PLUNNECKE INEQUALITIES FOR COUNTABLE ABELIAN GROUPS

MICHAEL BJORKLUND AND ALEXANDER FISH

ABSTRACT. We establish in this paper a new form of Pliinnecke-type inequalities for ergodic probability
measure-preserving actions of countable abelian groups. We also introduce the notion of an ergodic basis,
which is parallel, but significantly weaker than the analogous notion of an additive basis, and deduce, via a
correspondence principle for product sets, Pliilnnecke bounds on their impact functions with respect to both
the upper and lower Banach densities on any countable abelian group. In the special case of the integers
and bases with respect to the upper Banach density, this extends recent results by R. Jin.

1. INTRODUCTION

1.1. General comments. Let GG be a countable group and suppose A, B < G are non-empty subsets.
We define the product set AB by

AB:{ab:aeA, beB}cG.

Let M(G) denote the set of means on G, i.e. the convex set of all positive norm-one functionals on the
C*-algebra £*°(G). Note that every A in M(G) gives rise to a finitely additive probability measure \’ on
the group G via the formula

N(B) = Axs), B<G, (1.1
where x p denotes the indicator function on the set B. Given a set C < M (G), we define the upper and
lower Banach densities of a set B — G with respect to C by

di(B) =supXN(B) and  dS(B) = inf N(B),
eC AeC

respectively. Fix A ¢ G and C ¢ M(G) and define the upper and lower impact functions with respect
to A and C by

Ch(t) = inf{dg(AB) . d%(B) >t} and CA(1) = inf{df,f(AB) . dS(B) > t},

for 0 < t < 1, respectively. A fundamental problem in additive combinatorics is to understand the
behavior of these functions for various classes of sets A — G and C € M(G).

In the case of the additive group Z of integers, a classically important subset of M (Z) is the set S of
Birkhoff means. We say that A € M(Z) is a Birkhoff mean if it is a weak*-cluster point of the sequence
(An) of means on Z defined by

n—1
(@)= - X elk), e (@)
k=0

One readily checks that every Birkhoff mean is invariant, i.e. ' (¢B) = N (B) forall B < Z and g in Z.
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We should warn the reader that the associated upper and lower Banach densities with respect to S are
often referred to as the upper and lower asymptotic densities respectively in the literature, and are usually
defined by

7 B [0,n]| . [Bn[0,n]]

% T S _
ds(B) = nlgrgo 1 and  d3(B) = n%o 1

respectively.

Given a set A G, we denote by A¥ the k-fold product set of A with itself. We shall say that A is a
basis of order k with respect to C if d(A*) = 1 and A is a uniform basis of order k with respect to C if
d$(A¥) = 1. Clearly, every uniform basis of order & with respect to C is a basis of order & with respect
to C, but the converse does not hold in general. In the case when G = Z and C = S, the terms upper and
lower asymptotic basis are more commonly used in the literature.

The following celebrated result by Pliinnecke (Satz 1.2 in [8]]) gives a non-trivial lower bound on S2
when A is a uniform basis of order k (see the proof of Theorem 7.2 in [9] for the easy derivation of this
statement from Pliinnecke’s original argument).

Pliinnecke’s Theorem. Let S — M(7Z) denote the set of Birkhoff means on 7 and suppose A — Z is a
uniform basis of order k with respect to S. Then

SAt) =t %,
forall0 <t <1

On the other hand, Jin constructed in [5] a basis A < Z of order 2 with respect to S such that

1 1

Sil=) ==

()
1.2. A correspondence principle for product sets. The main aim of this paper is to establish Pliin-
necke bounds on the impact functions with respect to the upper and lower Banach densities associated
to the set L of all invariant means on any countable abelian group G. We shall introduce below the

notion of an ergodic basis of order k, which is significantly weaker than the notion of a basis which we
discussed above. However, before we can do this, we need to give the basic set up.

Let G be a countable abelian group and let L denote the set of all invariant means on GG. By a classical
theorem of Kakutani-Markov, this set is always non-empty. To avoid cluttering with sub-indices, we shall
adopt the conventions

d* =d}, and d, =d5¢

from now on, and simply refer to d* and d as the upper and lower Banach densities on G respectively.

Let (X, i) be a probability measure space such that the Hilbert space L?(X, ;1) is separable. If G acts
on X by bi-measurable bijections which preserve the measure i, then we say that (X, u) is a G-space. If
X in addition is compact and the G-action is by homeomorphisms which preserve p, then we say that it
is a compact G-space. If there are no G-invariant measurable sets B < X with 0 < u(B) < 1, then we
say that p is an ergodic probability measure. If A € G and B < X is a measurable set, then we denote
by AB the union of all the sets of form aB, where a ranges over A. In particular, if p is an ergodic
probability measure, then ;(GB) equals either zero or one, depending on whether B is a p-null set or
not.

An important relation between these concepts and the Banach densities discussed earlier can be sum-
marized in the following proposition which will be proved in the Appendix.
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Correspondence Principle. Let G be a countable abelian group and suppose A, B' < G. Then there
exists a compact metrizable space X, equipped with an action of G by homeomorphisms, a clopen set
B < X and ergodic G-invariant probability measures p and v on X such that

d*(B') = w(B) and d.(B') <v(B)
and
d*(AB') = u(AB) and d.(AB') > v(AB).
The following notion will play an important role in this paper.

Definition 1.1 (Ergodic set). Let (X, i) be an ergodic G-space. We say that a set A — G is an ergodic
set with respect to (X, ) if u(AB) equals one for every measurable set B — X of positive y-measure.
If A c G is an ergodic set with respect to every ergodic GG-space, we simply say that A is an ergodic set.

By definition, G itself is an ergodic set. However, no proper subgroup of (G can be an ergodic set
for all ergodic G-spaces. There are several criteria which ensure that a set is ergodic. One of the most
well-known involves the notion of equidistributed sets. Recall that a set A — G is equidistributed if
there exists an exhaustion (A4,,) of A by finite sets such that

1
g 2, xlg) =0
geAn

for all non-trivial characters x on G. Every equidistributed set is ergodic, but does not need to have
positive upper Banach density with respect to L. For instance, the set

A= {[n3/2] tn = 1} cZ,
where [-] denotes the integer part, is known to be equidistributed (see e.g. Theorem 1.3 in [2]).

1.3. Statements of the main results. In order to state our results, we need the following definition.

Definition 1.2 (Ergodic basis). Let (X, u) be an ergodic G-space. We say that A < G is an ergodic
basis or order k with respect to (X, i) if A is an ergodic set with respect to (X, u1). If A is an ergodic
basis or order k with respect to every G-space, then we simply say that A is an ergodic basis of order k.

Clearly, every basis of order k with respect to L (see Subsection 1. 1| for the definition) is an ergodic
basis of order &.

Theorem 1.1. Let G be a countable abelian group and suppose (X, ) is an ergodic G-space. If A ¢ G
is an ergodic basis of order k with respect to (X, ), then

j(AB) = u(B)' "%
for every measurable subset B — X.

An application of the Correspondence Principle mentioned in Subsection [I.2] yields the following
Pliinnecke bounds with respect to the upper and lower Banach densities on any countable abelian group.

Corollary 1.1. Let G be a countable abelian group and suppose A < G is an ergodic basis of order k.
Then,

d*(AB) = d*(B)'""%  and  dy(AB) > dy(B)'" %

for all B < G. In particular, this holds whenever the set A* is equidistributed in G.
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1.4. Connection to earlier works. For a historical survey on the classical Plinnecke estimates for the
Schnirelmann density on N, as well as the related estimates for the lower asymptotic density, we refer
the reader to the lecture notes [9] by Ruzsa.

In this short section we wish to acknowledge that our interest in Pliinnecke-type estimates for the
upper Banach density with respect to L5 was spurred by the recent papers [5] and [6] by Jin in which he
proves the following special case of Corollary Recall that a subset A < Z is a basis of order k with
respect to Ly, if d*(A*) equals one.

Theorem 1.2. Suppose A — N is a basis of order k with respect to L. Then,
d*(AB) = d*(B)"" % and dy(AB) > dy(B)**
forall B < N.

Although it is not explicitly mentioned in Jin’s paper, it does not seem that his techniques to prove
Theorem|[I.2]can be extended to give a proof of Theorem|[I.T|for bases of order k in any countable abelian
group. We also stress that his methods are quite different from ours.

1.5. An outline of the proof of Theorem([I.1, We shall now attempt to break down the proof of Theorem
[I.T)into two main propositions which will be proved in Section 2] and Section [3|respectively.

1.5.1. Magnification ratios in G-spaces. Let G be a countable abelian group and suppose (X, p) is a
(not necessarily ergodic) G-space. Given a set A < G, a Borel measurable set B < X of positive

p-measure and § > 0, we define the magnification ratio of B with respect to the set A by

n(AB')
(B

We adopt an argument by Petridis in [7] to the setting of G-spaces as follows.

cs(A, B) = inf{ : B'c B and u(B') = 6-M(B)}.

Proposition 1.1. For every set A — G and measurable subset B < X of positive pu-measure, we have
1(AB) ) k
1(B)

sup {c(;(A',B) : A Ak isﬁm'te} <(1-0)7F. (

for every integer k and for all 6 > 0.

1.5.2. An ergodic min-max theorem. For the second step in our proof, we shall assume that (X, i) is an
ergodic G-space. Hence, if A < G is an ergodic set with respect to (X, ), then p(AB) = 1, whenever
B has positive p-measure. The following proposition shows that this expansion to co-nullity necessarily
happens uniformly for all Borel measurable sets in X of a given positive ji-measure.

Proposition 1.2. Let G be a countable (not necessarily abelian) group and suppose A < G is an ergodic
set. For any 0 < 6 < 1, we have

1
sup {q(A',B) A cA isﬁnite} = —
(B)
for every measurable subset B — X of positive ji-measure.
1.5.3. Proof of Theorem|[I.1} Let G be a countable abelian group and let A = G be an ergodic basis of
order k. Suppose (X, p) is an ergodic G-space and fix 0 < § < 1. By Proposition the inequality

e k (HMAB)\F
sup{c(;A’,B ;A/cAklsﬁmte}< 1-6 k( ) ,
(A, B) 1= (U
holds, and by Proposition|1.2] we have
1
— = A" B); A’ < A¥ s finite {.
(B) sup {05( ,B); A" < A% is fini e}



PLUNNECKE INEQUALITIES FOR COUNTABLE ABELIAN GROUPS 5

Combining these two results, we get

L sk (HAB)NE
a0 ()

Since § > 0 is arbitrary, we can let it tend to zero and conclude that
H(AB) = p(B)\"F,
which finishes the proof.

1.6. An overview of the paper. The paper is organized as follows. In Section [2| we adapt a recent
argument of Petridis in [7] to magnification ratios for GG-spaces with respect to finite sets. We then use a
simple increment argument to establish Proposition|l.1

In Section 3| we outline a general technique to control magnification ratios for G-spaces with respect
to an increasing sequence of finite sets in G. As a corollary of this technique, we prove Proposition|1.2
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2. PROOF OF PROPOSITION[I.1]

Let GG be a countable abelian group and suppose (X, 1) is a (not necessarily ergodic) G-space. Given
A < G and a Borel measurable set B < X with positive y-measure, we define
p1(AB')
pu(B’)
A recent combinatorial argument of Petridis in [7] can be adapted to the setting of GG-spaces to give a
proof of the following proposition.

¢(A, B) = inf{ .B'cB and uB)> o}.

Proposition 2.1. For every finite set A ¢ G and measurable set B — X of positive pi-measure, we have
(A, B) > c(AF,B)&
forallk > 1.

A drawback with Petridis argument is that it does not automatically yield any lower bounds on the
p-measures of the subsets B’ < B which almost realize the infimum ¢(A, B). This is taken care of by
the following increment argument.

Proposition 2.2. Let A c G be a finite set and let B ¢ X be a measurable subset of positive u-measure.
Fix 0 < § < 1 and a positive integer k. Suppose B’ — B is a measurable subset which satisfies

p(A*B') <0- )—k.<N(AB))k. .1

w(B') n(B)
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Then, either

u(B') =4 w(B)
or there exists a measurable set B' < B" — B, which satisfies @2.1)), such that B"\B' has positive
p-measure.

Proof. First note that if By, Bo < B are measurable sets with p-null intersection, which both satisfy
inequality (2.1)), then so does the set By U Bs.
Assume that B’ ¢ B satisfies (2.1) and u(B’) < § - u(B). Set B, = B\B'’ and note that
1(Bo) = (1 =6) - u(B)

and thus B)
(B
o=1—(1-9)- 0
‘ ( ) w(Bo) g
If we define (4B)
€1 =¢-(1—06)"t. a ,
Lo 0 )

then, by Proposition [2.1] applied to the measurable set B, of positive y-measure, there exists a measur-
able set B, — B, of positive y-measure, such that

p(A*BY)\ & 1(AB,)
Cumy) < 2w
_1 M(AB,)
< ag+(1—e) (1-6)"1. (D)
~1_ H(AB)
< ag+(1—e)-(1-6)"". (D)

Hence, B! c B satisfies inequality (2.1), and since B, is disjoint to B’, we conclude that the set
B"=B' UB,cB
also satisfies (2.1)), which finishes the proof. O

The proof of Proposition[I.1]is now an almost immediate consequence of the two propositions above.

2.0.1. Proof of Proposition[I.1] Let A < G be a finite set and suppose B — X is a measurable subset
of positive u-measure. Given 0 < § < 1 and a positive integer k, we wish to establish the inequality

(AB)

k pyE -1 H
(A", B)r < (1—9) - , 2.2)
(A5 B)E < (1 —0) B
where AR
B
cs(A, B) :inf{’u/E(B/)) . B'cB and u(B) 25.M(3)}.
By Proposition 2.1} we have
AB)
c(A*. B)¥ < (A, B) < p gt M ,
(A5 Bt <4 B) < (1 =0 B
and thus there exists a measurable subset B’ — B of positive p-measure, such that
AFB\ & AB
(L , ))k < (1o HAD), (2.3)
(B’ pu(B)
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If u(B') = § - u(B), then

Cg(Ak, B)% < (W

which is what we wanted to prove.

A potentially problematic case would be when there is no measurable subset B’ < B at all with the
lower bound p(B’) = 6 - u(B) and which satisfies (2.3). Assume, for the sake of contradiction, that we
are in this situation and define

£ = {B' c B : B’ satisfies ,}

where we also insist that the subsets B’ — B are measurable.

Since £ is closed under unions of increasing sequences of sets, by the Principle of Exhaustion (see
Lemma 215A in [3]]), there exists a measurable subset By, in £ such that whenever B’ is an element in £
with By, < B’, then B'\ By, is a p-null set. By assumption we have 1(By,) < 0 - u(B), so Proposition
guarantees that we can find a measurable set B’ in £ such that B,, ¢ B’ < B and with the property
that B"\ By, is not a u-null set. However, this contradicts the maximality of B, described above, so we
conclude that ;(By) = 0 - u(B), and thus

1 _ (A" By) j(AB)
ot )t < (5 u(B)

Note that if A — G is any set and A’ is a finite subset of A*, then there exists a finite set A, — A such
that the inclusion A’ = A holds. Hence,

)’1“ <1-0ot.

cs(A', B)* < cs(AR B)x < (1—6)"t-

for every finite subset A’ — A* and thus,

I A B fi - AB)\Fk
S { 6( /’ ) : AICAk is nite} < (1*5) k. (M( )) 3
which finishes the proof.

2.1. Proof of Proposition 2.1
Lemma 2.1. Let A © G be a finite set and fix € > 0. Then, for any set B’ < B such that
WAB) < (1+€) - u(B') - (A, B)
and for every finite set F' < G, we have
W(FAB') < ((1 o) u(FB) + e |F|- u(B’)) (A, B). (2.4)

Proof. Note that inequality (2.4)) trivially holds whenever the set F' consists of a single point. Our argu-
ment now goes as follows. Fix a finite set /' < G for which (2.4) holds and pick g € G\ F. We shall
prove that (Z.4) then holds for the set F' = F' L {g}.

Since G is abelian, we have the inclusion

AB'ng 'FB)C AB' n g 'FAB/,
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and thus,
F'AB = FAB U (gAB’\FAB’)
— FAB' ug(AB\(AB n g 'FAB))
c FAB U g(AB’\A(B’ A g—lFB’)).
Since B’ n ¢g"'FB' < B’ c B, we have
pw(A(B'ng 'FB')) = u(B'ng 'FB') - ¢(A, B),
and thus
u(F'AB') wW(FAB') + u(AB') — w(A(B' n g7'FB'))
W(FAB') + u(AB') — (B’ n g 'FB') - ¢(A, B)
< u(FAB')+ ((1 o) u(B) - u(B' A g—lFB’)) (A, B).

NN

Since (2.4) is assumed to hold for the set F', we conclude that

u(F'AB') < ((1+ ) w(FB) + ¢ |F| - u(B') + (1+ €) - u(B) = p(B' "' FB')) - (A, B).

Note that
p(FB') + p(B') — u(B' n g~ 'FB') = u(F'B)
and thus
p(F'AB)) < (u(F'B)+ e [F| - p(B') + e p(FB')) - c(A, B)
< (+0 u(F'B)+e-|F|-u(B) - (A, B),
which finishes the proof. U

Remark 2.1. We stress that the inclusion

AB'ng 'FB)C AB' n g 'FAB/,
for all subsets I, A = GG and B’ < B is the only instance in the proof where we use the assumption that
G is an abelian group.

The following proposition strictly contains Proposition [I.T]

Proposition 2.3. Let A © G be a finite set and fix an integer k. Then there exists a non-negative constant
Dy, which only depends on k and A, such that whenever 0 < ¢ < 1 and B’ — B is a measurable set
with
WAB) < (1+€) - u(B) - c(A, B),
then
Ak—i—lB/

“(7,) < (14 ). ¢(A, B + ¢ Dy - c(A B)*. (2.5)
(B’
In particular,

c(A*, B) < ¢(A, B)k

for every integer k.
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Proof. Note that inequality (2.5)) clearly holds for £ = 0 and D, = 0. Define D_; = 0 and assume that
the inequality has been established for all integers up to k. We wish to prove that the inequality then also
holds for k£ + 1.

By Lemma applied to the set ' = AF, we have
(AR B < (14 O - p(APBY) + ¢ [A]" - u(B))) - e(A, B).

By our induction assumption, there exists a non-negative constant Dj_1, which only depends on k and
the set A, such that

pA*B') K k k-1
—— =< (14¢€¢)"-c(A,B)" +€-Dp_1-c(A,B)" 7,
u(B)
and thus, since ¢(A, B) > 1, we have
Ak-‘rlB/
“(7,) <1+ (A, B + e (2- Dp_y + |AF) - (4, B)F,
p(B’)
which establishes inequality (2.3)) for k& + 1 with Dy = 2- Dy_; + | A|*. The last assertion now follows
upon letting € tend to zero. (|

3. PROOF OF PROPOSITION [1.2]

Let G be a countable (not necessarily abelian) group and suppose (X, 1) is an ergodic G-space. Fix a
set A © (G and a Borel measurable set B — X with positive y-measure. Given § > 0, we wish to relate
the quantities c5(A, B) and

c5(A, B) = sup {q(A’, B): A cAis ﬁnite}.

Clearly we always have c5(A, B) < ¢5(A, B), but it is not immediately clear that equality should hold
(not even in the case when A = G).

Fix an increasing exhausting (Ay) of A by finite sets and choose a sequence (By,) of Borel measurable
subsets of B with u(By) = § - u(B) such that

, o (A By)
(4. B) = i, 1(By)

The aim of this section is to show that if A < G is an ergodic set, then
ArB 1
im AAEBE) ’
k—wo pu(Bg) ~ w(B)
for every measurable set B — X and 0 < § < 1. The following proposition supplies the crucial step in
the proof.

Proposition 3.1. Let (Ay) be an increasing sequence of finite sets in G with union A and let (By;) be a
sequence of measurable subsets of X with a uniform lower bound on their p-measures. Then there exist
a subsequence (k;) such that the limit

fla) = Tim IENE

exists almost everywhere with respect to u, and if we define the level sets

Etz{meX:f(x)Zt}
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fort =0, then
1
A B AE) dt
koo H(Br) §o 1(Ey) dt

3.1. Proof of Proposition Let (X, ;1) be an ergodic G-space and suppose A — G is an ergodic set
with respect to (X, ). If B < X is a measurable subset of positive y-measure and § > 0, we define

H(AB')
n(B’)

cs(A,B) = inf{ :B'cB and u(B) = &u(B)}.

One readily checks that

cs(A', B) < cs(A, B) = H(lB)

for every subset A’ — A, so it suffices to show that whenever (Ay) is an exhaustion of A by finite sets
and (By) is a sequence of measurable subsets of B with

w(By) =6 - p(B)
for all k, then
A.LB 1
Jim sup p(AxBr) _

By Proposition there exists a subsequence (k;) such that the limit

ol
flz) = lim — 21 X, ()
exists almost everywhere with respect to x and if we define
Etz{xeX : f(x))t}CX

for ¢t = 0, then

lim sup (A Bi) > S(l) HAE) dt.
koo M B) Sé w(Ey) dt
Note that the sets (E;) are decreasing in ¢, so if we define
r=sup{0<t<1:p(E) >0}
then p(E;) > 0 forall 0 < t < r, and thus
w(AE) =1 Yo<t<r
and u(AE;) = 0 for t > r since A is an ergodic set with respect to (X, 11). Hence,
§o (AE) dt 1
fon(E)dt 3 Son(E)dt

Note that since all the sets By, are assumed to be subsets of B, and the function f is defined as an average
of the indicator functions of the sets (By), the set

Eoz{:xeX:f(x)>O}

must also be a subset of B. Since F; < E, forall 0 <t < 1, we have

m

1
Jim — i_Zlu(BkJ > 6 u(B).

T

r-u(E,) = JO w(Ey) dt = JX f(z)du(x) =

and thus
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since 0 < r < 1.

In particular, we have

WAE) 1 1 1
W(Ba) ) OB Ty

by the estimates above, so we can conclude that

C§(A7B) =

which finishes the proof.

3.2. Proof of Proposition Proposition [3.1] will be an easy consequence of the following lemma
which will be established in the Subsection 3.3

Lemma 3.1. Let (Ay) be an increasing sequence of finite subsets of G and let (By;) be a sequence of
measurable subsets of X with a uniform lower bound on their yi-measures. Then there exists a subse-
quence (k;) such that the limit

f(z) = lim — Z X8y, (
exists almost everywhere with respect to u, and if we deﬁne the level sets

E, = {xeX : f(:c)?t}
forallt = 0, then, for all € > 0 and for every integer N,, there exists N = N, such that
1
Ay, By, A Er) dt
Sup#( k: Br;) > (-0 Sol‘l( kn Et) .
=N W(Bk,) §o 1(Ey) dt
3.2.1. Proof of Proposition Fix an increasing sequence (Ay) of finite sets in G’ with union A and let

(Bg) be a sequence of measurable subsets with a uniform lower bound on their y-measures.

Fix a decreasing sequence (¢;) of positive numbers converging to zero. Lemma guarantees the
existence of a subsequence (k;) such that the limit

fa) = Jim =3, (2)

exists p-almost everywhere, and for every j, there exists N; > j such that
1
(Ak Bk ) SO H(AkNj Et) dt

sup > (1—¢5)-
i=Nj M(Bk ) ( ]> Sé u(Et) dt

Since (Ayg) is increasing with union A, the o-additivity of 1 now implies that

lim fu(Apy Ey) = p(AE})
J—0 J
for all ¢ > 0, and thus, by dominated convergence, we have

A B Ar. B (AFE, dt
lim sup 7M( K k) > lim sup M( ki k SO ,u t>
k M(Bk) J izNj M(Bk ) SO ,u Et dt

which finishes the proof.
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3.3. Proof of Lemma We first show that we can extract a subsequence from our sequence (By;)
above such that the Cesaro averages of the corresponding indicator functions converge almost every-
where. So far, no assumption on the probability space (X, i) has been made. However, in the proof
of the following lemma, it will be convenient to assume that the associated Hilbert space L?(X, i) is
separable. For the rest of this subsection, we shall insist on this assumption.

Lemma 3.2. Let (X, j1) be a probability measure space such that L?(X, 1) is a separable Hilbert space
and suppose (¢y,) is a sequence of uniformly bounded real-valued measurable functions on X. Then
there exist a bounded measurable function o, a subsequence (ny) and a conull subset X' < X such that

90( = lim — Z (Pnk

N—o

forall v in X',

Proof. By assumption,
M = sup |pn|e < o0,
n

and thus (y,,) is contained in the centered ball of radius M in L?(X, ). By assumption, L?(X, 1) is
separable and thus its unit ball is sequentially weakly compact, so we can extract a subsequence along
which ¢,, converges to a (bounded) measurable function ¢ in the weak topology on L?(X, ). If we
write Y, = ¢, — ¢, then 1, converges weakly to the zero function on X, and we wish to show that there
exists a subsequence (ny) such that

for pu-almost every = in X. Set n; = 1, and define inductively ny, for & > 1, by

) @ duta) <

for all 1 < ¢ < k. One readily checks that

ZJ’J\WZTX)W ‘ (z) < o0,

N=1
and thus, by the Borel-Cantelli Lemma, there exists a p-conull subset X’ < X, such that

!/
A}TOONQZQ/JM =0, VzelX.

Fix z € X’ and let (L;) be any increasing sequence. Pick a sequence (XV;) with Nj2 < Lj < (N; +1)2
for all 5 and note that

(N;+1)2

N.
N+1 Z Vi (@ Zd’"’c ’\' W

Jkl

for all 5. Since the right hand 51de and the first term on the left hand side both converge to zero as j tends
to infinity we conclude that

for all z in X', which finishes the proof. U
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The second lemma asserts that unions of finite translates of most level sets of an almost everywhere
convergent sequence of functions behave as one would expect.

Lemma 3.3. Ler (X, ) be a G-space and suppose (py,) is a sequence of measurable functions on X
which converges to a function p almost everywhere with respect to 1. For every real number t and integer
n, we define the sets

Etnz{xeX : gpn(w)>t} and Etz{xeX : 4,0(:1:)215}.

Then, for every finite set A — G, we have
lim j(AE}) = u(AE)

n—0o0

for all but countably many t.

Proof. By Egorov’s Theorem on almost everywhere convergent sequences of measurable functions, there
exist, for every € > 0, a measurable subset X, < X with u(X.) > 1 — € and an integer n, such that

EgyenXccElnXccEon X,
for all n > n. and for every real number ¢. In particular, for every finite set A G, we have
((AE ) — e [A] < p(AET) < p(AE—c) + € - |A],
for all n > n and for every real number ¢. Hence,
pABL) — ¢ |A] < lim p(AE) < T p(AE}) < p(AE,-0) + - |A]
for all e > 0.
Note that the function ¢ — u(AFE;) is decreasing in the variable ¢, and hence its set D of discontinuity

points is at most countable. If ¢ does not belong to D, then the left and right hand side of the inequalities
above tend to p(AFE}) as € tends to zero, which finishes the proof. U

Recall the setup from the beginning of the subsection. We have fixed an increasing sequence (Ay) of
finite subsets of A — G and a sequence (By,) of Borel subsets of B < X with p(By) = § - u(B) such

that B
¢(A, B) = lim MABE)
k—o  p(By)
Our third lemma shows that for large enough k, these ratios can be approximated from below by ratios
of Cesaro averages of the terms which occur in the nominator and denominator.

Lemma 3.4. Let (5y) be a sequence of positive real numbers which converges to a positive real number.
Then, for any € > 0 and for every integer N,, there exists N = N, such that for all n and every positive
sequence (), the inequality

N+n
l Z %2(1—6)-(QN+"'+QN+”)
n, = Bk BN+ ...+ BNn
holds.
Proof. Let 8 = limy, B > 0 and fix € > 0. Choose § > 0 such that
1-90
—2=1-c
1+6 ‘

There exists an integer N with the property that

(1+6)-B=p=(1-0)-8
for all £ > N, and thus
BN+ ...+ BNin=(1=6)-B-n
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for all n. In particular,

= 21_7
- Br 1+0 ¢

for all £ > N and for all n.

Fix a positive sequence () and note that

1 o ag
- =>(1—¢)-
n B BN+ ...+ BNin
for all k > N and for all n. Hence,
1 N+n

Z %>(1_ ).ozN+...+aN+n
BN+ ...+ BNin’

= Br

which finishes the proof.

O

The fourth and final lemma before we embark on the proof of Lemma[3.1]is a simple inclusion of level

sets.

Lemma 3.5. Let A ¢ G and suppose (By) is a sequence of subsets of X. Let (py) be a summable

sequence of positive real numbers and define the sets

Et:{weX:Zpk-XBk(x)zt} and th{xeX:Zpk-XABk(x)Zt}
k k

for non-negative t. Then AE; c F;.

Proof. Suppose x € AFE;, sothata 'z € Et for some a € A. Then

bk xas (@) = pe - xp(aw) =t
k k

which shows that x € F;.

3.4. Proof of Lemma[3.1} By Lemma[3.2] there exists a subsequence (k;) such that the limit

fla) = Tim IENE

exists p-almost everywhere. Clearly, we can also arrange so that the sequence ( By, ) converges.

Fix € > 0 and an integer N,. Since the u-measures of the sets By, are assumed to have a lower bound,

Lemma 3.4] applied to the sequences
= u(Ak,By,) and  B; = p(By,),

guarantees that there exists N = N,, such that for all n, we have

sup p( Ay, By,) 1 Ni:n p( Ay, Br,)
i=N N(Bk i=N :U' )

SN (A, Br,)

R ST

SV 1(Agy Br,)

> (= S (Br,)

where in the last inequality w used the inclusion Ay, < Ay, foralli > N.

)
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Define the functions

N+n N+n
fan(z Z XB,, and  hy n(z Z XAy B,

and their associated level sets
Jo. {:ceX fan(z )>t} and FN = {xeX Iy (@ )>t}

for ¢ > 0. By Lemma/[3.5] we have
A, E

n,N n,N
N c F

for all ¢ > 0, and thus

N+n 1

— Z (Aky Br,) J PN dp =f
X

e | B ar

and
N+n

—2 (By) fandu f w(EPY) dt,

for all n and N. We conclude that

1 n,N
Ar. By, (A E7)dt
i=N  (Bg;) So )dt

9

foralln > N.

Note that
N+n N+n N

‘N_i_nZXBk ZXBk ‘\ N—i—n’

3.1

for all n and IV, and since the first term converges p-almost everywhere to f(x) as n tends to infinity, so

does the second term, and hence
f(z) = lim f, y(x)
n—00
for all N, whenever f(z) exists. Hence, by Lemma we have
lim (A EY) = i Ay Br)
and

lim p(EpY) = u(E)

n—0o0

for all but countably many ¢ > 0. By dominated convergence, we conclude that

1
Ay By Ap Ey)dt
su M( ki kl)?(l*ﬁ)'goul( kn t)
i=N  W(Bg,) §o 1(Ey) dt

upon letting n tend to infinity on the right hand side in (3.1).
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4. APPENDIX: A CORRESPONDENCE PRINCIPLE FOR PRODUCT SETS

The aim of this appendix is to outline a complete proof of the Correspondence Principle stated in
Subsection[.2]

Let G be a countable group and let M(G) denote the set of means on GG, which is a weak*-closed
and convex subset of the dual of /*(G). Given A in M(G), we can associate to it a finitely additive
probability measure \’ by

N(C) = Axe), Ccd.

Fix a weak*-compact and convex subset C € M(G). If X is a compact hausdorff space, equipped with
an action of G by homeomorphisms of X, such that there exists a point x,, in X with a dense G-orbit,
then we have a natural unital, injective and left G-equivariant C*-algebraic morphism

O, : C(X) — (*(G)

given by O,,¢(g) = ¢(gz,) for all g in G and ¢ in C'(X). Hence, its transpose ©} maps M (G) into
P(X). In particular, if © = ©} A and B — X is a clopen set (so that the indicator function xp is a
continuous function on X)), then

)\/(on) = M(B)7
where
B, = {geG : ga:oeB}cG.

Note that every functional of form A — )\(C) for C < G is weak*-continuous, so by the weak*-
compactness of C, both the supremum and the infimum in the definitions of the upper and lower Banach
densities with respect to C are attained. Furthermore, since C is also assumed convex, Bauer’s Maximum
Principle (see e.g. Theorem 7.69 in [1]) guarantees that these extremal values are attained at extremal
elements of C, i.e. elements of C which cannot be written as non-trivial convex combinations of other
elements in C. Since O  is affine and weak*-continuous on M (G), we see that the image

Cs, = ©2,(0) = P(X)

is weak*-compact and convex. Note that if A © G and B < X is any set, then AB,, = (AB),,. Hence,
if A — Ais a finite set and B is a clopen set in X, then A’'B is again clopen in X, so that if 4 = ©} X
for some A in C, then

N(A'By,) = N((A'B)s,) = n(A'B).

In particular, we have
di(ABz,) = sup {dé(A/Bzo) : Al Ais ﬁnite}
> sup {)\’(A'B%) : A Ais ﬁnite}
= sup {,u(A’B) : A Ais ﬁnite}
= u(AB),

where the last equality holds because y: is o-additive. We conclude that for every A = G and clopen set
B c X, there exists an extremal element p in C,, such that

d5(Bs,) = u(B) and d2(AB) > u(AB).

The same argument also gives the following inequality. Fix A — G and a clopen set B < X. We can
find an extremal element )\ in C such that

d$(AB,,) = N(AB,,).
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If we let v = ©} ), then v is an extremal element in C;,, and
v(B) = X(By,) = d5(Bx,).
Furthermore, we have
dC(AB,) = N(AB.,) = X((AB).,)
> sup {X((A’B)%) : Al c Ais ﬁnite}
= sup {V((A/B)zo) : Al Ais ﬁnite}
v(AB),

where the last equality holds because v is o-additive. We conclude that whenever A — G and B < X is
a clopen set, then there exists an extremal element v in C,, such that

d$(B,,) <v(B) and d$(B,,) > v(AB).

So far, everything we have said works for every compact hausdorff space X, equipped with an action of
G by homeomorphisms, every clopen subset B — X and point x, with dense orbit. The triple (X, B, x,)
gives rise to a set B;, < G and what we have seen is that one can estimate product sets of B, with any
set A < G in terms of the size of the union AB of translates of the set B under the elements in A with
respect to certain extremal elements in C,,. We wish to show that every subset B’ — G is of this form.

This undertaking is not hard. Let 2¢ denote the set of all subsets of G equipped with the product
topology. Since G is countable, this space is metrizable. Note that G acts by homeomorphisms on 2¢ by
right translations and the set

U={xe2G:eex}c2G

is clopen. Given any set B’ — G, we shall view it as an element (suggestively denoted by z,) in 2¢ and
we let X denote the closure of the G-orbit of x,. If we write B = U n X, then B is a clopen setin X and
B,, = B’. We can summarize the entire discussion so far in the following Correspondence Principle,
which essentially dates back to Furstenberg [4].

Correspondence Principle I. Given A, B’ c G, there exists a closed G-invariant subset X < 2G a
clopen set B — X, a point x, in X with a dense G-orbit and extremal (o-additive) probability measures
pand vin ©} (C) such that

d5(B) = u(B) and dS(B') < v(B)

and
d%(AB') = u(AB) and d$(AB') > v(AB).

Up until now, the discussion has been very general and no assumptions have been made on either the
group G or the set C of means involved. In order for the correspondence principle to be useful we need
to be able to better understand the extremal elements in C.

We shall now describe a situation when such an understanding is indeed possible. Let GG be a countable
abelian group and denote by L the set of all invariant means on G. By a classical theorem of Kakutani-
Markov, this set is always non-empty and it is clearly weak*-compact and convex. Given any compact
hausdorff space X, equipped with an action of G' by homeomorphisms of X and containing a point z,
in X with a dense G-orbit, the map

0., : C(X) = (*(G)
defined above is injective and left G-equivariant. Hence, its transpose must map L onto the space of all
G-invariant probability measures on X, which we denote by Pg(X). It is well-known that the extremal
elements in P (X)) can be alternatively described as the ergodic probability measures on X, i.e. those
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G-invariant measures which do not admit any G-invariant Borel sets with p-measures strictly between
zero and one.
In particular, applying the discussion above to the set C = L5 and adopting the conventions

d* =d},. and d, =d5°,
we have proved the following version of the Correspondence Principle stated in Subsection[I.2]

Correspondence Principle II. Let G be a countable abelian group and suppose A, B' = G. Then there
exists a closed G-invariant subset X < 2%, a clopen set B — X and ergodic G-invariant probability
measures |1 and v on X such that

d*(B') = n(B) and d«(B') <v(B)

and

d*(AB') = u(AB) and d«(AB') > v(AB).

We stress that this version of the correspondence principle does not apply to the set S < M(Z) of
Birkhoff means on Z as its extremal points are not all ergodic.
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