ‘1 < Z /\?Hmr o Rjjon — My, 0 Rjjon X
3=0 5=0 §=0

- Hmr - mn,r‘ 17

and so the result follows from Lemma [7.3] O

Proof of Theorem 7.1, We first have to show that each m, o Rs; € QF .. To see that m, € Q~,
it suffices to prove that W,.(R;(tg)) < €W, (to) for all t; € S and ¢ € [0, 00). Fix such a ¢y and
t, and write to —t = t; + k for t; € [0,1) and 0 > k € Z. Then

_ _ r —rt1 _ ( r ) rk —r(t1+k)
W, (Ru(to)) = Wi (t1) (1 - e_r)e ——)ehe
_ <1 r _ )erkefr(toft) _ erkertWT<t0) < ertWT(to),
— e T
where the inequality follows because rk < 0. So m, € € ,. For 0 < s < 1 and Borel U C §,

we have m, o Ry(R;(U)) = m,(Ri(Rs(U))) < €"m,. o Ry(U) for all t € [0,00) and Borel U C S,
and hence m, o R, € Q)F

sub*
Since €27 . is convex and weak® closed, we have conv{m, o R
sub r

: 0
the reverse containment, fix m € Q. ,. For each n € N and O <
5/2", (G +1)/2"), and

<s< 1} C Q.. For
J < 2" welet Ul' :=

= () € 0.1

By Lemma we can express I, as a convex combination x, = > 7
{vg,...,v8._,} described at (7.2)). We claim that the measures

2n—1

Mn = Z /\?(mr o j/zn)
7=0

converge weak* to m. To see this, fix f € C(S)4. It suffices to prove that [ fdM, — [ fdm.
For each n, let

2" =1 yn,n

im1 AT of the vectors

2"—1

— Z )\;L(mmr o _]/2”)
7=0
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Corollary [7.4] shows that ||M,, — M/||; — 0 and in particular, [ fdM, — [ fdM] — 0. So it

suffices to prove that
[ fdM — [ fdm.
For each n, define f, : S — R by

2m—1

= Z fG/2") 1o

Since f is uniformly continuous on S we have f,, — f pointwise on S. Since | f| and each |f,,| are
bounded above by || f||oc, the Dominated Convergence Theorem implies that [ f, dm — [ f dm.
So it now suffices to prove that

[ fudm = [ fang| =0
Fix j, k € Z/2Z. Then (vg);—x = (v})r, and hence

/n fd(muy o Ryjpn) = 2"(vg) j-x /Un fdu=2"]) [ fdu

up
Hence
i o[ 555 [ o)
_ 2n21f (i/2") (%A? f) _2"_—1>\?2”_—1 (2"(@?)k/nfdﬂ>’
_ 223221 Fa2en) - X S () | tan)
= =0 k=0

[ s - X (o [ ra)
_ zzﬂn(zf( G2 -2 [ 1an))|

Since each [[v}[l1 =1 and each }_; A} = 1, the triangle inequality gives

’/fndm—/fd]\/[’

2" —1 2" —1

<X Z( iy =2 [ fan))
iy =2 [ sl

iy =2 [ ra)

iy =2 [ g

< max (max
0<j<27 \ 0<i<2n

= max
0<i<2n

Fix 0 < i < 2". The quantity 27 fU." f dp is the average value of f over U]". Since f is continuous,
the Mean Value Theorem implies that there exists ¢ € UJ* such that f(c) = 2" fU." f du. Hence

‘/fndm—/fdM’

< max sup |f(:/2") — f(c)].

0<i<2n GUn
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Fix € > 0. By uniform continuity of f there exists N such that |z —y| < 27 = |f(z) —
f(y)] < e. For n > N we have sup,cyn |f(i/2") — f(c)| < € for all 4, giving ‘ffndm -

[ faM]| < e. Hence ‘ffndm—ffdpn — 0. Som € conv{m, o R, : 0 < s < 1}, giving
Qr ., Cconv{m, o Ry : 0 < s < 1} as required.

For the final statement, observe that
QY ={me M(S): m(R,(U)) <m(U) for all t € [0,00) and Borel U C S}.

So if m € Q0,, then m(U) = m(R,_+(R(U))) < m(R,(U)) < m(U) for all U,t, forcing
m(U) = m(Ry(U)) for all U,t. Uniqueness of the Haar measure p on the compact group S

therefore gives m = p. So QY. C {u}. The reverse containment is trivial. O

We can use Theorem [7.1] to describe the extreme points of Q.
Proposition 7.5. The set {m, o R, :0 < s < 1} is the set of extreme points of QL.

The first step in proving Proposition will be to show that m, itself is an extreme point
of €2f .. The following lemma will help.

sub*

Lemma 7.6. Let m € QL and n € N with n > 1. If m([=1,1)) < m,.([%1,1)), then
m([X, 21)) = m,([1, 5L)) for all 0 < i < n.

n’ n n’

Proof. First observe that by definition of m,., we have m,(R;(U)) = €"'m,.(U) whenever U U
U—t C [0,1). Using this at the fourth equality, we note that if m([=+,1)) < m,([%=2,1)),
then subinvariance forces

n—1 —1

== () = e ()

I

S

=S
/N
3\'| .
<.
3|+
—_
N—
N——

—_

So we have equality throughout. From this we deduce first that

—_

n—1

([1 ) =8 e ([21)),

=0

n—

Il
o

(2

Since the subinvariance relation forces m [ = <
deduce that m([l H1)) = en=1=)r/n (["—’1, 1) for each 7. Since

n—1 n—1
S n([15)) < e ((54)
i=0 n i=0 n

we also have m([ )) r([”T_l, 1)) Hence for each i we have

m([ ) = o)) = e ([ 0)) = m([15))-
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Proof of Proposition[7.5 We first show that m, is an extreme point of Q. First suppose
m € Qf, satisfies m([%=+,1)) < m,([%1,1)) for all n. We claim that m = m,. Fix f € C(S);.
For each n define f, : S — R by

n—1

fn = Zf(l/n)l[%v%)

1=0

The Dominated Convergence Theorem gives [ f, dm — [ fdm. By Lemma , ;, Z:1)) =
m,([£, 1)) for all n > 1 and 0 < i < n. Hence the Dominated Convergence Theorem gives
[ fodm = [ f,dm, — [ fdm,. It follows that m = m,.

Now suppose that my,me € QF,, t € (0,1) and that one of m; and ms is not equal to m,;

say my # m,. The above claim yields n such that my([22+,1)) > m, (%1, 1)). So

1)) > o+ 0= 0 ([250)) 2 e ([

and hence tmy + (1 —t)mg # m,. So m, cannot be expressed as a nontrivial convex combination
of subinvariant probability measures, and hence is an extreme point of €2} , .

For s € S, the map m — m o R, is an affine homeomorphism of 2} ,, so each m o Ry is an
extreme point of 27 . This gives {m, o Ry : s € S} C 0QL,.

For the reverse containment, observe that the space 2, of all subinvariant probability
measures on S is a compact convex subset of the Banach space of all signed Borel measures
on S. The map s — m, o Ry is a homeomorphism of S onto Z := {m, o Ry : s € S}. So Z
is compact and in particular closed. Since €2, is the closed convex hull of Z it follows from
[25, Proposition 1.5] that the set of extreme points of €2, is contained in the closure of Z and
therefore in 7 itself. O

n—1

(tmy + (1 — t)mz)([

8. PROOF OF THE MAIN THEOREM

We are now almost ready to prove Theorem We saw in Theorem [6.9] that the KMSg
simplex of 7,7 is affine isomorphic to the prOJectlve limit of the . under the maps induced
by the covering maps py : S — S. So we now show that these induced maps carry extreme
points to extreme points.

Lemma 8.1. Let N € N with N > 2, 0 = (0;)72, € En, and 3 € (0,00). Suppose that 0; # 0
for all j. For each j € N, let r; := %,
by (7.1). For each s € [0,1), we have m,,, o R, opy = My, © Ry,

and let m,.; be the subinvariant measure on S defined

Proof. We first establish the result with s = 0. Fix 0 < a < b < 1. It suffices to prove that
My, oty ((a,0)) =my, ((a,b)). We have

b
j —rjt _ —1 -rib _ -Tja
mrj (a, b / W, (t) = o /(z e "t dt = [Py (e e ) (8.1)
We also have

N ) ) N . bti
_ a+1 b+ N

Myi Ole((a,b)) = E m”“((T’T)) = § :/Z . WTHl(t) dt. (8.2)
i=0 ; ~

Since

_ Tj+1 —riiqt _ —1 —7rigpqt
/er+1(t) dt _ / (m)e a dt o 1— e_T'j+le ah !
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Equation (8.2)) gives

1 N bti
— s N
m,. ((a,b)) - E [6 Tﬁ-n&} .
J 1 _ e—Tj+1 a+i
=0 N
N
-1 g fo—be o _ag
:ﬁEGNJ+<6NJ+_€NJ+>
Jr— 67 J
1=0
_ — e Ti+1
— 1 1—¢ : SR _ o T
— = (e e
1 — € Jt+1 1 — eiT
—1 b a ..
= —rjﬂ(e NTitl _ ¢ Nr]-‘rl)' (83)
1—e W

Since N?6;,1 = 0;, we have

. NI+1g. ) ;
T B - 1) _ /(N - N20,) = 6/NO, = 1),

and so ({8.3)) is precisely .
Now for s # 0, observe that py o R, = Rys 0 py so that Ry(py'(U)) = py (Rus(U)) for all

U CS. Hence

-1 __ -1 _
My 1y ORsopN =My; 1,1 OPN ORNS = My, ORNs- 0

suby M = mOpJ_Vl). Given a Borel map
P X =Y, we write 1, : M1(X) — M, (Y) for the induced map v,(m)(U) = m(¢=1(U)).

Lemma 8.2. Take N € {2,3,...}, fir 0 = (0;)52, € En, and fix § € (0,00). Suppose that

We now describe the extreme points of the space @(Q J

0; # 0 for all j. For each j € N, let r; := N’fe , (md let m,, be the subinvariant measure on S
defined by (7.1). The map 7 : (s;);2, = (my, 0 Ry,)32, is a homeomorphism of lgr_n(S,pN) onto
the set of extreme points of lim L( o (D)« )

Proof. Since the .’} are compact convex sets and (py). is affine and continuous, the projective
limit 1&19 Jb is a compact convex set. The map 7 is continuous, so its range is compact and

hence closed. So to see that the image of 7 contains all of the extreme points of @Q b it
suffices by [25, Proposition 1.5] to show that lim Q7. is contained in the closed convex hull of
the w((sj);’il). |

For this, fix a point (m;)32, € Jim Q7. . Take an open neighbourhood U of (m;). By definition
of the projective-limit topology, there exist & € N and U, C Q% open such that the cylinder

sub

set Z(Uy) satisfies (m;)52, € Z(Uy) € U. By Theorem [7.1] ., there exist t,...,ty € [0,1] with
> t; =1 such that
>l ti(me, © Ry) € Up.
Now for each j € N, define m/; := Zz Lti(my, 0 Ryi-ig,). Lemmashows that for j < j' € N
we have m/; = (pn)I (ml), and so (m})52, € Jm QL For I < L, we have (my, 0 Ryj-1,)52, =
m((N77"s)32,), and so
(mf)52, € COHVW(@H(S,pN)) NnU.

That is, @Q i C COHV(W(@S)). So the range of m contains all the extreme points of

sub

lim (27, (px).).

For the reverse containment, it suffices to show that each 7r(( i) 1) is an extreme point of
l'ng;ﬂb. For this, suppose that ¢ € (0,1) and m’,m” € Jim qub satisfy

m((s;)32)) = tm' + (1 —t)m!’
For each j,

my, 0 Ry, = W((Sj);ozl)j = (tm' + (1 =t)m"); = tm/; 4+ (1 — t)m]
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Proposition shows that each m, o R, is an extreme point of Q. , forcing m; = mj =

j
my, o Ry,. Som’ =m" =m((s;)32,).

Jj=1
Finally, 7 is a homeomorphism onto its range because it is a continuous injection from a
compact space to a Hausdorff space. U

The final ingredient needed for the proof of Theorem is a suitable action A\ of . on T,”.
Lemma 8.3. There is an action \ of ./ = @(S,p]v) on T;” such that

)\(Sj)]o'il (¢jroo(sgji9j (f)SZf)) = Sz]‘ iej (f © RSJ')S;?
for all j,a,b >0 and f € C(S).

Proof. For each j € N, and each t € S, there is an automorphism of the topological graph FEjy,
given by s — s+t for s € Egj =S, and s = s+t for s € Eelj = S. This automorphism induces
an automorphism \;,; of 7 (Ej,) such that )\jvt(sgjigj(f)s;f) = sg.10,(f © Rt)SZ? for all j,a,b>0
and f € C(S).

Since \ji(sg,) = sg;, and \;(ig,(f)) = i9,(f o Ry) for all f € C(S), a routine calculation shows
that for (s;)32, € 7, we have ¥ 0 \;,, = Aji15,,, ©¥j, and so the universal property of the
direct limit yields the desired action A of . on hﬂ(T(Egj), V) =T O

Proof of Theorem[6.6. Theorem [6.9 yields an affine isomorphism
W KMSB(,T@y’ a) — m(ggib7 (Pn)s)-

Lemma shows that the space of extreme points of l&n Q.. is homeomorphic to the solenoid
limS, so the extreme boundary of KMSs(7,”, ) is homeomorphic to LimS. As discussed on
pages 141 and 138 of [27], the set of KMS states for a given dynamics on a unital C*-algebra at
given inverse temperature (3 is a Choquet simplex. So KMSg(7,”, @) is a Choquet simplex, and
therefore affine isomorphic to the simplex of regular Borel probability measures on its extreme
boundary.

We claim that the action A of Lemma R.3] induces a free and transitive action of .¥ on the
extreme boundary of the KMSg-simplex. The formula shows that for [ € N, we have

w(p o Agsyyee )i = w(P)i o Ry,

That is, for (m;)$2, € l'gl(ﬂgﬂb), we have w™H((1m;)721) 0 Ay, = wH((my 0 Re)52y). In
particular, if 7 : @S — @Q:{lb is the map of Lemma , then

W ((t)721)) 0 Az, = w ™ (Tt = 55)520))-

That is, the homeomorphism w™! o 7 of .% onto the extreme boundary of KMSs(7,”, ) inter-
twines A with the action of . on itself by translation, which is free and transitive.

Now suppose that 3 = 0. Then each Q7 = Q% = {u}, and so Theorem gives an affine
injection of KMSy(7;”, «) into the 1-point space 1&1({#}, id). So there is at most one KMSy-
state. That there is one follows from a standard argument: Choose (3, € (0, 00) converging to
0. For each n, fix ¢,, € KMSg, (7,7, ). Weak*-compactness of the state space ensures that the
¢n, have a convergent subsequence. Its limit is a KMSy-state by [3, Proposition 5.3.23].

It remains to show that the KMS, state is the only one that factors through A;", and that
there are no KMSg states for 8 < 0. For any 3, if ¢ is a KMSg state of 7,7, then in particular,

B(11,00(56,59,)) = D(¥1,00(55,)ip(V1,00(50,))) = € D(Yr00(55,50,)) = e "d(177),  (8.4)

and since ¢ is a state, we deduce that ¢(17> —th100(s0,55,)) = 1— eP. Since sy, is an isometry,
we have 17? - wl,oo(smsgl) > 0 forcing 1 — e > 0 and hence 3 > 0. So there are no KMSg
states for 5 < 0.

If 5> 0, then (8.4) shows that ¢(ly» — ¢1,00(5s,55,)) > 0, whereas the image of 17 —

V1,00(59,59,) in A7 is equal to zero. Hence ¢ does not factor through Ay .
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It remains to prove that if ¢ is a KMS, state, then ¢ factors through A;". Equation
implies that ¢(l7» — ¥1.00(s9,55,)) = 0. The projection 17 — ¢ o(s9,53,) 1s fixed by a, and
Lemma implies that it generates the kernel of the quotient map ¢ : 7,7 — A;. So [12,
Lemma 2.2] implies that ¢ factors through Ay O
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