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Abstract

Let {2 be a domain in R with n > 2 and 0 € 2. We study anisotropic ellip-
tic equations such as — > | 9y, (|0, uPi20,,u) = &g in £2 (with Dirac mass &g
at zero), subject to u = 0 on 9f2. We assume that all p; are in (1, 00) with their
harmonic mean p satisfying either Case 1: p < n and max;<;j<,{p;} < p(:i__;) or
Case 2: p = n and {2 is bounded. We introduce a suitable notion of fundamental so-
lution (or Green’s function) and establish its existence, together with sharp pointwise
upper bound estimates near the origin for the solution and its derivatives. The latter is
based on a Moser-type iteration scheme specific to each case, which is intricate due
to our anisotropic analogue of the reverse Holder inequality. We also derive some
generalized anisotropic Sobolev inequalities and estimates in weak Lebesgue spaces

as critical tools in our proof.

Keywords. Anisotropic equations, Green’s function, Moser-type iteration scheme

1 Introduction and main result

Anisotropic elliptic equations have received much attention in recent years (see, for ex-
ample, [2, 5, 10, 11, 15, 17, 21, 22, 24, 25, 33, 37, 42, 48] and their references). Time-
dependent versions of these equations have been used as mathematical models to describe
the spread of an epidemic disease, see [4, 6]. Such evolution models also arise in fluid dy-
namics when the media has different conductivities in different directions, see [1, 2].

We study anisotropic elliptic equations with right-hand side the Dirac mass d, at zero
in a domain {2 of R” with n > 2 and 0 € (2, namely

{ —Apu =120y in {2,

1.1
u=0>0 on Jf2. (1D
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We use A u to denote div (A(Vu)), where A(Vu) is the vector field whose ith compo-
Pim29u with p; > 1and 1 <14 < n. As usual, Vu = (Qu, ..., d,u)
stands for the gradient of u. Let meas (E) denote the measure of a measurable set £ C R™.

nent is given by |0;u

Let = (p1,- .-, pn). Without loss of generality, we assume throughout that

I<pi<p2<...<p, <00 (1.2)
In what follows, p denotes the harmonic mean of py, ..., p,, thatis
I 11

=) (1.3)

p - ni= P
By a fundamental solution (or Green’s function) of (1.1), we mean any non-negative
solution of (1.1). Our main result gives the existence of a fundamental solution of (1.1) in
appropriate spaces and sharp pointwise upper bound estimates near zero for the solution

and its derivatives in two cases:

CASE 1: Let {2 be an arbitrary domain of R". Assume that
p<n and p, < p., wherep,:=p(n—1)/(n—p). (1.4)

CASE 2: Let p = n and {2 be a bounded domain.

The difficulty of this problem arises from the anisotropic character of (1.1) since there
is no explicit formula known for a fundamental solution of (1.1) when p; are not all equal.
Our fundamental solution lies in a suitable anisotropic space, denoted by 761’? (£2), which
is a natural generalization of the spaces introduced by Bénilan et al. [7] for this type of
problem when p; are all equal. For n > 2 and R > 0, we define £ (R) as follows

DiPx .
_ in Case 1,
i<« Ry ands; ;=< P« —Di (1.5)
Di in Case 2.

&5 (R) = {xER”: 0<Z|l‘i

=1

In Section 2, we define the space 761’? (£2) and introduce a notion of weak solution of

(1.1), whose existence is proved by Theorem 1.1 below.

Theorem 1.1. Let Case 1 or Case 2 hold and R > 0 be such that £ (2R) C (2. Then
(1.1) admits a non-negative weak solution ¢ € 751’? (2) N W52\ {0}) (and, hence,

loc

& is continuous in 2 \ {0}) with the following properties:

1. There exists a positive constant Cy = Cy (n, J) such that

Pq

n —1
P (z) < Cy (Z ]xi\f’*—m) forall x € £ (R) in Case 1. (1.6)
i=1
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2. There exist positive constants a = a(n, P, meas (2)) and b = b(n, J) so that

O(zr)<a+bd
i=1

In (Z |xz|p7) ‘ forallx € £ (R) in Case 2. (1.7)

3. There exists a positive constant C; = C1 (n, ?) such that

> o) < Cy (Z |
i=1 i=1

where s; is defined by (1.5).

-1
si) fora.e. x € £ (R) in both cases, (1.8)

The main contribution of this paper is to establish the upper bound estimates in Theo-
rem 1.1. The asymptotic behaviour near zero of a fundamental solution of (1.1) is an open
question when p; are not all equal. In Case 1, Namlyeyeva—Shishkov—Skrypnik conjec-
tured in [37] that the asymptotic behaviour of a fundamental (or source-type) solution of
(1.1) near zero is determined by the function U, defined by

n ) -1
Up(x) == (Z | P*pjpz) forz = (z1,...,2,) #0. (1.9)
i=1

By [37, Theorem 2.2], we only know that for our fundamental solution @ of (1.1), the
limit inferior of @(x)/Uy(x) is finite, whereas its limit superior is greater than zero as
tends to zero. Note that Uj is given by (1.9) in Case 1, whereas in Case 2 we define Uj by

Up(z) :=—1In (Z |m,|p7) forz € R™\ {0}. (1.10)
i=1

In Theorem 1.1 we prove that the limit superior of & (z)/Uy(z) is finite as x approaches
zero. Section 5 contains the major technical work which goes into proving (1.6) and (1.7).
We outline the strategy in Section 1.1. The proof of the gradient estimates in (1.8) follows
essentially from (1.6) and (1.7) using rescaling arguments and Lieberman’s results [33],
see Corollary 5.3.

We prove the existence of a fundamental solution of (1.1) in Proposition 4.1 (see Sec-
tion 4) using an approach inspired by Bénilan er al. [7] (see also Boccardo—Gallbuet
[8, 9]). The idea is to consider approximate problems for which distributional solutions
exist (see Lemma 3.1) and show that we can pass to the limit in the weak formulation
to obtain a non-negative weak solution of (1.1). This plan is validated by Lemma 4.2,
whose proof relies essentially on local estimates in weak Lebesgue spaces in Lemma 3.3.
These estimates in Case 2 of Theorem 1.1 are new and more delicate since they require a
refined anisotropic Sobolev inequality, also established in this paper: See Lemma B.1 in
Appendix B, whose critical ingredient is an inequality of Moser—Trudinger type.
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In Case 1, it is usually assumed that {2 is bounded and p; > 2 ((2:3, so that a fun-
damental solution ¢ of (1.1) can be obtained in VVO1 1((2) (see Bendahmane—Karlsen [5]
and Boccardo—Gallouét—Marcellini [10]). In this case, using an anisotropic Sobolev em-
bedding (see [S, Theorem 2.1]), jointly with 9,0 € L%(£2) for all g; € [1,22=1)

and ¢ = 1,...,n (see [10]), we find that ® € L9({2) for all ¢ € [1,p, — 1). This re-
sult was improved in [5], where the fundamental solution ¢ was shown to belong to the

Marcinkiewicz space MP+~1(§2) (or, equivalently, the weak Lebesgue space LP*~1:>((2),
i(px—1)
see Section 3.2) and 0, € M (2)fori =1,... n.However, if p, < fl((Z:B, which

implies that p € (1,2 — X], the fundamental solution is not expected to belong to W' (2)

and thus the notions of weak derivatives and distributional solutions do not apply anymore
p(n—1)
n(p—1)
existence of a fundamental solution of (1.1) on any domain (2. Hence, our fundamental

(see [5]). In Theorem 1.1, we remove the restriction p; > in Case 1 and extend the

solution must be understood in an appropriate weak sense (see Definition 2.3) rather than
in a distribution sense considered in [5, 10] (see also Corollary 4.4).

We do not know whether the fundamental solution of (1.1) is unique in our general
framework. However, in a more restrictive setting, it is known that the fundamental so-
lution of the p-Laplacian operator, div (|Vu[P~>Vu) with 1 < p < n, is unique due to
work of Kichenassamy—Véron [30] based on rescaling techniques and a strong maximum
principle. For a different approach, we refer to Trudinger—Wang [45, 46].

The properties of the fundamental solutions of elliptic equations and their construc-
tions have been investigated in many contexts. In the case of a linear operator, see the
pioneer work of Krasovskii [31]. For a construction in the context of a Riemannian mani-
fold, see Druet—Hebey—Robert [20, Appendix A]. Recent progress in the study of Green’s
functions for the biharmonic or polyharmonic operators has been made, for instance, by
Dall’ Acqua—Sweers [18] and Grunau—Robert [28].

The study of the local behaviour of singular solutions to nonlinear elliptic equations
relies heavily on the properties of fundamental solutions. In the case of quasilinear equa-
tions, see the seminal papers by Serrin [40, 41]. For background and other important con-
tributions on the topic of singularities of solutions, we refer to Véron [47]. More recent
progress on the classification of the isolated singularities of solutions has been made for
nonlinear equations involving, for example, divergence-form operators (Brandolini et al.
[12]) or Hardy—Sobolev operators (Cirstea [16]). The fundamental solutions also play a
critical role for singular solutions of fully nonlinear uniformly elliptic equations (see e.g.,
Labutin [32], Felmer—Quaas [23], Armstrong—Sirakov—Smart [3] and their references).

It is worth mentioning that for anisotropic elliptic equations there is little known about
the local behaviour of singular solutions. By analogy with the p-Laplacian, it is expected
that the properties of fundamental solutions will have many consequences for the singular
solutions of anisotropic elliptic equations.
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1.1 Sketch of the proof of (1.6) and (1.7)

We assume that p; are not all equal, otherwise the estimates are trivial since an explicit
fundamental solution can be found (see Section 2.1). Let £ (R) be given by (1.5). For
A € (0,1)and 7 € (0, R), we define A, (\) as the set E ((1 + A)r)\E5 ((1 — A)r). Since
&3 (R)isincludedin | J,_,_p A, (1/2), the estimates in (1.6) and (1.7) would follow from

Cr— 1/ in Case 1,
||¢||L00(AT(1/2)) < (1.11)

a+blInr| in Case 2.

Using the weak solution @, of the approximate problem (3.2) in Lemma 3.1, it is enough
to show that (1.11) holds for @, instead of @. This requires a delicate analysis, which is
carried out separately for Case 1 (see Proposition 5.5) and Case 2 (see Proposition 5.6).

Our approach is based on an anisotropic version of the Moser-type iteration scheme.
One difficulty arises in the running step of the iteration process, which unlike the isotropic
case, does not give a “pure” reverse Holder inequality between two precisely determined
Lebesgue norms. Our anisotropic analogue renders one Lebesgue norm being dominated
by one out of n possible different Lebesgue norms raised to different powers as follows.

Proposition 1.2 (An anisotropic reverse Holder inequality). Let m = n/(n—p) in Case 1
andm > 1/(n — 1) in Case 2. For everyI' > m(p — 1) and 0 < A < X' < 3/4, we have

. Pi<(n—1p>)71 r
= 1_n— (AR —+pi—
ngEHZLF(AT()\)) S Crm "p max ||¢€HZL e

1.12
i=1,..., n ()\/ _ )\)pl %‘H%*P(AT()\/)) ) ( )

where C' is a positive constant of the form ¢(n, ') max{1, (T'/m — p + 1) P }T?.

The proof of Proposition 1.2 (see Section 5.1) relies essentially on: (1) a weighted
anisotropic Sobolev inequality (see Lemma A.1 in Appendix A), which is applied to n®.
for some suitable function 7 in C!(£2. \ B.(0)) and (2) key estimates derived by using
77%—1’“’@5% “P*1 a8 a test function in the weak formulation of the approximate problem
(3.2). Since the definition of m in Proposition 1.2 is different in Case 1 compared with
Case 2, the iteration scheme needs to be devised carefully for each case as follows:

(I) In Case 1, the condition on I" reads as I' > p, — 1. Since C'in (1.12) blows-up as I
decreases to p, — 1, in the running step we shall require I' > p, — 1 + ¢ for some
fixed positive 6 = §(n, ?) The choice of such a § is possible because p,, < p..

(II) In Case 2, we apply Proposition 1.2 for m = 2and I' > ¢ — 1, where ¢ is arbitrarily
larger than some value Cy > 0, say Cy = max{2n + 1,2(p, — n + 1)}. Unlike
Case 1, the exact value of the threshold is not essential as long as it is big enough.
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With each subsequent iteration, we would need to ensure that Proposition 1.2 can be
applied to all norms in the right-hand side of (1.12), thatis forall: = 1, ..., n we require

p«— 140 inCasel,
I/m+pi—p= (1.13)

qg—1 in Case 2.

Let (T )p>1 satisfy limy, o Iy = 0o and A\, = 1/2 + (1/2)**! for k > 1. For k > ko
large and N a fixed large positive integer independent of &k, we apply Proposition 1.2 with
' =Tk A= Apine1 and X = Mgy n. Let £ denote the maximum number of iterations
permitted under the restrictions in (1.13). Due to the anisotropy in (1.12), we cannot
determine the precise number of iterations ¢. However, with a careful choice of I';, and
N, we can guarantee that k < ¢(k) < k + N. After running our iteration scheme, jointly

with various estimates from above, we find that ||®.|| ,r, (A is dominated by

A+ N+1))
. 4
B Z§:1 mJ (ij 7p*> m Fkl_,"rl...‘r[
Cr Pl D, || Pt in Case 1, see (5.32),
L5 (Ar Ak N —e41))
. . 4
~i nz§:1 27 _26:1 2j—1 2 Fki:’-l““ré
CTeq  Te 7 T |2 ] re in Case 2, see (5.51).
LT (A (A N—241))

Here, C' denotes a positive constant depending only on n and ?, while 7; € {1,2,....,n}
is in some sense a maximizer for each j = 1, ..., (. For example, 7 is the index for which

the right-hand side of (1.12) reaches its maximum and I’ , is given by I'y,/m + p,, — p.
From the definition of /, we have I'y, -, ., <p,—1+dinCaseland 'y, ., <gqg—1

in Case 2. To further bound ||2.|| Lkt (4 from above, we invoke interpo-

lation inequalities, together with the local es'([i\rkgejlvtégigl) weak Lebesgue spaces found in
Lemma 3.3. To conclude (1.11) in Case 1, we let & — oo. In case 2, after some fur-
ther manipulations we can also pass to the limit, leading to (5.59) in which we choose
q = Comax{|Inr|, 1} toreach (1.11). This concludes the sketch of the proof of the upper
bound estimates in Theorem 1.1.

The Moser iteration scheme represents a milestone in the development of the regularity
theory of elliptic equations (see Gilbarg—Trudinger [26] or Han—Lin [29] for more details).
We mention that for anisotropic equations, other Moser-type iteration schemes, which are
different from ours, have been used to derive local boundedness or gradient estimates of
solutions. See, for instance, works by Fusco—Sbordone [25], Lieberman [33], or the more

recent paper by Cupini—-Marcellini-Mascolo [17] and the references therein.

1.2 Plan of the paper

In Section 2, we define the appropriate anisotropic Sobolev spaces for our problem.
In Section 3, we construct the above-mentioned family of solutions ¢, to approximate
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problems (see Lemma 3.1) for which we also establish key estimates in weak Lebesgue
spaces (see Lemma 3.3). Section 4 is dedicated to the proof of the existence of a fun-
damental solution of (1.1) (see Proposition 4.1). In Section 5, we prove our upper bound
estimates by performing an iteration scheme as explained above. In Appendix A, we prove
a weighted anisotropic Sobolev inequality, see Lemma A.1, which is invoked in the proof
of the anisotropic reverse Holder inequality of Proposition 1.2. Finally, in Appendix B, we
establish another anisotropic inequality based on an inequality of Moser—Trudinger type,
see Lemma B.1, which is essential in the derivation of our estimates in weak Lebesgue
spaces pertaining to Case 2 of Theorem 1.1.

2 Functional spaces

In this section, we give a suitable notion of weak solution for studying (1.1). To this end,
we need to introduce appropriate anisotropic spaces since the solutions of (1.1) cannot be
defined in general in the usual distribution sense.

2.1 Motivation

If p; =2 < nforalli=1,...,n, then Ay u gives the usual Laplacian, whose fundamen-
tal solution is well-known. When all p; are equal to p € (1, n], a non-negative solution of
(1.1) can still be found explicitly. For simplicity, let £2 = { >°7" | |z;|7T < Rt }. By
direct inspection, a fundamental solution of (1.1) takes the form

C (Z]wl\fl) — RitnD if 1 <p<n,
&(x) = =1 2.1)

\ C (ln (Rﬁ> —1In (Z ]xz\nﬁl>> ifp=n

i=1

forall z = (z1,...,x,) € £2\ {0} and some normalizing constant C' = C'(n, p) > 0.
If all p; are equal to p € (1,2 — 1/n], then the fundamental solution ¢ in (2.1) does
not belong to > (£2). Indeed, a simple calculation gives that

Vol =C(Z:f) <Z 2 ) (wal) ,
=1 =1

which shows that [V®| € L{ () if and only if p € (2 — 1/n,n). It follows that for

loc

p € (1,2 — 1/n], we cannot take the gradient of & in the anisotropic 7-Laplacian in
the usual distribution sense. We shall tackle this difficulty as in Bénilan et al. [7] by
introducing the space 7]3(’:1 (£2), which allows us to give a sense to the gradient of u even
if itis not locally integrable in general. This will be done in Section 2.2, see Definition 2.1.
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2.2 Anisotropic Sobolev spaces

We assume that (1.2) holds and (2 is an open subset of R" with n > 2. For any A > 0 and
u: 2 — R, let T),u denote the truncation of u at height h, namely
u(z) if |u(z)| < h,

L _ 2.2
LU — R, nu (z) {hsgn(u(x)) if |u(2)] > h. -

Let 15 denote the characteristic function of a measurable set £ in R".

Definition 2.1. (i) The functional space 7;;&1 (£2) is defined as the set of all measurable
functions u : {2 — R whose truncated function T,u belongs to I/Vlicl(ﬂ) forall h > 0.

(ii) For any u € 7[;(’:1 (§2), the gradient Vu is defined as the unique measurable func-
tion v : {2 — R" such that for all h > 0, we have

V(Thu) = vlfp<ny a.e in £2. (2.3)
For the existence and uniqueness (up to a set of measure zero) of v, see [7, Lemma 2.1].

Remark 2.2. (i) The set T,\;! (12) is not even a vector space, although if u; € T (£2)
and uy € W (02) 0 L2 (02), then uy + uy € T (2) (see [7, p. 245]).

(ii) The above definition of derivative for u € 7}5(’:1 (§2) is not a definition in the sense
of distributions since, in general, if u € 7;;&1 (2) N L (£2), then Vu need not belong to

loc

LL (). However, for u € Tr2' ($2) we have Vu € L} (£2) if and only if u € WL (£2),

loc

and in this case, v in (2.3) coincides with Vu in the usual weak sense, that is
0i(Thu) = Lgu<nyOiu a.e.in §2 foreveryh >0 andalli=1,... n.
Given the definition of 7]3&1 (§2), we now introduce a concept of weak solution of (1.1).

Definition 2.3. We say a function u : 2 — R is a weak solution of (1.1) if u € T.' ()
and |OulP"" € LL_(2)foralli=1,...,n such that

loc

O |0;

We next introduce other functional spaces needed in our paper:

P2 Qpdr = ¢ (0)  forall p € C(£2). (2.4)

(i) Let 7]1’?((2) be the set of all u € T,..'(£2) such that 8;(Tj,u) € LY (£2) for every

h > 0andalli=1,...,n. Notice that Wl’ﬁ(Q) C 7;;? (§2) and

loc

TLT ()N LS (2) = WA (2) N Lis.(92).

oc loc loc

(ii) The set 7'1’7(!2) consists of all functions u € 7' (£2) with the property that
0i(Thu) € LPi((2) forevery h > 0Oandalli =1,...,n.
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(iii)

(iv)

(v)

We define 761’7((2) as the set of functions v € 77 (£2) such that for any & > 0,
there exists a sequence (), oy in C2°(£2) such that as & — oo, it holds

{ or — Thu in L. .(£2),

(2.5)
Oipr — 0i(Thu) in LPi(§2) foralli=1,...,n.

Note that, similar to Bénilan et al. [7], in the definition of 77 (£2) and 761’? (£2) we
do not require 7j,u to belong to any L?({2) with ¢ > 1. This condition is obviously
satisfied when (2 is bounded, but it makes a real difference when (2 is unbounded.

As in Appendix II of [7], it can be proved that the above definition of u € 761’?((2)
is equivalent to the following: The function u € T 1’7(9) and there exists a se-
quence ((x)x in C2°(§2) such that as k& — oo, we have

{Ck — u a.e.in §2;

2.6
0i(Th(Ck)) — O0i(Thu) in LPi(§2) forevery h >0 andalli=1,... n. (20

Note that the main difference between (2.5) and (2.6) is that in the former case the
sequence () depends on h.

Let W17 (£2) denote the set of all functions u € LP(£2) whose weak partial deriva-
tive O;u exists and belongs to LPi({2) foreachi = 1,. .., n. The anisotropic Sobolev
space le(!?) is a reflexive and separable Banach space equipped with the norm

lallwr7 o) = llullzoe) + D 185l 1o gy -
i=1

(£2) to mean u,, — u in W47 (w) for each w € . By
w € {2, we mean that w is an open set such that w is compact and w C (2.

We write u,, — u in le

loc

The set W&’?(Q) is defined as the closure of C'>°({2) with respect to || - [[yy1.7 ()
Hence, we have the inclusion WUI’W(Q) C 761’?((2). If Thu € Wol’?(ﬁ) for every
h > 0, then u € 761’?((2); The converse is also true provided that {2 is bounded.
It can be proved that the definition of u € W, ?(Q) is equivalent to u € 761’?((2)
and Q;u € LPi((2) foralli = 1,...,n when {2 is bounded.

We recall the following Sobolev inequality due to Troisi (see Theorem 1.2 in [43]):

Lemma 2.4. Let p be given by (1.3). Then there exists a constant ¢ > 0 such that

||U||L‘1(0) < CH Halu”lLé’n(_Q) forall uw € C*(£2), (2.7)
i=1

where ¢ = c¢(n, 7) and ¢ = np/(n — p) if p < n, while ¢ = ¢(n, 7. q, meas (suppu))

and q is any positive number if p > n.
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Remark 2.5. If p < n, then (2.7) holds for any u € VVO1 7(Q) by a density argument.

Remark 2.6. If p < n, then 761’?((2) C Lo(£2), where Lo(£2) denotes the set of mea-
surable functions u : {2 — R such that the set {|u| > ¢} has finite measure for every
e > 0. Indeed, 0;Tyu € LP(£2) for every h > 0 so that Tyu € L™/ "=P)(2) (by a density
argument using (2.7)). Thus, Tpu € Lo({2) for every h > 0.

From our definition of W7 (£2) and W, ’7(9), we recover the usual Sobolev space
WP (£2) and W, P (£2), respectively when p; = pforalli = 1, ..., n. On the other hand, if
(2 1is bounded and 1 < p < oo, we infer that (2.7) is true with ¢ = p and any u € Wol’ﬁ((z)
so that an equivalent norm on Wol’?(ﬁ) can be taken as [|[ull| = >, 10wl 1o (-

We mention in passing that there are other versions of anisotropic spaces, which may
not coincide with the ones introduced here (see, for example, Nikol’skii [38], Rakosnik
[39] and Troisi [43]).

3 Auxiliary tools

In Lemma 3.1 we establish the existence of a family of approximate solutions for which
later in Lemma 3.3 we give crucial uniform estimates in weak Lebesgue spaces. These
estimates in Case 2 (p = n and {2 is bounded) are new and different from those in Case 1
(p < n). In the former case, they are obtained via anisotropic Sobolev inequalities of
Moser—Trudinger type (see Lemma B.1 in Appendix B). For the reader’s convenience, in
Section 3.2 we introduce the weak Lebesgue spaces and their properties.

3.1 Approximate solutions

Let {2 be a domain of R™ such that 0 € (2. In this section, we are in either Case 1 (see
(1.4)) or Case 2 (p = n and {2 is bounded). To prove the existence of weak solutions
of (1.1), we consider suitable approximate problems for which existence results can be
obtained easily.

We use By/. (0) to denote the ball of center 0 and radius 1/¢. Since {2 may be un-
bounded (when p < n), we approximate {2 using a sequence of bounded domains (2.
with 2. — 2 ase \ 0. We fix gg € (0,1). For ¢ € (0, ¢], we define

2N By (0) ifp<n,
P if p=n.

g

Moreover, for every e € (0, o], we construct a function f. with the following properties:

fe € CZ(B:(0), f- 20, and || f:[|p1(a.) < 1, 3.0
f- = &, in the sense of measures as € — 0. .
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Let fi € C° (B (0)) be such that f; > O and [  f1 (z) dz = 1. Forany € € (0, o),
we set f. (x) := e "fy (e 'z) forall z € B.(0) and f. = 0 on R" \ B.(0). Hence, f.
satisfies (3.1).

Lemma 3.1. Let € € (0, 0] be arbitrary. Then the problem

— A=®, = f. in (.,
v J (3.2)
. =0 on 0f2,
admits a non-negative weak solution &, € W, 7 (£2:) N LS. (§2) in the sense that
Z/ 0;P.|0;P.|P 2050 da = / feodx  forall p € Wol’? (£2.). (3.3)
i=1 /1% 02

Furthermore, for every h > 0, the solution ®. satisfies

> / |0:®.|"" dx < h. (3.4)

i=1 J{®@<h}

Proof. Foru € Wl’? (£2) fixed, we define A u : Wol’? (£2.) > Rby

(Acu,v) == Z a-u]&-u Pim20,0 dx  for every v € Wol’? (£2.).

Let p, denote the Holder conjugate of p;, thatis p;, = p;/(p; — 1) fori = 1,. .., n. Clearly,
A.u belongs to the dual of I/Vol’7 (f2.), denoted by W*L?(Qa) with ]7 = (Pl 1)
One can easily check that the operator A, : Wol’? (2.) — W‘l’?(ﬁs) is bounded, mono-
tone, coercive and hemicontinuous (see Bendahmane—Karlsen [5] for more details). Then,
A. is a surjective operator (see Lions [34, Cha_};)ter 2, Theorem 2.1]). Let B.p denote
the right-hand side of (3.3). Since B, € W17 (£2.), the surjectivity of A. proves the
existence of &, € VVO1 7 (£2.) such that A.®. = B., that is (3.3) holds. Moreover, by
Fusco—Sbordone [25, Remark 3.5], we obtain that &. € L2, (12.).

To prove that . > 0 a.e. in (2., we denote N, := {z € (. : & (x) < 0}. If

meas (V) # 0, then by using .1, as a test function in (3.3), we find that

n

i=1 v Ne

pidx—/ f-P.dx <0, (3.5)
Ne

which implies that ¢, = 0 a.e. in V... This contradiction shows that &. > 0 a.e. in (2..
For any A > 0, we have T;,®. = min{®., h} € Wol’7 (£2.). By using the truncated
function T}, P, as a test function in (3.3), we obtain that

0.1 d — / ALY

fsTh@sdeh fedxgha

2 £2¢
which proves (3.4). This ends the proof of Lemma 3.1. O]

P2 9(Thd.) da

(3.6)
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3.2 Weak Lebesgue spaces

The weak L>°(£2) space is by definition the usual L>°(2) space. Therefore, unless other-
wise stated, we assume throughout this subsection that 0 < ¢ < oo. Recall that L9({2)
denotes the set of all real-valued measurable functions u on {2 such that |u|? is integrable.
The quasi-norm of such a function v € L?((?) is defined by

full ooy = ( / |u<x>|qu)3.

Whenever 1 < g < oo, the Minkowski inequality holds:

If+ glleay < N fllea) + |9llzay  forall f,g € LI(£2), (3.7)

whereas for 0 < ¢ < 1, the inequality (3.7) is reversed when f, g > 0. However, for the
case 0 < g < 1, the inequality (3.7) is replaced by the following

If+ 9oy <277 (I fllro) + 11gllrae))  forall f,g € LI(£2).

Note that L9({2) are Banach spaces for ¢ > 1 and quasi-Banach spaces for ¢ € (0, 1).
For a measurable function u : {2 — R, the distribution function of u is the function d,,

defined on [0, co0) as follows
dy(h) :=meas({x € 2: |u(z)| > h}). (3.8)

The distribution function h — d,,(h) is a decreasing function.

Definition 3.2. For 0 < g < 0o, we define the weak L(S2) space, denoted by L (12),
as the set of all measurable functions u : 2 — R such that

1
ol aoe gy = sp ()} < 0. (3.9)
h>0
As an analogue of (3.7), for any 0 < ¢ < oo we have

1f + gllas(@) < max{2, 2%} (f [ Loce() + lgllzo(e)  forall f,g € L2(12).

Notice that ||-|[ 4.0 () does not define a norm for ¢ € (0,00), but a quasi-norm in
L% (£2). It can be shown that L% ({2) is a complete quasi-normed space for ¢ € (0, 00).
The weak L?({2) spaces are larger than the usual L9((2) spaces, that is

L9(2) C LY (2) for0 < q < oo. (3.10)

Indeed, we have ||u|| o (2) < ||u||La(e) for any u € L9(£2) by Chebyshev’s inequality:

W dy(h) < / u(z)|? dz.

{z€2: |u(z)|>h}
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Furthermore, the inclusion in (3.10) is strict. Indeed, for any ¢ € (0, 00), the function
u(x) = |x|~"/4is not in L4(R"), whereas u belongs to L#>*(R") with ||ul| 4.0« (rn) being
the measure of the unit ball in R” to the (1/q)th power.

If (2 is bounded, then for 0 < gy < ¢ < oo, we have L#>((2) C L%({2) and

1

0 11
HUHLQo(Q)S(L> (meas (§2)) w0 ¢||u||pace(ny forallu € L¥>(£2). (3.11)

4—dqo
The inequality in (3.11) will be applied several times in the paper. For more details on
weak Lebesgue spaces, we refer to Grafakos [27] .

3.3 Key estimates in weak Lebesgue spaces

When p < n, Bendahmane—Karlsen [5] proved (3.12) under more general structure con-
ditions on the anisotropic operator, but with a constant depending on the domain. In our
framework, we prove that the constant in (3.12) depends only on n and 7. Furthermore,
the case p = n included in Lemma 3.3 is new compared with [5].

Lemma 3.3. For any ¢ € (0,¢¢), let . be the weak solution of (3.2).

(1) If (1.4) holds, then there exists a positive constant C' = C' (n, ?) such that

; 10l sz 419l oo miy < C (3.12)

(2) If p = n and {2 is bounded, then there exists a positive constant C' = C' (n, ?) such
that for all ¢ > 1, we have

|Pe|| Larce 2y < max {Cq, (meas (Q))H%} ,

n pia (3.13)
> 10| < (Cq)? +n (meas (£2))7.
o

Proof. (1) We proceed using essentially the same ideas as in [5]. Let p* := np/ (n — p).
Since T),®, € WO1 ’7((28) and p < n, by Remark 2.5 and (3.6), there exists a constant
C' = C(n,7) > 0 such that

IT3®c )l 1o () < CTTNOAT®) | o,y < CRMP - for every b > 0. (3.14)
=1

We conclude (3.12) by showing that

19l o1y < C7 and 0P| ppy . < (CP +1)70T (3.15)
L P ()

€
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foreach: = 1,...,n. From (2.2), (3.8), and (3.14), we obtain that
1

hdg_ (h)» = (/ (Thdis)p* dac) ’ < HThQPEHLp*(QE) < Ch% forall h > 0. (3.16)
{®>h}

*""

The first inequality in (3.15) follows from (3.16) since
dp, (h) < CP"h'™P*  forevery h > 0. (3.17)
Moreover, using (3.6) and (3.17), foreachi = 1,...,n and h > 0, we find that
o, (h) < dg. (RP/P*) + meas ({z € 2. : &.(x) < kPP and |0;®.(z)| > h})
< (Cp* + 1) BPilp«=1)/p«
This implies the second inequality in (3.15). Hence, the assertion of (a) holds.

(2) By Lemma B.1 in Appendix B, there exists a constant ¢ = ¢ (n ?) > ( such that
for allg > 1 and A > 0, we have

gtn
q+1

T30 @™ (e < (g + 1) (meaS(Q)+Z/ |0,®.|Pi du . (3.18)
L n=1 () -<h}

Since T;,@. = min{®., h}, by using (3.8) we see that

n(q Z+1 —1
(o2 ( / pUe d:c) — h'dg,(h)+*  forallh > 0. (3.19)
L n=1"(2) {®:>h}

From (3.4), (3.18), and (3.19), we infer that
h"dyp. ()i < c(q + 1)"" (meas (2) + h) &1 for every h > 0.
Hence, for all » > 0, we have

hdg, (h)7 < cTED (q+ 1)% (A 'meas (2) + 1) tn) (3.20)
< (c+ 1)%6q (R~ 'meas (£2) + 1)% .

If 0 < h < meas (§2), then hd%(h)% < (meas (Q))%H, whereas for A > meas ({2) we
obtain from (3.20) that h dg_ (h)% < C4q, where C' = C(n, P) > 1. It follows that

1

|l zaoe(2) = sup {hd@(h)%} < max {C’q, (meas (Q))HE} _
h>0

This proves the first inequality in (3.13). Using (3.4) and (3.8), for any /. > 0, we find that
do,e.(h) = meas ({z € 2: |0;P.(x)| > h})
< meas <{x €: d.(x) < hat1 and |0;@.(x)| > h}) + dg. (hq%)

< h /{qs i 0uelP da -+ d, (1) < W85 (14 [9elfuny)
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Hence, for every ¢ = 1, ..., n, we obtain that
18 ]|"5, = sup {hé’fl da@g(h)} < 1+ max {(Cq)?, (meas (2))771} . (3.21)
La+T(2)  h>0
The second inequality in (3.13) follows from (3.21). This completes the proof. L

Remark 3.4. In both cases of Lemma 3.3, we find that
lim dp_(h) =0 and lim dye.(h) =0 foreveryi=1,...,n, (3.22)
h—o00 h—00

where all limits hold uniformly with respect to € € (0, g¢|.

4 Existence of a fundamental solution

In this section, we adapt ideas of Bénilan et al. [7] to show that, under the assumptions
of Theorem 1.1, problem (1.1) admits a fundamental solution ¢ € 761’7 (£2). This is ob-
tained using an approximation procedure as in Boccardo—Gallouet [8, 9] and Dall’ Aglio
[19]. For more general existence and regularity results for nonlinear measure data prob-
lems, see Mingione [35].

Proposition 4.1. Suppose that either Case 1 or Case 2 in Theorem 1.1 holds. Then (1.1)
has a non-negative weak solution ¢ € 761’? (12).

We later prove that & in Proposition 4.1 belongs to 1W,2>°(£2\ {0}) (see Remark 5.2).

loc

Proof. Let (g),cy be a sequence in (0, go] such that ¢, \, 0 as k — oo. For any k € N,
let ¢., be as in Lemma 3.1. We define ¢,, = 0 on R" \ (2,. For every h > 0 and
i =1,...,n, we have the following facts about (7,,2., );:

(a) From (2.2) and @., € W7 (12.,), we have Tp®., € W7 (12.,) forall k € N and

O TPz, = L., <y0;Pe, ae. in 2. 4.1)

(b) Forany 1 < ¢ < oo, the family (7,,9., )i is uniformly bounded in L{ (R™).

loc

(c) The family (0,7},9., )i, is uniformly bounded in LP*(R") (see (3.4)).

(d) Up to a subsequence, T, P., converges in Lj _

(R™) for all ¢ € [1, 00).

We need only prove (d). Fix R > 0. From (c), we see that (7,9, ), is uniformly
bounded in W71 (Bg(0)). So, up to a subsequence, (7},P., )i converges in L(Br(0)) for
every q € [1,p1] due to the compactness of the embedding W1 (Br(0)) € L' (Bg(0)).
Hence, using (b) and an interpolation between L'(Br(0)) and L°°(Bg(0)), we get that,
up to a subsequence, (73,9, ), converges in LY(Bx(0)) forall ¢ € [1,00). Since R > 0 is
arbitrary, by a diagonal argument, we conclude (d).

In the framework of Proposition 4.1, we establish the following auxiliary result.
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Lemma 4.2. Fix K an arbitrary compact subset of (2. Let ¢y > 0 be small such that
K C (2., forevery k € N. Then, for everyi =1,...,n, we have:

(i) The family {|8i§l55k pi=2 0;P., }k is uniformly bounded in L'(K) and

Pi=l iy = 0. (4.2)

lim sup

/ |8i¢€k
h=00 keN J{weq,: 10,02, 1>h}

(ii) There exists a measurable function @ : {2 — R such that, up to a subsequence,

b, — D locally in measure and a.e. in {2 as k — oo. 4.3)

(iii) Moreover, ® € T,.'(2) and, up to a subsequence, 9;®., satisfies

0P, — 0;P locally in measure and a.e. in 2 as k — oo. (4.4)

Remark 4.3. Let h > 0 be arbitrary. From (d) and (4.3), we get that, up to a subsequence,

Th@)gk —Td in Ll

loc

(R™) and a.e. in §2 for every q € [1,00). 4.5)

We postpone the proof of Lemma 4.2 to complete the proof of Proposition 4.1.

Proof of Proposition 4.1 concluded. We first show that @ is a weak solution of (1.1)
(see Definition 2.3). Let ¢ € C'2°(2) be arbitrary. Then supp ¢ C (2., if ko € Nis large
enough. Since &,, is a weak solution of (3.2) with € = ¢, and {2 = (2;,, we have

n

Z azgpsk ’az@ak

i=1 Y {2,

P20, dr = / fe, pdx  forevery k > k. (4.6)
2

From Lemma 4.2(i), the family {|8Z¢5k pi=2 0;Pe, }k is uniformly integrable in L'(K).
In view of Lemma 4.2(iii), by Vitali’s convergence theorem (see Brezis [13, p. 122]), we

conclude that |9,@” " € L. () and, up to a subsequence of ¢, relabelled ¢, we have

loc

10,9, |" 2 0,8., — |0;PP20;@ in LL (2) as k — oc. (4.7)

Using (4.7) and (3.1), we can pass to the limit in (4.6) to conclude that
Z/ 0;P|0; PP 200 dz = p(0)  for every p € C°(2).
i=1 7

Hence, @ is a weak solution of (1.1). We next show that ¢ € 761’7 (£2). Since T;,9., €
I/Vol’7 (£2,) forany h > 0 and k£ € N, we find that there exists o, , € C:° ({2;,) such that

lons = Tue,lly1.7 g, ) < 1/ (4.8)
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For h > 0 fixed, since (0;7,9.,); is uniformly bounded in LP({2), we deduce that
(Oion,k),, is uniformly bounded in L ({2). By Lemma 4.2(iii), up to a subsequence, it
holds 0;1},®., — 0,1, a.e. in {2 as k — oc. Thus, using (4.5) and (4.8), we get that, up
to a subsequence, (¢, k)i satisfies

ok — Tp® in Ly (£2) and 90y, ), — 0;Ti,® in LP () ask — oofori=1,... n.
By Mazur’s lemma (see Brezis [13, p. 61]), there exists (&), in C2° (£2) such that
One — Th® in Li, (2) and 0;pny — O;T1® in LY (2) as k — oo
forall ¢ = 1,...,n. This proves that @ € 751’? (£2). This completes the proof. O

Proof of Lemma 4.2. (i) Leti = 1,...,n be fixed arbitrarily. Let ¢; = p;(p. — 1)/ps in
Case 1 and ¢; > max{p; — 1,1} in Case 2. If m; := ¢;/(¢; — p; + 1), then m; > 0 in both
cases. Hence, using (3.8) and (3.11), for every k € N and h > 0, we have

/ |ai¢5k
K

/ |87«@5k
{x€82%,: 10;P¢; |>h}

By Lemma 3.3 and Remark 3.4, we conclude the assertion of (i).

pi—1

Pl dz < m; (meas (K))/™ L4 (K)?

8@'@5k

pi—1

. 1/m;
1 < (Ao, () 10 ik

(i) We prove that, up to a subsequence, (9., ), is a Cauchy sequence with respect to
convergence in measure in K: For every v, 7 € (0, 00), there exists IV, . € N such that

meas ({z € K : |D.,, (v) — D, ()| > v}) <7 forallk,k' > N,,. (4.9)

Let v, 7 and h be fixed arbitrarily in (0, 0o). For k, k" € N, we use the notation ds__(h)
and dqsik/ (h) as in (3.8). We define [, , k. 1 as follows

Inyjow =meas ({z € K : &,, (x) < h, ., (z) < hand |[(D:, — P.,) (x) | > v}).

Then for every h > 0, we have the following estimates:

(4.10)

meas ({z € K : |(@5k, - &) (x) } >v}) < ds., (h) + dg. , (h) + Tnykp,
]h,y,k,k’ < meas ({ZE e K |(Th¢5k’ — Th@%)(x)\ > V}) .

From (d) above, we infer that, up to a subsequence, (1,%.,), is a Cauchy sequence
with respect to convergence in measure in &. Using Remark 3.4 and (4.10), we conclude
up to a subsequence, (&, ), is a Cauchy sequence with respect to convergence in measure
in K. Hence, up to a subsequence, (¥.,), converges in measure in K to a measurable
function @ : K — R. By Riesz Theorem, we can further pass to a subsequence, relabelled
€k, such that &, — P a.e. in K. By a diagonal argument, we conclude the proof of (ii).
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(i) Let i = 1,...,n be arbitrary. We show that, up to a subsequence, (8;9.,), is a
Cauchy sequence with respect to convergence in measure in K.
For any v, h € (0,00) and k, k' € N, we introduce the following notation:

U :={z € K: [(0;9., — 0:9:,) (z)| > v},
Vh,k,k’ = {33 c K \8Z@Ek(x)] < h, \&(ﬁsk,(x)] < h},
Wi ={z e K: |[(D, —P:,)(x)] < 1/h},

Jh’y7k7k/ = meas (Uu,k,k/ N Vh,k,k’ N Wh,k,k’)-

(4.11)

We want to get an upper bound estimate for meas (U k). Let do,o., (h) and do,s. , (h)
be given as in (3.8). Then for all h, v > 0 and k, £’ € N, we find that

meas (Uu,k,k’) < dal.qssk (h) + daiqssk/ (h) + meas(K \ Wh,k,k’) + Jh’y,k,k/. 4.12)

We next show that .J;, , . » — 0 as h — oo uniformly with respect to k, k' € N. By testing
problem (3.2) with the truncated function 77, (®.,, — ®., ), we obtain that

Z / (|62¢5k1
i=1 Y Whew

Indeed, the left-hand side (LHS) of (4.13) satisfies

€/

pi*QaiQng, — ’aidjgk‘pi728i¢5k) (@ngk, — &@gk) dx < (413)

S

1 2
(LHS) of (4.13) :/ (fer, = feu) Tin(@s,, — -, da < E/ | fery = feu| da < .
Rn Rn
Moreover, there exists a positive constant C, independent of & > 0, such that
ChPi=2|s —t| ifp; <2
|[s[P "2 s — [t} t] > | - | _ (4.14)
Cls—t|” ifp; > 2

for any s,t € (—h, h). By (4.11), (4.13) and (4.14), we infer that

0< Jhopw <V~ max{z,pi}/ (0,0

Vit W ko 1ot
2

<

— (pymax{2,p;} },pi—max{2,p;}+1

— a’iégk)max{z’pi} dx

/!

— 0 as h — 0.

Hence, using Remark 3.4, (4.9) and (4.12), we find that, up to a subsequence, (9;9-, ) L 18
a Cauchy sequence with respect to convergence in measure in K. By Riesz Theorem, we
can pass to a subsequence such that 9,9., — ¥; a.e. in K for some measurable function
V;: K - Randalli =1,..., n. A standard diagonal argument gives that ¥; : {2 — R is
measurable and, up to a subsequence, 0;P., satisfiesfori =1,...,n

0;P., — ¥; locally in measure and a.e. in {2 as k — 0. 4.15)
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We next prove that & € 7, (2) and ¥; = 9;@ foralli = 1,...,n.Leth > 0and R > 0
be arbitrarily fixed. From (c), we have (0;,7,9., ) is uniformly bounded in LP*(R™) so
that, up to a subsequence, 0;7,9., converges weakly to some function V¥, , in LPi(R")
(and, hence, in L' (R™)). Using (4.5) for ¢ = p; and the compactness of the embedding
Whr(Bg(0)) € LP*(Bg(0)) for all R > 0, we get that 7@ € W'P1(Bg(0)) and, up to
a subsequence, T,®., — T;,® in WP (Bg(0)). We thus deduce that ¥, , = 9,7, and,

hence, up to a subsequence,
0; T ®., — 0;T,@ in LP* (R"). (4.16)

In particular, we have @ € 7;;61(!2) From (4.1) and (4.15), we find that, up to a subse-
quence, 0;1;,P., — 1ip<pn¥; a.e. in §2. This, jointly with (4.16), implies that 9;7),$ =
Lio<n¥; a.e. in 2N Br(0) for every R > 0. Thus 0,9 = ¥; ae.in 2 fori = 1,...,n,
which together with (4.15), proves (iii). This finishes the proof of Lemma 4.2. O

We next discuss the situations when our fundamental solution ¢ in Proposition 4.1
becomes a distributional solution.

Corollary 4.4. If in Case 1 of Theorem 1.1 we let ) be bounded and p, > - ((Z:B then &

in Proposition 4.1 is a W&’7(Q)-distributi0nal solution of (1.1), where ¢ = (q1, - qn)

and 1 < g; < pi;L((S:

B fori=1,... ,n. The same conclusion holds in Case 2.

Proof. The same argument applies for both Case 1 and Case 2. Leti € {1,...,n} be fixed
arbitrarily. Since 751’?((2) C 761’7((2), by (v) in Section 2.2, it is enough to show that
0, € L%(£2) with 1 < ¢; < p; =3 Let (&, ); be such that (4.4) holds. By (3.11) and
the weak Lebesgue estimates in Lemma 3.3, we infer that (0;9., ) is uniformly bounded

in L%({2) and, hence, up to a subsequence, 0;P., converges weakly in L% ({2). Since
0;®., — 0;® a.e.in {2, we conclude that 0,9 € L%(f2) fori=1,...,n. O

5 Sharp upper bound estimates

Let @ be the non-negative fundamental solution of (1.1), which was constructed in Sec-
tion 4. In Theorem 5.1, we prove that @ satisfies (1.11) from which we get (1.6) in
Case 1 and (1.7) in Case 2. We follow the sketch of the proof outlined in Section 1.1.
For A € (0,1) and r > 0, we define A, (\) := &3 (1 +A)r) \ &z (1 — A)r), where
& (R) is given by (1.5).

Theorem 5.1. Under the assumptions of Theorem 1.1, the fundamental solution @ given
by Proposition 4.1 satisfies (1.11) for every r € (0, R).
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Remark 5.2. For any compact subset K in 2\ {0}, we deduce from (1.11) that & = T, &
on K for h > 0 large so that ® € W7 (K) N L*(K). It follows from Lieberman (see
[33]) that & € W,5°(02\ {0}) and, hence, & € C(2\ {0}).

loc

Our proof uses an iteration scheme of Moser-type (see Section 5.2 for Case 1 and Sec-
tion 5.3 for Case 2), whose running step is given by Proposition 1.2 proved in Section 5.1.
Using (1.11), we next prove our gradient estimates in (1.8).

Corollary 5.3 (Gradient estimates). For the fundamental solution @ constructed in Propo-
sition 4.1, there exists a positive constant C1 = C4 (n, ?) such that (1.8) holds.

Proof. We define &, (z) = rpgln:pl@(rixl, . ,rixn) for all r € (0,R) and = €
&3 (2), where s; is given by (1.5). Rescaling the equation satisfied by @, we get that

div(A(V®,)) =0 in&z (2)\ &5 (1/8).
Using (1.11), we find that there exists a constant ¢ = ¢(n, ') > 0 such that
P, (x) <c forallz € &5 (3/2)\E5 (1/4).

From Lieberman’s gradient estimates in [33], there exists a constant C' = C (n, 7) >0
such that [V®, (z)| < C forae. x € £5 (1) \E3 (1/2). Hence, we have

S0 (1) "oy om
i=1 i=1

forae x € & (r)\E5 (r/2). In view of €3 (R) C Uy, r &7 (1) \E7 (r/2), we get
the desired estimate (1.8). O]

p - _1 _1 _ 1
f = E ‘7" Pi@ifﬁr(r ULy, ..., T nxn)
i=1

Remark 5.4. Since in Case I, the function Uy in (1.9) belongs to LP+=1°((2), we infer
from (1.6) and (1.8) that & € LP+=1>((2) () fori = 1,...,n
In Case 2, we derive that & € Li((2) for every 1 < q < oo and 0;® € LP>>°({2) for
1=1,...,n by using (1.7) and (1.8).

5.1 Proof of Proposition 1.2

In this subsection, we are in either Case 1 or Case 2 of Theorem 1.1. Let € € (0,¢0] and
7 > 0 be such that A, (3/4) C £2.\ B. (0). We use m to denote n/(n — p) in Case 1 and
any number greater than 1/(n — 1) in Case 2. Let I' > m(p — 1) be arbitrary.

We define $ and ©; with j = 1,...,n as follows

(P)

I rreh B+
5=L_p a6, 12 o

m v

(5.1)
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Our assumption on I" gives that § > —1.
We show that (1.12) holds, meaning that there exists a positive constant ¢ = ¢(n, ?)
such that for every 0 < A < A\ < 3/4, we have
I

™ < cmax{1, (8 + 1)} IPpm =5 max 6. (5.2)

1Pell e (4, (a0

We split the proof into four steps. We choose a suitable function n € C!(£2. \ B.(0))
as in Step 1 below. We can suppose that ®. > v > 0 a.e. on supp 7 for some v > 0. If
this is not true, we can consider @. + v in our argument and then let v — 0.

Step 1. We construct a function n € C'(§2. \ B.(0)) with the following properties:
(@) 0<n<1lin2,n=0in 2.\ A (N)andn=1in A, (N).

Btpy 1 . .. —
(b) n v € C'(£2.) and there exists a positive constant ¢ = c¢(n, ) such that
ZL*I)U,L
Btp1_4 N )
Pn o0:nl < or eve =1,...,n.
7 Ignl_p1+6 v S ryj=1,...,

To this aim, we choose a function n; € C'([0,00)) such that 0 < n; < 1 in [0, 00),
aswellasm; = 0on [0,1 —N]U[l+ XN,00)and 7, = 1 on [1 — A, 1+ \]. We further
assume that 7, := " 7"/"" ¢ C1[0, 00) and |15| < 2/(N — A). We now define

n(xz) =m (rl Z |,

where s; is given by (1.5). It is easy to check that 1 in (5.3) satisfies (a) and (b).

81’) for all z € (2., (5.3)

Notation. For every i, j = 1,...,n, we define V;; and T;; by
Vij = / 0P |9 [P P dy and Ty = / |0;P.|P P tPidl d. (5.4)
2 2

Step 2. There exists a constant Cy = Cy (n, ?) > 0 such that for every i =1,...,n,
—~ (B+pi\”
T, < C — ) Vi< oo 5.5
<Gy (FH2) v <o 539

From Step 1 and the definition of ©; in (5.1), we obtain that

max Vij g/ 77(6:51*1)%|3m|pj¢5+m dr < (5 ¢

pj
0., < 0. 5.6
+p1) 30 (56)

Since 5+ p; > (8 + p1) /pn, using Step 1 and our assumption A, (X) C 2.\ B. (0), we
have n°*Pi € C1(£2.\ B. (0)). Taking n°*Pi@+1 as a test function in (3.3), we get

. B+ pi — i~
STt G O | 00 0, 0y R dr =0,
j=171%

B+

j=1
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which implies that

n

> T < oin Z/ 0,1~ [0m| P 00 D
j=1 7%

VB4l &

j=1
Applying Young’s inequality ab < a?’ /p; + Vi / p;. in the following situation

b+1
B+ pi

pj i/, . U ~
vy = p; T =T ROy T B, b = T VP90 P and T =

9

we arrive at

_ _ +1)(p; — 1) 1B\ o
0,071, lp. < (B J 0P "7 + — O;n|" nPiPPi.
|0; 9| 19im|n =" (B+p)p; |0; 0| 2 \B+pi 19l n <
Then, the right-hand side (RHS) of (5.7) satisfies
pi=l, N~ (Bt
RHS) of (5.7) < T — (=) Vi, 5.8
( m<>_;]%]+;mQﬂl ’ (5.8)

where V;; and 7;; are given by (5.4). From (5.7) and (5.8), we infer that

= 1 ~ 1 (B+p\”
Z—%sZ—(——)%. (5.9)
= =i \b+1
The claim of Step 2 follows immediately from (5.9).

Step 3. There exists a constant C; = C (n, ?) > 0 such that for everyi=1,....n

H; = ||(n®.)""'9;(nd.)

Ty < Crmax{L, (54 1)) max O, (5.10)

-----

where ©; is defined by (5.1).

Indeed, for any ¢ = 1, ..., n, we find that

Di < 2pi_1 (npi

om

pi) .

Hence, by (5.6) and Step 2, there exist positive constants Cj, Cy, and C1, depending only
on n and ?, such that

H; 277N (T + Vig) <2271 (Co+1) ) (6 +1

j=1

N\ Pi
B+pz> Vi

(5.11)

~ n —p; pn + /8 b ) —Pn .
< C’OZ;(B—I—U (p1 —l-ﬁ) ©; < Cymax{l, (8 +1) }jgf}ffn@j.
j=

This proves the claim of Step 3.
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Step 4. Proof of (5.2) concluded.

We apply Lemma A.1 in Appendix A with {2 = (2. and ¢ = n®P.. Clearly, we have
¢ € L*({2.) and supp ¢ is a compact subset of {2.. We denote & = (5 + p)/p. The
assumption I' > m(p — 1) gives that 1 + p(§ — 1)/p; > 0.

If¢ > 1(.e., I > mp), then nd. € WL7 (£2.) since . € WP (£2.) and € C1(12.).

p(E—1) 14 P(E=1)
If € < 1, then we find that (nd.)" "7 € WL (1) since b, 7 € WL (£,)
(€-1)

(using that &, > v > 0 a.e. on suppn) and 771+p € CH.) (see Step 1).
Then, by Lemma A.1 in Appendix A, there exists a constant ¢ = ¢(n, ?) > () so that

n P

PV | H in Case 1,
1Pl 7.y < . (5.12)

1

cI™ (meas (A, (X)))= [ [ H/* in Case 2,
i=1
where H; is defined by (5.10). Since n = 1in A, (\) and >, 1/p; = n/p, from (5.12)
and Step 3, we reach (5.2). This concludes the proof of Proposition 1.2. L

5.2 Proof of Theorem 5.1 in Case 1

Throughout this subsection, we assume that (1.4) holds. Recall that m := n/(n — p). Let

e € (0,e0] and r > 0 be such that A, (3/4) C (2. \ B. (0). In what follows, we denote

I lzecaroy) = I - g (5.13)

To keep the notation short, we shall not include 7 since it is fixed everywhere in the proof.
The desired estimate (1.11) follows from (5.14) below applied to @,, in Lemma 4.2 and
passing to the limit, up to a subsequence, as k — oo.

Proposition 5.5. There exists a positive constant C = C (n, ) such that

1Dl oo, (1/2)) < Crtie, (5.14)
Proof. Forany I', > p, —land: = 1,...,n, we define I, ; as follows
Iyi=o0il)=T./m+p; —p. (5.15)

In this proof, we fix § = §(n, ) so that 0 < § < (p, — p,)n/(2n — p). Hence, we have
oi(ps—14+0)<p.,—1—0 foralli=1,... ,n. (5.16)
By Proposition 1.2, we know that for any I'y, > p, — 1 4 6, there exists a positive constant

C' = C(n, ) such that

||q§6”1“*; A<

Tﬂil m/F*
Px F*l
L% max, (W”@ P A>] ' (5.17)
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The proof of Proposition 5.5 consists of iterating (5.17). We provide the details below.
The iterative scheme. Let )\;, := 1/2 + (1/2)¥*! for every k& > 1. Hence, we have
A =3/4 and M\py1 = N\, — 27772 forall k > 1. (5.18)

We see that (A),, is decreasing and converges to 1/2 as k — oo. Since p, < p. and
m > 1, we can find a large positive integer /N so that

n(p. —p1) /p+8 <m™n(p. —pn) /. (5.19)

We construct a sequence (I'y),>1 such that

n(p. —p1) [p+0 < Typ/m* <m™n(p. —p,) /p. (5.20)

Since 'y, — oo as k — o0, there exists a large integer kg > 1 suchthat'y > p, — 1+
for every k > kg. In what follows, we fix k > kq. For each i1,i5 € {1,...,n}, we define
['ys, asin (5.15) and Ty 5, = 04, (Tk 4, ), that is

Ui = Ti/m+piy, =0, Thigiy := Diiy/m + pi, — D (5.21)
We also need to introduce B;, and B;,;, as follows
m(k+N+2)p;;  m(pi —px) mkyiy
Bi1 =9 Ty r pxly ||§Z5 ||Fk i AN
. ) ) (5.22)
m?p  Tj_1 m! (k+N—=j+3)pi;  Yj_g mI (p;; —px) m Fk 2112
I
Bi1i2 = Fk,zkl 2 Tk r Pl ||€p ||Fk 1122, /\kJrN 1°
Let 7,7 € {1,...,n} besuchthat B, = max;,—;__,B;, and B;,,, = max;,—1__, Br,.
We first apply (5.17) with I', = 'y, A = Ay vy and X = A\, v. We obtain that
m me
H@5||Fk§)\k+N+l < Crkrl:k BTI' (523)
Our choice of I', ensures that I'y ;, > p, — 1+ 0 forall4; = 1,...,n. Thus in (5.23), we
can continue using (5.17) to estimate each [|.|[r, , ;x,, v Withi; = 1,...,n as follows

Tk,iy m? mp 2(k+N+1)p;, (Pigy —Px) m Fk Z112
< COTx T,k Ty, P+l .
|| 3 ||Fk i1 7)\k+N — C Fk‘,l 22111271;?(7’” 2 r ||¢ ||Fk Jiig) Ak+N 1

This, jointly with (5.23), leads to

P

H¢5|’Fk§ Ak+N+1 < C Fk F Bn‘rz (5.24)

If this iteration process works ¢ times, it gives rise to ' ;,__;,, A;

ir..ip and B;, _;,, namely

(i, ::Fk’il do 1/m+pig_p7

Z§:1 m (h+N—j+3)p;
11 XY = Hrk Fr )
ij—1 (5.25)

£
S5_ymI (pij—ps) A R,

Bi, i, =Ai T pxlg

N\

\ ”@ Hszl g5 Mt N—+1
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For the definition of I ;, and I'y ;, ;,, see (5.21), whereas for B;, and B
eachj € {2,...,¢},let7; € {1,...,n} be such that

see (5.22). For

1112

B .. = - max By . ri_yij

After ¢ uses of (5.17), we arrive at

St mi mp

1Pl apnsy SC T T By, (5.26)
Let ¢ denote the maximum number for which (5.17) can be used iteratively, that is
Cprpqyj 2pe— 140 foralll <j</—land Ty, ., <p.—1+0. (5.27)

We next prove that £ < ¢ < k + N. Using (5.25), we find that
Tiird, = Du/m? + Y m" ™ (p;, —p) foralll < j</. (5.28)
v=1

Since p; < p; < p,foralli =1,..., n,itfollows from (5.28) that
Le/m? —n(p—p1) /p < Thiyoi; < Ti/m? + 0 (p, —p) /p. (5.29)
This, jointly with (5.20), implies that for any i1, ..., n € {1,...,n}, we have
LCpiyi; >ps—1+0 forallj=1,....k and Dy 4 <px— 1 (5.30)

Using (5.30), we conclude that £ < ¢ < k + N. Thus from (5.20) and (5.29), we see that

m mNp |
<o Tre<m™(p, — 1 d Tho < mMNH=i+ly 1) (531
Ty  n(p.—p1) g<m> T (p ) and T'prroy <m (p ) ( )

forall j = 2,...,¢. Using (5.31) and a simple calculation, we obtain that

¢
1 ; m
— SN (N+k—j+1)ml=——

(N+k—£)mf—(N+k)+me']

j=1

l
m .
[ Nm* + > !
<(m—1)Fk< " m)<Cn,77

j=1

where C,, > 0 is a positive constant depending only on n and 7.
Let A;, ;, be defined by (5.25). It follows that

¢ j ) .
mp PXjmm™ b (Ntk—jt)mI pn 6y md (k+N—j+3)

T T
Fk i An...Te S D+ . m Tk 2 Tk )




26 Florica C. Cirstea, Jérome Vétois

which is dominated from above by a positive constant depending on n and ? Therefore,
using (5.25) and (5.26), we infer that there exists a constant C=C (n, ?) > (0 such that

L
m Fk’,Tl“.Tl

[Pellr, " L (53

ey Ak N—C+1

~ 1 £ j
< Oty Sierm? (pry—pe)

||@8||Fk; Ak N+1

We now estimate the (quasi-)norms in the right hand side of (5.32).
CLAIM. There exists a constant ¢ = ¢(n, ') > 0 such that

p*_l_rk,Tl.”TZ

||¢€||Fk,‘rlmrz§ Ak N—41 <cr el (5.33)

Suppose for the moment that (5.33) has been proved. We show how to conclude the proof
of Proposition 5.5. Plugging (5.33) into (5.32), then using (5.28), we find positive con-
stants C' , ¢, and ¢, depending only on n and ?, such that

~ Fk,‘rl“n—emg px—1-Tp px—1-Tp
1Pellry. apon,, S Ce T W m e < Er wTh (5.34)

Letting £ — oo in (5.34), we obtain (5.14).
Proof of (5.33). From (5.27), we have

Ds — 1+0 > Fk‘,’ﬁ...Tg = Fk,n...n_l/m—'—pﬂg —p> (p* - 1)/m+p1 —DP =D L. (535)
We further distinguish two cases:
CASEA:Letl'y ;. -, <p.—1-09.
In view of (5.35), we obtain that

1 1
p* — 1 Fk,Tl.HTZ p* — 1 F
< ¢y, h = . 5.36
(p* —-1- Fk,n---ﬂz) = WK ( 0 ) ( :

From (5.18) and k£ + N — ¢ > 0, we infer that meas (A, (Ag+n—r¢+1)) < meas (A, (3/4)).
Thus, using (3.11) with go = 'k, 4,, ¢ = p« — 1, and 2 = A, (Ap4n—¢41), We find that

p*flfrk,'rl...‘r[

H@sHFk,n.HW; NepNoep1 S co(meas (A, (3/4))) EER R ||¢6||LP*71,OO(-A7"(>\I¢+N—Z+1)) ’

This, together with (3.12), proves the claim of (5.33) in Case A.
CASEB:Letp, —1 -0 <Dy, - <ps—140.
We choose 0 € (0, 1) with the following property:
1 1—-60 0

- + ,
Fk,Tl...Tg Px — 1—96 Px — 1 + )
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By the interpolation inequality between Lebesgue spaces, we deduce that

0 . (5.37)

1-6
< |||l 1Pellp, 145 Ao n—es

HQSEHFIC,TI...TZ; A+ N—r41 = De—1—0; Mgt N—r+1

From (5.17), jointly with (5.18) and k < ¢ < k + N, we infer the existence of a positive
constant ¢; = ¢,(n, ) such that

oi(pa—1+6 preses)
|- ) 639

o; p*71+5)

< @
P
De—146; Mg N—p41 — “ Ziria}fn " H :

We next use the notation ¢ as in (5.36) and ¢, := [(p, — 1)/8]"/®<=1=%)_ Since (5.16)
holds, as in Case A, we employ (3.11) to find that

px—1—0;(px—149)
H@eHai(P*—l-l-(S); Ak+N—t < CO(meaS ("47’(3/4>)> (Px =)o (ps=140) H@€||Lp*71,oo(¢47.

)
12| < co(meas (A, (3/4))) 70010 |8 || . —1.00 (4,

Px—1-0; Mgy N—r41 —

(Ae+nN—2))’

Aot N—t41))

Hence, from (5.37) and (5.38) together with (3.12), we conclude (5.33) in Case B. O

5.3 Proof of Theorem 5.1 in Case 2

In this subsection, we let p = n and (2 be bounded. Let ¢ € (0, ¢} and > 0 be such that

A, (3/4) C 2\ B-(0). We deduce (1.11) by applying (5.39) below to &, in Lemma 4.2
and passing to the limit, up to a subsequence, as £k — oc.

Proposition 5.6. There exist positive constants a = a(meas (£2),n, ) and b = b(n, )
such that

1P oo (4, 120 < @+ 0 Inr|. (5.39)

Proof. Let N > 1 be a large integer such that 2V > 2 (p, — p1) + 1.
Let ¢ > max{2n + 1,2(p, — n + 1)} be arbitrary. It follows that

g—14+2(n—p)
q—1—2(p, —n)

<2(pn —p1) +1 <2V, (5.40)

We use the notation || - ||, » in the same way as in (5.13). By Proposition 1.2 with m = 2,
there exists a constant C' = C'(n, ?) > 0 such that for every I" > ¢ — 1, we have

H(psl‘ll:; A <O max (()\’ — \)"%n

11=1,...,n

@51\2@*”1'1_”)) . (5.41)

S+piy—n; N

We define (\;)x>1 as in the proof of Proposition 5.5 so that (5.18) holds. In view of (5.40),
we can choose I'; with the property that

[g—1+2n—p)] <D <2"Mg—1-2(p, —n)] forallk>1.  (5.42)
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For any i1, 9, ...,k n € {1,...,n}, we define
Iyiy =T%/2+ piy —n,
i = Ln/2 4 | (5.43)
Fk,il.‘.ij = Fk,i1‘..ij,1/2 + pij — N fOI' every ] = 2, e ,]{ + N
Then, we deduce that
. J .
Cripi; = Tn/27 + Z 2°(p;, —n) foreveryj=1,....k+ N.
s=1
This gives us the following estimate
I'v/27 —2(n—py) < Liiy.i; < Ty/27 +2(p, — n). (5.44)
Hence, our choice of 'y, in (5.42) implies that
Upiy.i; >q—1 forevery j =1,...,k, whereas I'y;, 4. < q— 1. (5.45)
Let; € {1,...,n} be such that D,, = max;,—; ., D;,, where D;, is defined by
. 2T ;
D, = 22k+N+2psy ||@€]|Fki_’1 e
USiIlg (541) with' = Fk, A= )\k+N+1» and \' = >\k+Ns we find that
B, oy sy < COTRr D5, (5.46)
Since I'y -, > ¢ — 1, we can use again (5.41) to estimate ||P.[|r, . ; n,,y as follows

2 )
||¢E||2Fk,71 < 022F22n T_Q max (222(k‘+N+1)pi2 ||(Z)E||2 Fk,Tllg > ] (5.47)

Trorys MeaN — k1 ig=T.m Tk i A+ N—1
ERRE)

For each 7,15 € {1,...,n}, we define D;,;, by

2
2Tk iy iq

D. . .—T2n 22;‘?:1 27 (k+N—j+3)pi; ‘
ki1 Tk iqin Mt N—1

1112 *

||

Letmp € {1,...,n} be such that D,,,, = max;,—1.__, Dryiy-
From (5.46) and (5.47), we deduce that

||¢5||Fk < OZ§:1 ZjFZ‘n ,r,— Z?:l 2j71D

Ui Aprny1 — TiT2"
If this iteration process continues ¢ times, we obtain D;, ;, given by

y4
. . . 4 . .
Dh...i@ — (H F2]n > 2Z§:1 27 (k+N—]+3)pi]- H@g H2 Ty ..ip (548)

Kyi1..ij_1 Uhyigigs Akt N—g41°
J=2

Forevery j = 2,...,(, we define 7; € {1,...,n} such that

D’Tl...Tj = z’-I—nlaXnDTl'"Tj_lij'
i=1,...,
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We continue the above iterative process, denoting by ¢ the maximum number of iterations
of (5.41), in the sense that

Uprpqy 2 q—1forallj=1,... f—1 and I'y,. ., <qg—1 (5.49)

From (5.45), we infer that £ < ¢ < k + N. Hence, after ¢ uses of (5.41), we obtain that

j—1

(R < CXim P72 p (5.50)

Ly; )\k+N+1 —
CLAIM: There exists a positive constant, still denoted by C' = C(n, ?) such that

QZFk,Tl.“TZ

r e ST P
H@E“FZ; Akt N+1 < c? q 2o ? r 2 ? H@EHFIQ,TI...T@; At N—t+1° (5.51)
We conclude (5.51) by using (5.50), combined with the following inequality
g .
3" <H Fifii...fjl) PRI YN < Y (552)
j=2

for some constant C' = C|(n, ?) > 0. We next prove (5.52). Since ¢ > k, we get that

l
> V(4 N-j+3)=2""(k+N—l+4)—2(k+N+4) <2 (N +4). (553)

j=1

From the inequalities in (5.42) and (5.44), we derive that
I, < 2Ny and Chrpryy < R FN=It1y forevery j = 2,..., L.
It follows that

kyTyTjo1 =

y4
r2n H [2n < i YN =G+ 5, 2
Jj=2

This, jointly with (5.53), proves (5.52). Hence, the assertion of (5.51) holds.

Proof of (5.39) concluded. Since I'y, ;, ., < q — 1 (see (5.49)), by using (3.11), we

find that ||D:||r, ., ., is dominated by

§ AkEN—e+1

1 q_Fk,Tl.“Te
qu’n”'w (meas (-Ar()\k—&-N—K-&-l))) Thorimy ngaHLq"’O(Ar(/\HNJH))'

Hence, using Lemma 3.3(2), for some constant C' = C'(n, ?) > 1, we have

qfrkn'l.url

S qu'le“‘TZ (Clr’) quA,Tl-“TZ Zq’ (5'54)

HéEHFk,rl..U; Ak N—t41

Q=

where we denote Z, := Cq + (meas (£2))" 7. Using (5.54) into (5.51), we conclude that

r 4
2¢ g kT 92Tk rmy 28(2nt1)—2n
! r

2¢ 2
1D |rs apn s < (Zg) TR Hrme O g k. (5.55)
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From k < ¢ < k + N and the choice of I';, in (5.42), we obtain that
27N g < 2Ty < 2V /g (5.56)

Furthermore, in view of the estimates in (5.44), we also find that

15
2 Fk,n...n

G
T =1+ —%  where Gy, satisfies — 2V 20 < G < 2V 12, . (5.57)
k q

We now pass to a subsequence of Gy, still denoted by Gy, for which limy_.., G = « for
some v € [—2V2n, 2V+2p 1. Then using (5.56) and (5.57) in (5.55), we arrive at

1+2N+2Pn oN+2_ ¢ QNZQH 2N+1(2n+1)_27n L,lf%
”@8”Fk;/\k+N+1§(Zq) B C o« = q ¢ Perle @ o,

Since limy_, o, [y, = oo and limy_,, A\ = 1/2, by letting £ — oo, we obtain that

N+2p,  oN+2 (1+2) 2N+ ani1)

2" " pn 27T (2n+1) 1_ o
H¢5HLOO(.AT(1/2)) < (Zq)lJr a ( 4 a’q q r oa o2, (558)

Set Cy := max{2n + 1,2(p, — n + 1)}. Recall that ¢ > Cj is arbitrarily fixed. Hence,
using (5.58), there exists a positive constant C’ = C’(n, 7) such that

1+2N+2Pn+2N+2Pn _

1
|Pe |l Lo, 1/2)) < C |g+ (meas (£2)) a 2 |y

R

C
q

(5.59)

for any ¢ > Cy. Finally, by choosing ¢ = Cy max{|Inr|,1} in (5.59), we conclude that
|Pe | oo ar(1/2)) < @+ b Inr|,

where a = a(n, 7/, meas (£2)) and b = b(n, ') are positive constants. Hence, the asser-
tion of (5.39) holds, which completes the proof of Proposition 5.6. ]

A Weighted anisotropic Sobolev inequalities

Here, as in the whole paper, we continue to assume (1.2). In Lemma A.1, we establish
a weighted version of Troisi’s [43] anisotropic Sobolev inequality. For the use in the
proof of Proposition 1.2, we make explicit an estimate of the constant with respect to the
parameter £. As before, p is given by (1.3). We prove the following result.

Lemma A.1. Let {2 be an open subset of R" withn > 2. Letp < nand £ > 1 — py/p.

. min {0 (571)1)} 1,7 .
If p € L>™(12) satisfies || e S e WHP((2) and supp @ is a compact subset

of {2, then there exists a positive constant C, depending only on n and ? such that:

(i) If p < nandp* :=np/(n — p), then we have

p(E—1) 1/n

161 ey < CETT [l 016
i=1

< 00. (A.1)
LPi(supp ¢)
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(ii) If p = n, then for all ¢ > n/ (n — 1), it holds

n(e—1) 1/n

i n
6150y < Cat (meas (supp ) [ |l 7 01 <. (A2)
=1

LPi (supp ¢)

Proof. We first show that each side in the inequalities of (A.1) and (A.2) is well-defined.
Since ¢ € L*°({2) and supp ¢ is a compact subset of (2, we have p € L7({2) for all
7 > 0. We next introduce «; and o; such that

a; =0, +1+p(—1)/p; witho; >0 fori=1,... n. (A.3)

From £ > 1—p;/p, we see that 1 +p(§ —1)/p; > 0 and thus a; > 0 fori = 1,...,n. The
right-hand side of (A.1) and (A.2), respectively is well-defined by proving the following.
CLAIM 1: We have o € WY7 (£2) and 9;(p|p|* 1) € LPi(2) fori=1,... n with

O;(0leo]“ ™) = aulep|* 90 on supp . (A4)

We prove this claim. For 6 > 1 and M > 0, let Gypy = G € C'(R) be such that
G(t) = t|t|%~! for |t| < M. We also assume that there exists C' > 0 such that |G’(s)| < C
for every s € R. By adapting the proof of Proposition 9.5 in Brezis [13, p. 270], we
deduce that if u € WL7 (£2) N L>(£2), then for § > 1 and M = ||w|| Lo (52, We have

Goue Wl’ﬁ(!?) and 0;(Gowu)= (G ou)du fori=1,...,n. (A.S)

To establish Claim 1, we distinguish two cases: If £ > 1, then ¢ € Wl’?(Q) by our
assumption and we conclude the claim by using (A.5) with u = ¢ and 6 = «; for each
i =1,...,n. If £ < 1, then Claim 1 follows from (A.5) with u = ¢|p|¢~VP/P1 and

0=1/(1+ (£ —1)p/p1), respectively 6 = o; /(1 + (£ — 1)p/p1) fori =1,... n.
CLAIM 2: If ov; is given by (A.3) and p, = p;/(p; — 1) for every i = 1,...,n, then

n—1 n
Z;ﬂzl a; p(€—-1) .
n— < . 0 . gi / . .
(/Q olz) 1 d$> B 11 (Oéz el azngLm supp ) v Lp"(m) (A0
Indeed, by Holder’s inequality, we obtain that
| tel ol do < el [l 0] A7)
Supp ¢ 7 i = I e |17 i LPi(supp ) .
To conclude (A.6), it suffices to show that
Sy n—1 n
(/ l(x)] Tt dx) < H (ai/ |10 dx) . (A.8)
] i1 supp ¢

In what follows, we extend ¢ by 0 outside (2. As in Corollary 8.11 in Brezis [13, p. 215],

we deduce that ¢t — |@(x1, ..., 21,1, Tiy1,- .., Tn)|* belongs to the usual Sobolev
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space W1Pi(R) fori = 1,...,n. Since supp  is a compact subset of (2, for a.e. z € R",
we have the representation (see Theorem 8.2 in [13, p. 204])

@I = [ aleton it ) de < [ 100l ds
—00 R
forall: = 1,..., n.For simplicity, let z; = (z1,...,%;_1, Tiy1,- .., Ty) and V;(Z;) denote

dx; :ai/ lp
R

ai*l]@-gp\ dmZ for: = 1, .o, n.

ai)

V@) = [ 1adle

Therefore, we find that

Yy " 1
()| 7= < [[(Vita)=  forallzx € R™. (A.9)

=1

If n = 2, then by integrating (A.9) with respect to x, then x5, we obtain (A.8).
If n > 3, then we integrate the inequality (A.9) successively with respect to the vari-
ables x1, o, . .., x,, using each time the generalized Holder inequality

n—1 n—1
/fot) at < [T 15
R—1 i=1

We thus obtain that

n-1(r), Where f; € L" ' (R) foreveryi=1,...,n— 1.

/R|90(x>|22_11% dzy < (Vl(fl))”il /RH (‘/Z(fiz))%l dxy

=2
< 0a)= T | [ v@nan]
i=2 /R
A similar integration over the variables x», . . . , x,, leads to (A.8). This proves Claim 2.

Proof of Lemma A.1 concluded. Let ¢ > n/(n — 1) if p = n. Choose o; > 0 such that

pio; = a = P fp<mn, (A.10)
flg—n/(n—1)] ifp=n.

With this choice of o, let «; be given by (A.3) for = 1, ..., n. Notice that

Ty = [ lelae) (A1
=1

By (A.10), there exists a constant ¢ = ¢ (n, ?) > O suchthatforalli=1,...,n

n(p—1)

g4

if
L+p(€—1)/pi<a; < {Cg 1 p=m (A.12)
cq€ ifp=n.
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Proof of (i). Let p < n. Since Y, | a;/(n—1) = p*&, from (A.6) and (A.11), we have

(/ |S0($)|P*§ d:E) ’ S H (Oéi H|<’0|p(5*1)/p1 6190
“ =1

From (A.12) and (A.13), we conclude the assertion of (A.1).

1
n

(A.13)

LPi(supp w))

Proof of (ii). Let p = n. Since " , a;/(n — 1) = ¢&, Holder’s inequality gives that

1 1% qié a
/ lp(z)|* da < (/ lp(z)| T :L‘) (meas (supp ). (A.14)
From (A.10), it holds ¢ — ao/§ = n/(n — 1). Then, (A.6), (A.11) and (A.14) imply that
Il < (meas spp2) T (o et 0 ) @
. < (m u a o ri O )
©ll7ae 0 pp@))7 ] @ 12—
Using (A.12) and (A.15), we reach (A.2). This ends the proof of Lemma A.1. L]

B Auxiliary derivations

A crucial tool in the proof of Lemma 3.3(2) is the anisotropic Sobolev inequality (B.1) of
Lemma B.1 below. The main step in proving it is an inequality of Moser—Trudinger-type
([36, 44]), whose derivation relies essentially on Theorem 1 in Cianchi [14].

Lemma B.1. Let {2 be a bounded open set in R™ with n > 2. If (1.2) and p = n hold,

then there exists a positive constant C, depending only on n and ? such that

n—1
e

n n—1 a1 |Pi
Jul ., < C <meas<m+; [ 1oud dx) ®.1)

forallq > 1andallu € Wol’ﬁ(()).

Proof. Define A(§) := max{> ., |&], >, |&[Pi} forevery & = (&1,...,&,) € R™
We split the proof into two steps:
Step 1. There exists a constant L = L(n, ') > 0 such that for every u € Wol’ﬁ(ﬂ)

lu(z)[/ (n=1)

/ e Lo Avw a0 o < on <meas (2) +/ A(Vu) da:> : (B.2)
19 0

For ease of reference, we shall use the notation
[A<t]:={¢eR": A() <t} foreveryt > 0.

Note that A : R™ — [0, 00) is a convex function satisfying (1.1) and (1.2) in [14], namely:
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1. A(0) =0and A(§) = A(=¢) forevery £ € R";

2. Forevery t > 0, the set [A < ] is compact, whose interior contains 0.

CLAIM: There exists a positive constant C', depending only on n and ? such that
meas ([A < t]) < Cymin{t, "} foreveryt > 0. (B.3)

We prove this assertion. We define D,, and £}, - as follows

D,, := meas {f eR": Z & < 1}, F, 7 = meas {f eR": Z &P < 1}.

i=1 i=1
Clearly, D,, and F},  are finite. For any ¢ € (0, 1], we have
meas ([A < t]) = meas {fER” : Z|€Z| gt} = D,t". (B.4)

i=1

Hence, (B.3) holds for every ¢ € (0, 1]. To conclude (B.3), we show that
meas ((A<t]) < E,w +F,pt foreveryt>1, (B.5)

where we define E,, 5 by

E, 5 := meas {5 eR™: A(&) = Z |§Z]} . (B.6)
i=1

We show that F, 5 < oo. If we assume that there exists a sequence (&)r>1 in E, 3
with limy_, [£] = oo, then limy_,o max;—y__, [€ki| = o0, where & = (k1 - - -, &kn)
for every k > 1. Hence, there exists k1 > 1 such that max;—; _, |&ifPi~! > n for every

k > kq, which gives that

n n
Z‘fkl pi Z max |£kz Pi >n'max |£k2’ ZZ|£]€Z’ forallk:>k1.
i=1,....,n 1=1,...,n

i=1 i=1

This contradicts that §, € E,,  for all £ > 1. We thus conclude that £, » < oc.
Since p = n, we observe that for every ¢ > 0, it holds

meas {5 eR": Z &P < t} =F.5 = M — F,5t. (B.7)

=1

By the definition of A(), we have that meas ([A < ¢]) is bounded from above by

meas {geR”: A(€) :i@\ gt}—i—meas {feR”: i\fim gt}.
i=1 i=1
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Hence, using (B.6) and (B.7), we conclude (B.5). This proves the claim of (B.3).

Let w,, denote the measure of the n-dimensional unit ball. We define A, (s) by
Al(s) :=sup{t >0: meas([A<t]) <w,s"} fors>0.

From (B.4), we infer that A, (s) = (w,/D,)""s for every 0 < s < (D,,/w,)"/". Conse-
quently, A, satisfies (1.3) in [14], that is

L. (Ait))nll ot <o

Using (B.3), we conclude that for every s > 0, it holds

A(s) > g(s), where g(s) :=sup{t > 0: Cymin{t,t"} < w,s"}. (B.8)

Following Cianchi [14], we define H : [0, 00) — [0, c0) by

n—1

H(r):= (/OT <f(t)) - dt) N for r > 0. (B.9)

Let B be givenby B = A, o H™!, where H~! denotes the inverse of H. By Theorem 1
in [14], there exists a positive constant K, depending only on n, such that

[u(2)] dx A(Vu)dx

for every real-valued weakly differentiable function v on R™ decaying to 0 at infinity.
We next show that if Cy := (C} /w,)/™, then

B(r) > M/ 1 > (B.11)

Indeed, by the definition of g in (B.8), we have g(s) = max{s/Cy, (s/Cs)"} = (s/Cs)"
if s > Cyand g(s) = s/Cyif 0 < s < Cy. This, jointly with (B.9), implies that

H(r) < Cyln(e T/C’g)]% ifr > Cs.
Hence, we find that (1) > 026(7/02)%_1 > (5 if 7 > Cs. Using (B.8), we get that
B(r) = A(H (7)) = g(H(r)) = (H(r)/Cy)" > e/ ifr > @,
This proves (B.11). Let u € Wol’?(!?) and K as in (B.10). We define v as follows

v(z) = )

— forz € (2.
oK ([, A(Vu) dy)

1/n
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From (B.10) and (B.11), we deduce that

/ @171 -1 d:CS/A(Vu)da:.
{z€: v(a)|21} 0

Consequently, we have

/ en[lv(wﬂm*l} dxr < meas ({2) +/ A(Vu)dz,
2

0
which proves (B.2) with the constant L = L(n, ) given by L = (1/n)(CoK )"/ (=1,
Step 2. Proof of (B.1) concluded.

Set My := max{> ., |&| : £ € E, 5}, where E,  is given by (B.6). Using that
A() =max{d> " | |&],> -1 &P}, we get an upper bound estimate for [, A(Vu) da:

n

A(Vu)dx < / Z |0;u| dx + / Z |0;ulP dx
/9 {ee: 300, \BiU\>Z;?:1 |OsulPi} —q 2 =1 (B.12)
< Mymeas (2) + Z/ |0;u|P? dz.
i=1 79
For u € W&’?(Q), we define P, as follows
P, := meas (£2) + Z/ |0;ulP? dx. (B.13)
i=1 7

Using (B.12) in (B.2), we find positive constants M and C3, depending only n and 7,
such that for every positive integer k, we have

kn

i'/ Ml < / LUD@ T (P g o
k' Jo ppk (Py) 7T Q

Consequently, we arrive at
no < nT_anfl | n—l1 3 1+nT_1
[0l o, < O3 M7 RYE (P)

Hence, by Stirling’s formula, there exists a positive constant Cy = Cy(n, ?), such that

ull" s < Cyk™! (Pu)HnT_l (B.14)

Ln=1(9)

for every positive integer k. Let ¢ > 1 be arbitrary. We define 6 := |q|(|¢] + 1 — q)/q,
where | ¢| denotes the integer part of . Since 1/¢ = 6/|q] + (1 —0)/(|q] + 1), by using
an interpolation inequality and (B.14), we conclude that

[l an, 2y S [l RO ] uqm

n—1

< g () + 0D (R < G

for some positive constant C' = C'(n, ?) This, jointly with (B.13), proves (B.1). O
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