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Abstract

This paper develops asymptotic theory for a nonlinear parametric cointegrating
regression model. We establish a general framework for weak consistency that is
easy to apply for various nonstationary time series, including partial sums of linear
processes and Harris recurrent Markov chains. We provide limit distributions for
nonlinear least squares estimators, extending the previous works. We also introduce
endogeneity to the model by allowing the error to be serially dependent on and cross
correlated with the regressors.
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1 Introduction

The past few decades have witnessed significant developments in cointegration analy-
sis. In particular, extensive researches have focused on cointegration models with linear
structure. Although it gives data researchers convenience in implementation, the linear
structure is often too restrictive. In particular, nonlinear responses with some unknown
parameters often arise in the context of economics. For empirical examples, we refer to
Granger and Terésvirta (1993) as well as Terdsvirta et al. (2011). In this situation, it is
expected that nonlinear cointegration captures the features of many long-run relationships

in a more realistic manner.
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A typical nonlinear parametric cointegrating regression model has the form
Y = f(l't,eo)—f— Uy, t = 1,...,77,, (1)

where f : RxR™ — R is a known nonlinear function, z; and u; are regressor and regression
errors, and 6 is an m-dimensional true parameter vector that lies in the parameter set
©. With the observed nonstationary data {y;, z;}}, this paper is concerned with the
nonlinear least squares (NLS) estimation of the unknown parameters 6, € ©. In this
regard, Park and Phillips (2001) (PP henceforth) considered z; to be an integrated, I(1),
process. Based on PP framework, Chang et al. (2001) introduced an additional linear time
trend term and stationary regressors into model (1). Chang and Park (2003) extended to
nonlinear index models driven by integrated processes. More recently, Choi and Saikkonen
(2010), Gao et al. (2009) and Wang and Phillips (2012) developed statistical tests for
the existence of a nonlinear cointegrating relation. Park and Chang (2011) allowed the
regressors x; to be contemporaneously correlated with the regression errors w; and Shi
and Phillips (2012) extended the model (1) by incorporating a loading coefficient.

The present paper has a similar goal to the previously mentioned papers but offers
more general results, which have some advantages for empirical studies. First of all, we
establish a general framework for weak consistency of the NLS estimator O, allowing for
the x; to be a wider class of nonstationary time series. The set of sufficient conditions
is easy to apply for various nonstationary regressors, including partial sums of linear
processes and recurrent Markov chains. Furthermore, we provide limit distributions for
the NLS estimator 6,. It deserves to mention that the routine employed in this paper
to establish the limit distributions of 6, is different from those used in the previous
works, e.g. Park and Phillips (2001). Roughly speaking, our routine is related to joint
distributional convergence of a martingale under target and its conditional variance, rather
than using classical martingale limit theorem which requires establishing the convergence
in probability for the conditional variance. In nonlinear cointegrating regressions, there
are some advantages for our methodology since it is usually difficult to establish the
convergence in probability for the conditional variance, in particular, in the situation that
the regressor z; is a nonstationary time series. Second, in addition to the commonly used
martingale innovation structure, our model allows for serial dependence in the equilibrium
errors u; and the innovations driving z;. It is important as our model permits joint
determination of x; and y;, and hence the system is a time series structural model. Under

such situation, the weak consistency and limit distribution of the NLS estimator 6, are



also established.

This paper is organized as follow. Section 2 presents our main results on weak con-
sistency of the NLS estimator 6,. Theorem 2.1 provides a general framework. Its ap-
plications to integrable and non-integrable f are given in Theorems 2.2-2.5, respectively.
Section 3 investigates the limit distributions of 6, in which the model (1) has a martingale
structure. Extension to endogeneity is presented in Section 4. As mentioned above, our
routine establishing the limit distribution of 0, is different from previous works. Section
5 performs simulation, reporting and discussing the numerical values of means and stan-
dard errors which provide the evidence of accuracies of our NLS estimator. Section 6
presents an empirical example, providing a link between our theory and real applications.
The model of interest is the carbon Kuznets curve relating the per capita COs emissions
and per capita GDP. Endogeneity occurs in this example due to potential misreporting of
GDP, omitted variable bias and reverse causality. Section 7 concludes the paper. Section
8 provides partial technical proofs. Full details of the technical proofs can be found in
the Supplemental Material of this paper, where we also provide a unit root test for our
empirical example, and other details for simulation.

Throughout the paper, we denote constants by C, C1, Cs, ... which may be different at
each appearance. For a vector x = (1, ..., Z,,), assume that ||z|| = (22 + ... + 22,)"/2, and
for a matrix A, the norm operator |[|-[| is defined by [|A|| = sup,, =1 [[zA]|. Furthermore,
the parameter set © C R™ is assumed to be compact and convex, and the true parameter

vector 6y is an interior point of ©.

2 Weak consistency

This section considers the estimation of the unknown parameters 6y in model (1) by
NLS. Let Q,(0) = 321, (s — f(x1,0))?. The NLS estimator 6, of 6, is defined to be the
minimizer of @, (0) over 6 € O, that is,

0, = arg mingcoQn(f), (2)
and the error estimator is defined by 62 = n™t Y " | 47, where 4 = y — f(xy, én) To
investigate the weak consistency for the NLS estimator én, this section assumes the regres-
sion model (1) to have a martingale structure. In this situation, our sufficient conditions
are closely related to those of Wu (1981), Lai (1994) and Skouras (2000), intending to

provide a general framework. In comparison to the papers mentioned, our assumptions



are easy to apply, particularly in nonlinear cointegrating regression situation as stated in
the two examples below. Extension to endogeneity between x; and w; is investigated in

Section 4.

2.1 A framework

We make use of the following assumptions for the development of weak consistency.

Assumption 2.1. For each 7,1y € O, there exists a real function 7' : R — R such that

|f(z, ) = f(x,m0)| < h(|lm —mol]) T'(), (3)
where h(zx) is a bounded real function such that h(x) | h(0) =0, as = | 0.

Assumption 2.2. (i) {us, F;,1 <t < n} is a martingale difference sequence satisfying
E(|u*|Fi—1) = 0% and sup,<,<,, E(|u|*!|Fi—1) < o0 a.s., where ¢ > 1; and
(ii) x; is adapted to Fy_1,t =1,...,n.

Assumption 2.3. There exists an increasing sequence 0 < k,, — oo such that

n

wa® Y [T (xe) +T2(2)] = Op(1), (4)

t=1

and for any 0 < n < 1 and 0 # 6y, where 6,6, € O, there exist ng > 0 and M; > 0 such
that

n

P(D(f (e 0) = fwe,60) = w2 /1) = 1=, (5)

t=1

for all n > ny.

Theorem 2.1. Under Assumptions 2.1-2.3, the NLS estimator 6, is a consistent esti-

mator of Oy, i.e. 0, —p Oy. If in addition k2n~ = O(1), then 62 —p 02, as n — oc.

Assumptions 2.1 and 2.2 are the same as those used in Skouras (2000), which are
standard in the NLS estimation theory. Also see Wu (1981) and Lai (1994). Assumption
2.3 is used to replace (3.8), (3.9) and (3.11) in Skouras (2000), in which some uniform
conditions are used. In comparison to Skouras (2000), our Assumption 2.3 is related to
the conditions on the regressor z; and is more natural and easy to apply. In particular,
it is directly applicable in the situation that T is integrable and the regressor z; is a

nonstationary time series, as stated in the following sub-section.



2.2 Assumption 2.3: integrable functions

Due to Assumption 2.1, f(z,0) — f(z,0p) is integrable in x if T is an integrable function.
This class of functions includes f(x,0;,6,) = 6,|z|®I(x € [a,b]), where a and b are finite
constants, the Gaussian function f(z,0) = e~%”  the Laplacian function f(z,0) = el
the logistic regression function f(z,6) = e?#l/(1 + €7l)  etc. In this sub-section, two
commonly used non-stationary regressors x; are shown to satisfy Assumption 2.3 if T is

integrable.

Example 1 (Partial sums of linear processes). Let z; = Z;Zl &;, where {§;,7 > 1}

is a linear process defined by
&= reik, (6)
k=0

where {¢;, —00 < j < oo} is a sequence of i.i.d. random variables with Fey = 0, Fej = 1
and the characteristic function ¢(t) of € satisfying [*_ |¢(t)|dt < co. The coefficients ¢y,
are assumed to satisfy one of the following conditions:
C1. ¢y ~ k *p(k), where 1/2 < < 1 and p(k) is a function slowly varying at occ.
C2. Y7 lok| <ocand ¢ =77, o #0.
Put d?> = Ez2. As in Wang, Lin and Gulati (2003), we have

c,n* *p*(n), under C1,

d? = Ex? ~
»*n, under C2,

where ¢, = 1/((1 — p)(3 — 2p)) J;° 7 *(x + 1) *dz. We have the following result.

Theorem 2.2. Suppose x; is defined as in Example 1 and Assumption 2.1 holds. Assume:

(i) T is bounded and integrable, and
(it) [ (f(s,0) — f(s,00))*ds > 0 for all 6 # 6y.

Then (4) and (5) hold with k2 = n/d,. Consequently, if in addition Assumption 2.2, then
én —p 00.

Theorem 2.2 improves Theorem 4.1 of PP in two folds. Firstly, we allow for more
general regressor. The result under C1 is new, which allows x; to be long memory
process, including the fractionally integrated process as an example. PP only allow z; to
satisfy C2 with additional conditions on ¢y, that is, they require x; to be a partial sums
of a short memory process. Secondly, we remove the part (b) required in the definition

of an I-regular function given in their Definition 3.3. Furthermore, we allow for certain
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non-integrable f such as the logistic regression function f(z,6) = €1*l /(1 4 €l#1), 6 > 6,

for some 6y > 0, although we assume the integrability of T'.

Example 2 (Recurrent Markov Chain). Let {z;};>0 be a Harris recurrent Markov
chain with state space (F, £), transition probability P(z, A) and invariant measure m. We
denote P, for the Markovian probability with the initial distribution p, F, for correspon-
dent expectation and P*(z, A) for the k-step transition of {zy}r>o. A subset D of E with
0 < (D) < oo is called D-set of {xy}r>o if for any A € £,

TA
sup E, ( Z Ip(zy)) < oo,
x€EFR 1

where ET = {A e E:7(A) >0} and 74 = inf{n > 1: z, € A}. By Theorem 6.2 of Orey
(1971), D-sets not only exist, but generate the entire sigma &, and for any D-sets C, D
and any probability measure v, u on (E, &),

lim Y wPHO) Y pPHD) = T )
n—00 ; ; (D)
where vP¥(D) = [*° P*(z, D)v(dz). See Nummelin (1984) for instance.
Let a D-set D and a probability measure v on (£, &) be fixed. Define

[¢]
a(t) = 7 '(D)) _vP¥D), t>0.

k=1

By recurrence, a(t) — oo. Here and below, we set the state space to be the real space,

that is (E,£) = (R, R). We have the following result.
Theorem 2.3. Suppose x; is defined as in Example 2 and Assumption 2.1 holds. Assume:

(i) T is bounded and [_|T(z)|(dz) < oo, and
(i) J75.(F(5,0) — £(s,00))*x(ds) > 0 for all 0 £ O
Then (4) and (5) hold with k2 = a(n). Consequently, if in addition Assumption 2.2, then

én —p t90.

Theorem 2.3 seems to be new to the literature. By virtue of (8), the asymptotic order
of a(t) depends only on {zy}r>o. It is interesting to notice that Theorem 2.3 does not
impose the g-regular condition as commonly used in the literature. The Harris recurrent

Markov chain {xy }r>o is called S-regular if
lim a(At)/a(X) = 7, vt >0, (9)
—00
where 0 < 8 < 1. See Chen (1999) for instance.
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2.3 Assumption 2.3: beyond integrable functions

As noticed in Section 2.2, Assumption 2.3 holds for certain non-integrable f although we
require the integrability of 7. Assumption 2.3 is more involved for general non-integrable
f when T is also non-integrable. In the latter situation, we require certain relationships

between f and T

Assumption 2.4. (i) There exists a regular function' g(x, 8, 6y) on © satisfying

/ g*(5,0,00)ds > 0
s|<é

for all 8 # 6y and 6 > 0, a real function 7': R — R and a positive real function v(\)
which is bounded away from zero as A\ — oo, such that for any bounded =z,

sup |f(Az,0) — f(Az,60) = v(A) g(x,0,00)[/T(Ax) = o(1), (10)

0,000

as A — oo.
(ii) There exists a real function 77 : R — R such that T'(\x) < v(\) Ti(x) as [Az| — oo

and Ty + T? is locally integrable (i.e. integrable on any compact set).

Theorem 2.4. Suppose Assumption 2.4 holds. Suppose that there exists a continuous
Gaussian process G(t) such that xpy,, = G(t), on D[0,1], where z;,, = x;/d, and
0 < d, — oo is a sequence of real numbers. Then (4) and (5) hold with k2 = nv*(d,).
Consequently, if in addition Assumptions 2.1-2.2 and assumption that the T's in Assump-

tions 2.1 and 2./ coincide, then 0,, —p Op.

Assumptions 2.1 and 2.4 are quite general, including many commonly used regression
functions. Typical examples include f(z,0) = (z + 0)%, 6e*/(1 + €*), Olog|z|, O]z|*
(o is fixed) and Oy + 0y]z| + ... + Ox|z|*. The class of functions satisfying Assumptions
2.1 and 2.4 are similar to, but wider than those imposed in Theorem 4.2 of PP. For
instance, Assumptions 2.1 and 2.4 (hence Theorem 2.4) are applicable for the function
f(z,0) = (z + 0)* [with T'(z) = Ti(z) = |z|, v(A) = X and g(z,0,6y) = 2(6 — 6,) z], but
Theorem 4.2 of PP is not directly applicable for this function. See, e.g., Example 4.1 (c)

of PP. We also mention that our condition on the regressor x; is much more general than

Function H is called regular on © if (a) for all § € O, there exist for each ¢ > 0 continuous functions
H., H., and a constant §. > 0 such that H (x,0) < H(y,0) < H.(z,0) for all |x —y| < §. on K, a
compact set of R, and such that [, (H. — H,)(z,0)dz — 0 as ¢ — 0, and (b) for all z € R, H(x,-) is
equicontinuous in a neighborhood of x.



that of PP, as we only require that x},/d, converges weakly to a continuous Gaussian

process. This kind of weak convergence condition is very likely close to be necessary.

We next consider a class of asymptotically homogeneous functions. In this regard, we

follow PP. Let f: R x ® — R have the structure:
fx,0) =v(\,0)h(x,0) + b(N,0) A(x,0) B(A\z,0), (11)

where supycg |b(X, 0) v (A, 0)| — 0, as A — 00; supyee |A(z, 0)| is locally bounded, that
is, bounded on bounded intervals; supycq | B(Ax, #)| is bounded on R; h(x,#) is regular on
O satisfying f 1s|<s h*(s,0)ds > 0 for all § # 6y and § > 0, and v(]\,6) satisfy: there exist
¢ > 0 and a neighborhood N of  such that as A — oo

inf inf [pv(A, 0) — qu(\, 6p)| — oo, (12)

|[p—p|<e OEN
lg—ql<e

for any 6 # 6y and p,q > 0.

Theorem 2.5. Suppose that f in model (1) has the structure (11), and in addition to
Assumption 2.2, there exists a continuous Gaussian process G(t) such that xpy ., = G(t)
on DI[0,1], where x;,, = z;/d,, and 0 < d,, — 00 is a sequence of real numbers. Then, the

NLS estimator én defined by (2) is a consistent estimator of 6y, i.e. én —p 0.

The conditions on f given in Theorem 2.5 are the same as those used in Theorem 4.3 of
PP, which are satisfied by the functions such as the Box-Cox transformation (|z|? —1)/6.
The difference between current Theorem 2.5 and Theorem 4.3 of PP is that we only
require that xp,/d, converges weakly to a continuous Gaussian process, which is close to
be necessary.

To investigate the weak consistency of én, this section makes use of three different
sets of conditions on f: Assumption 2.1 with 7" being integrable (Theorems 2.2-2.3);
Assumptions 2.1 and 2.4 (Theorem 2.4) and the condition (11) (Theorem 2.5). We remark
that these condition sets are mutually exclusive. There are examples of the function f
such that one of these assumptions holds, but not other two. For instance, the function
f(x,0) = 0/(1 + 2?) satisfies Assumption 2.1 with h(z) = x and T'(z) = 1/(1 + 2?),
but Assumption 2.4 and the condition (11) fail; the function f(z,6) = (z + 0)? satisfies
Assumptions 2.1 and 2.4, but it does not satisfy condition (11).



3 Limit distribution

This section considers limit distribution of §,. In what follows, let Q,, and Q,, be the
first and second derivatives of Q,(#) in the usual way, that is, Q, = 9Q, /08 and Q,, =
9?Q,,/0000'. Similarly we define fand f. We assume these quantities exist whenever they
are introduced. The following result comes from an application of Lemma 1 in Andrews
and Sun (2004), which provides a framework and plays a key part in our development on

limit distribution of 6,,.

Theorem 3.1. There exists a sequence of m X m nonrandom nonsingular matrices D,
with || D' ||— 0, as n — oo, such that
(1) SUDg. |, (9—a0)|<kn | (D) 21y [£(20,0) f (20,0)— f (24,00) f (1, 00)] D7 ||=0p(1),
(i) SUPg: || Dy (0—60)||<kn | (D_l)' Z? 1 ”(ﬂfta 0) [f(:ct,e) - f(xt>90)} DEI |=op(1),

(iii) SUPgy b, 000y <k | (Dt) Sty f @, 0) g D ||= 0p(1),
(iv) Yy, = (DY) S0 f(ae,00)f (1, 00) D' —p M, where M >0, a.s., and

. Zf(xt,Go) ug = Op(1),

for some sequence of constants {k,,n > 1} for which k, — oo, as n — oo. Then, there
exists a sequence of estimators {én,n > 1} satisfying Qn(én) = 0 with probability that

goes to one and
Dy(0, — 00) =Y, ' Z, + 0p(1). (13)

If we replace (w) by the following (iv)’, then Dy(0, — 0) —p M~ Z.
()’ for any of = (a1, ..., i) € R™,i=1,2,3,

(o Yoo, a3Z,) —p (o Mag, o Z),
where M >0, a.s. and P(Z < oc0) = 1.

Our routine in establishing the limit distribution of ,, is essentially different from that
of PP, and is particularly convenient in the situation that f, f and f all are integrable in
which D,, = k, I for some 0 < k,, — oo, where I is an identity matrix. See next section
for examples. The condition AD3 of PP requires to show Y,, —p M instead of (iv). It is
equivalent to say that, under the PP’s routine, one requires to show (at least under an

enlarged probability space)

% Zg(xt) —p /_OO g(s)ds Ly (1,0), (14)
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where z; is an integrated process, g is a real integrable function and Ly (t,s) is the
local time of the standard Brownian Motion W (¢)?. The convergence in probability is
usually hard or impossible to establish without enlarging the probability space. Our
routine essentially reduces the convergence in probability to less restrictive convergence

in distribution. Explicitly, in comparison to (14), we only need to show that

1 « >
— Y glx) —p / g(s)ds Ly (1,0). (15)
Vi ‘= .
This allows to extend the nonlinear regressions to a much wider class of nonstationary

regressor data series, and enables our methodology and proofs straightforward and neat.

3.1 Limit distribution: integrable functions

We now establish our results on convergence in distribution for the 6,,, which mainly
involves settling the conditions (i)—(iii) and (iv)’ in Theorem 3.1. First consider the
situation that f is an integrable function, together with some additional conditions on z;

and u;.

Assumption 3.1. (i) z; is defined as in Example 1, that is, z; = Z;:l &, where &;
satisfies (6);

(ii) Fy is a sequence of increasing o-fields such that €, € Fj and €, is independent of
Fi for all k> 1, and ¢, € F; for all £ < 0;

(iil) {wk, Fi}r>1 forms a martingale difference satisfying maxys,, |E(uj, | Fi) — 1] — 0

a.s., and for some ¢ > 0, maxy>; E(|ugy1]?*° | Fr) < .
Assumption 3.2. Let p(z,0) be one of f, f; and ﬁj, 1<4,j<m.

(i) p(x,0p) is a bounded and integrable real function;
(il) X = [0 f(5,00)f(5,00)ds >0 and [*_(f(s,0) — f(s,00))>ds > 0 for all 6 # Op;
(iii) There exists a bounded and integrable function 7, : R — R such that |p(x,0) —
p(x,00)| < hy(||6 — 6o]|) Tp(x), for each 0,6, € O, where h,(z) is a bounded real

function such that h,(z) | h,(0) =0, as = | 0.

“Here and below, the process {L¢(t,s),t > 0,s € R} is said to be the local time of a measurable
process {((t),¢ > 0} if, for any locally integrable function T'(z),

/0 T(C(s)]ds = / T T(s)Le(t s)ds, allte R,

—0o0

with probability one.
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Theorem 3.2. Under Assumptions 3.1 and 3.2, we have

Vnjdu (0, —6)) —p T2 NL;?(1,0), (16)

where N is a standard normal random vector, which is independent of G(t) defined by

Gt = {Wg/QM(t), under C1, (17)

W(t), under C2.

Here and below, Wj3(t) denotes the fractional Brownian motion with 0 < 8 < 1 on
DJ0, 1], defined as follows:

Wit = [ [e= o = copeawt 4 [ o),

L

where W (s) is a standard Brownian motion and

A(B) = (% + /OOO (14 5)712 36_1/2]2ds) "

Remark 3.1. Theorem 3.2 improves Theorem 5.1 of PP by allowing x; to be a long

memory process, which includes fractional integrated processes as an example.

Using the same routine and slight modifications of assumptions, we have the following

limit distribution when x; is a f-regular Harris recurrent Markov chain.

Assumption 3.1*. (i) x; is defined as in Example 2 satisfying (9), that is, z; is a -
regular Harris recurrent Markov chain;
(ii) E(ur | Foe) =0 for any 1 <k < n,n > 1, maxgsm, |[E(ui,, | Fax) — 1] = 0 a.s. and

for some & > 0, maxy>1 E(|ugy1]?* | Fur) < 00, where Fop, = 0(Fe, T1,y oy Tny).-
Assumption 3.2*. Let p(z,6) be one of f, f; and fi;, 1 <i,j < m.

(i) p(z,0) is a bounded real function with f:o Ip(z,6p)|m(dx) < oo;
(il) Sx = [ f(5,00)f(s,00)m(ds) > 0 and [ (f(s,0) — f(s,00))*m(ds) > 0 for all
0 7 bo;
(iii) There exists a bounded function 7, : R — R with [*°_T,(z)r(dz) < oo such that
Ip(z,8) — p(x,00)] < hy(]|0 — 0o]|) Tp(z), for each 0,6, € ©, where h,(z) is a bounded
real function such that h,(z) | h,(0) =0, as z | 0.

11



Theorem 3.3. Under Assumptions 3.1* and 3.2%, we have

Van) (b, — 0p) —p £V NH;/Q, (18)

where N is a standard normal random vector, which is independent of Ilg, and for f =1,

IIg =1, and for 0 < § < 1, Hgﬁ s a stable random variable with Laplace transform

B
Eexp{—tﬂgﬁ} = exp{ - m}, t > 0. (19)

Remark 3.2. Theorem 3.3 is new, even for the stationary case (8 = 1) in which a(n) =n
and the NLS estimator 6, converges to a normal variate. The random variable IIg in
the limit distribution, after scaled by a factor of I'(8 + 1)7!, is a Mittag-Leffler random
variable with parameter 3, which is closely related to a stable random variable. For details
regarding the properties of this distribution, see page 453 of Feller (1971) or Theorem 3.2
of Karlsen and Tjgstheim (2001).

Remark 3.3. Assumption 3.1* (ii) imposes a strong orthogonal property between the
regressor x; and the error sequence u;. It is not clear at the moment whether such
condition can be relaxed to a less restrictive one where z; is adapted to F,; and x4 is

independent of F,,; for all 1 <t <n. We leave this for future research.

Remark 3.4. Unlike linear cointegration, integrable regression functions do not propor-
tionately transfer the effect of outliers of the nonstationary regressor to the response.
This is useful when practitioners want to lessen the impact of extreme values of z; on the
response. In addition, such functions arise in macro-economics when the dependent vari-
able has an uneven response to the regressor. Empirical examples include central banks’

market intervention and the currency exchange target zones, described in Phillips (2001).

Remark 3.5. The convergence rates in (16) and (18) are reduced by the nonstationarity
property of the regressor x; when f is an integrable function. For the partial sums of linear
processes in Theorem 3.2, comparing to the stationary situation where the convergence
rate is n'/2, the rate is reduced to n3/4=#/2p1/2(n) for the long memory case, and is further
reduced to n'/* for the short memory case. For the S-regular Harris recurrent Markov
chain, note that by (9), the asymptotic order a(n) is regularly varying at infinity, i.e., there
exists a slowly varying function p(n) such that a(n) ~ n®p(n). Therefore, the convergence
rate of the NLS estimator decreases as the regularity index § of the chain decreases from

one (stationary situation) to zero.
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3.2 Limit distribution: beyond integrable functions

We next consider the limit distribution of 6, when the regression function f is non-
integrable. Unlike PP and Chang et al. (2001), we use a more general regressor x; in the

development of our asymptotic distribution.

Assumption 3.3. (i) {us, Fi,1 <t < n} is a martingale difference sequence satisfying
E(|u*|Fi-1) = 0% and sup, <<, E(|w,[*|Fi—1) < 00 a.s., where ¢ > 1;

(i) z; is adapted to F;_1, t = 1,...,n, maxj<;<, |2¢|/d, = Op(1), where d2 = var(z,) —
oo; and

(iii) There exists a vector of continuous Gaussian processes (G, U) such that

(@patyns 1 Zu) —p (G(),U(1)), (20)

on Dg2|0, 1], where z;,, = x;/d,.

Assumption 3.4. Let p(z, ) be one of f, f; and ﬁ-j, 1 <1,7 < m. There exists a real
function 7}, : R — R such that

(1) [p(x,0) —p(x,00)] < A,(||0 —6o]|) Tp(x), for each 0,6, € ©, where A,(x) is a bounded
real function satisfying A,(z) | 4,(0) =0, as x | 0;

(ii) For any bounded z, supyeg [p(Az,0) — v,(X) hy(z,0)|/T,(Ax) = o(l), as A — oo,
where hy(z,0) on © is a regular function and v,()) is a positive real function which
is bounded away from zero as A — oo; and

(iii) T,(Az) < v,(X) Tip(x) as [Ax| — oo, where 11, : R — R is a real function such that

Ty, + Tfp is locally integrable (i.e. integrable on any compact set).

For notation convenience, let v(t) = vs(t), h(z,0) = hy(x,0), 0;(t) = v;(t) and
o(t) = (01(t), ..., 0m(t)). Similarly, we define #(t), h(x,0) and h(z,0). We have the

following main result.

Theorem 3.4. Suppose Assumptions 3.3 and 3.4 hold. Further assume that

%| < oo and f sl<s P (s,00)h(s,00) ds > 0 for all § > 0. Then we have

SUP1<i j<m

D, (0, —00) =p ( / 1\1/(t)\1!(t)’dt>_1 / "By du ), (21)

on D[0,1], as n — oo, where U(t) = h(G(t),00) and D,, = diag(x/niy(dy,), ..., /Mim(dy)).
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Remark 3.6. Except the joint convergence, other conditions in establishing Theorem
3.4 are similar to Theorem 5.2 of PP. PP made use of the concept of Hy-regular. Our
conditions on f, f; and ﬁj, 1 <1,5 < m are more straightforward and easy to identify.
Furthermore, the joint convergence assumption under present paper is quite natural when
f,f and f all satisfy Assumption 3.4 (ii). Indeed, under f;(Az, ) ~ 0;(\)h;(z, ), one can

easily obtain the following asymptotics under our joint convergence.
n . 1 .
Dt S fantou = [ (G, 0dU(0), (22)
t=1 0

on DI0, 1], which is required in the proof of (21). See, e.g., Kurtz and Protter (1991) and
Hansen (1992).

Remark 3.7. If we further assume that U(t) and G(t) are asymptotic independent, that
is, the long run relationship between the regressor sequence x; and the innovative sequence
u; vanishes asymptotically, the limiting distribution in (21) will become mixed normal.

In particular, when U(t) is a standard Wiener process, we have

R 1 —-1/2
D (6, — 00) —p ( / \If(t)\IJ(t)’dt) N, (23)
0
where N is a standard normal random vector.

Remark 3.8. Nonlinear cointegrating regressions with structure described in Theorem
3.4 are useful to modelling money demand functions. In such cases, y; is the logarithm of
the real money balance, x; is the nominal interest rate, and f can either be f(z,a, ) =
a+ plog|z| or f(z,a,B) = a + ﬁlog(lﬂf‘). See Bae and de Jong (2007) and Bae et

al. (2006) for empirical studies investigating the estimation of money demand functions

in USA and Japan respectively. Also, see Bae et al. (2004) for the derivation of these

functional forms from the underlying money demand theories studied in macro-economics.

Remark 3.9. Another example is the Michaelis-Menton model, which was considered
by Lai (1994). In such case, the regression function is f(z,6q,02) = 6, /(02 + x)I{x > 0}.
Bates and Watts (1988) employs such model to investigate the dependence of rate of

enzymatic reactions on the concentration of substrate.

Remark 3.10. Unlike in the situation where f is integrable, there is super convergence
when f has the structure given in Assumption 3.4 and x; is nonstationary. The conver-
gence rate is given by D,,, whose elements /nv;(d,,) are all faster than the standard rate

\/n in the stationary situation.
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We finally remark that, if f is an asymptotically homogeneous function having the
structure (11), it is also possible to extend PP’s result from a short memory linear process
to general nonstationary time series as described in Assumption 3.3. The idea of proof
for such result can be easily generalized from Theorem 5.3 of PP. Also see Chang et al.

(2001). As it only involves slight modification of notation, we omit the details.

4 Extension to endogeneity

Assumption 2.2 ensures the model (1) having a martingale structure. The result in this
regard is now well known. However, there is little work on allowing for contemporaneous
correlation between the regressors and regression errors. Using a nonparametric approach,
Wang and Phillips (2009b) considered kernel estimate of f and allowed the equation error
u; to be serially dependent and cross correlated with z for |t — s| < mg, thereby inducing
endogeneity in the regressor, i.e., cov(u, z;) # 0. In relation to present paper de Jong
(2002) considered model (1) without exogeneity, and assuming certain mixing conditions.
Chang and Park (2011) considered a simple prototypical model, where the regressor and
regression error are driven by i.i.d. innovations. This section provides some extensions
to these works. Our main results show that there is an essential effect of endogeneity on
the asymptotics, introducing the bias in the related limit distribution. Full investigation

in this regard requires new asymptotic results, which will be left for future work.

4.1 Asymptotics: integrable functions

We first consider the situation that f satisfies Assumption 2.1 with 7" being integrable. Let
n;i = (€&,v;), 1 € Z be asequence of i.i.d. random vectors satisfying Eny = 0 and E||n,]|*? <
oo, where ¢ > 1. Let the characteristic function ¢(t) of € satisfy [~ |¢(¢)[*dt < 0o and
I [tBle(t)™dt < oo for some m > 0. As noticed in Remark 4 of Jeganathan (2008),

the conditions on the characteristics function ¢(t) are not very restrictive.

Assumption 4.1. (i) z; = Z;Zl &, where & = > 12 odrejr and the coefficients ¢y
satisfies (1) > o k|ox| < oo and D77, ¢k # 0 or (ii) ¢y ~ k #p(k), where 1/2 < pp < 1
and p(k) is a function slowly varying at oo.

(i) ue = Y o ¥k Vi—k, where the coefficients ¢, satisfies that > -  k*|¢x|* < oo, ¥ =
Sorso ok 7 0 and Y37 [tk max{1, [gx]} < oo where ¢y = 7 ¢

As we do not impose the independence between €, and v, Assumption 4.1 provides

15



the endogeneity in the model (1), and it is much general than the conditions set given in

Chang and Park (2011). We have the following result.
Theorem 4.1. Suppose Assumptions 2.1 and 4.1 hold. Further assume:

(1) T is bounded and integrable, and
(it) [Z°(f(s,0) — f(s,00))%ds > 0 for all § # 6.

Then the NLS estimator 0, defined by (2) is a consistent estimator of 6y, i.e. 6, —p 0.

If in addition Assumption 3.2, then, as n — oo,
Vnjdu (0, — 6)) —p STV AYV2 NLZV?(1,0), (24)
where (1) = [ ¢4 f(x,00)dz,
A= @m) [ FF () (B + 2557, Bluoure )] dp (25)

and other notations are given as in Theorem 3.1.

4.2 Asymptotics: beyond integrable functions

This section considers the situation that f satisfies Assumption 2.1 with 7" being non-
integrable. Let again n; = (¢;,1;),1 € Z be a sequence of i.i.d. random vectors with
Eng = 0 and E||no]|*? < oo, where ¢ > 2. We make use of the following assumption in
related to the model (1).

Assumption 4.2. (i) z; = 23:1 &, where § = > 77 ey with ¢ = > 77 ér # 0 and
ZZO:O |¢k| < O0;
(ii) w = Y peo ¥k Vi—k, where the coefficients ¢y, are assumed to satisfy > -, k|¢x] < oo,

@U = Z;OZO wk 7é 0 and Ziozo k|¢k||¢k| < 0.

Theorem 4.2. Suppose that Assumption 4.2 holds and in addition to Assumption 2.4, for
any 0 # 0y, g(x,0,00) is twice differentiable with that ¢'(x,0,60y) is locally bounded (i.e.,
bounded on any compact set). Then the NLS estimator 0, defined by (2) is a consistent

estimator of 0, i.e. én —p 0.

Define h*(x,6) = 8héi’9).

Theorem 4.3. In addition to the conditions of Theorem 4.2, Assumptions 3.4 holds.

Further assume that:
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(i) SUP1<; j<m %| < o0 and f|s h(s,00)h(s,0)ds >0 for all § > 0, and

(ii) h*(x,0) is locally bounded (i.e., bounded on any compact set).

<6

Then the limit distribution of 0, is given by
X 1 1 1 1
Dafa = 00) = ( / WOW()dt)  [oe / W(t) dt + / W(t) dU(t)], (26)
0 0 0

as n — oo, where W(t) = h(W(t),6), W(t) = h*(W(t),0), 0cu = > im0 E(6ouy), Dp =
diag(v/no1(v/n), ..., /Nom(v/n)) and (W (t),U(t)) is a bivariate Brownian motion with
covariance matrix

A:( ¢2E€g ¢¢E€0V0>
¢Eeovy  Y*Evg )

5 Simulation

In this section, we investigate the finite sample performance of the NLS estimator 6,, of
nonlinear regressions with endogeneity. Chang and Park (2011) performed simulation of
similar model, but only considered the error structure u; to be i.i.d. innovation. We intend
to investigate the sampling behavior of 6,, under different degree of serially dependence

of u; on itself. To this end, we generate our data in the following way:

Ty = Ty_1 + €,

v = /1= p*w + pey,

fi(z,0) = exp{—0lz|} and fo(z,, b1, B2) = a+ Bz + 52902, (27)

where {w;} and {¢;} are i.i.d. N(0,3?) variables, and p is the correlation coefficient that
controls the degree of endogeneity. The true value of 6 is set as 0.1 and that of («, f1, 82)
is set as (—20,10,0.1). The error structure is generated according to the following three
scenarios:

S1: uy = vy,

S2: u, = Z?’;lj_lo Vg—jt1, and

S3: u, = Z;’ilj*‘* Vg jr1-
Scenario S1 is considered by Chang and Park (2011), which eliminates the case that
uy is serially correlated. Scenarios S2 and S3 introduce self-dependence to the error
sequence. The decay rate of S2 is faster than that of S3, which implies that the level of

self dependence of u; increases from S1 to S3.
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It is obvious that f; is an integrable function and f, satisfies the conditions in Theorem

4.3, with
v\, B, B2) = A and  h(x,a, B, B) = o’
In addition, we have
W, o, By, Ba) = (1,2, 2%) and  A%(z, o, By, B2) = (0,1, 2z)".

It would be convenient for later discussion to write out the limit distributions of the

estimators for the f; case. By Theorem 4.3, we have

n'/2(é, — ao) U(l)
n(ﬁlp — b)) | =p 27! Teu + fo (t)dU(t) : (28)
132 (Ban — Pao) 20, [1 W (1)dt + [LW2(1)dU (1)

where ¢, = > E(eou;) and

1 fg (t)dt fo W2(t)dt

Y= f? dt 2(t)dt f0W3td

t)dt f0W3tdt Jy WAt)dt
In our simulations, we draw samples of sizes n = 200,500 to estimate the NLS es-
timators and their ¢-ratios. Each simulation is run for 10,000 times, and their densities
are estimated using kernel method with normal kernel function. It is expected that as p
increases, the degree of endogeneity increases, and hence the variance of the distribution
will increase due to (24) and (26). It is also expected that the more serial correlation of
ug, the higher the variance of the limit distribution due to the cross terms appeared in
(25) and (26). Our simulation results largely corroborate with our theoretical results in

Section 4.

Firstly, the means of the estimators are close to the true values, and the deviations
from true values decrease as the sample sizes increase. The reductions of standard errors
from n = 200 to 500 are close to the theoretical values. For example, the ratio of standard

errors for &, between the sample size 200 and 500 is 1.564 in scenario S1, which is close

500

500 = = 1.581. This confirms that our estimators are accurate in all

to theoretical value
scenarios. We present all these numerical values in Tables 2 and 3, which are given in the
Supplemental Materials of this paper (Section 12).

Secondly, comparing the S1-S3 curves in each plot, we can see that the S3 curves

have fat tails and lower peak than those of S1-S2. This verifies that high dependence
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of u; on its own past will increase the variance of limit distribution. On the other hand,
comparing the shapes of the curves for different values of p, the curves with p = 0
have highest peaks, and the peakedness decrease as p increases. This matches with our
expectation that, if the cross dependence between u; and z; increases, the variance of
limit distribution will increase. The following Figure 1 provides the density estimates of
0,, with n = 500. Additional figures for density estimates of 0, and (G, Bln, Bgn) are given
in the Supplemental Materials of this paper (Figures 6-9).

p= 0,1 =500 . p = 0.5, n = 500 p=1.n =500

e . . . .
S1 81 S1
82 82 82
53 |{5m B . Y EL B 53

- [
D08 (T ) Tz [ W -2 om0 aoe  oom o —hbod

Figure 1: Density estimates of O,

Finally, the sampling results for t-ratios are also much expected from our limit theories.

In particular, we have interesting results for the ¢t-ratios of Bln in Figure 2. In scenario S1,

p=0n=>500 p=05n=>500 p=1,n=>500
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Figure 2: Density of Bm t-ratios.

there is no endogeneity and the limiting ¢-ratios overlap with the normal curve. However,
as we introduce endogeneity to the model in scenarios S2 and S3, the t-ratios is shifted
away from the standard normal. Such behavior can be explained by looking at the limit
distribution of Bln in (28). When p # 0, there exists an extra term of X~ 'og,, and such
term will introduce bias to the limit distribution. More figures for ¢-ratios are given in

the Supplemental Materials of this paper (Figures 10-13).
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6 An empirical example: Carbon Kuznets Curve

In this section, we consider a simple example of the model with endogeneity. The equation
of interest is the Carbon Kuznets Curve (CKC) relating the per capita CO5 emission of
a country to its per capita GDP. Basically, the CKC hypothesis states that there is an
inverted-U shaped relationship between economic activities and per capita COy emissions.
As it is well accepted that the GDP variable displays some wandering nonstationary be-
haviors over time, such problem is relevant to nonlinear transformations of nonstationary
regressors. Refer to Wagner (2008) and Miiller-Fiirstenberger and Wagner (2007) for
detailed expositions of how such problem relates to the works of PP and Chang et al.
(2001).

The formula that we currently consider has a quadratic formulation and is given by
In(e;) = a+ BiIn(zy) + Bo(In(zy))* +uy, 1<t < m, (29)

where ¢; and x; denote the per capital emissions of CO5 and GDP in period ¢, and u; is a
stochastic error term. Figure 3 presents the plots of logarithm of CO, versus logarithm of
GDP for Belgium, Denmark and France. The quadratic polynomial specification of CO,
in GDP has been extensively analysed in the literature. See the introduction of Piaggio
and Padilla (2012) for an overiew. Roughly speaking, the upward slope of the curve can
be explained by the increase in natural resources depletion as the economic activities of
grow. As the country continues to develop, technological advance and stricter regulatory
policies will start contributing to a reduction in the emission of air pollutants, hence,
result in an inverted-U shape.

In the usual CKC formulation, the logarithm of per capita CO, emissions and GDP
are assumed to be integrated processes, see Miiller-Fiirstenberger and Wagner (2007).
Also, it is clear that the nonlinear link function f(z, , 1, 32) = a + 1o + Box? satisfies
the conditions in Theorem 4.3, and is considered in our simulations. There are studies
which employ more complicated models, by including time trend, stochastic terms and
additional explanatory variables such as the energy structure. To avoid complicating our

discussion, we only consider GDP as the only explanatory variable.

In the literature most studies assumed that the parameters (f;, 52) are homogeneous
across different countries. Several works investigated the appropriateness of restricting all
countries adhering to the same values of (31, 83). For example, List and Gallet (1999), Di-
jkgraaf et al. (2005), Piaggio and Padilla (2012). Particularly, Piaggio and Padilla (2012)
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tested this assumption by checking whether the confidence intervals of (31, f2) across dif-
ferent countries overlap. They rejected the homogeneity assumption of parameters across
different countries, based on the result that they could not find any possible group with
more than 4 countries whose confidence intervals overlap with each other.

As an example of employing our NLS estimators 0, = (G, Bln, BQn) and calculating
their confidence intervals, we carry out a similar study and examine whether the 95% con-
fidence intervals of the parameters (Bln, BQn) across different countries overlap with each
other. We extend previous studies by incorporating the endogeneity in the model. The
assumption that z; is an exogenous variable does not usually hold in practise as there are
many potential sources of endogeneity. Firstly, endogeneity occurs due to measurement
error of the explanatory variables x;, including the misreporting of GDP of each country.
Secondly, there might be omitted variable bias, which arises if there exists a relevant
explanatory variable that is correlated with the regressor z; (per capita GDP), but is
excluded from the model. Finally, potential reverse causality will give rise to endogeneity.
That is, the CO4 emi ssions y; might at the same time has a feedback effect on the GDP
x; (e.g., due to stricter government regulation).

We consider 14 countries, which are shown in Piaggio and Padilla (2012) that their
response variables have a quadratic relationship described in (29) with the regressors. We
use annual data in this example and for each country, there are 58 observations of the
COs emission data from 1951-2008 published by the Carbon Dioxide Information Analysis
Center (Boden et al. (2009)). For per capita GDP, we adopt the GDP data from Maddison
(2003), which is transformed to 1990 Geary-Khamis dollars. We performed a unit root
test to ensure the data are nonstationary, and we observed that all Dickey-Fuller test
statistics were greater than the critical value. Therefore, we do not reject the hypothesis

that there is a unit root. The results are presented in the Supplementary Materials of
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Figure 3: Plots of log(CO,) against log(GDP) for Belgium, Denmark and France.
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this paper (Section 11).

We estimate the parameters by minimizing the error function given in (2) using the
nls() function in the statistical software R. Next, we calculate the confidence interval
by finding the critical values of the limit distribution of (d,,, Bln, Bgn) given in (29). Note
that most of the quantities in (29) involve only the standard Brownian motion or integral
of Brownian motions, which can be easily obtained by direct simulations. However, there
exist two nuisance parameters, including the covariance matrix A of Brownian motions
(W,U) and the autocovariances og, of linear processes {&, u,; }. Thus we have to replace
the unknown parameters with their consistent estimates and adopt the empirical critical
values instead of the real ones. Using the linear process estimation procedures described
in Chang et al. (2001), we have QAﬁ, 1@ as the estimators of ¢, v, and ¢ and 7y as the

artificial error sequences. The parameters A and o, can then be estimated by
A (L E T by S

A= ( o o ) coand Gg =) 0ty &,
j=1

NGO b RS i 2

for any [ = o(n'/*). See Ibragimov and Phillips (2008), Phillips and Solo (1992) and
Phillips and Perron (1988).
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Figure 4: Estimates and 95% Confidence Intervals of Bln.

Tables 5 and 6 in the Supplementary Materials of this paper report the estimates
and 95% confidence intervals of parameters 5, and (3, and Figures 4 and 5 here present
the plots of the results. For the parameter i, we can not find any group with more
than four groups of countries whose confidence intervals overlap. Such result is consistent

with that of Piaggio and Padilla (2012). However, for the parameter Bon, among the 13
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countries, we can find group of 11 countries whose confidence intervals overlap. Hence,
the homogeneity of parameters can not be rejected as in Piaggio and Padilla (2012).
There are two main reasons for the differences between our results and theirs. Firstly,
they assume the innovation is i.i.d. normally distributed while we allow the error to be
serially correlated with itself. Secondly, we incorporate the effect of endogeneity in our
limit distribution of the estimators. Based on (29), both reasons will make the critical
values and confidence intervals significantly larger than that of Piaggio and Padilla (2012).
Similarly, we may construct the estimate and confidence interval for a. See Table 4 and

Figure 14 in Supplementary Materials of this paper for this kind of result.

7 Conclusion and discussion

In this paper, we establish an asymptotic theory for a nonlinear parametric cointegrating
regression model. A general framework is developed for establishing the weak consis-
tency of the NLS estimator 0,. The framework can easily be applied to a wide class of
nonstationary regressors, including partial sums of linear processes and Harris recurrent
Markov chains. Limit distribution of 6,, is also established, which extends previous works.
Furthermore, we introduce endogeneity to our model by allowing the error term to be
serially dependent on itself, and cross-dependent on the regressor. We show that the limit
distribution of 6, under the endogeneity situation is different from that with martingale
error structure. This result is of interest in the applied econometric research area.
Asymptotics in this paper are limited to univariate regressors and nonlinear para-
metric cointegrating regression models. Specification of the nonlinear regression function
f depends usually on the underlying theories of the subject. Illustration can be found
in Bae et al. (2004), where the concept of the money in the utility function with the
constant elasticity of substitution (MUFCES) is used to relate the money balance with
nominal interest rate by the link function f(z,a,8) = a + Blog(7i;). More currently,
nonparametric method has been developed to test the specification of f. See, e.g., Wang
and Phillips (2012), for instance. Extension to multivariate regressors require substantial
different techniques. This is because local time theory can not in general be extended to
multivariate data, in which the techniques play a key rule in the asymptotics of the NLS
estimator with nonstationary regressor when f is an integrable function. Possible exten-
sion to multivariate regressors is the index model discussed in Chang and Park (2003).

This again requires some new techniques, and hence we leave it for future work.
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8 Proofs of main results

This section provides proofs of the main results. We start with some preliminaries, which

list the limit theorems that are commonly used in the proofs of the main results.

8.1 Preliminaries

Denote Ns(6y) = {0 : 1|0 — 0o|| < 9}, where 6, € O is fixed.

Lemma 8.1. Let Assumption 2.1 hold. Then, for any x; satisfying (4) with T being given
as in Assumption 2.1,
sup K QZ | f(4,0) — f(24,00)| + | f(20,0) — f(24,60)]*) —p O, (30)
96/\/(5 90

as n — oo first and then 6 — 0. If in addition Assumption 2.2, then

n

kn2 Y [f (@, 00) — f(xe,m0) ue —p 0, (31)

t=1

for any 0y, o € O, and

sup K, Z |f(z¢,0) — f(x4,60)| |ue] —p O, (32)
0eN5(60)

as n — oo first and then 6 — 0.
Proof. (30) is simple. As r,2 >0 | [f(x,00) — f(@s, m0)]* < Cryp 2> 1 T?(x) = Op(1),
(31) follows from Lemma 2 of Lai and Wei (1982). As for (32), the result follows from

n

Z|f (w1, 0) — f (e, 00)| [ue| < A([|0 — bo|) ZT (1) [

and 370 T(x) Jua| < C 3, Tan) + 3005 Tan) [lwe] = Elw| | Fioy)] = Op(7). O
Lemma 8.2. Let Assumption 3.1 (i) hold. For any bounded g(x) satisfying [~ _|g(z)|dz <

o0, we have

> glz) = Op(n/dy). (33)
t=1
If in addition Assumption 3.1 (ii)—(iii), then, for any bounded g;(x),i = 1,2, satisfying
I Ngi(@)|de < 0o and [ gi(x)dx # 0,
{ 1/2291 (@) u, nZgQ(a:t)} —D {TlNL1G/2(1,O),7'2LG(1,O)}, (34)
— t=1

where T8 = foo gi(s)ds, T = ffooo g2(s)ds and N is a standard normal variate indepen-

dent of G(t).
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Proof. The result (33) sees Lemma 3.2 of Wang and Phillips (2009b). Theorem 2.2 of
Wang (2013) provides (34) with go(x) = gi(z). Tt is not difficult to see that (34) still

holds for general go(x). We omit the details. O
Lemma 8.3. Let x; be defined as in Example 2. For any g such that f (x)|7(dx) < 00
and [7_g(x)m(dx) # 0, we have

Y glz) = Opla(n)], (35)

(> g(@)] ™ = Oplan)™). (36)

t=1
If Assumption 3.1* holds, then, for any bounded g;(x),i1 = 1,2, satisfying f |gi(z)|m(dx) <
o and [ gi(x)m(dz) 0,

{a(n)_1/2 Zn:gl(wt)ut, a(n)™! z”: gg(xt)} —D {75 NH;/Q, Te Hg}, (37)

where 2 = [7_gi(s)m(ds), 76 = [*-_ ga(s ), I is defined as in Theorem 3.3 and N

1s a standard normal variate mdependent of Hg.
Proof. See the Supplemental Material of this paper. m

Lemma 8.4. Under Assumption 4.1, for any bounded g;(x),i = 1,2, satisfying [~ |gi(z)|dz <
0o and [ gi(x)dx # 0, we have

> gi(@)|u] = Op(n/dy), (38)

t=1

and
{n/d) 2 S (s (/) Sy gol) |

S0 {TgNLgQ(l,O),uLG(l,O)}, (39)

where 73 = (2m)~" [70 g1(w)?[Bud + 2377 E(ugure™ )] dp, G1(p) = [ e gy (x)dx
and 74 = [ ga(s)ds.

Proof. See Theorem 3 and 5 of Jeganathan (2008). O
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Lemma 8.5. Under Assumption 4.2, for any twice continuous differentiable function
gi(z), 1 =1,2, with that |g;(x)| is locally bounded (i.e., bounded on any compact set), we

have
(Fla(FR)wn ()
o o [ vy s [ oo, [amoal, @

as n — 00, where og, = Y~ E(§ouy), and (W (t),U(t)) is a bivariate Brownian motion

with covariance matrix

A:< ¢*Eej ¢¢E€0V0)
dvEevy W ER )

Consequently, under the conditions of Theorem 4.2, we have

n

Z(f(xta o) — f (4, 00))us = op [nv(v/n)]. (41)

t=1
Proof. The result (40) sees Theorem 4.3 of Ibragimov and Phillips (2008) with minor
improvements. To see (41), recall max;<i<, |2¢|/v/n = Op(1). Without loss of generality,

we assume maxj<i<y, |2¢|/v/n < Ko for some Ky > 0. It follows from Assumption 2.4 that

> (@i mo) = flr, 0)ue

= u(v/n) Zg(&:t/\/ﬁ, o, Oo)ur + op(v(+v/n)) ZT1<$t/\/ﬁ)’Ut|
= op[mv(Vn)],
as required. N

Lemma 8.6. Under Assumptions 3.1 (i) and 3.2, we have

% sup Z‘fi<xt70>fj<xt70>_f'i(xtaeo)f.j(xt?e())} —P 07 (42>
T 0eNs(00) =1
S qup S| 0) [ 0) — Fnb0)]| —e O, (43)

T 9eNs(00) 3
as n — oo first and then 6 — 0, for any 1 < i,5 < m. If in addition Assumption 3.1

(i1)—(iii), then

d, no
— sup fii(xy, @) uyg| —p 0, (44)
n 0eNs(00) | tzl 7 t‘
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as n — oo first and then 6 — 0, for any 1 <i,5 < m.

Similarly, under Assumptions 3.1* (i) and 3.2%, (42) and (43) are true if we replace
d,/n by a(n)~t. If in addition Assumption 3.1* (ii), then (44) holds if we replace d,/n
by a(n)~t.

Proof. See the Supplemental Material of this paper. O

Lemma 8.7. Under Assumptions 3.8 and 3./, we have

! sup Z‘fi(l“t,e)fj(l“t,e)—fi(flfu@o)fj(wt,@o)‘ —p 0, (45)

n0;(dn)0;(dn) oens00) “=

! sup 3 [Foan,0) [F (@0 6) — Fen60)]] = 0. (46)

m 0eNs(60) =1

1 L
- sup fz (ZB ) 9) U — 07 (47)
niij(dn) 9en;(60) | ; 7 ! "

as n — oo first and then 6 — 0, for any 1 <i,5 < m.
Proof. See the Supplemental Material of this paper. ]

Lemma 8.8. Let Assumption 3.3 hold. Then, for any regular functions g(z,0) and
g1(x,0) on O, we have

(S o) 150 (20)

b { /0 1 g(G(1),0)dU ), /0 1 gl(G(t),Q)dt}. (48)

Proof. If g(z,0) and g, (z, 6) are continuous functions, the result follows from (20) and the
continuous mapping theorem. See, Kurtz and Protter (1991) for instance. The extension
from continuous function to regular function is standard in literature. The details can be

found in PP or Park and Phillips (1999). O
Lemma 8.9. Let D, (0,00) = Q.(0) — Q.(6p). Suppose that, for any § > 0,

liminf inf D,(0,600) >0 in probability, (49)

n—oo  |0—60p|>6
then 6,, —p 0,.

Proof. See Lemma 1 of Wu (1981). O
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8.2 Proofs of theorems

Proof of Theorem 2.1. Let A/ be any open subset of © containing 6,. Since 6, is
the minimizer of @, () over § € ©, by Lemma 8.9, proving consistency is equivalent to
showing that, for any 0 < n < 1/3 and 6 # 6y, where 6,60, € ©, there exist ny > 0 and
M > 0 such that

i > K2 >1-—
Pl Do(6,80) 2 #/02) > 1 =31 0

for all n > ny.
Denote Ns(mp) = {6 : |6 — mo|| < §}. Since © N N€ is compact, by the finite covering
property of compact set, (50) will follow if we prove that, for any fixed 7 € © NN,

I,(6,m) := sup fif n(0,60) — Dn(ﬂo,ﬁo)’ —p 0, (51)

0eNs(mo)
as n — oo first and then 9 — 0, and for Vn > 0, there exist My > 0 and ny > 0 such that
for all n > ng and M > M,

P(Damo, 60) > 12/M) > 1 - 29, (52)

Indeed, due to (51), for any 0 < n < 1/3 and M; > 0, there exist ng > 0 and §p > 0 such
that

P( max 1,(09,m;) > 1/2M;) <,

1<5<myo
where mg and m;, 1 < j < my, are chosen so that © N N* C J72; N5, (7;). Consequently,
by taking M; > My/(2my), it follows from (52) that

. . )
P(égg%fm Dn(0,600) = r, /M

> P<1<1]nmeD (m;,00) > K /(2M1)> -0
> inf P(D (mj,60) > K /(2m0M1)> —n>1-—3n,
1<j<mo

which yields (50).
We next prove (51) and (52). The result (51) is simple, which follows immediately
from Lemma 8.1 and the fact that, for each fixed m, € © NN,

n

L(8,m0) < sup Y (f(x0,0) = flas,m0))?

0N (o) =1

+ sup ~ 2Z\f 2, 0) — f (e, m0)|[ue-

6€Ns(mo)
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To prove (52), we recall

n n

D, (70, 00) = Z(f(xt, m0) — f(x1,60))* — Z(f(xbﬂ—O) — f(@t,60))us.

t=1 t=1
This, together with (5) and (31), implies that, for any n > 0, there exists no > 0 and

My > 0 such that for all n > ng and M > M,

P(Dn(ﬂo,Qo) > /ﬁfbMﬂ) > P(i(f(xt,ﬂo) — f(x0,00)? > K2 M*1/2> .

21_2777

as required.
Finally, by noting Q,(6) = n™* Y7 u? —p ¢* due to Assumption 2.2 and strong

law of large number, it follows from the consistency of 6,, and (51) that
67 = 0%| < Cr,2|Qn(0n) — Qu(00)] + 0p(1) = 0p(1).
O

Proof of Theorem 2.2. (4) follows from (33) of Lemma 8.2. (5) follows from (34) of
Lemma 8.2 with go(z) = (f(z,0) — f(x,0y))? and the facts that P(Lg(1,0) > 0) =1 and
S22 (f(s,0) = f(s,600))%ds > 0, for any 6 # 6. O

Proof of Theorem 2.3. (4) follows from (35) of Lemma 8.3 with g(z) = T'(x) + T?(z).
(5) follows from (36) of Lemma 8.3 with g(z) = (f(z,0) — f(x,6p))? and the facts that

ffjo(f(s,e) — f(s,00))*n(ds) > 0, for any 0 # 6. 0
Proof of Theorem 2.4. Recalling T'(A\zx) < v(A) Ti(x), we have
St < A mE) )
—D /0 [Ty (G(t)) + TE(G(t))]dt, (53)

where the convergence in distribution comes from Berkes and Horvath (2006). This proves
(4) with k,, = /nv(d,) due to the local integrability of Ty + T%. To prove (5), by letting
G()Vx) = f()\x7 9) - f<)\$7 60) - U(A)g(xv 97 00)7 we have

1 O )
w2 () > (f(x0,0) = f (w1, 60))

t=1
n

o S o ) e (Go)]

Z %292 (%,9,90) - |An’7 (54>

29



where A,, = ﬁ S G(dn, g—;) g(ﬁ—b 0, 90>. The similar arguments as in the proof of
(53) yield that

—Z ( 990) —p Z:= /Ong(G(s),G,Go)ds, (55)

where P(0 < Z < o0) = 1 due to Assumption 2.4. On the other hand, it follows from
(10) that

2 Ty o(l) <& T o(1)
) < B S D e

Now (5) follows from (54), (55) and the fact that

n 1/2 x 1/2
M <2y 2 (i ) S (o) o0
Z G ) n Z g dn ) 0, 6)0 —p 0
t=1 t=1
m
Proof of Theorem 2.5. See the Supplemental Material of this paper. O]

Proof of Theorem 3.1. It is readily seen that

n

QTL(eO) = - Zf(xt; 90)(% - f(xh 80)) == Z f(xh 80>ut7

t=1

Qn(e) = _Zf wta xta Zf "L‘ta (xtvg))7
for any 0 € ©. It follows from the conditions (i)—(iii) that

sup (D) [@n(8) = Qu(80)] D" [|= 0p(1).

6:||Dn (0—60) (| <kn
By using (iii) and (iv), we have (D) Qn(60) = Op(1) and (D;') Q. (60) D;* —p M.
As M >0, a.5., Apin| (DY) Qn(60) D; '] > 1, with probability that goes to one for some
N, > 0, where \,;n(A) denotes the smallest eigenvalue of A and 1, — 0 can be chosen
as slowly as required. Due to these facts, a modification of Lemma 1 in Andrews and
Sun (2004) implies (13). Note that (iv)” implies (iv). The result D, (6, — 6) —p M~Z

follows from (13) and the continuing mapping theorem. O

Proof of Theorem 3.2. It suffices to verify the conditions (i)—(iii) and (iv)’ of Theorem
3.1 with

D, =+/n/d,1, Z=3x"Y2NLY*(1,0), M =X Ls(1,0),

30



where I is an identity matrix, under Assumptions 3.1 and 3.2. In fact, as n/d,, — oo, we
may take k, — oo such that 6 : ||D, (0 — 0y)|| < k, falls in Ns(6y) = {6 : ||0 — 6o]| < ¢}
This, together with Lemma 8.6, yields (i)—(iii).

On the other hand, it follows from Lemma 8.2 with gi(z) = a4f(z,68) and gy(z) =
o/lf(a:,Go) f(x,@o)’ag that, for any o; = (41, ..., ) € R™, i =1,2,3,

{ag Zn, 1Yy, 052}

1/2
B {( ) Z% (2, 0o)ur, — Zalf 2, 00) f (x4, 00) a2}
—D {TNLé/Q(LO)aOél MOZQ} =p {043 Z, oleozg}, (56)

where 72 = [*°_[a4f(s,0)]?ds, N is a standard normal random variable independent of

G(t) and we have used the fact that

TN = </Oo[o/3f(s,90)]2ds)l/2N

poo , 1/2
- ag(/ f(s,eo)f(s,eo)’ds) N = o}, /2N,
This proves (iv)’. O

Proof of Theorem 3.3. As in the proof of Theorem 3.2, it suffices to verify the condi-
tions (i)-(iii) and (iv)’ of Theorem 3.1 with

D,=an)I, Z=XY’NIl; M = %,

under Assumptions 3.1% and 3.2*. The details are similar to that of Theorem 3.2, with

Lemma 8.2 replaced by Lemma 8.3, and hence are omitted. O

Proof of Theorem 3.4. It suffices to verify the conditions (i)—(iii) and (iv)’ of Theorem

3.1 with D,, = diag(y/niy(dy), ... \/iom (dy)),
Z:/lh(G() 00)dU (t), M = /

'U(dn) 'Uz] (dn)

under Assumptions 3.3 and 3.4. Recalling sup;<; j<,,

03 (dn) 0j(dn)
(46) that
1
) oy 25 O ) 15000
C ..
< sup Z|fij<a:t,e>[f<xt,9>—f(a:t,eom=0p<1>,

n;; (dn>v<dn) 0eNs(00) T
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for any 1 < 4,7 < m. On the other hand, as \/nv;(d,) — oo for all 1 < i < m, we may
take k, — oo such that 6 : || D, (0 — 6y)|| < ky, falls in Ns(6y) = {60 : ||0 —0|| < 0}. These
facts imply that

n

sup (DY Y fw,0) [f(w,0) = fl1,60)] D' ll= op(1),

0:(| D (0—00) || <kn t=1

This proves the required (ii). The proofs of (i) and (iii) are similar, we omit the details.

Finally (iv)’ follows from Lemma 8.8 with

g(x,00) = ash(x,0p) and gi(z,60) = ) h(z,00)h(x, ) as.

Proofs of Theorems 4.1-4.3. See the Supplemental Material of this paper. O
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Figure 5: Estimates and 95% Confidence Intervals of an.
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