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Abstract

In this article, we establish the phenomenon of existence and nonexistence of positive weak
solutions of parabolic quasi-linear equations perturbed by a singular Hardy potential on
the whole Euclidean space depending on the controllability of the given singular potential.
To control the singular potential we use a weighted Hardy inequality with an optimal
constant, which was recently discovered in [2I]. Our results in this paper extend the ones
in [18] concerning a linear Kolmogorov operator significantly in several ways: firstly, by
establishing existence of positive global solutions of singular parabolic equations involving
nonlinear operators of p-Laplace type with a nonlinear convection term for 1 < p < oo,
and secondly, by establishing nonexistence locally in time of positive weak solutions of
such equations without using any growth conditions.
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1. Introduction and main results

The aim of this article is to establish the phenomenon of existence and nonexistence
of positive weak solutions of p-Kolmogorov equations perturbed by a Hardy-type potential

— —Ku=V |[ufu  onRx]0,T], (1.1)

depending whether A < (@)p or A > ('Clp%p')p for 1 < p < oo, d > 2, and the potential
Ve L2 (RY\ {0}) satisfies

loc

0<V(z) < ﬁ for a.e. € R% (1.2)

Here, we call a real-valued measurable function u on R? x (0,7 positive if u(x,t) > 0 for
a.e. ¥ € R? and a.e. t € (0,T) and the operator

Kyu = div (|Vu["> Vu) + p~ [Vul/? VuVp (1.3)
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is the p-Kolmogorov operator for the particular density function
plz) = N e (A0 (1.4)

for every x € R? where A is a real symmetric positive definite (d x d)-matrix and N
some normalisation constant such the integral [, p(z)dz = 1. The operator K, was
first introduced in [I7] and we note that the case A = 0 corresponds to the density
function p = 1. In this case, one does not normalise and the phenomenon of existence and
nonexistence of positive solutions of equation ([1.1) on bounded and unbounded domains
has been well-studied in the past (see, for instance, [I5 2, [19]). Thus, it is the task of
this article, to investigate the case A is a real symmetric positive definite (d X d)-matrix.
Furthermore, we denote by du the finite Borel-measure on R? given by

dp = p dx,

for 1 < ¢ < oo and any open subset D of RY, let L4(D, ) and WH4(D, i) denote the
standard Lebesgue and first Sobolev space with respect to the measure dy and Wy (D, 1)
the closure of C°(D) in W4(D,u). Under these assumptions, the second and third
author of this article established in [21I] the following Hardy inequality with a reminder
term.

Lemma 1.1 ([21]). Let d > 2, 1 < p < o0 and A be a real symmetric positive definite
(d x d)-matriz. Then

) B tA p/2
(le=ly? / by < / Wl gt (F5H)" sign(d — p) / A (1)
P ra 1 R P Rd |z]

for all uw € WIP(R? 1) with optimal constant (@)p.

In contrast to the case A = 0 (cf., for instance, [I5] or [20] and the references there
in), our weighted Hardy inequality ((1.5)) admits the reminder term

t p/2
(—'d_p‘ )p_l sign(d — p) / |ul? —(x Axp) du. (1.6)
P Rd ||

This term has, in fact, a great impact on the existence of weak solutions of equation
in the degenerate case 2 < p < d, while for establishing nonexistence of positive solutions
this term does not cause any problems. It is somehow surprising that in the case p > d,
the reminder term becomes negative and so provides further estimates in LP(R?, p1).
We note that one does not find much in the literature about Hardy type inequalities in
the case p > d > 2.

In this article, we make use of the following notion of weak solutions, which seems to
be natural for parabolic equations of p-Laplace type with singular potentials (cf. [10] [7, O]
or [1§] for p = 2 and [19] by J. Goldstein and Kombe.

Definition 1.2. Let V € L2 (R4 \ {0}, 1) be positive. If p # 2, then for given v €

loc

L} (R? 1) we call u a weak solution of equation ([1.1]) with initial value u(0) = ug provided

loc

we C([0,7); L, (R*\ {0}, ) N LP(0, T; Wil (RN {0}, ),

for all open sets K with compact closure in R\ {0}, (abbreviated by K € R%\ {0})

u(t) = ug  in L*(K,p) as t — 0+, (1.7)
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for all 0 < t; <ty < T, and all ¢ € WY2(ty,to; L2(IC, 1)) N LP(ty, to; Wy P (K, 1),
/ / ude 4 IVl Vqua} dpdt
/ / ) JulP " updpdt.

If p = 2, then for given uy € L2 (R% 1), we call u a weak solution of equation (1.1
provided u € C([0,T); L2 .(R®\ {0}, )) satisfies for every K € R?\ {0}, initial condi-
tion ([L.7), for every open ball B(0,7) centred at x = 0 with radius » > 0 and every
0 <t <ty <T,onehas that Vu € L'(t,ty, L'(B(0,7), 1)) and

/ / Kggo dpdt = / / z)upedudt
Rd Rd

for all ¢ € W1’2(t1,t2;L2(Rd,u)) N L2(ty, t;; W22(R? 1)) with (-, ¢) having compact
support.

(s )2 (1)
(1.8)

(u, o) L2(Rd,

Our two main results of this article read as follows. We begin with the existence result.

Theorem 1.3. Let d > 2 and A be a real symmetric positive definite (d X d)-matriz.
Then the following statements hold true.

1. Let either 24 < p < 2andp # d ifd > 2 ord < p < 0. Ifx\g(‘d%")p,

then for every T > 0, and every positive ug € L?*(R% i), there is a weak solution
u e C([0,7T); L2(]Rd,u)) of equation with initial value u(0) = uy.

2. If 1l <p< d+2, then for every X > 0 and every positive ug € L*(R%, 11), there is a
strong solution of equation in L*(RY, p).

Note, the notion of strong solutions of equation is given in Definition in the
second section. We want to point out that by using a Galerkin method, one can, in
particular, establish the existence of sign-changing solution of equation ((1.1]) with a right-
hand side f € L2(0,T; L*(R%, w)) or f € LP(0,T; WP (R? 1)) for X < (ld ?1)? " where
WP (RY 1) denotes the dual space of WHP(RY, 1). In addition, taking initial values
ug € WHP(R? 1) or A < (@)p provides more regularity on the weak solutions of
(similarly, as in [15] or [2]). However, in order to lose not the focus on the phenomenon
of existence and nonexistence provided by the optimality of the Hardy constant (@)p ,
we state here only our results on the existence and nonexistence of positive very weak
solutions of equation (1.1)).

Our nonexistence results reads as follows.

Theorem 1.4. Let d > 2, A be a real symmetric positive definite (d x d)-matriz and
V= # Then the following statements hold true.

(i) Ford=21let 1 <p <2, and for d > 3 let =% d+2 <p<2 IfA> (d p)p and if uy is
a positive nontrivial element of L2 (R?, 1), then for any T > 0, equation has
no positive weak solution.

(i) Let d>2,p>2, andp #d. If A > (@) , and if ug € L% (R?, 1) is positive and
for some r > 0,

ess inf ug(x) >0 > 0, (1.9)

z€B(0,r)

then for any T > 0, equation (1.1)) has no positive weak solution.



The intimate relation between Hardy’s inequality and the nonexistence results of pos-
itive solutions of parabolic equations with a singular potential was discovered by in [5] by
Baras and the first author of this article. More precisely, they established the following
result:

Theorem: (Baras-Goldstein,[5]) Let Q = (0, R) for some 1 < R < +oo ifd = 1 and
if d > 2, let Q be a domain in R? with B(0,1) C Q and a smooth boundary 0. If
A< (d—f)z, then for every positive ug € L'(Q) \ {0} and every T > 0, problem

%—7; —Au=25u nQx(0,7T), u=0 ondQx(0,T), ul-,0)=u nQ (1.10)

Ek

has a positive weak solution. If X > (%)2 and if ug € L'(Q) \ {0} s positive, then for
any T > 0 problem has no positive weak solution.

A few years later, Cabré and Martel discovered in [9] a second and more intuitive
proof of the Baras-Goldstein result [5]. They proved in [9] that indeed the existence
and nonexistence of positive solutions of problem ([1.10) is largely determined by the

generalized eigenvalue of —A — X |z|~? given by

L S IVel du— fo g lel” dp
oA|z|77,Q2) = inf 5 :
0Z£peC(Q) Jo lel” du

In [19], the first author and Kombe showed that the method introduced in [9] can be
very useful to establish nonexistence (locally in time) of positive solutions of singular
nonlinear diffusion equations associated with either the p-Laplace operator or other fast-
diffusion operators. The existence and the qualitative behaviour of positive solutions of
singular parabolic problems associated with the p-Laplace operator has been intensively
studied, for instance, in the articles [2] and [I5]. In particular, by using a separation of
variables method, Garcia Azorero and Peral Alonso established in [I5] in the degenerate
case 2 < p < d nonexistence (locally in time) of positive solutions of a parabolic p-
Laplace equations perturbed by the potential V' = X |z|™” on a bounded domain with
zero Dirichlet boundary conditions. In [I3], [14], Galaktionov employed the zero counting
method (Sturm’s first theorem, cf. [30]) to show that the assumption that the weak
solutions of these equations need to be positive can be omitted, but with the restriction
that the initial datum ug is assumed to be continuous and uq(0) > 0.

Recently, the first and the third author discovered in [I8, Theorem 3.4] together with G.
R. Goldstein, the weighted Hardy inequality for p = 2 and by employing the Cabré-
Martel approach [9], they established existence and nonexistence of positive global weak
solutions of equation for the potential V' = X\ |.T’72 depending whether A < (%)2

or A > (%)2. Moreover, in order to establish nonexistence (globally in time) of positive
weak solution of ([1.1]), the additional assumption that the solutions satisfy the exponential
growth condition

w2y < M ol oy € (1.11)

for all ¢ > 0 is needed in [I§].

The results of this article complement the known literature in the following way. We
establish existence of positive solutions of equation ((1.1)) for 1 < p < %, dQ—fz <p<2,
p # d, p > d > 2 and nonexistence results for all 1 < p < 2 with p #d and p > d > 2.
Until now, only the case p = 2 has been considered in [18, Theorem 1.3 & Theorem 2.1].

In this work, we improve the results in [I8] by proving nonexistence of positive locally in
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time weak solutions of equation for p = 2. In contrast to [I§], our proofs in this
article provide a way to establish nonexistence of positive solutions of without using
the exponential growth condition (1.11)). In addition, by comparing the results in [I5],
we provide a different proof to establish nonexistence locally in time of positive weak
solutions of in the degenerate case 2 < p < 0o and p # d.

In this article, we neither prove existence of positive solutions of equation for the

critical case p = % nor for 2 < p < d. The reason for this is that in the critical case
p= %, there is a lack of compactness and in the case 2 < p < d, the rest term in the

weighted Hardy inequality ([1.5)), does not allow us to derive uniform L?-a priori bounds
for some suitable ¢ > 1.

2. Proof of existence of positive weak solutions

This section is dedicated to the proof of Theorem Here, we proceed in two step.

In the first step, we establish for every positive ug € L?(R, ) and m > 1, the existence of

positive solutions u,, of equation when the potential V € Ly (R?\ {0}) is replaced
by the truncated potential

V() := min{V (z), m} (2.1)

and when the initial value uq is replaced by the truncated initial value
Ugm () := min{ug, m}. (2.2)

Then, the corresponding solution w,, admits more regularity and the sequence (u,,) is
monotone increasing. Using this fact together with Hardy’s inequality ((1.5) for A <
('Clp%p')p , we show in the second step that the limit function

w = lim u,,
m—00

is a positive weak solution of the singular equation (|1.1f) with initial value wuy.

2.1. Existence of strong approximate solutions

Suppose that the potential V € L2 (R?\{0}) is positive. Then for every u € L*(R?, 1),
let

1 Vul? dp if u € WHP(RY, ),
p(u) =47 /Rd| | (&%) (2.3)
+00 if otherwise,
and
L VP du if V|ulf € LYRY, p),
I EY AaC ul” € L'(RY, ) o

+00 if otherwise.

The functionals ¢ : L?*(R% u) — [0,+00] and ¢, : L?*(R% u) — [0,+00] are con-
vex, proper, lower semicontinuous on L?(R%, u) and have dense domains D(yp) = {u €
L*R% p) | p(u) < oo} and D(gp,) in L*(R? ). Moreover, the subgradient dy in
L*(R4, 1) is single-valued, has domain

31 hy € L2(RY, ) s.t. for all v € C(RY), }

— 1p/md 2 (pd
D(&p) — {u ceWw (R 7:“’) nL (R aM) / |Vu|p—2 YuVv d,u — / hu’U d,u
R4 R4

do(u) =h,  for every u € D(dyp),



and an integration by parts shows that —d¢p describes the realisation in L?(R%, i) of the
p-Kolmogorov operator K, defined in (1.3)).

Similarly, the subgradient 9y, in L?(RY, ) is single-valued and given by
V0ulP € LY(R?, ), 31 hy € LA(RE, 1) s.t. }

_ 2 mod
D(a%)—{ueL(R’”) /V|UIp_2uvd,u=/ huv du Vv € CP(RY)
Rd R4

0p, (u) = hy, for every u € D(0yp,).

Let m > 1. Then, we begin by establishing the existence of positive solutions of
equation (1.1) for the truncated potential V,, given by (2.1)):

di,,

O + 0p(up) = g, (um) on (0,7) (2.5)
in L2(RY, p) satisfying u,,(0) = ug,, for the truncated initial value ug,, given by (2.2).
The approximate solutions u,, of equation ([2.5)) is, generally, more regular than the weak
solution u of ([1.1). In fact, we show that solutions of equation ({2.5) are strong in the

following sense.

Definition 2.1. For given uy € L?*(R% u) and positive V € L®°(R4\ {0}), we call a
function u € C([0,T]; L>(R%, 11)) a strong solution of equation (2.5) in L?*(R?, ) with
initial value ug if u satisfies u(0) = uy in L*(R%, ),

we LP(0, T; WHP(RY, ) N WH2(8, T L*(RY, )
for every 0 > 0, and for a.e. t € (0,7, u(t) € D(0y,) and

du

/R v+ /R VU@ Vu(t) Vo dp = /R Oy (ult)) vdu

for all v € WHP(R? p) N L2 (RY, ).

Our result on the existence of strong solutions of equation (2.5)) for the truncated
potential V,, is given in the following proposition. Note that we make neither further

o0

restriction on 1 < p < oo nor on the positive potential V' € L2 (R4 \ {0}).
Proposition 2.2. Let V € L2 (R%\ {0}) be positive, T > 0, and m > 1 an integer.

loc
Then, for every positive ug € L?*(R% 1), there is at least one positive strong solution

Uy, € L®(RY x (0,T)) of equation (2.5) with initial value u,,(0) = ug,, satisfying
um($7 t) S Um+1 (l’, t) (26)
for allt € [0,T], a.e. z € RY.

For the proof of Proposition we employ a method due to Fujita [12]. The same
method has already been employed in [I5, Section 6.] and [2, Section 2.] to study
equation with density function p = 1.

The following compactness result is quite interesting and helpful, for instance, to es-
tablish further auxiliary inequalities (see below), which we use to establish existence
of strong solutions of equation (2.5)) and weak solutions of equation . Note that the
density function p defined in ([1.4) is, in general, not radial, compactness results con-
cerning weighted Sobolev spaces with radial weight functions are well-studied (see, for
instance, [I] or [3]).



Theorem 2.3. Let d > 2, 1 < p < o0 and A be a real symmetric positive definite
(d x d)-matriz. Then the embedding from W'P(RY, u) into LP(RY, i) is compact.

Since Theorem (2.3 is not the central object of this paper, we post its proof to the
appendix of this article. As an immediate consequence of this compactness result, we
obtain the following useful Poincaré inequality:

Corollary 2.4. Letd > 2, 1 < p < oo and A be a real symmetric positive definite
(d x d)-matriz. Then, there is a constant C' > 0 such that

lu =@l ppga gy < VUl oy (2.7)
for allw € WP (R, ), where @ = [, udpu.

Note that the proof of Corollary follows immediately by using standard argu-
ments. Hence we omit its proof. By the triangle inequality and since LI(R?, 1) is contin-
uously embedded into L}(R?, ;1) for any 1 < ¢ < 0o, we can conclude the following result,
which we state for later reference.

Corollary 2.5. Let d > 2, 1 < p < o0 and A be a real symmetric positive definite
(d x d)-matriz. Then for 1 < q < oo, there is a constant C' > 0 such that

el o a y < IVl Lo ga pya + ull Logga ) (2.8)

for all uw € WIP(R? 1) N LY(RY, p).

For the proof of Proposition 2.2, we employ weak comparison principles. The following
one will be useful also later by establishing nonexistence (locally in time) of positive weak
solutions. Here, for a given open subset D of R and T' > 0, we denote by W, (D, 1) the
closure of C°(D) in W?(D, i) and set Dy = D x (0,T) and PDy = (0D x (0,T)) U
(D x {0}).

Lemma 2.6. Let D C R? be a bounded open subset with a Lipschitz continuous boundary
and f: D xR — R be a Carathéodory function satisfying f(x,0) =0 for a.e. x € D and
there is a constant L > 0 such that |f(x,u) — f(z,0)] < L |u— 4| for all u, & € R and
a.e. x € D. Suppose that

w,v € C([0,T); LA(D, w)) N W(8, T; LA(D, ) O LX(0, T WP(D, )

for any 0 < 6 < T and satisfy

/ [%(t) - %(t)] et [ [Va(OF ™ Vu(t) = Vo)™ Ve(t)] Viod

(2.9)
+ [ 17w utt) = S o) edu <0,
D
for all positive o € WyP(D, ) and a.e. t € (0,T). Then
esssupe “(u—v)(z,t) < esssup e M u— 0] Tx,). (2.10)

(.T,t)EDT ((D,t)EPDT



Proof. To prove the assertion of this lemma, we employ the truncation method of Stam-
pacchia (cf. the proof of Théoreme X.3 in [6 p.211]). Suppose that

k= esssup e " [u— U]+($, t) is finite,
(z,t)GPDT

where we denote by [v]t := max{0,v(z,t)} the positive part of a measurable function v
defined on D7, and set

w(x,t) = u(z,t) —v(x,t) — ke for ae. (z,t) € Dr.

Since the function s — [s]™ is Lipschitz-continuous on R, we have by [6], Corollaire VIII.10]
that w* € Wh2(5,T; L*(D, ) N LP(0, T, WP(D, i1)). And since by hypothesis, w* = 0
on D x (0, T), we have by [23, Lemma 3.3], that wt € LP(0,T; Wy (D, 11)). We denote by
1 {u—v>ketey the characteristic function of the set {(z,¢) € Dy |u(z,t)—v(z,t) > ke'}, and
we set ¢(t) = %Her(t)H;(D,#) for all ¢ € [0,T]. Then, ¢ € WH(5,T) for all 0 < § < T,
p € C[0,T], ¢(0) =0, » >0 on [0,T], and for a.e. t € (0,T),

qo- [ [j—?(t) - %m} wan— [ kLetura
< — [ [uOF ™ Fu(t) = [V Volo)] [Valt) = To(0]Lu-ssgey

- /D [ u(t) — £, v(®)] w* (£) du — / B LM wt () dp

D
< L/ fu(t) — v(E)] wH(t) dp — / kL el wt (1) dy
{u—v>kelt} D
<0.
Thus, ¢(t) = 0, proving that inequality (2.10]) holds. O

Now, we turn to the proof of Proposition [2.2]

Proof of Proposition[2.2 Let ug € L?*(R%, 1) be positive and for m > 1, let ug,, be given
by (2.2). Then, as a 1°* Step, we begin by constructing iteratively a sequence (Ypmx)r>1
of positive strong solutions y,, , of equation

dym,k
dt

+ 00 (Ymk) = meﬁz_,li—l on (0,7) (2.11)

in L*(R?, p) with initial value y,, 1(0) = ug, satisfying
Yms € LX(R? x (0,7)) (2.12)

and
Ym i (2, 1) < Ymprr1(2,8) < Ly := M +m (2.13)

for all t € [0,7T], a.e. x € R? and all integers k > 1, where for given T > 0, we choose
M > 0 such that T'= M /(L7 m +m).

We begin by constructing the function y,,;. For this, we need the following two
auxiliary functions w,, and v,,. One easily verifies that the function

Wy (2,1) =t (m LE +m) +m (2.14)

8



for all t > 0 and = € R?, is the unique strong solution of equation

dwy,
% +dp(wn) =m L +m on (0,T)
in L2(RY, i) with initial value w,,(0) = m. Further, by [8, Théoréme 3.1], there is a

unique strong solution v, of

dvy,

% 4 9p(v) =0 on (0,7) (2.15)
in L2(RY, p) with initial value v,,(0) = ug,. Since 0 < v,,(0) = u2, < m = w,,(0) and
since 0 < m LP7! + m, the weak comparison principle (Lemma implies

0<v, <wpy

for all t € [0,7T] and a.e. x € R% By [8, Théoreme 3.6, there is a unique strong solution
Ym of equation
dym,l
dt
in L?(RY, 1) with initial value 4,,1(0) = ugm. Since T = M (L2 m + m)~! and since
Wy, < M +m = L, on R x (0,T), one has that

+ 09(Ym.1) = Vi vﬁ’;l_l on (0,7)

0 < Vy(vn)P ' <mILP T +m
a.e. on R? x (0,7). Hence the weak comparison principle yields
0 <wvp(z,t) <ymi(z,t) < wy(z,t)

for a.e. € R and all t € [0,7]. Now, iteratively, for every k > 2, there is a unique
strong solution y,, ; of equation ({2.11)) with initial value v, x(0) = ug . Since

0 S Vm (Um)p_l S Vm (ym,k—Q)p_l S Vm (ym,k—l)p_l S mLfn_l +m

a.e. on R? x (0,7) for all k > 2, where we set y,,0 = vy, if k = 2, the weak comparison
principle implies

0 S /Um(l',t) S ym,k—l(xat) S ym,k<x>t) S wm(xat) S Lm

for a.e. x € R? and for all ¢ € [0,T]. Thus, every y,, x satisfies (2.12)) and (2.13)).

Step 2: Next, we show that the following a priori-estimates hold:

t
Hym,k(t)HL?(Rd,”) < ||u0,m||L2(Rd,H) +/0 HVm w’rp;L_l(S>HL2(Rd”u) ds, (2.16)

2

¢ ¢
/0 /Rd IV Ymi ()P duds < ||u07mHig(Rdw +3 {/0 HVm wgz_l(s)HH(Rd,u) ds (2.17)

and if vy € WHP(RY, 1) N L?(RY, p) then

t 2
/0

Al
T (s)

ds + 2 mi()|F d
“ s+ [ Vil du

L2(Re,p)

t (2.18)
_ 2
< %/]Rd [ Vugml” dp + /0 va W, 1(S>HL2(R‘1,#) ds

9



and
2

ds+2 [ [ Vynatt)” du
L2(R4, 1) Rd

! dymk
[ |

¢ 2
2 _
< 1% [tom |72 (Ra 0 +1§9 [/0 | Vi w?; 1<S)HL2(Rd,u) ds (2.19)
t

+/0 sHVmwffl(S)H;(Rd,u) ds

forall k > 1and allt € [0, T]. To see that the estimates and hold, we multiply
equation by ym with respect to the L?(R? u) inner product and subsequently
integrate over (0,t), for ¢ € (0,7]. Then, by Cauchy-Schwarz’s inequality and since
0 < Ympi—1 < Wy, we obtain that

t
2
% Hymvk(t)HLQ(Rd,u) +/ /Rd |Vym7k(s)|P d,u ds
0
t
2 _
< % ||u0,m||L2(Rd,,u) +/ ”Vm wr, I(S)HB(Rdw ”ym,k(S)HLQ(Rd,M) ds,

0

from where by [8, Lemme A.5] inequality (2.16)) follows. Inserting inequality (2.16)) into

the latter one and applying Young’s inequality, we see that inequality (2.17]) holds. By [16,
Lemma 7.6], if ug € WIP(RY, 1) N L2(RY, p), then ug,,, € WHP(R?, 1) N L2(RY, 1) with

VUQm = V'U,Q ]1{u0<m}-

Hence, multiplying equation (2.11)) by 2 dy(;,k with respect to the L?(R%, u) inner prod-
uct and subsequently integrating over (0,t) for ¢ € (0,7) and applying [8, Lemme 3.3],
Cauchy-Schwarz’s and Young’s inequality, we see that inequality (2.18]) holds. Similarly,
by multiplying equation (2.11)) with 2¢ Wmk and applying inequality (2.18]), we see that

at
estimate (2.19) holds.

Step 3: The sequence (v, ) constructed in Step I consists of positive measurable

functions y,, on R? x [0,7T], satisfies monotonicity property (2.13) and is uniformly
bounded on R? x [0,7]. Thus the limit function

um(xv t) = sup ym,k(xv t) = lim ym,k(xv t) (220)
k>1 k—o00

exists for a.e. z € R? and every ¢ € [0, 7] and satisfies 0 < u,, < L,, on R? x [0,T]. We
show that the limit function

U, € C([0,T]); LA(RY, 1)) N L=(R?Y x (0,T))

and satisfies u,,(0) = ug, in L2(R%, ). By Lebesgue’s monotone convergence theorem
(|29, Theorem 1.26]), the function u,, is measurable on R? x [0,7]. Moreover, one has
that

Hym,k(t)Hm(Rd,u) < Hym,k+1(t)||L2(Rd,u)
for every t € [0,T] and every k > 1, and

1Ym k()| 2 et oy Nt ()] 2 g )
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as k — oo for all t € [0, 7. Since

sup Sup ||y, (t)l p2ga ) < Lim
k>1 te[0,7]

and y, 1, € C([0,T]; L*(RY, 1)) for every k > 1, Dini’s Theorem and the uniform convexity
of L?(R%, ) imply that u,, € C([0,T]; L*(R%, 1)) and

B g, g — in C([0, T; L*(R?, ). (2.21)
—r00

In particular, since y, x(0) = ug, for all k& > 1, we have that u,,(0) = ug .

Step 4: First, we consider the case ug € WLP(R? 1) N L2(RY, ). Due to the a priori-

estimates f and by inequality , the sequence (Y, x) is bounded in the
space W12(0,T; L*(R?, 1)) N LP(0, T; WLP(RY, 1)) Since this space is reflexive and by
limit (2.21)), we obtain that u,, € W2(0,T; L*(R%, p)) N LP(0, T; W'P(R?, 1)) and there
is a subsequence of (yj ), which we denote, for simplicity, again by (v, ;) such that

Jim = w, - weakly in W20, T; L*(RY, 1)) 0 LP(0, T; WHP(RY, ). (2.22)
—00

Since 0 < mefj;kl_l < m LE!, we have for a.e t € (0,T) that y,,,—1(t) € D(dy, ),

m

0, (Ymp-1(t)) = mem,kfl( ) and by limit ,
lim 0, (st (1)) = 0, (1)) strongly in (R, ).
Using again the fact that 0 < V,,,y" " k L <mLP we see that
H mymk 1 HLz(Rd,#) < mLﬁ;l
for a.e. t € (0,7"). Thus

Jim 0, (ymr-1) = 0, (um)  strongly in L*(0,T; L*(R", ).
—00

Moreover, for a.e. t € (0,T), ymi(t) € D(0p) with

dym,k
(t)

00 Ymi(t)) = 0, (Ymp—-1) — %

in L?(RY, i). Therefore

di,,

" —2(t)  weakly in L*(0,T; L*(R%, 11)). (2.23)

Jim 9p(yn (1) = 0, () —

—00

Since for Oy the associated operator on L?(0,T; L?(R? 1)) is maximal monotone by [8,

Exemple 2.3.3], the two limits (2.23) and (2.21)) imply by [8, Proposition 2.5] that for a.e.
€ (0,7), un(t) € D(Op) and

du,,

Op(um(t)) = 04, (un(t)) — ~=(2)-

11



This shows that u,, € L*(R?x (0,T)) is a positive strong solution of equation (2.5] with
initial Value Um (0) = g m- Furthermore sending k — oo in the inequalities (2.16]), (2.17)

and (| , and by using the limits and - yields

t
et () gty < Nttty + / Vil (5) | oy dss (2:24)

t t 2
/0/Rdwum(s)ypdudsgHuo,mHiz(Rd,uﬁg[/0 Vi b ()] 2 e ds} . (2.25)

and
t
[+
0

2
di,,

K(s) ds

L2(R4,p)

t 2
2 _
< ol + 2 [ [ It Ol a5 220

t
+ /O 5 [V 01 2 5

It is left to show that the sequence (u,,)n>1 satisfies (2.6). If for every integer m > 1,
w,, is given by , then w,, < w,,+1 and if v,, denotes the unique strong solution of
problem with initial value v,,(0) = g, then by the weak comparison principle,
0 < vy < Vgt forae. € R and all t € [0, 7. Since M > 0 can always be chosen such
that T = Mm™' L7 =: T,, for every m > 1, we have that 0 < y1 < Y11 < W1,
and by iteration, 0 < Ymr < Ymeik < Wyt for ae. x € R and all ¢t € [0,T},14].
Therefore, if we send k — +o00 in inequality

0 S Ym k S Ym+1,k S Wm+1 (227)

for fixed m > 1, then we find that 0 < u,, < Uppr < Wy for ae. x € R? and all
t € [0,T,,4+1]. This shows that the claim of this propositions holds if the positive initial
value ug € WP(R?, 1) N LA(RY, ).

Now, let uy € L*(R? 1) be positive. Standard mollifying and truncation technics

show that C(RY) C WIP(RY u) N L2(RY, i) lies dense in L?(R?, x) and, in particular,

we may assume that there is a sequence (u(()j )) of positive functions ué) € WhHP(RY, ) N

L*(R?, ;1) such that u{’ converges to ug in L2(R? p) as j — co. Fix m > 1. Then

u(()j,)n = mln{uo)

,m} converges to ugm = min{ug, m} in LQ(]R ,u) as j — oo. For every
j > 1, there is a sequence (y,’ G) ) of strong solutions y,, G )k of sat1sfy1ng initial value

yfn)k(O) = uY) and a sequence (ugn ) of strong solutions u?) of equation (2.5) with initial

0,m

value u$) (0) = uéjzn such that limit

uf) (1) = supy'y (x, 1) = lim y), (z,1)

k>1 k—oo

and monotonicity property - ) hold a.e. on R x (0,7 for y k instead of v, . Thus
sending k — oo in - for fixed j7 > 1, we obtain

9 <ud < wni (2.28)



for every j > 1 and every m > 1. By the inequalities ([2.24]) and - the sequence
(u$)) is bounded in WY2(8, T; L2(R, 1)) for every § € (O T) Hence (u$)) is bounded
and equicontinuous in C([9, T] L*(R4, ) for every § € (0,T). By Arzela-Ascoli, there
is a function wu,, € C((0,T]; L*(R%, 1)) and by a diagonal sequence argument, there is a

subsequence (uv(qli ) of (u£,2) such that

lim u*) = u,, strongly in C([0, T]; L*(R%, 1)) (2.29)

j—00
for every 6 € (0,7T). In particular, for every ¢ € (0,77,
lim w9 () = (t) a.e. on R%. (2.30)
j—o0

Thus, by (2.28)), and since 0 < V;,, < m, we have for all ¢t € (0,T] that u,(t) € D(dy, )
with 0, (Um(t)) = Vin [tm ()P un(t) and

hm 0y (Upy (ki)) = o, (Um) strongly in L2(0, T; L*(R?, u)). (2.31)

Moreover, for a.e. t € (0,7T), u ( ])( t) € D(0p) with

du(kj)
Dol (1) = g, (1) — T (1
in L2(RY, 1) and
khm Dp(ulh)) = 0y, () — dg—:(t) weakly in L2(6, T; L*(R?, 11)) (2.32)
— 00

for every 6 € (0,T). Since for O the associated operator on L?(0, T; L?(R%, 11)) is maximal
monotone, the two limits (2.29)) and (2.32]) imply that for a.e. ¢ € (0,7, u,,(t) € D(0yp)
and

du,,

0p(u(1) = D, (1)) — (1),
On the other hand, by limit (2.30)) and by ({2.28))
lim V, |ulfs)|” Uk = Vo Jup " strongly in LP(0, T; LY (R, 1))

]—)OO

and hence, in particular,

lim V,, |u ‘ 2uk) = v, |’ * Uy strongly in LP(0, T; (WHP(R?, 1)) + LA(RY, ).

m
]*)OO

By the estimates (2.24)) and (2.25)), ( u'Y is bounded in LP(0, T; WEP(RY, ) N LA(RY, ).

(k5 .
Therefore, (% ) is bounded in L”(0,T; (WL (RY, 1)) + L2(RY, 1)) and so (un’) is

bounded in the reflexive space

V= W0, T (WHP(R, )Y + LA(RY, 1)) (1 L2(0, T3 WHP(RY, ) 0 L2(RY, ).

Therefore, there is a u € V and a subsequence of (ufﬁj )), which we denote again by

(ug:j)) such that ugfj) converges to u weakly in V. Since V is continuously embedded
into C([0,T7]; L*(RY, n)) (cf. 24, Remarque 1.2, Chapitre 2]), u € C([0, T]; L*(R%, 1)) and
u((f,,)ﬂ = Ul )(O) converges weakly to u(0) in L?(R% u) as j — oo. Hence and since uéjzn

converges to ug ., in L?(R% p) as j — oo, we have that u,,(0) = ug,, in L*(R? u). In

addition, sending j — oo in ([2.28)) for appropriate subsequences (ugffj)) and (u fj Jr)l) we

see that the sequence (u,,) satisfies the monotonicity property (2.6). This completes the
proof of this Proposition. O

13



2.2. Proof of Theorem
With these preliminaries, we can outline now the proof of Theorem [1.3]

2.2.1. Proof of claim of Theorem
We begin to outline claim of Theorem . As in the previous proof, we proceed
here in several steps.

Step 1: For given m > 1 and positive ug € L2(R%, i), let u,, be a positive strong
solution of equation ([2.5)) with initial value u,,(0) = ug,,. Then we begin by showing that
(u,,) satisfies the following a priori-estimates:

et Ol < [lttom 32ty ex0 (1= B)1) +

e [t = (2.33)
+z=) (5277 4] [Cen (- 30— ) 0
if 1 <p<2,
d_p p—1 p
1+2 (—) A2
[t ()| L2ty < Nt0.m | 2 ra ) €XP ( L t) (2.34)
if p=2<d, and if p > d > 2, one has
Hum(t)HL?(Rd,u) < HuO,m”m(Rd,u) (2.35)
and
1-
[ om0 gy 4 < (59N L ol (230

where A4 and A, denote the smallest and largest eigenvalue of the matrix A. To see
this, multiply equation by u,, with respect to the L?(R% i) inner product and
subsequently integrate over (0,t), for t € (0,7]. First, consider the case 1 < p < 2 and
p # d. Then, by using Hardy’s inequality and Holder’s inequality;,

O < ey +2 (52 AE [ () e 0

from where we can deduce the inequalities (2.33)) and (2.34) by using a nonlinear general-
isation of Gronwall’s inequality (cf. [27, Theorem 1, p.360]. Now, consider the case p > d.
Then the reminder term (1.6 in Hardy’s inequality (|1.5)) has a negative sign. Hence

2 2 d—
Ut () 2y < 2 lttom 2y — (H2)P7 A5 / Nt (N

from where we can deduce the inequalities ([2.35]) and (| -
Step 2: By Proposition 2.2 H each strong solutlon u, of equation (2.5 satisfies (2.6)).

Thus by Lebesgue’s monotone convergence theorem, the function

u(x,t) = sup up(z,t) = Um u,,(z,t)

m>1 m—ro0

for all t € [0,7] and a.e. x € R? is measurable on R? x (0, 7). In addition, since for every
t€0,7],
[t (2, )7 < [t (2, ) 7 ful, )7,
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for a.e. € R? Lebesgue’s monotone convergence theorem and by the bound (2.33)—
(2.35) combined with the boundedness of the sequences (ug,), we obtain that for all
te 0], u(t) € LA(RY, p),

[ () L2 gy < Nmsr (D] L2

for every m > 1 and

nlbi_f)noo ||um(t)”L2(]R{d,u) = H“(t)HLQ(Rd,u) )

Now, we can apply Dini’s theorem, to deduce that u € C([0,T]; L?(R%, ;1)) and

lim wu,, =u in C([0,T]; L*(R%, ). (2.37)

m— 00

Moreover, since t,,(0) — «(0) in L*(R?, 1) and 4, (0) = g, — ug in L*(R?, 1), it follows
that u(0) = wuo.

Step 3: Next, we show that (u,,) satisfies the following a priori-estimates on the annuli
Ry = {x € R*|27% < |z| < 2%} in R? for any fixed k > 1:

/ 1 3n(>dx+—/ V()7 dz ds
Ry, Ry

(2.38)
S/ ‘Uomfpd$+c/ [|tm (s ||Lde ds
Riq1

for some constant C' > 0 depending on p, 2%, V¢ and Supg,,, p~!. Fix k > 1 and choose a
cutoff function ¢ € C°(Ry41) satisfying 0 < ¢ < 1in Rgy; and ( =1 on Ry. If p denotes
the density function given by ((1.4)), then the weak gradient

V(umgpp_1> = Vu,, Cpp_l + pumcp—lvé- :0_1 - umgp%

Thus, multiplying equation (2.5) by wu,, (?p~! with respect to the L?>(R?, ;1) inner product
and subsequently integrating over (0,t) for ¢ € (0, 7] yields

t
/ %ufn(t)gpdx—i—// [V, (s)[P ¢Pdzds
Ry11 0 JRp1

' p—2 p—1
+p / /R T V()T () s

t
[ sddes [ D () Ve deds
R4 0 JRyi

t P
+/ / um(j)ﬁpdxds
0 Ri41 ‘.I"

and so by applying Holder’s and Young’s inequality, we see that inequality (2.38]) holds.

Step 4: Since ug,,, converges to ug in L*(R?, 11), the a priori-estimates (2.33)—(2.36)
imply that (u,,) is bounded in C([0,T7]; L?(R<, u)) for 1 < p < 2 and p # d and bounded
in C([0,T]; LP(R%, 11)) for p > d > 2. Thus by a priori-estimate on the annuli
(R), the sequence (u,,) is bounded in LP(0,T; W (R},)) for every k > 1. Now, fix

15



k > 1. Since the space LP(0,T; WYP(R},)) is reflexive and by limit (2.37)), it follows that
u € LP(0,T; WYP(R},)) and there is a subsequence (uy,,) of (u,,) such that

lim u,, =u  weakly in LP(0,T; W'P(Ry,)). (2.39)

m—0o0

Furthermore, the operator
Agu = —p~t div (p|VulP > V) — |2 7 [u" 2 u

maps bounded sets of LP(0, T; W'P(R},)) into bounded sets of L¥' (0, T; W~ (R},)), where
we denote by W17 (Ry,) the dual space of W, ”(Ry,). Hence the sequence (uy,, ) is bounded
in the space W' (0, T; W~1#(Ry,))). Thus by the uniqueness of the limit ([2.37), we have
that u € W' (0, T; W~1'(R;,)) and there is a subsequence of (uy,,), which we denote,
for convenience, again by (uy,, ) such that

lim %m — du weakly in L(0,T; W~ (Ry)). (2.40)

e dt dt

If 24 +2 < p <2 and p # d, then by Rellich-Kondrachov (cf. [6, Théoreme I1X.16]), the em-
bedding from W'P(Ry,) into L?(R},) is compact. If p > d > 2, we use that the embedding
from W'P(Ry) into LP(Ry) is compact. Hence by the Lemma of Lions-Aubin (cf. [25,
Théoreme 5.1]), the limit function u given by belongs to LP(0,T; LP(Ry)) and their

is a subsequence of (uy,,) such that

lim wy, =u strongly in LP(0, 7T LY(Ry)) (2.41)

m—0o0

forq—21fd+2<p<2 p # d, and ¢ = p if p > d. Therefore, since p > 0 and since p is

bounded on Ry,

—2 —2
lim ur, | ug,,  |ul""u

m—ro0 |z[? T 2P strongly in L¥ (0, T; L' (Ry, ). (2.42)

Furthermore, by a priori-estimate (2.38) on the annulus Ry, the sequence (Vuy, ) is
bounded in LP(0,T; LP(Ry, 1)?). Thus there is a function x;, € LP'(0,T; L' ( Ry, 1)?) and
another subsequence of (uyg,, ) such that

lim |Vug, [P~ Vg, = xx  weakly in LF'(0,T; L” (Ry,, 1)%). (2.43)
m—r0o0

Since Ry, C Rk+1 such that (J,~, Rr = R\ {0} and since the limits (2.39), [2.41)), (2.42),
(2.43) and on Ry also hold on Rj_ 1 a diagonal sequence argument shows that

uwe LP(0,T; VVzoc (R?\ {0}, 1)), such that % € L¥'(0,T; W="#(R*\ {0}, 1)) and there is
a subsequence (uy, ) of (u,) such that
lim wug, =u  weakly in LP(0, T; W,2P(R?\ {0}, 1)), (2.44)
m—0o0
Tii_r}noo uy, =u  strongly in LP(0,T; LL (R%\ {0}, p)), (2.45)

WheI"GQ*2lfd+2<p<2 p#d,and g =pifp>d,

—2 —2
PR (% G 7 (1
m=oo  |zf” |z

strongly in L' (0, T; LI (R*\ {0}, u)), (2.46)
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lim %m — v weakly in LP(0,T; W, 7' (R?\ {0}, ). (2.47)

Moot dt loc

Moreover, there is a function y € LP(0,T; LY

loc

(R4\ {0}, #)?) such that
lim |V, |P> Vug, =x  weakly in LP'(0,T; LY (R \ {0}, )9). (2.48)

m—0o0

Step 5: In this part of the proof, we prove that
= |Vulf/>Vu  ae onR?x (0,7)

Fix k > 1. Then, multiplying ([2.3) by v € LP(0,T; Wy * (Rps1, 1)) N L*(0, T; L*(Riy1, 1))
and subsequently integrating over (0,7") yields

(L)) + / / \Vauy, [P Vg, Vvd,uds—//
Rk+1 Rk+1

where ((-,-)) enotes the duality pairing between the spaces L* (0,7} W*Lp’(RkH,p))
and LP(0, T W (Rkﬂ,p)). Now, sending m — +oc¢ in this equation and using the

limits and ([2.48), we obtain

ds, // XVvd,uds—// vduds
Rk+l Rk+l

for all v € LP(0,T; Wy P (Rgs1, 1)) N L2(0, T; L*(Ry41, 1t)). Note that

(8 ugryy = 1 /R A7) Py L /R W2(0) ¢ dp (2.49)

vd,uds

This formula is easily proved by either approximating u(? by convolution (similarly as
described in [31, Section 1.5, p.264]) or by using the Steklov average together with
Lemma Thus taking v = u?, in the last equation and applying formula ([2.49)

yields
T
: / w?(T) ¢Pdp + / / xVu(Pduds
Rk+1 0 Rk+1

T
= %/ u?(0) ¢Pdp — p/ / V¢ Pt udpds (2.50)
Rk:+1 0 Rk+1

T up—l
+ / / —5vdpds.
0 Ri41 |x|

On the other hand, multiplying equation (2.5)) by us, (P with respect to the L?( Ry i1, )
inner product and then integrating over (0,7") gives

/ / |Vuy,, [P Pduds
Ri41

- /R 2,0 )deu—-/RkHUim(T)deu

T
— p/ / Vg, P> Vug,, VC Py, dpds
Riq1

T
+/ / Vi |ug,, |” ¢Pduds.
0 Ri41

17
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Sending m — oo in this equation and using the limits (2.37)), (2.45)), (2.46), (2.48) and
subsequently comparing the resulting limit with equation ([2.50|) yields

T T
lim/ / \Vuy,, |7 deuds:/ / xVu (Pduds. (2.52)
M= Jo J Ry 0 JRpq

Now, we use a method due to Leray and Lions [24]. For every m > 1, let

Hy,, (,1) == (| Vg, "~ Vug,, — [Vu'~ Vu, Vuy,, — Vir)za

fora.e. (z,t) € Ryy1x(0,T). Every Hy,, is a positive measurable function on Ry x (0,7)

and the limits (2.44)), (2.48) and (2.52)) imply that Hy, (P converges to 0 in L'(Rgy1, p1).

Since we have chosen ( = 1 on Ry, it follows

lim H,, =0  in L*(R, x (0,7)). (2.53)

m—r0o0

There is a subsequence of (ug,,) and there is a measurable subset Z C Ry x (0,7) of
Lebesgue measure zero such that for all (z,t) € Ry x (0,7) \ Z, Hy,, (z,t) is finite and
Hy,, (z,t) converges to 0 in R as m — 4+o00. By Hélder’s and Young’s inequality,

Vur,, (2, 8)" < Hy, (2,8) + [Vu(z, ) Vu(z, 1)V, (2,1)

+ |V, [P* Vg, Vu(z, t) — |Vul’
< Hy,, (x,t) 4+ ¢|Vu(az,t) " + 5 [Vug,, (z, )],

for some constant ¢ = ¢(p,n, 8) > 0 and so
2|V, (z,8) " < Hy,, (z,t) + c|Vu(z, )| (2.54)

for every m > 1. Thus, for every (z,t) € Ry x (0,T) \ Z, the sequence (Vu,(x,t)) is
bounded in R? and so there is an {(z,t) € R? and a subsequence of (uy, ) such that
Vuyg,, (z,t) — &(x,t) in RY as m — +o0o. On one side, Hy, (z,t) converges to 0 as
m — 400, but on the other side,

n%l_{l;o Hkm<x7 t) = ( ‘f(l‘, t>|p_2 f(l‘, t) o ]Vu(a:, t>|p_2 V’U,(SE, t)) (f(l‘, t) o VU(I, t))

Hence
(1€(z, P2 E(x, t) — |Vu(z, )P Vau(z, t)) (&(z,t) — Vu(z,t)) =0

and so the strict convexity of x + |z|’ on R? implies that &(z,t) = Vu(z,t) in R%
Since we can identify the limit of the sequence (Vuy,, (z,t)) as m — oo with Vu(z,t)
for every (z,t) € Ry x (0,7) \ Z and since Hy,, (z,t) converges to 0 as m — oo for
every (z,t) € R, x (0,T) \ Z, we have thereby shown that Vuy,, (z,t) converges Vu(x,t)
for all (z,t) € Ry x (0,7) \ Z. Integrating inequality over a measurable subset
E C Ry x (0,T) yields

%/ ]Vum\pdudsg/Hkm—i—c/ |Vul? duds
E E E

and so by limit (2.53)), the sequence (|Vuy,, |*) is equi-integrable in L*(Ry x (0,7T)). Thus
Vitali’s convergence theorem implies that

lim Vu, = Vu  strongly in LF(Ry x (0,T))*

m—0o0
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and so by limit y = |Vu|pi2 Vu a.e. on Ry x (0,7"). Since k > 1 was arbitrary and since
Upsy Be = R?\ {0}, we have thereby shown that y = |[Vu|’ > Vu a.e. on R? x (0,7).
Using again a diagonal sequence arguments shows that there is a subsequence of (uy, )
such that

lim wy, =u strongly in LP(0, T; WP (R4 \ {0}, u)). (2.55)

m—00 loc

Now, let K € R?\ {0} and 0 < t; < t, < T. Multiplying equation (2.5) with
© € WY2(ty, ty; L2(K, 1)) N LP(ty, to; Wy P (K, 1)) and subsequently integrating over (t;, t,)

yields
/ U, pdpu
Rd

t to
: +/ / {ukm d 4 Vg, [P Vukago}du ds
t1 t1 Rd

to p—2
= / / |uk7n p uk’ln SO dM dS'
t1 Rd |I|

Sending m — oo in this equation and using the limits (2.37), (2.55) and (2.46) shows
that u is a weak solution of equation (1.1)) and by Step 2., u € C([0,T]; L*(R%, p)), u is

positive and u(0) = ug. This completes the proof of claim of Theorem .

2.2.2. Proof of claim of Theorem
Here, we show that claim of Theorem holds.

Proof of Theorem (continued). Suppose that 1 < p < % and A € R. Then, we note
first that Holder’s inequality yields

2
IR
[ ()

+o0 2, d—p /\p/2
< |)\|ﬁ O'(Sd_l)/ (r7) = e T e gy (2.56)
0
L2 L dp oo
2= —P
<A77 0 (Su) (%) C )‘Ap/Q/ o e dr =2 M,
A 0

where A4 > 0 is the lowest eigenvalue of the positive definite matrix A. Since

2 d—p ) .
1—2Tp—|—7>0 if and only if p<ﬁd2,

the integral
+o0 2 d—p
/ et et de
0

is finite and hence M, is finite. Now, we proceed again in several steps.

Step 1: Let ug € L*(R% u) be positive. Then for every m > 1, the approximate
solution wu,, of (2.5)) satisfies the following a priori-estimates:

2—
(D) ey < [lto,m 320y exp (1= 5)8) +

" .. (2.57)
=)Mo [ew(1-pi-s)ds|

19



t t
/o » |V, ()P duds < Huo,mHiQ(Rd,M) +/0 M Hum(s)|\’£2(Rd7M) ds (2.58)

and if ug € WHP(RY, ) N L2(RY, ),

t 2 t
/ s ’ ds + E/ |V, (6 du + l/ / Vi [t |” dpds
0 L2(R4, 1) P JRa P Jo Jra

t
<1 [ [ ISl s e

To see this, multiply equation (2.5) by u,, with respect to the L?(R? 1) inner product
and subsequently integrate over (0,t), for ¢t € (0,7]. Then, by (1.2) and estimate ({2.56]),

di,,

K(S)

(2.59)

t t
2 2
i@ty + [ [P s < B laeay + [ Mo lm(6) e,
0 0

from where we can deduce the inequalities and by using a nonlinear generali-
sation of Gronwall’s inequality. If ug € WHP(R?, ) N L?(RY, 1), then ug,, € WHP(RY, p)N
L*(R4, ). Hence multiplying equation by s%m(s) with respect to the L*(R?, p)
inner product, subsequently integrating over (0,t), for ¢ € (0,7] and then applying [<8|
Lemme 3.3], the fact that the potential V' satisfies ([1.2)) and estimate @ yields in-
equality . Now, proceeding as in Step 4. of the proof of Proposition E we see that
the claim of Theorem holds. Since this part of the proof of Theorem coincides
with Step 4. of the proof of Proposition [2.2] we omit the details of the proof. n

3. Nonexistence of positive solutions

This section is dedicated to the proof of Theorem|[I.4] We make use of several lemmata.
Thus we divide this section into two subsections.

3.1. Preliminaries for the proof of Theorem
We begin this subsection with the following Lemma, which generalizes [19, Proposition
A1l

Lemma 3.1. Let D C R? be a bounded domain and let 1 < p < d. If the function
M € LY?(D, ), then for every e € (0,1), there is a constant C(g) > 0 such that

[l aus s [[wor dusc@) [opan forato e WD) (3)
D D D

Proof. Let (M,),>1 be the sequence defined by M, (x) := min{M (z),n} for a.e. z € D,
and every n > 1. Then, M, (z) - M(x) as n — +oo for a.e. x € D and |M,| < |M(z)|
for a.e. x € D and all n > 1. Thus and since by hypothesis, M € LY?(D, i), we have by
Lebesgue’s dominated convergence theorem (see Théoreme IV.2 in [6]) that

M, — M  in LYP(D,u) as n — +oo. (3.2)
We fix ¢ € C}(D). Then by Holder’s inequality, for every n > 1,
/ M [of" dp
D
< [ 1= 1op dutn [ ol d (33)
D D

d % d—p dp d;p
< ([ =0l ) o, ([ 1o ar) © v [ 1o an
D D D
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Since ¢ is assumed to have a compact support, the function ¢ belongs in particular to
CHR?). Thus by the Sobolev-Gagliardo-Nirenberg inequality (see Théoreme 1X.9 in [6]),
there is a constant C' = C(p, d) > 0 such that

(/D|¢|f‘°p dm)

Inserting this inequality into estimate (3.3]), gives

(d—p)p

¢ [ Vo de < Cllo g, [ 90 di
D D

d a d—p _
[ arlor du < ( [ -, dﬂ) ol 0y € 107 iy [ 1960 i [ ol

Due to the limit (3.2)), for every given ¢ € (0, 1), there is a n(¢) > 1 such that

([ 1=t )" < i Mol o o
and hence
[ aioraus iz [ Vol dusne) [ Jo d
D D D
Since C1(D) lies dense in WP (D, 1), the claim of this lemma holds with C'(¢) = n(e). O
The next Lemma generalizes [32, Remark 2.1.4, p.158].

Lemma 3 2 Letp # 2, and let V € L2 (R4\ {0}) be positive. If u is a weak solution of
equation and if g : R — R is Lipschitz-continuous, then for every ¢ € CL(R?\ {0})
and every O g b <ty <T,

/Rd/ ult2) s)ds¢dp — /Rd/ " ds¢dM+/ / Vul? ¢ (u) & dudt

Proof. We fix ¢ € Ccl(Rd\{O}), and for fixed 0 <t < t+h < T, wetaket, =t, to =t+h,
and multiply equation ((1.8)) by ~~!. Then,

(3.4)

t+h
/Rdh (u(t + h) — u(t) ¢du+/ / (| VulP 7 V) Vedudt

t+h
/ / (V [ul"u) ¢pdudt.
Rd

Let uy, be the Steklov average of u (cf. Definition in the Appendix). Then by Fubini’s

theorem, since %(t} = b7 (u(t + h) — u(t)), and by definition of the Steklov average,

the last equation can be rewritten as

/Rd ous (¢ )(bdu—i-/ (IVul’ 2 V), (t) Vo dp = /d (V [uf~ ), (t) pdu.

R

By the hypothesis and by Theorem 2.1.11 in [33], for any ¢t € (0,7), g(ux(t)) ¢ €
Wy P (K, i1) with distributional partial derivatives

aar (9(un(t) 0) = ¢ (un () (F)n (1) ¢ + g(un(t)) 5,
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where K @ R?\ {0} is chosen such that the support of ¢ is contained in K. Thus, we
can replace ¢ by g(un(t)) ¢ in the last equation. Now, we integrate the resulting equation
over |ti,ty] for fixed 0 < #; < to < T and apply first Fubini’s theorem and then the
fundamental theorem of calculus with respect to dt. We obtain that

/R ) ( /0 Uh(tg)g(s) ds) ¢ dp — /R d ( /0 uh(tl)g(s) ds) édy

+1[2H@{vaﬁﬁvUn<w¢@mu»amoaw¢-%UVMVQVun(ﬂgwaw>V¢}@“ﬂ

:/t/R (V" u), (t) glun(t)) 6 dpudt.

Sending h — 0+ in the last equation and using Lemma leads to equation (3.4). O

Lemma 3.3. Let D C R? be an open and bounded set with 0D € C?, and let d(x) denote
the distance of a point x € D to the boundary OD. If u € L'(D,u) and if there is a
constant ¢ > 0 such that u(x) > cd(x) for a.e. x € D, then

log(ud) € LP(D, i) for allp > 1. (3.5)

For the proof of Lemma [3.3] we have been partially inspired by the proof of [20),
Theorem 1.1].

Proof. We set D = D1UDy with D1 = {x € D|ud < 1} and Dy = {z € D|ud > 1}.
Since D is bounded, the diameter diam(D) := sup{|z —y| |,y € D} of D is bounded.
Then,
[ Nostua du= [ fogwd du+ [ fogwd)f” ap (36)
D Dy Do
We have Dy = Dy 1UDs 5 with Doy = Dy N {ud > ¢!~} and Dys = Dy N {ud < P71}
Hence

/ log(ud)|” dp = To1 + Top
Do

with
Li= [ logwdlPdu  and  To= [ fogwd)f du
Do 1 D

2,2

We show that Z,; and Z, 5 are both finite. Indeed,
Too = / (log(ud))Pdu < u(D) (p—1)P is finite.
D3 2

To see that Z,; is also finite, we assume that p(Ds ;) > 0, since otherwise there would be
nothing to show. The mapping s — (log s)? is concave on the interval |eP~!, +-00[. Thus
by Jensen’s inequality for concave functions and since d(x) < diam(D) for every z € D,
we obtain that

p
Toy = /D (log(ud))? dp < pu(D) (log ] /D ud,u) .

Since u € L'(D, u), the right hand-side of this inequality is finite and so the second
integral on the right hand-side in equation (3.6|) is finite. It remains to verify that also
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the first integral on the right hand-side in equation (3.6) is finite. For this, we note that
log(ud) < 0 on Dy. Thus and since by hypothesis, there is a ¢ > 0 such that u(z) > cd(x)
for a.e. © € Dy, we have that

/ log(ud)” du = / (— log(ud))? du
D1 Dl
S/ (—log(cd®))? du
Dy
<q, (rloch“ u(Dy) +2 [ flogdp du) |
D

Since we have assumed that D has a C? boundary, logd € LP(D) for every p > 1. Thus
and since p > 0 is bounded on D, we obtain that logd € LP(D,u) and so by the last
estimate, the claim of this lemma holds. O

Lemma 3.4. Let D C R? be a bounded domain with 0D € C?. Ifv € C*'(D x (0,T)) is
a positive nontrivial solution of the boundary value problem

v — Kov=0 1inDx(0,7T),
v=0 ondD x(0,T),

then for every t € (0,T), there is a constant C(t) > 0 such that
v(z,t) > C(t)d(z) forallz € D. (3.7)

Proof. By the weak maximum principle, v attains its minimum at the boundary 0D x
(0,T). Since D has a C? boundary 9D, then the boundary 9D satisfies a uniform interior
sphere condition (cf. [I1], Proposition B.2]). Thus at every point z € 9D there is an open
ball B(y,r) centred at some y € D with some radius r > 0 such that B(y, r) € D and
B(y,r) N 0D = {z} and by [28, Theorem 6], the outer normal derivative 2%(-,¢) < 0 on
dD for every t € (0,T). Since for every ¢ € (0,T), 9%(-,¢) is continuous on “the compact
set 0D, 9(-,t) attains a maximum on §D and so vy(t) := max {2%(z,t)|z € 0D} < 0.
For the rest of this proof, we fix t € (0,7).

By [11, Proposition B.3], there is a 6 € (0,1) such that for every z € 9D, the open
ball B, 5 := B(z —v(2)2,2) C Ds := {x € D|d(z) < 6} and 9B, 5N 0D = {z}. Here v(z)
denotes the unit outward normal vector to 9D at z. Furthermore, for every x € Ds :=
{z € D|d(x) < ¢}, there exists a unique z = z(z) € D such that |z — z(x)| = d(z) holds.
Thus every « € Dj can be written as x = z(x) — v(2(z))d(x) for a unique d(z) € (0,9).
By hypothesis,

3

We calculate the Taylor expansion of v(-,t) at z(z) € 0D for every x € Ds. Then for
every = € Ds, there is a 6(z) € (0,1) such that

v(a,t) = v(z(z) — v(z(z))d(z),t)

+1=:C(t) is finite.

81718%
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where H, denotes the Hessian of v. We take dp = min {5,
(—w(t)) — C(t) d(z) > “2D) . Therefore

2C(t) } Then, for all z € Ds,,
v(x,t) > (_VQM d(x) for all = € Ds,.

On the other hand, by the strong maximum principle ([28, Theorem 5]), v(¢) > 0 on
the compact set D\ Ds,. Thus and since D \ Dy, has a positive and uniform distance to
the boundary of D, there is a constant Cy(¢) > 0 such that

v(x,t) > Cy(t) d(x) for all z € D\ Ds,.

Therefore, if we set Cy(t) = min{Cy(t), Z2Y then Cy(t) > 0 and for this constant v(t)
satisfies inequality (3.7]) on D. O

The following weak comparison principle for positive weak solutions is a refined version
of [18 Proposition 4.1].

Lemma 3.5. Consider the case p = 2. Let ug € L*(R%, i) and V € L (R4\ {0}) be both

loc
positive, D be an open and bounded subset of R with a Lipschitz-continuous boundary,

and g € L>®(D) be such that
0<g(zx) <V(x) for a.e. x € D. (3.8)
If for given m > 1, v,, € WY2(8,T; LA(D, 1)) N L*(0,T; Wy *(D, i), (5 € (0,T)), is the
unique positive strong solution of
8”’” — Kyv=g(x)v inDx(0,T),
v=0 on 0D x (0,T), (3.9)
v(0) = ugm in D,

and if u is a positive weak solution of equation (1.1) for p = 2 with initial value u(0) = o,
then 0 < v, < u almost everywhere on D x (0,T).

Proof. Note first that by [8, Proposition 3.12], for every positive ug € L*(R? u) and
m > 1, problem (3.9) admits a unique strong solution v,,. In addition, by the weak
maximum principle (see Lemma [2.6)), the solution vy, is positive.

Now, for given ¢ € (0,7), let ¢ € WY2(0,T; L*(D, ) N L*(0,T; Wy*(D, 1)) be
positive such that (-, 7 —¢) = 0. If we extend ¢ by zero on (Rd \ D) x (0,7),
the extension has compact support in R? for almost every ¢t € (0,7) and belongs to
Wh2(0,T; L*(RY, 1)) N L2(0,T; Wy * (R, 1)). Thus every weak solution u of equation
(1.1]) on R?x (0,T) is, in particular, a weak solution of equation (1.1]) on D x (0, 7). Thus

T—e T—e
/ /u{—gps—KQ¢}duds:( (0), )2 D#)—i-/ / r)updpds.  (3.10)
0 D

Next, the strong solution v, satisfies

(85? (t)? ¢)L2(D7u) = (K2Um(t)> ¢)L2(D,u) + (g<$>vm<t)7 ¢)L2(D,u)

for almost every t € (0,7, and all ¢ € L*(D,u). If we take ¢ = ¢ in this equation,
integrate over (0,7 —¢), and apply integration by parts once with respect to ds and twice
with respect to du, then

T—¢ T—e
[ [ on{= o= Ko} duds = @u0)0dwm+ [ [ gla)ompduds. (311
0 D 0 D
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Using both equations (3.10) and (3.11]), we obtain for (v,, — u) that

/OTE /D(Um —u) { — s — Kop — g(x)go} dpds
= (m(0) = u(0),¢)r2(D,p) + /OTE /D[g(a:) V(@) upduds.

By hypothesis, v,,(0) = ugm < up = u(0), since we have assumed that g(x) satisfies
condition (3.8)), and since u is positive, we can deduce from the last equation that

/OT_E/D@m—U) { —¥s —Kzso—g(x)so} duds <0 (3.12)

for all positive ¢ € W2(0,T — &; L*(D, p)) N L*(0, T — &; Wy (D, ).
Now, let ¢ € C([0, T — ¢]; C°(D)) be positive and consider the parabolic problem

2 — Kyz=g(x)z+v¢ inDx(0,T—c¢),
z2=0 on 0D x (0,7 —¢), (3.13)
2(0) =0 in D.
By [8, Proposition 3.12], problem (3.13) has a unique strong solution
2 € WH(0,T — & L*(D, u)) N C([0, T — €]; Wy (D, 1)

and this solution is positive by the weak maximum principle. If we set po(x, s) = z(z,t—s)
for a.e. x € D and all s € [0,T — €], then ¢ is a strong solution of

—por — Kopo —g(x)po =1  inDx(0,T—¢),
©o =0 on 0D x (0,T — ¢),
eo(T'—e) =0 in D.

Inserting g into inequality (3.12]) shows that for all positive ¢» € C([0,T — ¢]; C°(D)),

/OT_€/D(U—U)¢det§0.

The set C'([0, T—¢]; C2°(D)) lies dense in L?(0, T—¢; L*(D, it)). Thus by an approximation
argument, we can take 1) = [v —u]" in the last inequality and hence we obtain that v < u
a.e. on D x (0,7 —¢). Since € > 0 has been arbitrary, the claim of this lemma holds. [

The statement of the next Lemma, is well-known in the case p = 1 (cf. [6, Remarque
18. in IX.4, p. 171] or [4, Remark 2.6 on p. 1019]).

Lemma 3.6. Let d > 2, D be an open subset of R%, and let 1 < p < d. Then,
Wy (D, u) = WyP(D\ {a}, ) for every a € D.

Proof. In this proof, we follow the idea of [4, Lemma 2.4 and Remark 2.6 |. Let (p,,)n>1
denote a standard mollifier (see [6, p.70]): that is, for every n > 1, p, € CZ(R?), the
support supp(p,) € B(0, %), pn >0, and [, p,de =1. We fix @ € D and set

Y(r) = /d ps(Y) 1B(a5/4) (x —y)dy for all x € ]Rd,
R
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where 1p(,5/4) denote the indicator function over the open ball B(a, 4) of center z = a
and radius = 2. Then, it is not hard to verify that ¢ € C(R%), ¢ > 0, ¢) = 1 on
B(a,1) and ¥ = 0 on R%\ B(a,2). For every n > 1, we set ¥,(x) = (nz) for every
z € R Then, ¢, € C®(R?), ¢, >0, =1 on B(a, ) and ¢ = 0 on R?\ B(a, 2). Since
d—p

=n »
Lr(R?)

On
ox;

oY
ox;

d
[ll gy =075 Wll ey and | o
for every i = 1,...,d, and since by hypothesis, p < d, we have that 1, — 0 in WHP(R?)
as n — +00.

Obviously, it suffices to show that Wy*(D,n) € WyP(D \ {a}, y) since the other
implication is clear. Since Wy”(D, i) is the closure of the set C!(D) in W'“(D, ), we
need to show that for every ¢ € C}(D) and for every ¢ > 0, there is § € C}(D \ {a})
such that [l — 0ly15(p,) < e To doso, we fix p € C}(D) and £ > 0. Since D is open
and a € D, there is an r > 0 such that the open ball B(a,r) of center x = a and radius
r is contained in D. By the first step of this proof, there is an index n, > 1 such that
U, € C2(B(a,r)) for every n > n,. Then, for every n > n,, 0, := ¢(1—,) € C}(D\{a})
and

e — enHWLP(D#) = ||90¢n||W1vP(D7M) <C ||¢n||WLp(Rd)7

where the constant C' > 0 depends on ¢ and [|p[| ;s (gupp(,)) Put is independent of 4.
Since we can choose n > n, large enough such that Hwnle,p(Rd) < &7, the claim of this

Lemma holds. O

3.2. Proof of Theorem

With the prerequisites of the preceding subsection in mind, we finally turn to the proof
of Theorem [L.4

Proof of Theorem[I.4. First, we study the case 1 < p < 2 if d = 2, and % <p<2if
d > 3. In this part of the proof, the authors follow partially the idea given in [19]. Let
A > (d;p )p. We argue by contradiction and hence we suppose that there is a positive

nontrivial ug € L2 ,,.(R?\ {0}, 1) such that there is a ' > 0 and a positive very weak
solution u of equation with initial value u(0) = uo. We fix some bounded domain
D C R? containing x = 0. Let p € C}(D \ {0}), and for every integer k > 1 and every
s € R, let gy(s) == (s+ )7 if s > 0 and gx(s) = k»~' if s < 0. Then, by Lemma 3.2 for
g=0gr, &»=|o", t1 =0, and t, = t,

1y2— u u(s
/ (U(t)+;;)2 r | :‘p du / (0)+ | ’p du+ (1 / / [Vu(s)[” [ol” )|p\<p\p dpds
Vu(s)|P~2Vu(s p= uP~1(s
+p/ / el el e Vo dpuds —/ / Er e el duds.

By Young’s inequality,

(3.14)

p/o /D‘VU(S)V)_Q Vau(s) (u(s) + %)1 AV ’(’p’p 290d,ud8
< (p—l)/o /D|Vu(5)|P (u(s) + %) P |l d,uds+t/ Veol? dp,
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and since (u(0) 4+ 1)*7? |¢l” > 0 a.e. on D, we can deduce from equality (3.14) that

/ / 2o (s) (u(s) + 1) [ol? dpuds

(3.15)
< / Vel du+ 5 [ (u(t) + 127 o] du.
D D

For almost every (z,s) € D x (0,t), we have that

up—l , P _ _
0< 2 2l Ak o) and  (u(z,5) + )P o) Nt (o) o)l

as k — +o00. Thus, by Beppo-Levi’s theorem, sending k — +00 in inequality (3.15]) gives

e[ Botel dn—t [ Vel < [ ) o an
D D D

First, consider the case d =2 and 1 < p < 2. Then, (2 — p) < 2, and so ( B

Tp) > ]..
Thus by Holder’s inequality,

(2-p)2
/Du(t) rodp < ,U(D) H“Hm (D) *

Since u(t) € L*(D, ), the last estimate implies that u?>~? € L¥?(D, ).

Next, consider the case d > 3 and let % < p < 2. Then, (2 — p)% < 2 and since

u(t) € L?(D, i), we obtain again by Hélder’s inequality that u*~? € L¥?(D, ).

Therefore in both cases, d =2and 1 <p < 2ord> 3 and d+2 < p < 2, Lemma
implies that for any € € (0,1), there is constant C'(¢) > 0 such that

/ ar lel” du —/ Vel dp < 1% / IVel” dp + C(e) / of” dp. (3.16)
D D D D
If the matrix A is positive definite, then there are

Aa, Aa >0 such that M |z]? < atAx < Ay |z for all z € RY (3.17)

Furthermore, by Lemma and since 1 < p < 2 < d, the set C}(D \ {0}) lies dense in
Wy (D, ji). Therefore, by estimate (3.16)), and since ¢ € C1(D\ {0}) has been arbitrary,
we obtain that

t :I:p/Q
o IVel” du = [(1 =9 TSy e ERE A — (1 - ) [, 2o Lol du
fD \90|” dp (3.18)
N[N~ Ce) (1 —2) > —oo,

where the infimum is taken over all ¢ € Wy (D, y1) with 1l o(puy > O
But for every

0<e<l-—A1(£R)? we have that (I—e)X> (%)p.

p
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Thus and since 0 € D, 8]) obviously contradicts to the optimality of the constant
(dpp ) in Hardy’s mequahty . Therefore the assumption is false and hence claim (i)

ofTheorem1struef0r1<p<21fd—2and d+2<p<21fd>3

We turn to the case p = 2 and d > 3. In this case, we follow partially an idea given in
[9]. Again, we argue by contradiction. Let A > (d 2) and let uy be a positive nontrivial
element of L?(R? 1). We suppose that there is a T > 0 and there is a positive weak
solution u of equation (1.1)) with initial value u(0) = wy. Let (D;);>1 be a sequence of
bounded domains D; of R? satisfying 0 € D; C D;11, D; C R?, with boundary 0D of class
C*, and Ul21 D; = D. Then by hypothesis, there is an D;, C R? such that ug # 0 almost
everywhere on D;,. We set D = Dy, and fix ¢ € C}(D). For every integer n > 1, let u,,
be the unique positive strong solutions of equation (2.5) with initial value u,,(0) = ug .
Further, let v,, be the unique positive strong solutions of with g(z) = 0. Then by
the weak comparison principle (see Lemma and Lemma , for all m > 1,

0<v <y, <u, <u almost everywhere on D x (0,7)). (3.19)

Since the boundary of D is smooth, v; is infinitely differentiable in D x (0,7") and vy,

(891;1 and 2 gl are continuous up to the boundary of D (cf. [22, Theorem 12.1 in Chapter

[l & Theorem 1.1 in Chapter V]). Since v; is positive and since v1(0) # 0 a.e. on D,
the strong maximum principle (cf. [28, Chapter III, Theorem 5]) implies that for every

€ (0,7), v1(t) > 0 on the compact subset supp(¢) of D. Thus for all ¢t € (0,7, there is
a constant Cp(t) > 0 such that for all n > 1,

u(t) = um(t) > vin(t) = vi(t) = Co(t) >0 on supp(yp).

Thus, for every m > 1, we may multiply the equation (2.5) with truncated potential V,,
by u! |o|* with respect to the L*(D, y1) inner product, and subsequently integrate over
the interval (to,t) with respect to ds for any fixed 0 < ¢y <t < T. Then, we obtain

[ 1og (245 1P an - / [ V) an(s)) el dads

(3.20)
+2 / / Vu,(8)Ve (un(s) tpduds = (t—to)/ min {n, " lg} lol” dp.
to J D D
By Young’s inequality,
t
2 / / Vu,(8)Ve (un(s)) "t pduds
to 4D
t
<(t—to) [ Vel dut [ [ 90 (o)) o s
D to v D
Thus, we can deduce from equality (3.20]) that
[omin (o 2o} 1P an= [ 9ol du< 2 [rog (0 ) el an. 32
D

Furthermore, by Lemma3.4] for every ¢ € (0,7), there is another constant C;(¢) > 0 such
that vy (t) > C1(t) d(z) for all x € D and so by (3.19)), we have that for all n > 1,

u(x,t) > uy(z,t) > Ci(t) d(z) for almost every z € D.
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Thus

/log( (t0> ol du</Dlog (c(to ) el du = /log (W) R

and hence sending n — 400 in inequality (3.21)) yields to

2 2 u(t)d 2
[ e tel i [ Vel an < 2 [ 1og () Iof dn
D D D

By Lemma [3.3] log(ud) € LP(D) for all p > 1 and since D has smooth boundary,

log(Ch (to) d*) = log(Ci(to)) + 2 logd € LF(D, )

Cl(to)
is a C'(g) > 0 such that

/ﬁ? ol du—/ Vel* du < = / Veol* du+ Cle) / lel” dps.
D D b P

Now, we proceed as in the proof of claim (i) and reach a contradiction to the optimality
of (%)2 in Hardy’s inequality ({1.5)).

for all p > 1. Thus log ( ult) ddz) € LY?(D, ). By Lemma , for every € € (0, 1) there

Let p>2,d+#p,and let A > ('d p‘) and let ug € Lu 1oe(R%) be positive and satisfying
) for some r > 0. We argue by contradlctlon and so we assume, there is a 7" > 0, for
Which equation has a positive weak solution u on [0,T") with initial value u(0) = wy.
For the above given r > 0, we fix gp e CH(B(0,r) \ {0}) and for every integer k > 1 and
every s € R, we set gi(s) = (s + )" P if s > 0 an gi(s) = k» if s < 0. Then, by
Lemma [3.2] for t; = 0, t, =t > 0, and ® = ||, we obtain that

(u(0)+1)2~ (u(t) + 127
/B — el du— / e |elP dp

(0,r)
! u(s)|P w(s)[P2Vu(s p=
vp [ O gy [ SO g )

uP=1(
// %us; o ol duds.

By Young’s inequality

t
p / / Vuls)P 2 Vus) (uls) + 1P Vo [ol 2 duds
0 JB(0,r
t
<(p-1) / / Vu(s)l” (u(s) + 1) ol duds + ¢ / Vel du,
0 JB(0,r) B(0,r)

and since (u(t) + )P |¢[” is positive, we can deduce from (3.22)) that
t
[ [ @) )+ e ot das
0 JBOr)

u(0)+4)>P
<t / Vol dpu+ / COHT o gy
B(0,r) B(0,r)
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We send k£ — 400 in this inequality. Then, by Beppo-Levi’s convergence theorem, we
obtain that

[olelrau= [ VeP i<ty [ @) el e (623
B(0,r) B(0,r) B(0,r)
Thus, since supp(¢) € B(0,7) \ {0}, and by hypothesis (1.9)), we have that
[ gt [ e dus i [ jeran (3.24)
B(0,r) B(0,r) B(0,r)

Since the matrix A is positive definite, inequality (3.17) holds. Thus and since inequality
(3-24) holds for all p € CL(B(0,r)\ {0}), we can conclude that

zt Az)P/2
'nff B(0,r) IVel” du — A% fB 0.r) |p( mg dp — fB(O,r)) ﬁ " dp
1
fB(o,ﬂ lol” dpe

5217_10/2—
>~y ~MTA

where the infimum is taken over all ¢ € C}(B(0,r) \ {0}) with ||g0||Lp B > 0

If 2 < p < d, then by Lemma , the set C}(B(0,7) \ {0}) lies dense in Wj:g(B(O, r))
and if p > d > 2, then the set C}(B(0,7)\ {0}) lies dense in Wj:g(B(O, r)\{0}). Therefore

in both cases, the last inequality contradicts to the optimality of the constant (@)p in
Hardy’s inequality ((1.5)). O
A. Appendix

A.1. Steklov averages and an integration by parts

In the this subsection of the appendix, we recall some well-known facts about Steklov
averages in purpose to proof an integration by parts formula (Lemma .

For any open subset D of R? and any 7' > 0, we denote by Dy the cylinder D x (0,T).
For ¢,r > 1, we denote by L?"(Dr) the parabolic Lebesgue space L7 (0,T; LY(D)). The
space L?"(Dr) is equipped by the norm

T % 1/’!’
||u||Lq,r(DT) = (/o (/D lu(z)|? dx) ) for all w € L2 (D).

Definition A.1. Let D an open subset of R? and let T > 0. Then, for v € L'(Dy),
h>0,te (0,7), and for a.e. € D, we define the Steklov mean value of v (also called
Steklov average) by

h Jt

(2.1) = 1 1Hrhv(.it,s)ds ift € (0,7 — h), and
© 0 ift>T—h.

The following Lemma is a more detailed version of Lemma 4.7 in [22] p.85]. Never-
theless, this lemma is quite standard (cf. [22] [10]) and so we omit its proof.

Lemma A.2. Let D C RY be an open set. Then the following assertions hold true.
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(i) Forve LY (Dr), let 0(t) == v(t) if t € [0,T] and 0(t) =0 if t € R\ [0,T]. Further
for every 0 < h <& <T, let pp(t) = h™ ' Li_1g(h ') for every t € R. Then,

/ph(t)dt: 1, pp>0, lim prndt — 0 forallO <r<T, (A1)
R h=0+ JR\ (—r,7)

and

(0% pp)(t) = /Rfj(s) pn(t — s)ds = vp(t) for every t € (0,T — ). (A.2)

(i) If v € LY (Dy), then for every 0 < § < T,
vy —> U in LY"(Dr_s) as h — 0+.

(i) Ifv e C([0,T]; LY(D)), then vy (t) can be defined int = 0 by vy (x,0) = + 00+hv(x,3) ds
(x € D) for all h > 0, and for every 0 < e <T and every t € [0,T — ¢),

(T in C([0,T = d]; LY(D)) as h — 0+.
(iv) If v € VP(Dyr) := C([0,T]; L*(D)) N L*(0, T; WP(D)), then
o, € WHA[0,T = 0); L*(D)), and  22(t) = h™'(v(t + k) — v(t))

for everyt € (0,T — ) and every 0 < h < § < T,

In the standard references (as, e.g., [22, 10]) the second and third claim of Lemma
are often employed, but in general without any proof. Thus we give its proof here.

Proof. First, we proof that the sequence (pp)n=0 defined in (i) satisfies the properties
" Since ]1[_170](h_1t) = ]l[—h,O} (t) for all t € R,

0
/ph(t)dt:hl/ 1dt =1.
R —h

Further, for every 0 < r < T, we have that (R\ (—=r,7))N[—h,0] = 0 for every 0 < h < r.

Hence
/ pn(t)dt = h1/ L po dt = 0.
R\]—7,7[ R\]—r,r[

To see that formula (A.2)) holds, we fix t €]0, 7 — [, and note that 1_y 0)(172) = Le4n)(s)

for every s € R. Hence,

(5% pu)(t) = B! /R 3(5) Ly (52) ds = b~ /R 0(s) L n (s) ds = vn ().

Now, let v € L?" (D7) and fix 0 < h < § < T. Then, for every t €]0,T — 4],

t+h

t+h n 1
vp(t) = h_l/t v(s)ds = v(hr)dr = /0 v(h(s+£))ds,

B
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where we applied in the first equality the substitution s — r(s) = h™! s and in the second
equality the substitution r — s(r) = r — +. Hence for every ¢t € (0,7 — 9),

1

[on(t) = ()|l o) = (v(h(s+5)) —w(t)) ds
0 La(D) (A.3)

g/o ot (s + £) = 0(®) | oy

If v € C([0,T]; LY(D)), then v is uniformly continuous on [0, 7" — §] with values in L7(D).
Thus for every € > 0, there is a 6 > 0 such that for all 0 < k < 0, and all s € [0,1], all
tel0,T -4,

|v(h(s+ %)) — v(t)”Lq(D) <eg,

and so by estimate (A.3)), for all 0 < h < 4,

sup|[on(t) — 0(t)ll Loy < &
t€[0,7—4]

This shows that claim (iii) holds. On the other hand, by estimate (A.3]) and by Holder’s

inequality,
T—5 _ 1 r 5

(/0 lon(t) = () () dt) < (/0 (/0 [o(h - s +t) = v(t)]l L) ds) dt)
=0t 1/r
= (/ / HU(h S t) o "U(Zf)qu(D) ds dt) .
0 0

By Tonelli’s theorem and again Holder’s inequality,
T—§ 1r
</ / [o(h-s+1) = v(O)lzap dsdt)
T-5
(/ / lolh -5 +1) = 0(8) [0 dtds)
1/r
< /0 (/o lv(h-s+1t) —v(t )||Lq(D) dt) ds.

If v € L"(Dr), then for a.e. s € (0,1),

1/r

'f‘

1/r

T—6
(/ lo(h - s+ 1) = ()50 dt) 50 ash— 0+,
0

and by Minkowski’s inequality, for a.e. s € (0,1) and all 0 < h < 4,

T—65 1/r
( [ et 0l dt)

< ([ (1054 Dl + oOly) )

1/r

T—6
< ( [ s+ 05, dt) el s
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h-s+T—6 L/r
_ ( [ e, dT) ol

*S

< 2+ |vll porpy) -

Therefore, by Lebesgue’s dominated convergence theorem, we obtain that claim (ii) holds.
To see that claim (iv) holds, let 0 < h < § and fix £ € C}(0,7 — §). Then by Fubini’s

theorem,
T— 5
/ / t)dsdt

T+h—5§ pmin{s,T—3}
=h" 1/ / v(s) & (t) dt ds

max{0,s—h}

-5
=h" // (s t)dtds+h/ / t)dtds
T+h—5  T—5
+h™ / / t)dtds.

£ dt — /Ta / ) ds dt
e // o(s) % (t) dt ds + h- /”/ £ dt ds

T+h—6 pT—5
/ t)dtds

+h
— 0 / <s><s<s>—5<o>>ds+h—1 / u(s)(E(s) — £(s — h)) ds
+h

Therefore

/T§
0

Q'lm

- T:h_éms)(g(T ) — (s — ) ds
T—5T7 T—6
= h_l/ v(s)é(s)ds — bt /h v(s)(s — h)ds
- 1/7;T—;—h é S_
T—6 T+h—6
/T_6 v(s)E(s) ds — : — h)ds
1/0 o(s)E
1

- /Oh Ho(s + 1) — v(s)) €(s) ds

:h_
T—6
. ds—hl/ o(r + h)E(r) dr
0

Therefore, claim (iv) holds true and this completes the proof of Lemma[A.2] ]

A.2. Proof of Theorem

Let D be an open set in R? for d > 1. We call a real-valued measurable function
w: D — [0,00] a weight function. For 1 < p < oo we denote by LP(D,wdx) the set of all
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equivalent classes of measurable functions u having finite integral

0 = [ 1P
D

where two measurable functions belong to the same equivalent class if they coincide a.e. on
D. Then LP(D,wdx) equipped with the norm ||-|| Lr(Dwdx) 15 @ Banach space. Furthermore,
we define the weighted Sobolev space lep(D wdx) as the set of all u € LP(D,wdx)
such that all weak partial derivatives 83“ R, 8:1: belong again to LP(D,wdx). We equip

WhP(D, wdx) with the norm

[l (pwasy = 1 Lr(Dwary + VUL (D wax)

for every u € W'?(D, wdx).

For the proof of Theorem we need the following classical result of a sufficient
condition for compact embeddings in the non-weighted case:

Lemma A.3 ([I, Theorem 6.47]). Let D be an open set in R? having the following prop-
erties:

1. There exists a sequence { Dy }%_, of open subsets of D such that Dy C Dj,, and
such that for each N the embedding

WP (DY) = L(Dy)

18 compact.

2. There is a continuously differentiable function ® : U — D, where U C D x R is an
open set containing D x {0}, and which satisfies ®(x,0) = x for every x € D and
if Dy = D\ Dy then

(a) Dy x [0,1] C U for each N,
(b) ®(-,t) is injective on D for every fized t,
(c) there is a constant M > 0 such that ‘%@(w,tﬂ < M for all (x,t) € U.

3. The function dy(t) = sup,cp, |det D, é(z, 7 satisfy

(a) liIIlN_mo dN(l) = 0,
(b) Timy oo fy du(t)
dt = 0.
Then the embedding
W'P(D) < LP(D)

18 compact.

Moreover, we make use of the following sufficient condition for compact embeddings
in the weighted case.

Lemma A.4 ([3, Theorem 4.3]). Let D be an open set in R? and w a weight function
such that the sets Dy := {x € D|w(z) = 0} and Dy := {x € D|w(z) = +o0} are both
closed subsets of D with Lebesgue measure zero. Further suppose the w s bounded from
below and above by positive constants on every compact subsets K C D\ (Do U Dy,). If
the subgraph

D, = {(aj,z)EDxR O<z<w(az)}
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18 such that the embedding
W'?(D,) < LP(D,) (A.4)

18 compact, then the embedding
W'P(D,wdx) < LP(D, wdx)
18 compact.

Proof of Theorem 2.3 Since A is a real symmetric positive definite (d x d)-matrix, there is
orthogonal (d x d)-matrix B and eigenvalues A\; > 0,..., Ay > 0 of A such that B'AB = A,
where A is a (d x d)-diagonal matrix with entries A, ..., A\;. By using the isomorphism
Wy o R — RO defined by ®4(z,2) = (B'x, 2), we see that the subgraph D, is linear
isomorphic to the subgraph

1 2\P/2
{(y,z) € R x R‘O <z<C(Ad) e‘;( Liv?) }7

wherein we denote the vector Btz =y = (y1,...,yq). Since all eigenvalues \; are strictly
positive, we have that

d 1/2
ol = (Z Aiy?) (A.5)

for every y € RY, defines a norm on R?. Now, if we set r = ||y|| and 0 := y/ ||y|| for every
y € R\ {0} and 7 = 0 and § = 0 if y = 0, then the mapping ¥, : [0,00) x Sg_; x R — R4+1
defined by Wy(r, 0, 2) := (10, 2) is another linear isomorphism of R4, where Sy, := {y €
R?| ||y|| = 1} denotes the unit sphere in R? with respect to the norm ||-|| defined in (A.5)).
By using this isomorphic transformation, we see that subgraph

Dy = {(r,@,z) €[0,00) x Sg-1 xR0 <2< g(r)},

where the function ¢(r) := C(A,d) e+ for every r > 0 and equality of the two sets
means isomorphic. For the rest of the proof, we follow partially the idea of the proof of [3]
Lemma 5.3]. To do so, consider for every positive integer N the set

(D,)N = {(7’,«9, z)e D,

T’ZN}.

Since the function g belongs to C''([0, 00)), is non-increasing, and has bounded derivative,
we see that the set (D,)y = D, \ (D,)n is bounded and has the cone property (see [,
Definition 4.3, p.66]). Hence the embedding

W (D)) = L((D,)y)

is compact. Moreover, we have that (D,)y € (D,)y, for all N. Now, consider the
mapping ® : U — D, defined by

0(r:0,2.) = (- 0.0, 27 =02

for every (r,0,z,t) € U := {(r,@,z,t) ‘ (r,0,z,) € D,, 0 <t < r}. Obviously, the open
set U contains the sets D, x {0} and (D,)n x [0, 1] for every N. Since g is strictly positive
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and of class C*', the mapping @ is continuously differentiable on U. By construction of &
and by g, one sees that ®(-,-,-,t) is injective on D, for every fixed ¢. In addition,

0 _ —g'(r—1)
at@(r,&,z,t) = < 1,0, . z>

for every (7,6, z,t) € U. Thus and since ¢’ is bounded on [0, c0), we have that

0 2
2 200.2.0| < (U o)

for every (1,0, z,t) € U. Moreover,

—t
det D(ng,z)@(r, 0,2,t) = g(r — 1)
g(r)
on U and so
dn(t) = sup o) ' = sup er 70"
(T767z)E(Dp)N g(r - t) TZN

For 1 < p < oo, we have that p(r — t)P"1t < r? — (r — t)? for every r > ¢, and so
(r —t)? —rP < (—=p)(r — t)P~t for every r > t. Hence

dy(t) < em V0

for every ¢ € [0,1]. Thus ® satisfies the conditions in Lemma and so the embed-
ding is compact with w = p. Therefore and by Lemma we can conclude that
the embedding from W1P(R? 1) into LP(R?, 1) is compact. This completes the proof of
this theorem. O
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