MULTIDIMENSIONAL STOCHASTIC BURGERS EQUATION
ZDZISEAW BRZEZNIAK, BEN GOLDYS AND MISHA NEKLYUDOV

ABSTRACT. We consider multidimensional stochastic Burgers equation on the torus T¢ and the
whole space R? . In both cases we show that for positive viscosity » > 0 there exists a unique
strong global solution in L” for p > d. In the case of torus we also establish a uniform in v a priori
estimate and consider a limit v \, 0 for potential solutions. In the case of R uniform with respect
to v a priori estimate established if a Beale-Kato-Majda type condition is satisfied.
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1. INTRODUCTION

The aim of this paper is to study the existence and uniqueness of solutions to the multidimen-
sional stochastic Burgers equation of the following form:

N — yAu4u-Vu+ f+E t>0, z€0,
(1.1) ot
u(0,x) = ug(z), xz e O,

where O C R? with d > 2. In this paper we consider three examples of the domain O. Either
O is the whole space R? or the torus O = T¢ or a bounded domain with a smooth boundary in
which case we will supplement equation (1.1) with the zero Dirichlet boundary conditions. In the
equation above f is a deterministic force and ¢ is a multidimensional noise, white in time and
correlated in space. We do not assume that ug, f and ¢ are of gradient form. The parameter v > 0
is known as viscosity. In this paper we will also study the limit of solutions to (1.1) when v — 0.
Equation (1.1) has been proposed by Burgers [11] as a toy model for turbulence, see also E
[20]. Later, numerous applications were found in Astrophysics and Statistical Physics. For an
interesting review of applications and problems related to equation (1.1), see [4] and references
therein. The Burgers equation with data of non-potential type arises in many areas of Physics,
including gas dynamics and the theory of inelastic granular media, see for example [5]. The
theory of equation (1.1) in the non-potential case is largely a terra incognita, see the review [4],
where a variety of open problems can be found. This paper and the preceding work [25] by the
second and third named authors are the first steps towards answering some of these questions.
One dimensional stochastic Burgers equation has been fairly well studied. Da Prato, Debussche,
Temam [16], see also Bertini, Cancrini and Jona-Lasinio [6], showed the existence of a unique
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global solution for one dimensional Burgers equation with additive noise. The existence and
uniqueness results have been extended to the case of multiplicative noise by Da Prato, Gatarek
[17] and Gyongy, Nualart [27].

Multidimensional Burgers equation has been studied much less comprehensively. Kiselev, La-

dyzhenskaya [33] studied the deterministic Burgers equation with the Dirichlet boundary condi-
tions on a bounded domain O and for small initial conditions proved the existence and uniqueness
of a global solution in the class of functions L>(0,T; L>=(O)) N L?(0, T’; Hé’2((’))). The main
idea of their proof is to apply the maximum principle to deduce a priori estimates similar to the a
priori estimates for the Navier-Stokes equation. Ton [40] established convergence of solutions on
small time interval when we take the limit ¥ — 0 and when the initial condition is zero.
The assumption that the initial condition and force have gradient form considerably simplifies
analysis of the Burgers equation. It is well known that in this case one can apply the Hopf-Cole
transformation (([29], [13])) to reduce the multidimensional Burgers equation either to the heat
equation or to the Hamilton-Jacobi equation, see for example [19]. The number of works on the
Hopf-Cole transformation is huge and we will not try to list them all here. We only mention
Dermoune [18], where the Hopf-Cole transformation is used to show the existence of solution to
the stochastic multidimensional Burgers equation with additive noise. Khanin et al [26] proved the
existence of the so called quasi stationary solution by the Hopf-Cole transformation and Stochastic
Lax formula, thus partially extending to many dimensions an important paper [21] by Sinai. This
approach however has certain intrinsic problems. In particular, it seems difficult to find an a priori
estimate for the solution without additional assumptions on the initial condition as in Dermoune
[18] p. 303, Theorem 4.2. Hence, it is difficult to characterize functional spaces in which solution
lies or to characterize quasi stationary solution, see Definition 1 in [26].

In this paper we consider multidimensional Burgers equation (1.1) in LP(O,R%) with p > d >
2. We prove, in Theorems 4.1, 4.3 and 6.3 respectively, the existence and uniqueness of global
solutions for every initial condition uy € LP(©, R?%) and establish a priori estimates. In particular,
Theorem 4.3 holds in the case O = R and ¢ = 0 thus improving our previous results from [25].
In the case of @ = R? however, the a priori estimates are nonuniform with respect to v. Theorems
4.1 and 4.3 extend all aforementioned results on the existence and uniqueness of solutions to (1.1)
to the stochastic case.

In Theorem 4.5 we provide a general sufficient condition under which uniform with respect to
v estimates can be derived on R? as well. It is interesting to note that this condition can be
viewed as a modification and an extension to the stochastic case of the famous Beale-Kato-Majda
condition assuring the existence of global solutions to the deterministic Navier-Stokes equation.
Let us note here that contrary to the case of the Navier-Stokes equation, we are able to prove the
global existence of smooth solutions to the stochastic (or deterministic) Burgers equation in any
dimension. The main difference between the two equations is the availability of the Maximum
Principle for the Burgers equation.

Finally, we apply our results to the gradient case. It is easy to see that in the gradient case the
Beale-Kato-Majda condition holds and therefore the existence and uniqueness of global solutions
follows from our general results. Morevoer, we obtain the estimates uniform in v on the torus and
on the whole space and as a consequence we show that there exists a vanishing viscosity limit for
equation (1.1) for every ug € L? (O, R%).

In our proofs we extend the approach of [25], where the deterministic case £ = 0 was studied.
We start with a proof of the local existence and uniqueness of mild solutions in L?(O, Rd), p > d,
following the argument of Weissler [41]. Then we find a priori estimates using the Maximum
Principle and then show that the local solution is in fact global. We note here that this method was
applied earlier to the deterministic Burgers equation by Kiselev, Ladyzhenskaya [33].
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2. FORMULATION OF THE PROBLEM AND SOME AUXILIARY FACTS
We will study the Burgers equation (1.1) in a domain
OcRY d>2.
Everywhere with Exception of Section 6 we will assume that
O s either T¢ or RY.

In both cases we will use the same notation A for the generator of the heat semigroup (S;) in
LP(O) := LP (O,R?) for p € (1,00). Let us recall that

domgs()(A) = B> (R, R ) if O =R’

and
dom (o) (A) = B2 (TLRY ) if 0 =T

per

We will use the standard notation H™?(Q) = H™P (O, R? ) for the Sobolev spaces of R? -valued
functions with the norm
|f np — (1 - A)%f’LP(O)-
The dual space space of H™?(Q) will be denoted by H~"%(O) with ¢ = p%l'

Let (Q, F, (Ft)t>0, P) be a probability space with the filtration satisfying the usual conditions.
For a given separable Banach space X we will denote by MP?([0,T], X) the space of X -valued
progressively measurable processes u endowed with the norm

1
T P
Jullry = | & [ lu(s)fy ds
0
If X = H™P(O) then we will write || - |7, instead of || - |7, x. Let (W;);>0 be a standard

cylindrical Wiener process on separable Hilbert space H defined on (2, F, (F;)i>0,P). Let us
recall that for p > 2 the space L?(O) is an M-type 2 Banach space and therefore the stochastic
integration theory developed in [7] can be applied in this space. In order to give a meaning to
equation (1.1) we will consider first its linearized version

0z _
@0 5 =vAz+f+E t>0, 1€0,

2(0,z) =0, zeO.
that will be understood as a stochastic evolution equation in the space LP(O):
(2.2) dz = (vAz+ f)dt+ gdW;, z(0) =0.

To define solution to equation (2.2), let us recall that for a Banach space X and separable
Hilbert space H, we denote by v(H, X) the Banach space of y-radonifying operators from
H to X, see [7] (and also [36, Definition 3.7]). If ¢ € MP([0,T];~v (H,LP(O))) and f €
MP ([0, T);HP(O)) then solution to (2.2) is given by the formula

2(t) = /O SV, f(s)ds + /0 SV g()dW (s),

where (SY) denotes an extension to H~P(Q) of the heat semigroup generated in LP(QO) by the
operator vA. The regularity properties of the Ornstein-Uhlenbeck process were studied in a vast
number of articles, see for instance [7] and references therein. The following theorem has been
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proved by Brzezniak [7] (Corollary 3.5) and Krylov [34] (Theorem 4.10 (i) and Theorem 7.2(i),
chapter 5) for the case of whole space. The case of torus can be proved similarly.

Theorem 2.1. Assume n € Z and f € MP([0,T],H*1P(0)), g € MP([0,T],v(H,H"P(0))),

p > 2+ > 5 > a > %. Then equation (2.2) has a unique solution z €

2
"5 ([0, T], H*1-262(0)) a.s.

Using the Holder inequality it is easy to show that for every p, ¢ € (1, 0o) such that
1 1 1
-=-+-<1
r P q
the following bilinear mapping
(2.3) LP(0) x H(0) 5 (¢,4) — F(¢,9) = (V)9 € L'(0),
is well defined and bounded. If ¢ = v then we write simply F'(¢) instead of F'(¢, ¢). Now we
will define the (mild) solution to the stochastic Burgers equation (1.1).

Definition 2.2. Assume that uy € LP(O), f € MP([0,T],H 1*(0)), g €
MP([0,T],v(H,LP(O))). An LP(O)-valued adapted and continuous process v = (u(t)),
t € [0,T) is said to be a mild solution to the stochastic Burgers equation (1.1) with the initial
condition ug iff

(2.4) u(t) € HYP(0), fora.a. t € (0,T),

T
2.5) / |F(u(t))|Lo(o) dt < 00, P —as.,
0

and u = v + z, where z : Q — L>(0,T;H'?(0)) is defined by equation (2.2) and v satisfies
equation

(2.6) v(t) = S{ug + / Sy_F(v(s)+z(s))ds, tel0,T].
0

Remark 2.3. We believe it is possible to define a weak solution to Burgers equation as in definition
8.5, p. 184 of [10]. Then it should be possible to prove that sufficiently regular process u is a weak
solution iff it is a mild solution, i.e. solves

(2.7) u(t) = Syuo + /S;’S(F(u(s))) ds + z(s), t € 0,7,
0

where 2 satisfies equation (2.2). In our paper we prove the existence and uniqueness of the solution
of (2.7). This is done via a substitution

(2.8) U =04 z.
For a process of the form (2.8) we can prove that it is a mild solution iff it is a strong solution

according to the following definition.

Definition 2.4. Assume that ug, f, g satisfy the same assumptions as in Definition 2.2. We call

progressively measurable process u : Q@ — L*®(0,T;1LP(0O)) a strong solution of stochastic

Burgers equation (1.1) with the initial condition g iff (2.4) and (2.5) hold and w = v + z where

z: Q — L*(0, T; H'"?(O)) satisfies equation (2.2) and v € C1((0, T]; LP(O)) satisfies equality
0

(2.9) 87:@) = vAu(t) + F(u(t) + 2(t)), t € [0,T]

(2.10) v(0) = wup.
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Remark 2.5. 1t is possible to define in a similar fashion strong and mild solution of stochastic
Burgers equation without referring to the Ornstein-Uhlenbeck process z. However, the definition
given above has certain merit since it allows to transfer all noise effects to the process z and
consider PDE with random coefficients instead of SPDE.

3. THE EXISTENCE OF A LOCAL SOLUTION TO THE STOCHASTIC BURGERS EQUATION

Theorem 2.1 allows us to work pathwise, i.e. we assume that a version of z of specified regu-
larity is fixed.

The local existence of solution of Burgers equation in L (QO) can be shown in the same way as
for Navier-Stokes equation (see [24], [32], [31], [41], [22] and others). Here we only state main
points of the proof following the work of Weissler [41].

We will use the following version of the abstract theorem proved in [41], p. 222, Theorem 2,
see also [32] and [31].

Theorem 3.1. Let W, X, Y, Z be Banach spaces continuously embedded into a topological
vector space X and assume that W N X is dense in W. Let (Ry) be a Cy-semigroup on X, that
satisfies the following additional conditions

(al) Foreacht > 0, R; extends to a bounded map W — X. Moreover, there exists a > 0, such
that for any T' > 0 there exists C > 0 with the property

(3.1) |Rih|x < Ct™|hlw, heW, te(0,T]

(a2) For eacht > 0O, the mapping Ry : X — Y is well defined and bounded. There exists b > 0
such that for any T > 0 there exists C > 0 such that

(3.2) |Rhly < Ctblhlx, heX, te(0,T].
Furthermore, for every h € X andT’ > 0 the function
(0,T] 5t — Rh €Y,
is continuous and
(3.3) %i\r‘r(l)tb|Rth|y =0, VhelX.
(a3) For eacht > O, the mapping Ry : X — Z is well defined and bounded. There exists ¢ > 0
such that for any T > 0 there exists C' > 0 such that
(3.4) |R:h|z < Ct~lh|x, helX, te(0,T].
Furthermore, for every h € X the function
(0,T]>5t— Rhe Z
is continuous and
(3.5 %i\nr(l)tc|Rth|Z =0, VhelX.
Assume also that G :' Y x Z — W is a bounded bilinear map, L € L*°(0,T; L(Y N Z,W)), and

let G(u) = G(u,u),u € YNZ, fe L*®0,T;W). Assume also that a + b + ¢ < 1. Then for
each uy € X there exists T > 0 and a unique function v : [0, T] — X such that:

(a) ue C([0,T], X), u(0) = uy.
(b) ue C((0,T],Y), y{%tblu@)\y =0.

(©) u € O((0.T), 2), lim t°|u(t) 7 = 0.
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(d)
u(t) = Ryug + /RtT(G(U(T)) + L(u(7)) + f(7))dr, te€]0,T]
0

Remark 3.2. Weissler [41] considers only the case of L. = f = 0. The general case follows
similarly (see also [25]).

In the next proposition we summarize some well known properties of the heat semigroup on O,
see for example books by Lunardi [35] or by Quittner, Souplet [38].

Proposition 3.3. Assume that either O = T or O = R and /\ is a corresponding periodic
(respectively free) Laplacian with domain of definition domyp(oy(A) = H*P(O). Assume that
p € (1,00) and q € [p,o0) and r satisfy

1_1. 1

r p g
Then for any T > 0 there exists ¢ > 0 such that for any t € (0,T]

_m_d
(3.6) V™" hlpao) < ct™ 2 "2 |hliso),  h € LP(O).
Furthermore,
7 lim ¢ 2 o [Tmetd _ LP(O).

3.7 t{%t 272 |V e h|]Lq((’)) 0, he (O)

In particular, for any p € (1,00) and T > 0 there exists C, such that for any h € LP(O)

(3.8) " hlgnn(o) < Ct 3 |hliso),  t € (0,T),
. R TAN
(39) %l\ff(l]tQ ‘6 h‘Hl,p(O) =0.

Now we can formulate the following results about the existence and uniqueness of a local mild
solution to the stochastic Burgers equation equation (1.1).

Theorem 3.4. Assume that p > d. Assume also that ug € LP(O) and z € L*(0,T;L?’(O) N
H'"?(0)). There there exists Ty = To(v, [uo|Lr(0), |2] oo (0,120 (0) B 2 (0))) > O such that there
exists a unique mild solution w € C([0,Tp];LP(O)) to the stochastic Burgers equation (1.1).
Furthermore

(@) u: (0, Ty] — L2P(O) is continuous and %in% tis [u(t)|L2r 0y = 0.
—

(b) u: (0,Tp] — HYP(O) is continuous and %il’% t2 [u(t)|mrr0) = 0.
H

Proof. We apply Theorem 3.1 to equation (2.6) with X = LP(0), Y = L?(0), Z = H*?(0O)
and W = L% (0). Let R; = €. We identify G with the bilinear mapping F' defined by (2.3)
and put G(u) = F(u,u),

Lé=F(z,¢)+ F(¢,2) and f=F(z,2).
Clearly, the mappings f, G and L satisfy the assumption of Theorem (3.1), and f € L>=(0,T; W).
Condition (3.1) is satisfied with a = % by estimate (3.6). Conditions (3.2), (3.3) are satisfied with
b= % by (3.6) and (3.7). Conditions (3.4), (3.5) are satisfied with ¢ = % by (3.8) and (3.9). U

Now we formulate the result about the existence of the local maximal solution to the auxiliary
problem, see (3.10) below, related to the stochastic Burgers equation.
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Theorem 3.5. Letp > d, 6 € (0,1), up € LP(O). Moreover, we assume that
ze Y =L®0,T;H"*’(0) nHYP(0)) nC?((0,T), H-?**(0)).

Then there exists Iy = depending only on v,

ol p(oy and |z|y and a unique function v such that
v € CH(0,To];LP(0)) N C ((0,To] ; H*?(0O))
r_]C'le)c ((07 TO} 7H27p(0)) N C[ije ((07 TO] ,LP(O)))

which is a strong solution to the equation
(3.10) vV =vAv+ Flv+2z), v(0)=up.

Proof. We show first that there exists Ty < T such that v € C((0,Tp], HY?(0O)) and
%i_r}(l)tau(t)\Hsz(O) = 0. We apply Theorem 3.1 with X = Y = LP(0), Z = HM??(0),
W =L%(0).

Therefore, we can use again Theorem 3.1 identifying F' with G and defining L and f in the
same way as in the proof of Theorem 3.4. Condition (3.1) is satisfied with a = % by estimate
(3.6). Condition (3.2),(3.3) is satisfied with arbitrary b > 0 because the heat semigroup is analytic
on L?(©). Conditions (3.4) and (3.5) are satisfied with ¢ = % by (3.8) and (3.9). Therefore,
part (c) of Theorem 3.1 yields the existence of Ty < T such that v € C((0, Tp], H?P(0)) and

. 1
}/l_I}%tQ |U(t)|H1,2p(O) =0.

Invoking (2.3), where p is replaced with 2p and ¢ = 2p we obtain
Ty

[F'(v+ 2)| 10,1500 (0)) < / [v(s) + 2(8)|L2r(0) V(v + 2) |20 (0) ds
0

Ty
1 d
< [y sup(T (o) + 2(5) ) sup(s o) + (s n)ds
SEJFE s S
s 1 >~ip
(3.11) < sup(sr|v(s) + z(s)|L2e) sup(s2 |v(s) + z(s)|gr2e)T, ' < 0.
S S
If we show that for any € > 0 the function F'(v(-) + 2(+)) : [e, To] — LP(O) is Holder continuous
of order (% — %) then the result will follow from Theorem 4.3.4, p. 137 in [35] and inequality

(3.11). Since F : H?P(0) — LLP(O) is locally Lipschitz it is enough to prove that v : [¢, Ty] —
H'2P(©) is Holder continuous for any ¢ > 0. Since

¢
(3.12) uw_shw@y:/&ﬂuwm@+z@»u& te T,

g
it is enough to show that each term of this equation is Holder continuous. Using (2.3) and argu-
ments as in (3.11) we have

(3.13) sup t%+%|F(v(t)+z(t))th < sup s%|v(s)+z(s)|L2p sup s%\v(s)—i—z(s)ml,gp < 00,
tE[O,T()] S s

and it follows by Proposition 4.2.3 part (i), p.130 of [35] that

¢
/St_SF(v(s) +2(s))ds € Céf%(O,TO;E}’).
0
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Corollary 3.6. Suppose that assumptions of Theorem 3.5 are satisfied. Assume also that z €
C?((0, T), HF12P(O)), for some k € N. Assume that Ty € (0,T] and v is the unique strong
solution of equation (3.10) defined on an interval (0, Ty|. Then v satisfies the following condition

v e CY(0, Tp), HFF2P(0)) n ¢ ((0, Ty), HEP(0)).

Proof. We will show the result for k£ = 1. General case follows similarly. We fix € > 0. Then part
(a) of Theorem 3.4 yields v(e) € L?P(O). As a result, by means of Theorem 3.5 we infer that

(3.14) v e CYJe, Ty], HZ?(0)) N CH([e, Ty), L2 (0)).
Hence,
(3.15) v+ 2z € C%([e, T), H*?(0)),

and therefore, we have following estimates for the nonlinearity F':
[F(v+ 2)|co(e.m) o 0) < 10+ 2lLoe @m0 V(0 + 2)lco e ,L20(0))

(3.16) + V(v + 2)| Lo (e, 75120 (0)) [V + 2l (1o 1) 120 (0)) < OO
where we have used (3.15). Furthermore,

IVE( + 2)co (e 1) 10(0)) < CIV (0 + 2)|poo e 120 (0)) [V (v + 2) 0o (e 1) 120 (0))

+ v+ 2| poo e myi2e(0)) | A (v + 2) 00 (e 10), 20 (0))
(3.17) + AW + 2)| oo (e oi2e(0)) [V + 2l 0 (e 10),L20 (0)) < 005
where we have used (3.15). Thus, combining inequalities (3.16) and (3.17) we get
F(v+2) € C%[e, To], H'?(0)), Ve > 0.

Therefore by a maximal regularity result, see Theorem 4.3.1, p. 134 of [35], it follows that v €
C([e, Ty], H3P(0)) N CHO([e, Ty], HVP(0)). O

In the next result we will show that the local solution defined in previous theorems is either
global or it blows up. Let us denote by 7}, the maximal existence time of solution in L.?(O).

Proposition 3.7. Assume that ug € LP(O), z € L>¥([0,T],H"?*(0) n H'?(0)), z €
C%0,T;LP(0)). Letp > d, 0 € (0,1) and Tppaw < T. Let u € C([0, Tynaz); LP(O)) be a

maximal local mild solution to the Burgers equation (2.6). Then

(3.18) lim sup |u(t)\§u,(o) = 0., P-—a.s.
t

max

Question 3.8. Can Proposition 3.7 be strengthened to show lim instead of lim sup in the equality
(3.18)?

Question 3.9. It would be interesting to extend Proposition 3.7 to the case when p = d.
Proof. We will argue by contradiction. Assume that there exits R > 0 such that

(3.19) u(t)[Fri0y < R, € [0, Tinazl-

Let us denote

(3.20) Ki= sup |u(t)|Lro) < oc.
t€[0,Tmax)

Since z € L>([0, T],HP(O)) we have the similar bound for v = u — z:

(3.21) sup  |v(t)|Lr(0) < K1 = K1 + 2] 00 (0,10 HLP(0)) -
te[0,Tmax)

Let us fix € € (0, Tinaz). We will show that there exist C, o > 0 such that
(3.22) [u(t) — uw(T)lr o) < Clt —7|% t,7 € [¢, Tinaz)-
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Then it follows from inequalities (3.19) and (3.22) that there exist y € LLP(O) such that

(3.23) A Ju(t) = yliro) =0,

and we have a contradiction with the definition of 7},,,,. Thus, we need to prove inequality (3.22).
We will first show that

(3.24) Ky= sup |u(t)|mir(o) < oo
t€le, Tmaz)

It is enough to show

(3.25) sup  |Vu(t)|Le (o) < o0.
te[E,Tmaz)

Indeed, the inequality (3.24) immediately follows from inequalities (3.21), (3.25) and the regular-
ity of z. We have
(3.26) Vo(t) = VS _.v(e) - / VS, o(F(o(s) + 2(s))) ds.

Hence, for ¢t € (e, Tinae) We have

Vo)) < IVSi—cv(e)lLr(o) +/\V5t—sF(v(8)+Z(3))!LP(0) ds

F(v
< Clv(e)lLr o /|St s)/2F (v(s) + 2(8))|Lr(0) s
(t — 1/2 —S[12
< C|UO|]LP(O) \F 2()lLer2 (o ©) 44
= 1172 \t _ 3‘1/2+d/(2p)
CluolLr (o) [v(s) + 2(s)|Lr(o
< SO, / A 9u(s) + V(o)) ds
t
CluolLr (o) o , IVu(s)|Le (o)
(3.27) Sw@+CMﬁT+C&/ﬁ_ﬂwmmm“<“’
g

where the second and third inequalities follow from the property (3.6) of the heat semigroup,
fourth inequality follows from the Holder inequality, assumption (3.20) is used in the fifth one and
the last inequality follows from (c), Theorem 3.4. Now if % + % < 1 (i.e. if p > d) we can use
a version of the Gronwall inequality ([28], Lemma 7.1.1, p. 188) to conclude that estimate (3.25)
holds. Thus we get an estimate (3.24).

Now we can turn to the proof of uniform continuity condition (3.22). Since u = v + z and
z € 090, T;1LP(O)) it is enough to show (3.22) with v instead of u. We have

(3.28) v(t) —v(r) = Se—rv(T /St s + 2(s))) ds.
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Then

[v(t) — v(T)|Lr(o) < [St—70(7) — v(7)|Lr(0)

(3.29) iy / Se_uF(o(s) + 2(3)) dslao)

= (I) + (II).

The first term can be estimated as follows, where the sup is taken over the set {¢ € C§°(O) :

|9lLa0) = 1},
(I) = sup |<St,7v(7) — (1), 9)| = sup [(v(1), St—r¢ — ¢)|

= sup |(v /ASS r¢ds)| = vsup (Vo(r /VSS r¢ds)]|
< vsup [Vo(r) o) / 9S4+ lia(o) ds

|¢’1Lq 1/2
< vsup |Vu(7)|Lr(0)C | ’1/2 ds < vCKs|t — 7|/~

For the second term, by using the property (3.6) of heat semigroup and the Holder inequality we
have

(11) </| ))|]LP/2 ) ds </]u 8)|Le(0) | Vu(s) L (o) ds

(330) ’t_$’2p ‘t_s‘%)

<CK3|t—7|' 3

Finally, the last inequality follows from estimate (3.24).
Combining inequalities (3.30) and (3.30) we get (3.22). (]

4. THE EXISTENCE OF A GLOBAL SOLUTION TO STOCHASTIC BURGERS EQUATION

In this section we continue to work pathwise. We will state and proof the global existence
results for both the cases of the torus and the full space. We begin with the former case. Let us
note here that the proof of Theorem 4.4 can be adapted to the case of the torus as well. We prefer
however to provide an independent and simpler proof below.

Theorem 4.1. Assume that p > d. Assume also that vy € 1LP(T9) as, f €
MPP([0, 00), H32P(T4)) and g € M 2([0, 00), v(H, H»?P(T))). Then the following holds.

(1) There exists a unique strong global Lp(Td) valued solution u of the stochastic Burgers equa-
tion.

(2) Assume that q > p. Then for any T > 0, almost surely,

2 v oo
@1 )L ay < ol + 12172 gmaray e P T 0Ta=w, -t € (0,7
(3) If f, g are deterministic, then for any T' > 0, ¢ > 1 and ug such that E ’“0|EP(W) < 00,
4.2 E sup |u(t)|? < 00.
( ) te[og"} | ( )’Lp(Td)
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Proof. We begin with the proof of part (2) of the Theorem. To this end let us fix the initial data ug
and T > 0. We can assume that f € M?P(0, T, H>?"(T%)) and g € M?P(0, T, v(H, H*?P(T%))).

Letu = (u(t)), t € [0,T%), where T, = Tinax € (0,77, be the unique maximal local solution
of the stochastic Burgers equation (1.1) whose existence has been shown in Theorem 1.1. We need
to prove that T, = T'. Suppose by contradiction that T}, < T'. Let us put v = u — 2. According
to Proposition 3.7 it is enough to find an estimate for v in the L?(T¢) norm. Since on torus'
L>®(T?) ¢ LP(T?), it is enough to find an estimate for v in the .°°(T¢) norm. Therefore, it is
enough to prove that for any fixed 0 < § < Ty, we have

Tu+|V oo
4.3) ‘U|Loo((O’T*;]Loo('H‘d)) < (’v(é)h}ﬂl,p('[rd) + ’Z‘%OO(O’T*;H27P(TL1)))€ ‘ Z‘LI(O,T*,JL (rdy) |

To prove (4.3) we note first that the local solution v satisfies the equation
v =vAv— (v+2)Vo —vVz — (2V)2.

Let us define a function ¢ by formula

t
— [(1+]Vzlioo) ds
0

¢(t) = v(t)e

_ Z|%°°(O,T*;H2’p('ﬂ‘d))7 t e [07T*)
Then

/ 2 —f(1+|VZ|IL°°)d8
d) :VAQS_(U+Z)v¢+(¢+|Z|L°°(O,T*,H2vﬂ(']1‘d)))(_VZ_|VZ|]L°°_1)_(ZV)Z€ 0

or, equivalently,

VA — (v+2)Vh+ ¢(—Vz — [Ve|ie —1) — ¢
) — [(1+] V2|00 ) ds
= |2l 1000, 2w (ray) (V2 4+ [V2lLe + 1) + (2V)ze 0 > 0.

Now (4.3) follows from the maximum principle, see for instance [37, Theorem 7, p. 174]. Finally,
(4.2) follows immediately from inequality (4.1) and the Fernique Theorem since the process z is
Gaussian. O

Remark 4.2. We remark that in the a priori estimate above we can take the limit v — 0 under
appropriate assumptions for the noise. Hence, here as well as in the next theorem, we cannot take
the limit ¥ — 0 in the a priori estimate above (and below).

In order to prove the global existence for the case © = R? we will need the following

Lemma 4.3. For every € > 0 and sufficiently regular function v : R® — R? one has
1 _
4.4) / |v(z)P|Vou(z)| de < |v|pe [4—|v\§p + 6/ lv(z)[P~2|Vo(z)? daz].
RA 9 Rd

Proof. Letus fix € and v as in the statement. Then by the Cauchy-Schwartz and Holder inequalities
we get

/ [o(@)PIVo(@)| de < Jo] / [o(@)P2 (@) P2 (Vo () | de
R4 Rd
< [v] o (i /Rd [o(x)[P da +5/Rd [o(@) 2| Vo(@) de).

The proof is complete. U

In the next theorem we prove the global existence of solutions to the Burgers equation on R
Let us note that in this case we do not have an embedding I.°° C LL?, hence estimate in .°° does
not imply estimate in LL”.

IThis is the reason why the proof of Theorem 4.1 is not transferable to the whole space case of Theorem 4.4
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Theorem 4.4. Fix p > d. Assume also that ug € LP(R?) a.s., f € Mf}f([O o0), H??P(R9)),
g€ M,OIC’([O o0), y(H,H*?P(R%))). Then the following holds.

( 1) There exists a unique strong global ILP(R%)-valued solution u of the stochastic Burgers equa-

tion.

(2) Assume that ¢ > p. Then there exist constants C,C1,C), such that for any T' > 0, almost

surely

|u(t)|£p(Rd ) < Cl(’”d]%p@gd ) +[Fo Z‘qL/ljiO,t;Lp(Rd ))) eXp {Cp (t|Z|L°°(0,t;]H[2vP(Rd Nt t

t 2t|2] oo
4.5) o (Cluo gy + 121 e 0 )))> FHFlhmoueren], 4> 0.
(3) Moreover, if f, g are deterministic, for any T > 0 and q¢ > 1 then
(4.6) E sup |u(t)]? < 00,
t€[0,T] Lp(Rd)

provided E \u0|§p<Rd) < o0.

Proof. First of all we note that assertions (1) and (3) of the theorem are consequences of the 2nd
part and the Fernique Theorem. Thus we only need to prove assertion (2).

We begin the proof of this assertion as we did in the proof of Theorem 4.4, i.e. we fix
the initial data ug and 7 > 0. We can assume that f € M?P(0,7,H3?P(R%)) and g €
M?P(0,T,~(H, H**P(R%))).

Letu = (u(t)), t € [0,T%), where T, = Tinax € (0,77, be the unique maximal local solution
of the stochastic Burgers equation (1.1) whose existence has been shown in Theorem 1.1. We need
to prove that T, = T'. Suppose by contradiction that T}, < T'. Let us put v = u — 2. According
to Proposition 3.7 it is enough to find an estimate for v in the L?(R?) norm. Since v is a strong
solution of equation (3.10). In particular, the LP-norm of v is differentiable and for ¢ € (0, T%)

ld
dt M (&) / |o(t, z) [P~ QZ (t,x), v (t, x)) dz

_ /Rd lu(t, ) [P~ <u2vi(t,x)Avi(t, z) + (v(t, x), F(v(t, ) +z(t7$))>> dx.
Let us observe that for v € H?P(R?) z
— ;/Rd lo[P~ 20" Av' d = ;/Rd [o[P2 Vo' ? da
DS [ (9

= [ [l 21900 + (o= 2o~ (Ve)of?] o

Therefore, for any fixed ¢ty € (0,7%) and t € [t, T%)
4.7)

1| ]]_,P(]Rd —|—1/// lu(s, z)|P~2|Vu(s, z)|? + (p — 2)|v(s, z)[P~4|(Vo(s, z))v(s, x)|? | deds

to R4
1 t
= W0+ [ [ s, 2)P 205, 2), Flo(s,2) + 205, 2) dvds.

Let us also observe that for v, z € H>P(R?)
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[P~ (v, F(v + 2)) dx S/ 0[P F (v)| dz
d R4
+ [ W EGde+ [ ol P )] da
R Re
+/ [P~ F(z,v)| d
Rd

Let us now fix € > 0. Then we estimate the first term above by means of inequality (4.4) from
Lemma 4.3, i.e.

/ fo(@) PN F(o(2))] d < / o(@)P|Vo ()| de
Rd Rd

4.8) 1
< selolimlolf + elole [ | o@)P? o) da.
£ Rd

By applying the Holder and Young inequalities we get the following estimate for the second
term

—1 1
4.9) / @) |F(s(a) | de < Py, +[F o 2l

The third term we estimate by applying the Holder and Young inequalities and get

(4.10) /]Rd lo(z) [P F(v(z), 2(z))| dz < /Rd [v(2)|P|Vz(z)| de < |v|pee 0], +]v|1|V2]T,
The fourth term we estimate in a somehow similar way to the 1st one.
/ [o(a) [P F(2(x), ()| de < /Rd [o(@) [P~ z(2)[|Vo(x))| dz

<|U\Loo/ [o(@)|> M z(@)|lo()| 2 Vo(e)| da

A.11)
< [o] e {—(!v + 128, —|—€]v[Loo/ [o(@) "2 Vo) de|
9 R4

C _
= Zlolu= (ol +1el7) + elole= [ @290 da

Therefore, we infer that
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4.12)

1

_ 1
Oy +v [ [ 1o,V ) dods < fotto)

to R4

tri _ p—1
+/ [@v(s)\m!v(s) iﬁslv(s)lm/ [o(s,2)[P~2[Vo(s, 2)|* dx + v(s)[7s
to Rd p

t

1 C
40 2(8), + e o), + ()i V25) s + o)l (Rl + 2(5)15)
_ 1
+etuls)lie [ (s, HVu(s.a) P dz] ds < 2ol e

+ 2tz | oG5 0905, da

L1 p—1 C
+‘U’L°°(t0,t;L°°)/ (£+T+l+

to

;)\U(s) Do ds

br1 C
Hloltoz=) | [SIF 0 =6 + V) + L)) ds
to
We can estimate [L.°° norm of v using the maximum principle, see for instance [37, Theorem 7,

p. 174] in the same way as in the torus case above i.e. we have

Vz o
(4 13) |'U‘Loo([6’t];ﬂdoo(Rd)) §(|U(5)|H1,p(Rd) + |Z‘%W(0,t;H27p(Rd)))€‘ \Ll(o,t;JL (R))

= Q((Sv t)7
for any fixed 0 < 6 <t < T,. Pute = 4Q(§§,T*). Then, for ¢t € [to, ) we have
t
RO —— 0|P~2(s, )| Vo(s, z) 2 dz ds
Lr (R4 ) 9 ) ’
to Rd
P ¢
< o)y + (5 +2)Q0T2) [ (o) d
to
fr1 C
(4.14) + Q(to, T*)/ [];\F 0 2(8)[1p + IV2(s)[1p + —|2(5)[1s | ds-
to
Now we apply the Gronwall Lemma to conclude that
¢
vp N
oy + 2 [ [ 1PVl ) Paods
to Rd
p 1 P p  C P
@15) < ([olt) ey ++QU0 T | [ IF 026l +192()5s + 1), ] ds)
0
C

(4.16) . exp [(€ n Q)Q(tO,T*)]

Thus we get the desired a’priori estimate for [v(t)[7, (R) for t € [tg, Tk). The proof is com-
plete. U

In the next Theorem we will show that if a Beale-Kato-Majda type condition is satisfied i.e.
vorticity is bounded then a priori estimate holds uniformly in v > 0.
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Theorem 4.5. Fix p > d and let § € (0,1). Assume that ug € LP(R?), f €
MZ([0,T], H>*P(R)), g € M*([0,T],(H,H***(R?))). Let u € L®([0, Trnae); LP(R?))
be a strong maximal local solution of Burgers equation. Assume also that a.s.

4.17) curlu € L=(0, Taz; L (R )),
and there exists to € (0,T") such that
(4.18) div u(to, -) € L®(R?).

Then T,,q. = T and we have a.s.
u(t) ﬁp(Rd ) < C(‘u0|]€p([gd ) + |F(Z)|L1(O,t;]LP(]Rd )))
exp { C(t = to) (| div u(to, ) o (gt ) + | curl Ul (o et
(4.19) 2l oo 0 im0 (e 1) (1 [w0] 22 + 2|2 (g ))et‘zlmﬂ’p(Rd >)} .

Proof. The proof follows the lines of Theorem 2.2 in [25] and is omitted.
O

Remark 4.6. It is possible to construct a random dynamical system corresponding to the solution
of the stochastic Burgers equation following the argument of the first named auhor and Yuhong Li

[8].

5. GRADIENT CASE

In this section we will consider a particular case when the initial condition and force are poten-
tial.

Corollary 5.1. Fix p > d. Assume that 1oy € H'P(O) a.s., U € M?P([0,T], H**"(0)), V €
M ([0,T),~v(H, H>*(0O))). Then there exists unique global solution u € C(0,T;LP(O)) a.s.
of equation

{ du + (uV)udt = (vAu+ VU) dt + VVduw,

Furthermore, if 1y, U,V are non random then for © = T% we have

E Sl[lopt] u(8) Loy < Colme, [UlLi(o,0,m20): VI L2(j0,,4(11,150)) )
se|0,

and for © = R? we have

Elog(1 + Sl[lop] [u(8)|Lp(0y) < C1%olme, [Ul L (o,0,m20): 1V L2(0,,4 (11,150 )
s€|0,t
Proof. The assertion (1) follows immediately from Theorem 4.1 and Theorem 4.5. The assertion
(3) follows from estimates (4.1), (4.19) and the Fernique Theorem. Indeed, if U, V' are non ran-
dom then the Ornstein-Uhlenbeck process z has Gaussian distribution in L2([0, T], H?(0)) C
LY([0,T],L®(0)). O

Consequently, since w is a gradient of a certain function provided the initial condition and the
force are gradients we can deduce the following corollary.

Corollary 5.2. Fix p > d and v > 0. Assume that 19 € HW(O) as, U €
M?*([0,T)], H*?P(0)), V. € M?*([0,T),y(H, H>?)(0O))). Then there exists a unique global
solution ¢ € C(0,T; HYP(0O)) a.s. of the equation

{ dy¥ + |VyY|2dt = (vAYY + U) dt + VdW,

SR ¥(0) = 1.
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Furthermore, if 1y, U,V are non random then for © = T% we have

(5.2)
E Sl[lopﬂ 7 () r(0y < C %ol e (o), [UlL1(o,,5200)): 1V 220,071 52:0(0))) ) £ 2 0.
se|0,
and for O = R% we have
(5.3)
Elog(1+ sup [¢"(s)[310)) < C[olme0): [Vl (o0,m20(0) V| 120,40 7(71, 522 (0))))5 T = 0.

s€[0,¢]
We note that estimates (5.2), (5.3) are uniform w.r.t. v. This leads us to the following Corollary.

Corollary 5.3. Fix p > d. Assume that 19 € H'P(O) as., U € LY([0,T], H>?(0)),
V € LP(0,T;v(H,H?*?(O))). Then there exists a unique global viscosity solution v €
C(0,T; HYP(0)) of the equation
{ dyp + |V|2dt = Udt + VdW;
¥(0) = vo.

Furthermore, if O = T, respectively O = RY, then we have, forallt >0

5.4

(5.5) E 81[1011] V() im0y < CUolars (UL 0,0,m20), IV | 12(0,4 7 (1, 120)) )
se|0,

(5.6) Elog(1 + s1[1p] |¢(3)‘I;{1,p(@)) < C([%ol v, ’U‘Ll([o,t},HQ»P)v ’V|L2([0,t],~,(H,H2»P)))-
s€(0,t

Remark 5.4. Corollaries 5.2 and 5.3 differ from results of [19], where viscosity solutions are

studied in the space of continuous functions while we consider solutions in H'?(0), p > d.

Proof. Let {¢"},~0 € C(0,T;H'?(O)) N CY2((0,T] x O) be sequence of solutions of the
equation (5.1). Since H'P(0) c C(O,R%),p > d and estimate (4.1) (corr. estimate (4.19) if
O = R%) we have uniform w.r.t. v estimate P-a.s.

(57) ‘wqg(oﬂﬂ;c(o’[@d)) < K(Ta ¢07 ha d)7 T> Oap > d.

Then according to Theorem 1.1, p. 175 in [2] there exist uniformly bounded upper continuous

*
subsolution ¢* = lim sup ¥* P-a.s. and uniformly bounded lower continuous supersolution v, =
v—0

lim iglf ¥ P-a.s. of equation (5.4). Therefore, by comparison principle for viscosity solutions of
v—

Hamilton-Jacobi equations (see Theorem 2, p. 585 and Remark 3, p. 593 of [15]), ¥* < ¢, and
1 = Y* = 1,. Thus, ¥” locally uniformly converges to unique viscosity solution v of equation
(5.4) P-a.s. Estimate (5.2) implies that 1) satisfies (5.5).

O

6. CASE OF DIRICHLET BOUNDARY CONDITIONS

The results obtained for the case of @ = T¢ can be obtained in a similar way when O is an
open connected bounded domain with C? boundary and the Burgers equation is supplanted with
the Dirichlet boundary conditions. We will use standard notation Hy?(O) = Hg** (O,R?) for
the closure in the norm of H™?(Q) of the set of smooth functions with compact support in O. Let
A be the generator of the heat semigroup (S;) in LP(O) := LP (O,R? ) for p € (1, 00) with the
domain

domp (0 (A) = H>P (0) N HyP(0).
Let us recall, that the ultracontractive estimates from Lemma 3.3 are still satisfied and therefore
the result of proposition 3.3 holds as well. Hence, the following theorem on the existence of local
mild solution to equation (2.6).
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Theorem 6.1. Assume that p > d. Then for all ug € LP(O), z € L>(0,T;L?"(0) N H(l)’p(O)),
there exists To = To(v, [uo|Lr(0), |Z\LOO(0 T.LQP(O)OHL;;(O))) > 0 such that there exists unique
IR 0

mild solution v € L*°(0,Ty; LP(O)) of equation (2.6). Furthermore
d
@) u: (0,Tp] — L2P(O) is continuous and %in%tﬁ [u(t)|L2r 0y = 0.
%

1, . . 1 _
(b) u: (0,Tp] = Hy?(O) is continuous and %E}I(l)?ﬁ |u(t)\Hé,p( = 0.

0)

Similarly to the torus case we can show that the local solution is either global or blows up in
finite time i.e. we have

Lemma 6.2. Let p > d and let 6 € (0, 1). Assume that uy € LP(O),
z € L([0, T], Hy™ (0) N H"P(0)) N €% (0, T;LP(0)),

and Trar < T. Let u € C([0, Tnaz); LP(O)) be a maximal local mild solution to the Burgers
equation (2.6). Then

(6.1) lim sup ]u(t)\ip(o) = 00.
t/Tmaz

Consequently, as in the case of torus, an a priori L°° estimate for the solution allows us to
deduce the global existence.

Theorem 6.3. Fix p > d. Assume that ug € LP(O) a.s., f € MZP([O,T],HS’ZP(O)), and g €
M?([0,T),~(H, Hé’Qp((’)))). Then there exists a unique strong global ILP(O)-valued solution v
of the Burgers equation. Moreover,

\4 oo
(6.2) |u(t) I]f‘p(o) < C(|U0\}£p(o) + |Z|i°°(0,T;H§’p(o)))e| 2l ©n,te0,T].
In the case of potential force and potential initial condition we obtain the following

Corollary 6.4. Fix p > d. Assume that g € H'"?(0) a.s., U € M?1([0,T], Hy**(0)), V €
M?([0,T),~v(H, Hg’2p((9))). Then there exists unique global solution uw € C(0,T;1LP(0)) a.s.
of equation

u(0) = Vihy.
Furthermore, if v, U,V are non random then we have

{ du + (uV)udt = (vAu+ VU) dt + VVduw,

E Sl[lopt] |u(s) ﬁp(o) < C(|vbol grr, |U|L1([O,t],H§’p)7 |V|L2([0,t]77(H7H319)))?
se|0,
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