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Abstract

Covariant tensor representations of gl,,,, occur as irreducible components of ten-
sor powers of the natural (m + n)-dimensional representation. We construct a ba-
sis of each covariant representation and give explicit formulas for the action of the
generators of gl,,,, in this basis. The basis has the property that the natural Lie
subalgebras gl,, and gl,, act by the classical Gelfand—Tsetlin formulas. The main
role in the construction is played by the fact that the subspace of gl,,-highest vectors
in any finite-dimensional irreducible representation of gl,,|,, carries a structure of an
irreducible module over the Yangian Y(gl,,). One consequence is a new proof of the
character formula for the covariant representations first found by Berele and Regev
and by Sergeev.
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1 Introduction

Finite-dimensional irreducible representations of the Lie superalgebra gl ., over C are

m|n
parameterized by their highest weights. The highest weight of such a representation is a
tuple A of complex numbers of the form A = (Ay, ..., A | Amt1, - -+, Amin) satisfying the
conditions

Ai — A1 €724, for i=1,....m+n-—1, z;ém (].].)

We let L()\) denote the corresponding representation. It is isomorphic to the unique irre-
ducible quotient of the Kac module K(\) which is defined as a universal induced module
associated with the irreducible module over the Lie subalgebra gl,, & gl,, with the highest
weight A. Due to the work of Kac [10, 11}, the module K () is irreducible if and only if X is
a typical weight which thus provides a character formula for the irreducible representations
L(\) associated with typical highest weights.

The problem of finding the characters of the complementary family of atypical represen-
tations remained open until the work of Serganova [22]. She produced character formulas
for L(\) in terms of the characters of the Kac modules involving generalized Kazhdan—
Lusztig polynomials. These results were extended and made more explicit by Brundan [4]
and Su and Zhang [25] which led to character and dimension formulas for all representa-
tions L(A) and allowed to prove conjectures on the characters stated by several authors;
see [4] and [25] for more detailed discussions and references.

In this paper we develop a different approach allowing to employ the Yangian repre-

sentation theory to construct representations of gl . and calculate their characters. We

consider the multiplicity space L(\)} spanned by the| gl,,-highest vectors in L(\) of weight
p, which is isomorphic to the space of gl,,-homomorphisms Homg (L'(p), L(A)), where
L'(u) denotes irreducible representation of the Lie algebra gl,, with the highest weight p.
8m . As with the Lie

algebra case, there exists an ‘almost surjective’ homomorphism from the Yangian Y(gl,)

The multiplicity space is a natural module over the centralizer U(gl,,,,,)
to the centralizer thus yielding an irreducible action of Y(gl,) on L(A);}. This is analogous
to the Olshanski centralizer construction, originally appeared in the context of the classical
Lie algebras [18, 19] and which has led, in particular, to constructions of weight bases for
representations of classical Lie algebras [15].

On the other hand, finite-dimensional irreducible representations of the Yangian Y(gl,,)
are classified in terms of their highest weights or Drinfeld polynomials. Hence, identifying
the parameters of the representation L(A); of Y(gl,) we can, in principle, find its character
by using the results on the characters of the Yangian modules; see [1, Theorem 15] and [5,
Corollary 8.22].

We apply the Yangian approach to a particular family of covariant tensor representa-
tions L(\) of gl
irreducible components of the tensor powers of the natural (m + n)-dimensional represen-

mln (Which we simply call the covariant representations). They occur as
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tation C™". The irreducible decompositions of the tensor powers and the characters of the
covariant representations were first found by Berele and Regev [3] and Sergeev [23]. The
character formulas are expressed in terms of the supersymmetric Schur polynomials which
admit a combinatorial presentation in terms of supertableaux. The covariant representa-
tions of gl,,,, include both typical and atypical representations and share many common
properties with the polynomial representations of gl,, arising in the decomposition of the
tensor powers of C™.

Our main result is an explicit construction of all covariant representations L(A) of the
We construct a basis of L(\) parameterized by supertableaux and

We do this by using the

Lie superalgebra gl

give explicit formulas for the action of the generators of gl,,,.

vector space isomorphism

LN =P L () @ LV, (1.2)

summed over gl -highest weights p. It turns out that if L()\) is a covariant representation,
then the Y(gl,)-module L(A)} is isomorphic to the skew module L(N )\ arising from the
Olshanski centralizer construction applied to the Lie algebra gl,. ., and its subalgebra gl,..
The skew modules were introduced and studied by Cherednik [6]. Their Drinfeld poly-
nomials were first calculated by Nazarov and Tarasov [17], and different proofs were also
given later in [9] and [13]; see also [15, Sec. 8.5]. The skew module L(X)/, possesses a basis
parameterized by trapezium-like Gelfand—Tsetlin patterns, and hence so does the multi-
plicity space L(A)}. Moreover, the gl, -module L'(1) admits the classical Gelfand-Tsetlin
basis, so that a basis of L(\) can be naturally parameterized by pairs of patterns. An
equivalent combinatorial description of the basis in terms of supertableaux is also given.
To calculate the Yangian highest weight of the representation L()\);r and to derive the

matrix element formulas for the generators of gl . in this basis we employ a relationship

mln

between the Yangian Y(gl,,) and the Mickelsson-Zhelobenko algebra Z(gl,,,,, 8l,,). Namely,
we find the images of generators of the algebra Y(gl,) under the composition

where the second map is a natural homomorphism. The elements of each of the natural
subalgebras gl,, and gl, act in the basis of L(\) by the classical Gelfand—Tsetlin formulas,
and the action of the odd component of the Lie superalgebra is also expressed in an
explicit form; cf. [15, Ch. 9] where a similar approach was used to construct weight bases
for representations of the classical Lie algebras.

In our arguments we will avoid using the character formulas of [3] and [23] so we thus
obtain a new proof of those formulas.

Note that analogues of the Gelfand-Tsetlin bases for a certain class of essentially typical

representations of the Lie superalgebra gl ,,, were given in [21] and [26]. The constructions

mln
rely on the fact that consecutive restrictions of an essentially typical representation to



the subalgebras of the chain gl,,; C gl,,» C --- C gl,,,, are completely reducible thus
allowing to apply the approach of Gelfand and Tsetlin [7] to construct a basis and to
derive explicit formulas for the action of the generators. In the special case n = 1 any finite-

dimensional irreducible representation of the Lie superalgebra gl ; can be realized via a

m|
basis of Gelfand-Tsetlin type by using the restriction to the natural Lie subalgebra gl,,; see
[20]. In a recent work [24] these results were extended to all covariant representations of
8l by constructing a Gelfand-Tsetlin type basis and providing matrix element formulas

of the generators of gl .. in the basis. That basis appears to have properties quite different

mln

from ours.

2 Main results

Consider the standard basis E; over C.

The Zs-grading on gl

i, 1 < 4,7 < m+n, of the Lie superalgebra gl

is defined by setting deg F;; = 7 + 7, where we use the notation

mln
m|n
t=0forl1<it:<mand7=1form+1<i<m+n. The commutation relations have
the form .

[E" E’d] = 5kj E;;1 —9; Ekj(—l)(”i)(kﬂ)’

where the square brackets denote the super-commutator.

¥R

Given a tuple A = (A, ..., A | Admaty - - - Aman) of complex numbers, the irreducible

representation L(A) of gl,,,, is generated by a nonzero vector ¢ (the highest vector) satis-

mn

fying the conditions
E” C =0 for
Eii C = )\2 C fOI'

j<m+n and

The representation L(\) is finite-dimensional if and only if the conditions (1.1) hold. We
will suppose that this is the case as we will only work with finite-dimensional representa-
tions.

The family of the covariant representations is distinguished by the following conditions:
all components \q, ..., A\, of A are nonnegative integers and the number ¢ of nonzero
components among A1, - - -, Aman does not exceed \,,; see [3] and [23]. To each highest
weight A satisfying these conditions, we will associate the Young diagram I') containing
A+ -+ Aptn boxes which is determined by the conditions that the first m rows of I'y are
A, ..., Ay while the first ¢ columns are A, 1 +m, ..., A\pi¢ +m. The condition ¢ < A\,
ensures that I'y is the diagram of a partition. A supertableau A of shape I'y is obtained by
filling in the boxes of the diagram I') with the numbers 1,...,m + n in such a way that

the entries weakly increase from left to right along each row and down each column;
the entries in {1,...,m} strictly increase down each column;

the entries in {m + 1,...,m + n} strictly increase from left to right along each row.

4



Ezxample 2.1. The following is a supertableau of shape I') associated with the highest
weight A = (10,7,4,3]3,1,0,0,0) of olys:

1[1]1]2]2]3]5]6]7]9]
21213
3141719 }
168
516
7
7]
The thicker line indicates the subtableau formed by the entries in {1,2,3,4}. O]

Given such a supertableau A, for any 1 < i < s < m denote by A, the number of
entries in row ¢ which do not exceed s. Furthermore, set » = \,,,; and for any 0 < p < n
and 1 < j <7 +p denote by A/, . the number of entries in column j which do not exceed
m+ p.

The subtableau of the supertableau A occupied by the entries in {1,...,m} is a column-
strict tableau of the shape = (A1, ..., Amm). The subtableau 7" of A occupied by the
entries in {m + 1,...,m 4+ n} is a row-strict tableau of the skew shape I'y/u. We set

lz:)\z_z+17 lsz:)\sz_z+17 l,

T+p.J

- /\;“-Ho,j —J+1L
For each s =1,...,m + n we denote by w, the number of entries in A equal to s. The
symbols A; in the denominators below indicate that the i-th factor should be skipped.
Our main theorem (Theorem 4.18) states that each covariant representation L(\) ad-
mits a basis (4 parameterized by all supertableaux A of shape I'y. Moreover, the action of

the generators of the Lie superalgebra gl . in this basis is given by the formulas

mln

Ess CA = Ws CAa (21)

Es,s+1 CA - Z CAN/ CAH (22)
A/

Es—l—l,s CA = Z dAA’ CA’? (23)
A/

where the sums in (2.2) and (2.3) are taken over supertableaux A" obtained from A respec-
tively by replacing an entry s+ 1 by s and by replacing an entry s by s+ 1. The coefficients
can and dppe are found by explicit formulas which depend on s, as well as on the row or



column number of A where the replacement occurs. For the values s # m the coefficients
are given by

Cany — — (lsz - ls+1,1) s (lsz - ls+1,s+1)
Al (lsz_lsl)/\l(lsz_lss) ’

darns — (lsz - lsfl,l) s (lm - lsfl,sfl>
Al (ZS'L_ZSI)/\Z “‘(lsi_lss> 7

if 1 <s<m —1 and the replacement occurs in row ¢, and by

_ (Z;er,j - lr/+p+1,1> e (lvier,j — U+p+1,r+p+1)

CAN = —
(Uﬂm‘ o l7{+p,1) SRRAVERS (l7f+p,j o l7{+p,r+p) 7

( / 7/ ) ( / g )

Ay = ~tpd — ripm LV gy e Lrip]
?

(l;-ﬂ?»j o Z;er,l) c g ( 7{+p,j - lrf-&—p,r-&-p)

if s=m+pfor 1 <p<n-—1and the replacement occurs in column j. In the case s =m
the coefficients cypr and dpys are given by more complicated formulas; see Theorem 4.18.
This includes the case where the parameter r is changed to r + 1 or r — 1 which results in
additional factors in the expressions for cya and dja:.

These matrix element formulas can be interpreted by using an equivalent combinatorial
description of the basis vectors. Namely, to each supertableau A of shape I'y we can
associate the pair of arrays of nonnegative integers (U, V) of the form

>\m1 /\m2 )\mm
)\m—l,l )\m—l,m—l
U =
/\21 )‘22
>\11
and
I ! /
>\r+n,1 r+n,2 e o )\r—i-n,r—‘rn
Y =
! I . )\/
r+1,1 r+1,2 r+1,7+1
I / /
r,1 r,2 e /\T,T

By the properties of the supertableau A, both U and V are patterns as the following
betweenness (or interlacing) conditions hold:

Aot1i Z Ak 2 Mg for 1<i<k<m-1



and

)\/

T+p,j+1

)\/

r+p— 1j/

)\l

r+p,J 2

for p=1,...,n and j=1,....r+p—1.

The basis elements Ej; of gl,,,, with 1 < i,j < m span a subalgebra isomorphic to
gl,,. The action of the elements of this subalgebra affects only the pattern U leaving V
unchanged, while the action of the subalgebra isomorphic to gl, which is spanned by the
E;; with m+1 < 7,j < m+n, affects only the pattern V leaving &/ unchanged. The above
formulas for the action of the generators of both of these subalgebras coincide with the
classical Gelfand-Tsetlin formulas. The action of the odd generators E,, ,,+1 and E,q1.m
affects both U and V.

For any complex number a the mapping

defines an automorphism of the universal enveloping algebra U(gl Twisting L(\) by
such an automorphism amounts to the shift \; — \; + (—1)"a of the components of .

Hence, the basis provided by Theorem 4.18 and the matrix element formulas are also
valid for any representation L(A) which is isomorphic to the composition of a covariant
representation with such an automorphism.
The tuple of complex numbers w = (w1, ..., Wn|Wnitts .-, Wnin) 1S & weight of L(A) if
the subspace
LN, ={ne L\ | Ein=wmn, i=1...,m+n}

is nonzero. Let z1,..., %1, be indeterminates. Then the character of L()) is the poly-
nomial

ch L(A Z dim L(\), 25, ... it (2.4)

By Theorem 4.18, dim L()),, equals the number of supertableaux A containing w; entries
equal to s for each s = 1,...,m + n. Hence, we recover the formula for ch L()\) originally
obtained in [3] and [23]; see Corollary 4.20 below.

3 Mickelsson—Zhelobenko superalgebra and Yangian

We start by applying the standard methods of the Mickelsson algebra theory developed
by Zhelobenko (see [29, 30]) to the Lie superalgebra gl
The corresponding Mickelsson—Zhelobenko superalgebra will be described in a way similar

mln and its natural subalgebra gl,,.
to its even counterpart; cf. [13].

Let h denote the Cartan subalgebra of gl,, spanned by the elements FEiy,..., Enm
and let R(h) denote the field of fractions of the commutative algebra U(h). Consider the



extension of the universal enveloping algebra U(g[m‘n) defined by

Let J denote the left ideal of U’(gl

Then J is a two-sided ideal of the normalizer

generated by the elements EF;; with 1 <@ < j <m.

NormJ = {z € U'(gl,,,,) | Jo C J}. (3.1)
The Mickelsson—Zhelobenko superalgebra Z(gl,,,,, 8l,,,) is defined as the quotient algebra
Z(glp> 8L,,) = Norm J/J.

Then Z(gl,,,, 8l,,) is a superalgebra over C and a natural left and right R(h)-module.
Generators of the superalgebra Z(gl,,,,, 8l,,) can be constructed by using the extremal
; see [2]. The projector p is an element of an algebra

m?

projector p for the Lie algebra gl
F(gl,,) of formal series of elements of U(gl,,) and can be defined as follows. The positive
roots of gl,, with respect to h are naturally enumerated by the pairs of indices (i, j) such
that 1 <7 < j < m so that the element E;; is the corresponding root vector. Call a linear
ordering of the positive roots normal if any composite root lies between its components.
Set

00 . & <_1)k
Pij = ;(Ej') (Eij) k! (hi — by +1) ... (hi — hj + k)’

where h; = E;; — i+ 1. Then p is given by the product
b= H Pij
i<j
taken in any normal ordering on the pairs (i,j). The formal series p does not depend on
the normal ordering and has the properties

Moreover, p satisfies the conditions p? = p and p* = p, where x — z* is the involutive

anti-automorphism of the algebra F(gl,,) such that (E;;)* = Ej;.

The extremal projector p can be regarded as a natural operator on the quotient space
U'(gl,,)/J. The Mickelsson-Zhelobenko superalgebra Z(gl,,,,, 8l,,) can be identified with

the image of U'(gl,,,)/J:
Fori=1,...,mand a =m+1,...,m + n introduce elements of Z(gl,,,,, gl,,) by

Zia = pEia(hi — hy) ... (hi — hi—1),
Zai = PEai(hi — hiy1) ... (hi = hiy).



The Zy-grading on the superalgebra Z(gl,,,,, 81,,) is inherited from that of the superalgebra
U(g[m‘n) so that all the elements z;,, 2, are odd. Together with the even elements E,
with a,b € {m + 1,...,m 4+ n} they generate the Mickelsson—Zhelobenko superalgebra
in the sense that monomials in the 24, 2, and Egp span Z(gl,,,, gl,,) as a left (or right)
R(h)-module.

The explicit formulas for the elements z;, and z,; (modulo J) have the form

Zia — Z EiilEilig e Eis_ﬂsEisa(hi — h]l) e (hl — h’jr)’ (32)
> > >0 21
Zai — Z EiliEiQil e Eisis_1Eais(hi — h’]l) RN (hz — hjr)? (33)
1<i1<-<is<m
where s =0,1,... and {ji,...,J,} is the complementary subset to {iy,...,is} respectively
in the set {1,...,i—1}or {i+1,...,m}.
In the following proposition we let the indices 7, j and a, b, ¢ run over the sets {1,...,m}

and {m + 1,...,m + n}, respectively.

Proposition 3.1. The following relations hold in Z(gl,,,, 8l,,):

[Ealn Zci] = 5bczai7 [Eaba Zic] = _6aczib- (34)
Moreover, if i # j then
hi—hi+1 1
Zaifbj = TRbjRai T L ZbiRaj )
A s
while
ZaiZbi = —ZbiZai- (3.5)
Finally, if i # j then
ziazbj = —ijzim (36)
while
m m m hi— By — 1
ZiaRbi = (5ba<hi +m — 1 Eba H h — h]’ — 1) — ZZ[,ija H W (37)
j=1,j#i j=1 k=1, k+#j

Proof. All relations are verified by a standard calculation involving the extremal projector
p; cf. [27]. They differ only by signs from the relations in the Mickelsson—Zhelobenko
algebra Z(gl,,,,, gl,,); see [13]. O

For all a,b € {m+1,...,m+n} introduce the polynomials Z,;(u) in a variable u with
coefficients in Z(gl,,,,, g,,) by

Zap(u) = (5 p(u+m)+ Eab> H )+ szz,b H —hy ) (3.8)
i=1 i=1 j=1,j#i hi = b



We will need to evaluate Z,,(u) at u = h, where h is an element of U(h). In order to
make such evaluations unambiguous, we will always assume that the coefficients of the
polynomial are written to the left of the powers of u. In particular, we have

Zab(hi) = Zai%ib, 1€ {1, c. ,m}. (39)
Moreover, the relation (3.7) implies that
Zab<h'i — 1) = —ZibRai 1 E {1, ce ,m}. (310)
This implies an alternative formula for the polynomials Z,(u),
Za(w) = (b Eup) [Jr =i+ 1) =z [] 22 (3.11)
i=1 i=1 j=tgi

The mapping E;; — (E;;)* = Ej; defines an involutive anti-automorphism of the uni-
versal enveloping algebra U(gl
to U'(gl and to the Mickelsson-Zhelobenko superalgebra Z(gl,,..,,, gl,,). The elements
of R(h) are fixed points of this anti-automorphism, and the images of the generators of the
superalgebra are easy to calculate. It is also easy to verify directly that the formulas in

mpn)- We will use the same notation for its natural extension

the next proposition define an involutive anti-automorphism of Z(gl,, .., gl,,)-
Proposition 3.2. For anyi € {1,...,m} and a,b € {m+1,...,m+ n} we have

(hi —hy—1) ... (hi — hiiy — 1)
(i — his1) - - (hi — )
(hi — hisa +1) oo (hi =l + 1)
(i — B - (hi — hiy)

(zia)* = Zai

(Zai)* = Zia

and (Eqw)* = Ep,. Moreover, (Zab(u))* = Zpa(u). O

Proposition 3.3. For anyi € {1,...,m} and a,b,c € {m +1,...,m + n} the following
relations hold in the Mickelsson—Zhelobenko superalgebra Z(gl,,,, 8l,,),

VA A 7 12
ab(u)zcz Zei ab(u) u— hz + Zai cb<u> U — hz (3 )

7 L gt e g R 1
ab(u)zcl Zei ab(u) . h@ 1 + cb(u)zm U — hz +1 (3 3)

Proof. The first relation is verified by a straightforward calculation with the use of the
relations in Z(gl,,,, gl,,) given in Proposition 3.1. The second relation is obtained by writ-
ing another form of (3.12) with a and ¢ swapped and solving the system of two equations
simultaneously for the unknowns z.;Zg,(u) and 24 Zq(u). O]
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Note that analogous relations involving the raising operators z;, can be obtained by
applying the anti-automorphism of Proposition 3.2 to the relations of Proposition 3.3.

Recall that the Yangian for gl, is a unital associative algebra Y(gl,) over C with
E])’ t§j2)7 s
defining relations of Y(gl,,) have the form

countably many generators ¢ where i and j run over the set {1,...,n}. The

(r+1) 4(s) (r) (S+1) (r)4(s) (5) 4(r)
[t = [ty t ) = tejit” —tjta’s (3.14)
where 7,5 > 0 and tz(»?) := 0;;. Using the formal generating series
tij(u) = 0+t u™t U
the defining relations (3.14) can be written in the equivalent form

(u =) [tij(w), tea(0)] = trj (u) ta(v) = tr; (V) taw).
A detailed exposition of the algebraic structure and representation theory of the Yangian
can be found in [15].
Proposition 3.4. The mapping

1
u+m)(u—hy)...(u—hy)

tij (u) = Lmtim+j (u) (
defines an algebra homomorphism

v:Y(gl,) — Z(g[m‘n,g[m). (3.15)

Proof. This is a super-analogue of the homomorphism from the algebra Y(gl,) to the
Mickelsson-Zhelobenko algebra Z(gl,, ., g1,,,); see [13, Theorem 3.1]. Similar to the proof of
that result, we note first that the normalizer Norm J defined in (3.1) contains the centralizer
U(gl,,j,)% of gl,,, as a natural subalgebra. We will then obtain the homomorphism (3.15) as
the composition of the super version of the Olshanski homomorphism Y (gl,,) — U(gl,,,,)%""
and the natural homomorphism U(g[m‘n)glm — Z(8yn> 8L,)-

In more detail, let E denote the m x m matrix whose (i,j) entry is the basis element
E;j of gl,,. Then the mapping ¢ : Y(gl,) — U(gl,,,,) given by

t(-l-) -, mg

. 3.16
Z‘ = Z Em-i—zk k:lEl ;m+7 r 2 27 ( )

k=1

defines an algebra homomorphism. It can be verified directly that the images of the

(r)

generators t;; satisfy the defining relations of the Yangian. Alternatively, we can write

11



this map as the composition of an embedding of Y(gl,,) into the Yangian Y(gl,,,,) and the
— U(gl see [8, Formulas (7) and (12)].

Furthermore, it is easy to verify that each element w(tg)) commutes with the elements

evaluation homomorphism Y (gl,,,,) min)}
Ey, 1 < kIl <m,so that the image of the homomorphism 1 is contained in the centralizer
U(gl,1,) % The next step is to find the images of the elements w(tl(-;)) in the Mickelsson—
Zhelobenko superalgebra by using calculations similar to the even case; cf. [13, Sec. 3]
and [15, Sec. 9.3]. The final formula for the images of the coefficients of the series t;;(u)
is obtained by twisting the homomorphism 1 by the shift automorphism of the Yangian

sending t;;(u) to t;;(u + m). O

4 Yangian action on the multiplicity space

For any tuple of complex numbers A = (A1,..., Ay | As1s - -+, Aman) satisfying the condi-
tions (1.1) consider the corresponding finite-dimensional irreducible representation L(A) of
gl Denote by L(A)* the subspace of gl,,-highest vectors in L(\):

LN ={ne L\ |Eyn=0 for 1<i<j<m}

Given an m-tuple of complex numbers = (p1, .. ., i) such that p; — p; 1 € Z, for all i
we denote by L()); the corresponding weight subspace of L(A)*:

L), ={n€ LN | Eun = win for i=1,...,m}.
We have the weight space decomposition

LT =L,

It follows from the super-extension of the general results of the Mickelsson algebra
theory ([29], [30, Theorem 4.3.8]), that given a total weight-consistent order on the set
of elements Ep, with m+1 < a <b<m+mnand z,; witha=m+1,...,m+n and
i =1,...,m, the subspace L(A)* is spanned by the vectors M(, where M runs over the
set of ordered monomials in these elements and ( is the highest vector of L(A). This
implies that the multiplicity space L()\);r is nonzero only if all components of the m-tuple
= ({1, .., My) satisfy the inequalities 0 < A\, — pu; < n. However, we will not need
to rely on this result as its independent proof will follow from the explicit construction
of the representation L(A). Namely, assuming in addition that u is a partition, we will

construct a basis of each space L());} and use these bases to produce a gl,,,,-submodule

K of L(X). Since L()) is irreducible, we will conclude that K = L(\) so that the space
L(X)}; is nonzero if and only if x satisfies the above conditions.

12



The dimension of L())} coincides with the multiplicity of the gl,,-module L/'(x) in the
restriction of L(\) to gl,,,. The multiplicity space L())}} is a representation of the centralizer
U(gl,,j,)%. Therefore, using the Olshanski homomorphism Y (gl,,) — U(gl
equip L(/\);r with an action of the Yangian. As with the case of the skew representations of
and gl,, (see e.g. [15, Sec. 8.5])
one can show by extending the arguments to the super case that if the space L(\)T is

I

nonzero then the resulting representation of Y(gl,) in L(A); is irreducible. We do not

bring all details here as this would lengthen the paper significantly and also because the

min) 8 We can

the Yangian associated with the pair of Lie algebras gl

m—+n

irreducibility of the Y (gl,,)-module L(A)} could be established in a more direct way by using
the character formula for L(\) obtained in [3] and [23]; see also Corollary 4.20 below. As we
want to demonstrate how this formula follows from the basis construction, in our exposition
we will rely on the properties of the super-version of the Olshanski homomorphism.

4.1 Covariant representations

We will now suppose that all components \; of A are nonnegative integers and the number ¢
of nonzero components among Ay, 11, - - - , Amin does not exceed A,,. The cyclic U(gl,,)-span
of every nonzero element of the multiplicity space L()\);r is a finite-dimensional represen-
tation of gl,, isomorphic to L'(u).

The elements z;, and z,; which are given by explicit formulas (3.2) and (3.3) preserve the
subspace of gl,,-highest vectors in L(\). Moreover, they raise and lower the gl -weights,
respectively:

Zia L)) — L()\):Jréi, Zai » L) — L()\)Z_(;Z_,
where p £ 9, is obtained from p by replacing the component p; by p; £ 1. We will call the
Zia and z4; the raising and lowering operators, respectively.

Suppose that g = (u1, ..., iy) is a partition satisfying the conditions 0 < \; — p; < n
for all i =1,...,m. Introduce the element (, € L(A\)} by

Cﬂ = H (Zer)\jfuj,j e Zm+2,j Zerl,j) Ca
j=1
with the product taken in the increasing order of j.
Proposition 4.1. Under the action of Y(gl,) on L(\)} we have
tij(u)(, =0 for 1<i<j<n

and
tpp(u>CM = Am-&-p(“)(y fOT’ p = 17 cee,n,
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where

U+ Apgp + M - u—p;+i
Am =P _ 4.1
+p(u) %+ m H W ti1 (4.1)

=1, \i—p;2p

Proof. Using Proposition 3.4 we can rewrite the statements in terms of the action of the
coefficients of the polynomials Zu(u). Each element h; acts in L(A)} as multiplication by
the scalar o; = u; — i + 1 so that the relations can be written as

Zap(u)C, =0 for m+1<a<b<m+n (4.2)
and
Zpmip(W G = (WA Ay +m) [ (w—o;+1) [ (w—-0)¢ 43)
J=1 Xj—n;=p J=1, Aj—h;i<p

for p=1,...,n. We will prove them by induction on the sum Z;.n:l()\j — ;). If the sum
is zero, then ¢, = ¢ is the highest vector of L()). Then the relations follow from (3.8) as
2ia ¢ = 0 for all 7 and a. Now let ¢ be the minimum index such that A\; — y; > 0. Then
Cu = 2eiCuys, With ¢ = m + A; — p1;. Suppose that a < b. If a > ¢, then we use (3.12) to
write

Zab(u) Zeci Cp+5i = ZciZab(u) Thi@ﬂsi + ZaiZcb(u> rhi@urai- (4-4)
If a < ¢, then using (3.13) we get
Zab(W) zei Quys, = ZeiZap(w) w—ht1 Curs, T Zeb() Zas w—h 1 G5, (4.5)

Note that z2; = 0 by (3.5), so that z4;Cu4s, = 0 if a < ¢. Therefore, applying the induction
hypothesis we derive (4.2).
Now let @ = b= m + p. Applying (4.4) and (4.5) together with (4.2), we get

U — 0; .
Zaa(u) Zei C;Hréi = ZciZaa(u) m CM+5Z,, if )\z — M <P,
u— o; + 1 .
Zaa(u) Zei C/Hréi = ZciZaa(u) ﬁ C;Hr(si if )‘Z — Wi > D,
u— o; + 1 .
Zaa(u) Zai CM+Ji = ZaiZaa(u) m Clqu(;i if )\Z — MU = D.
This proves (4.3). O

Recall the notation I; = A\; —j+ 1 for j =1,...,m. Fix an index i € {1,...,m} and
set k= X\ — 1.
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Corollary 4.2. If k =0 then 2z mipCu =0 forallp=1,...,n. If k > 1 then

i—1

Zimtk G = (07 + Ay +m) H(—l)Aj_’” (oi — 1)

j=1
m m
X I[I (-0+1 [T (=) s, (4.6)
j=i+1, )\j_l/'j>k Jj=i+1, )\j—,u]'<l€
Moreover, for 0 < k <n—1 we have
i—1 i—1 i1
(—1)MHi
ZmA4-k+1,i CN = H m . H (O’i — O'J) ' H (Ui — 0 — 1) CM*(SZ” (47)
Jj=1 J=L Aj—pi>k J=1, Aj—ps<k

Proof. Since 2 m+p ¢ = 0, the first claim is immediate from (3.6). Furthermore, if £ > 1,
then applying (3.6), we get

1—1 1—1
>\._ .
Zigntk Cu = [ DY ] oy gy« 2 2 ) Zomeeh G
i=1 i1

where 1 = (A1, ..., Nic1, fis -« o). By (3.10), we have 2; itk Zmiki = —Zmtkmtk(hi — 1)
so that
Zigmtk G = Zigmek Zmtki Girs, = — Zmkm+k(01) Gigs,
and (4.6) follows from (4.3).
Now apply zm+x: to both sides of (4.6). Using (3.9) and (4.3), for the left hand side

we obtain

Zm+k,i Zim4+k Cp = m+k,m+k:(hi) Cp = m+k,m+k(0i) Cp
=@+ Ampn+m) ] (ei-o+D) ][ (i) G
J=1, Aj—p; =k J=1, Aj—p;<k
Rewriting the resulting relation for p — ¢, instead of p, we get (4.7). ]

Corollary 4.3. Suppose that p = (pi1,- .., fm) S a partition such that the conditions
0< AN —p; <nhold for alli =1,...,m. Then the vector (, is nonzero.

Proof. As in the proof of Proposition 4.1, we argue by induction on the sum Z;”:l()\j — 145)
and suppose that ¢, = 2,15 C,H(;l_ with k& = \; — u;, where 7 is the minimum index such
that \; — p; > 0. Then o; =, for j =1,...,7— 1 and using (4.6) we obtain

m m
Zim+k CM = (O’i + /\m+k + m) H (O'i — 0 -+ 1) H (Ui — O'j) Cﬂ+5i'
7=1, )\j—,u,j>k 7j=1, )\j—,uj<]€



We have o; + Aok +m = 0; + m > 0. Moreover, o1 > --- > 0, so that the only factor in
the coefficient of <u+5i which could be equal to zero is o; — 0;_1 + 1. However, in this case
Wi = pi—1 = A;_1 which contradicts the assumption \; — p; > 0. Thus, the coefficient is
nonzero. By the induction hypothesis, the vector (5. is nonzero and hence so is ¢,. [

We will keep the assumptions of Proposition 4.1 and Corollary 4.3. Due to these state-
ments, the irreducible Y (gl,,)-module L(A) is a highest weight representation whose high-
est weight is the n-tuple (Ap,11(w), ..., Aman(w)). The corresponding Drinfeld polynomials

Pi(u),..., P,—1(u) are monic polynomials in u which are defined by the relations
A P, 1
At (1) Py(u)
for k =1,...,n —1; see e.g. [15, Sec. 3.2]. In Sec. 2 we associated a Young diagram Iy

to each covariant highest weight A. To give formulas for the polynomials Py(u), consider
the skew diagram I'y/p obtained from I'y by removing the first x; boxes in row ¢ for each
i=1,...,m. By the content of any box a of I'y/u we will mean the number c(a) = j — ¢
if v is the intersection of row ¢ and column j of the diagram.

Corollary 4.4. The Drinfeld polynomials associated with the Y(gl,)-module L()\)} are

given by the formulas

Pi(u) =[] (u—e(a)),

«

where a runs over the leftmost bozes of the rows of length k in the diagram Ty /u.

Proof. The formulas of Proposition 4.1 imply that

m )‘7n+k_)‘m+k+1
Pi(u) = H (u—0y) H (u4 Npykr1 +m—+7—1).
i:1, )\i_ﬂi:k j:1

Writing the factors in terms of the contents of the boxes of the diagram I'y/u gives the
desired formulas. ]

Now we introduce some parameters of the diagram conjugate to I'y/u. Set r = puy and
let p' = (13, - . ., i) be the diagram conjugate to p so that u equals the number of boxes

in column j of pu. Furthermore, set X' = (\},..., \

vin), Where X’ equals the number of

boxes in column j of the diagram T).

Consider the general linear Lie algebra gl.,, and its natural subalgebra gl.. Denote
by L(X) the finite-dimensional irreducible representation of gl,,,, with the highest weight
N. The subspace L(\ ) of gl,-highest vectors in L()\) of weight p is equipped with a
structure of irreducible representation of the Yangian Y(gl,,). This is a skew representation
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of Y(gl,,); see e.g. [15, Sec. 8.5] for a more detailed description of these representations.
To define the action, consider the homomorphism Y(gl,) — U(gl,,,) defined by
t = Brvirss,

N ~ — 4.9
1) o (—1p! Y Erin(EP By, p22, (49)

k=1

where E denotes the r x r matrix whose (i,7) entry is the basis element F;; of gl,. The
image of the homomorphism is contained in the centralizer U(gl,,,)® which allows to
define the Yangian action on the vector space L(\ ):, via this homomorphism. We will
work with the twisted action of the Yangian on this space which is obtained by taking its
composition with the automorphism sending ¢;;(u) to ¢;;(u — ).

Theorem 4.5. The Y(gl,,)-modules L(\)T and Z(X);, are isomorphic.

m

Proof. The Drinfeld polynomials Py (u) of the skew Y(gl,)-module L(\ ) were first cal-
culated in [17] for a slightly different action of the Yangian. In our setting they can be
written in the form

Fk(U>ZH(U+C(a)), k=1,...,n—1,

a

where « runs over the top boxes of the columns of height k in the diagram X' /u/; see also
[15, Sec. 8.5]. Hence, by Corollary 4.4 the Drinfeld polynomials of L()\’ ) coincide with
those of the module L(A)}. We want to verify that the highest weight of this module is
the same as the highest weight v(u) = (v1(u), ..., v,(u)) of the Y(gl,,)-module Z(X);,. We
will use the formula for v(u) given in [15, Theorem 8.5.4]: the components v (u) are found
by
(u+ I/]gl)) (u+ V,EQ) —1)...(u+ V,ETH) —r)
(u+p)(u+py—1). . (u+p —r+1)(u—r)

vi(u) =

where

VIES) = mid{ﬂé—l? H;’ ;c—i-s—l}?

assuming fy, is sufficiently large, p;,, = 0, and mid{a,b,c} denotes the middle of the
three integers. Since the components of the highest weight and the Drinfeld polynomials
are related by (4.8), it will be sufficient to demonstrate that v4(u) = Aj,q1(u). Write
= (f41,- .., m) in the form
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Now calculate A, 11(u) by (4.1). The part of the product

ﬁ u—uz—i—z
i1, )\ifm;lu_'ui_'_z_l

corresponding to the values p; = s simplifies to the expression

u+ V£s+1) _ s

/
u+l’bs+1_8

for each s € {1,...,r}. The same expression equals the part of this product with p; = s =0
multiplied by the first factor in (4.1). O

4.2 Construction of the basis vectors

As we pointed out in the proof of Theorem 4.5, the representation L(\ ) of Y(gl,) admits
a basis parameterized by column-strict tableaux of shape X' /u/. The explicit action of the
Drinfeld generators of the Yangian in this basis was given in [17] by using a combinatorially
equivalent description of the basis vectors in terms of trapezium-like patterns. Using
Theorem 4.5, we get a basis of the Y(gl,)-module L())} parameterized by the row-strict
tableaux of shape I'y/p with entries in {m+1,...,m+n}, together with an explicit action
of Y(gl,,) in this basis. Furthermore, taking the Gelfand—Tsetlin basis of each gl, -module
L’ (1) we get a basis of the direct sum K of the vector spaces in (1.2) taken over the highest
weights p satisfying the assumptions of Corollary 4.3. Our goal now is to obtain explicit
formulas for the action of generators of gl,,,, in this basis of K. This will show that K is
stable under the action and hence, due to the irreducibility of L(\), that K = L(\). The
first step will be to present the basis vectors explicitly in terms of the lowering operators.

Given elements aq, ..., a; and by, ..., by of the set {m + 1,...,m + n}, introduce the
corresponding quantum minors

Zyi (u) = Z SEP + Zaysy ) (U —k+1) .. Zapy 0 (u), (4.10)

pESK

where the polynomials Z,,(u) are defined by (3.8). By Proposition 3.4, the polynomials
(4.10) inherit the properties of the respective quantum minors ¢, (u) in the Yangian
Y(gl,); see e.g. [15, Sec. 1.6]. In particular, the polynomials are skew-symmetric with
respect to permutations of the upper indices a; or lower indices b;, and they can be expressed

in a form alternative to (4.10):

Zp b u) = sgnp - Zay o (4) - Zayb(w— k4 1), (4.11)
pESK
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Moreover, their images with respect to the anti-automorphism of Proposition 3.2 are given
by

(Zolmi ()" = Zgume (u). (4.12)
Lemma 4.6. The following relations hold in Z(gl,,,, 8l,,): for any ¢ € {ay,...,ax} we
have
Alyeees @ Alyeees @ u — h@ —k+1
ZCiZbll,...,b:(u) = Zbll,...,b:(u) Zci w—h+2 (4.13)
bi,..rb — bib u—h;+1
ZicZaL...,aI;z (U) - Zal,,,,7a]; (U) Zic m (414)

Proof. Due to Proposition 3.2 and (4.12), the relations are equivalent. Therefore it suffices
to prove (4.13). By the skew-symmetry of the quantum minors, we may assume that
¢ = a,. We will argue by induction on k. If k = 1, then (4.13) holds by (3.12) with a = c.
For k > 2 write
k
Zyn ) = D ()7 gy (w = k4 1)Z00 ().

=1

Hence, using again (3.12) we get

k
P . U—hl—l{?—l—l
ZciZbll,’...fb: (u) = Z(_l)] 1(Za1bj (u—Fk+1)z w—h, —k+2
j=1 ‘
1 a2,..., QL
= oyt oy (0 = b4 1) o 2) Zye ().
Since Z; ;" (u) = 0, applying the induction hypothesis we arrive at (4.13). O
Foreach p=1,...,n set
m+1 1
m—+1,...,m m+1,...,m+p—1 —
Ap(u) = Zmill,,mig(u) Zmil,...,mig—l (U) ! H u— h, — p + 17 (415)
i=2 v
and forp=1,...,n — 1 set
m+1
m+1,....m m+1,....m 1 —
Bp<u> = _ijrrl,...,miﬁfl,m+p+1 (U) Zmil,...,migjrrl (U) ! H (u - hl - p)
i=2
and
m—+1 1
m+1,....m+p—1,m 1 m+1,....,m+p—1 —
Cp(u) = Zmil,...,mi}z; e (u) ijrrl,,..,mjrrgfl (u) ! H U — hs — p n 17
i=2 v
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where h,,+1 = —m and the second quantum minor in the formulas for A;(u) and C}(u) is
understood as being equal to 1.

As before, we also regard the Z,,(u) as polynomials in u whose coefficients are operators
in L(A);. We will see below that the basis vectors of L(A)[ are eigenvectors for the

o
coefficients of all quantum minors 27> m+l(u). Therefore, the application of A,(u),

m+1,...,m+l
B,(u) or Cy(u) to a basis vector produces a linear combination of the basis vectors whose
coefficients are rational functions in wu.

Recalling the parametrization of the basis vectors of the skew representations of the
Yangian (see [15, Sec. 8.5]) and using the isomorphism of Theorem 4.5, we find that the
highest vector ¢, of the Y(gl,)-module corresponds to the initial T'/p-tableau T° which
is obtained by filling in the boxes of each row by the consecutive numbers m+1,m+2,...

from left to right. The entries A\?, . of the corresponding pattern V° are given by

r+p,j

A ypy = min{ X, i}, (4.16)
where we assume that y is sufficiently large for i < 0. Equivalently, the parameters \° p
of 79 are defined by first extending 7° to an arbitrary supertableau of shape I'y so that
Y +p,; 18 the number of entries in column j of this supertableau which do not exceed m +p.
We will use the notation

0 _ 0 :
1, =X —j+1. (4.17)

Given an arbitrary row-strict I'y/u-tableau 7', set

G =TT (Col—thips = 1)+ Co( =04y + D C(121,)) G (4.18)

(p,9)

where the product is taken over the pairs (p,j) withp=1,...,n—land j=1,...,r+p
in the order

n—1,1),...,(1,1), (n—1,2),...,(1,2), ..., (n—=1,r+1),...,(1,r+1),
m—1,r4+2),...,2,7r+2), (n—1,7r+3),...,(3,7+3),
m—1Lr+n—-2),n—=2,r+n—-2), (n—1,r+n-—1).

Proposition 4.7. All evaluations of C,(u) involved in the expression (4.18) are well-
defined. The vectors (7 parameterized by the row-strict tableauxr T form a basis of L()\)Z.
Moreover, the action of the generators of the Lie subalgebra gl,, in this basis is given by the
formulas (2.1), (2.2) and (2.3) with s > m + 1.

Proof. The rational function C,(u) coincides with the image of the series

t17...,p—17p+1(u) tl"“’p_l(u)_l (w—hy —p+1) (4.19)

1,...,p 1,...,p—1
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under the homomorphism of Proposition 3.4. Note that h; acts in L()) as multiplication
by the scalar 1 = . Now we find the image of the series (4.19) (with hy replaced by r) in
the skew representation L()\ )4 of Y(gl,). The formulas defining this representation can
be written in an equivalent form with the use of quantum minors of the matrix 1 + Eu~!,
where E denotes the (r + n) x (r + n) matrix whose (i,5) entry is F,;;. Namely, the
representation is defined by

1,...,r,r+1
1,...,7r+7

_ -1 _
(w) = [(1+ Bu) 7] (14 Bu)
fori,j € {1,...,n}. Moreover, the images of the quantum minors occurring in (4.19) are
then found by

11 pt+1 — _\1,..r]7E = 1\ Loy ryr L, rp—1, 441
t1,...,§ P (U) = [(1 —|—EU ) . } ) (1 —|—EU )1,..,,r,r+1,...,r+p ’

1,...,p—1 = —1\1nr -1 - —1\Lmr+l,r+p—1
tlw--,g*l(u) = |:(1 + Eu )1 ri| ) (1 +Eu )1,...,r,r+1,...,r+p—1’

see e.g. [15, Sec. 8.5] for proofs of these statements. Hence, calculating the image of
the series (4.19) in the skew representation L()\ )} we conclude that the rational function
Cp(u), regarded as an operator in Z(/\’):, can be written as

1,...,7+p 1,....r+p—1

Cp(u) _ (U+E)1,...,r+p71,r+p+l. [( —i—E) yeeesTHD— 1} —1'

However, as was observed in [16], for an appropriate value of u such an operator takes a
vector of the Gelfand-Tsetlin basis of L(\ )l’:, to another vector of this basis; see also [15,
Sec. 5.4]. More precisely, if V and V'~ are trapezium patterns of the form described in
by A .—1, then for

Sec. 2 such that V~ is obtained from V by replacing an entry A\ p

T+Dp.J
the corresponding basis vectors ¢, and (,,- of L(X)} v We have

Cp( 7"+p])CV CV‘

Applying the isomorphism of Theorem 4.5 we conclude that

Cp( r+pj) C’T - C’T*

in the representation L(\);, there 7 and 7~ are the row-strict tableaux corresponding
to the patterns V and V™, respectively, so that 7~ is obtained from 7 by replacing an
entry m 4+ p by m + p + 1 in column j. This shows that the vectors given by (4.18) are
well-defined and they form a basis of L())}.

Comparing the actions of Yangian in L()), and L(N ) given by (3.16) and (4.9), w

can conclude that the elements of the subalgebra gl,, of g[ act on the basis vectors CT

mn

of L(A)} by the same formulas as the elements of the subalgebra g, of gl, ., act on the
basis vectors ¢, of L(N ):,, thus completing the proof. ]
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Corollary 4.8. Let T be a row-strict tableaux of shape I'y/p. Then forp=1,...,n

(u + lr+p 1) (u + lrer r+p)
(U + lr+p—1,1) s (U + lr+p—1,r+p—1)

Moreover, forp e {1,...,n—1} and j € {1,...,r + p} we have

Cp( r+pg)CT C’]’—7 (421)

if T contains an entry m + p in column j and the replacement of this entry by m +p+ 1

Ap(u) G = Cr- (4.20)

yields a row-strict tableau T~. Otherwise, Cp(—1,., ;)7 = 0.
For the same values of the parameters p and j we have

By(— r+p,]><7 Cr+s (4.22)

if T contains an entry m + p + 1 in column j and the replacement of this entry by m + p
yields a row-strict tableau T*. Otherwise, By(—l/,,)(r = 0.

Proof. We argue as in the proof of Proposition 4.7. The rational function A,(u) coincides
with the image of the series

£ )t ) (= by —p+ 1)

sy P

under the homomorphism of Proposition 3.4. The image of this series (with h; replaced
by 7) in the skew representation L(\’ ) is given by
) |:(U+E) O 1:|7

1,...,r+p—1

Ap(u) = (u+E),;0F

Hence, using again the formulas for the Yangian action in the Gelfand-Tsetlin basis of
L(N)}, we get the first relation.

The claim involving the operators Cy,(—I,,,, ;) was established in the proof of Proposi-
tion 4.7. Similarly, the rational function B,(u) coincides with the image of the series

1

_tf :i 1,p+1( )tf :iﬁ(u)flu_hl —

under the homomorphism of Proposition 3.4. The image of this series in I(X):, is given
by
B,(u) = (u+E) [(u—{—E)

Let V be the trapezium pattern correspondmg to the supertableau 7. The formulas for

.- ,r+p+1] -

7«+p 1,r+p+1 1..,r+p+1

the Yangian action in the Gelfand-Tsetlin basis of L(\ ):Lr, now give

Bp( r+pj)<V <V+7

where VT is the array obtained from V by replacing the entry A, +pj DY ALy, + 1, and the

vector (y,; is considered to be equal to zero if VT is not a pattern; see [15, Sec. 5.4]. O
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Corollary 4.8 implies the following identities for the parameters of the initial tableau
T of shape T'y/pu.

Lemma 4.9. For each p=1,...,n we have
(u + l19+p,1 +p— 1) co (U + l79+p,r+p b 1)
(u+ lw(?+p—1,1 +p—1)... (u+ l7(’)+p—1,7’+p—1 +p—1)

:(u+)\m+p+m)(u—7‘) ﬁ u—o;+1
u+m '

. u — O'j
J=1, Aj—p;=p

Proof. Calculate Ay(u+p—1) (7o in two different ways and compare the eigenvalues. First
take 7 = 7° in (4.20) and replace u by u + p — 1. This gives the left hand side of the
equality. On the other hand, since (70 = (, is the highest vector of the Y(gl,)-module
L(A\)}, the eigenvalue of the operator Z i miP(u) on ¢, can be found from (4.3) and
(4.11). Hence, the application of (4.15) yields the eigenvalue of A,(u + p — 1) in the form
of the right hand side of the equality. ]

Using the Gelfand—Tsetlin basis [7] of each representation L'(u) of gl,,, with u satisfying
the assumptions of Corollary 4.3, and the basis (; of L(A)} formed by the row-strict
tableaux 7 of shape Iy /11, we will construct basis vectors of the vector spaces L'(1)® L(A)
occurring in (1.2). More precisely, consider the raising and lowering operators s;; and sy;
for k=2,...,mand ¢ =1,...,k — 1 which are elements of U(gl,,) given by the explicit
formulas analogous to (3.2) and (3.3),

Sik = Z Eii1 Ei1i2 Ce EipflipEipk(hi — hjl) N (hz — hjr)7
> > >ip 21
Ski = Z EiliEigil Ce Eipip,lEkip (hl — hjl) e (h,z — hjr)?
1<i1 < <ip<k
where p runs over nonnegative integers, h; = FE;—i+1 and {ji, ..., j.} is the complementary
subset to {iy,...,4,} in theset {1,...,i—1}or {i+1,...,k — 1}, respectively. Note that
the lowering operators sj; and si; commute for any 4,5 € {1,...,k—1}.

Any supertableau A of shape I'y uniquely determines a partition g = (g1, ..., ) as
the shape of the subtableau with entries in {1, ..., m}, as well as the corresponding pattern
U with entries \;;; see Sec. 2. Moreover, a row-strict tableau 7 is found as the subtableau
of A with entries in {m + 1,...,m + n}. Define the vector of L()) corresponding to A by

A=A A=A
G\ = H <3k’f1 HER Sk,kl:fll kfl’kﬂ) Crs (4.23)

where (7 is defined in (4.18). The following is implied by the properties of the Gelfand—
Tsetlin bases; see e.g. [14] for a proof.
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Proposition 4.10. The action of the generators of the Lie subalgebra gl,,, of gl,,,, on the
vectors (y of L(\) is given by formulas (2.1) with 1 < s < m and by formulas (2.2), (2.3)
with 1 <s<m—1. ]

Due to Propositions 4.7 and 4.10, in order to determine the action of all elements of
gl on the vectors ¢, of L()), it will be sufficient to find explicit expansions of Ey, i1y
and E,,11,,C, as linear combinations of these vectors. The following two lemmas are
well-known in the classical case (i.e. for the Lie algebra gl ;) and their proofs are not
essentially different in the super case; cf. [14, Sec. 2.3] and [28]. Here we regard the raising
and lowering operators given by (3.2) and (3.3) as elements of the universal enveloping
algebra U(gl

Lemma 4.11. The following relation holds in U'(gl,,,,),

= 1
Em,m+1 = Z Smi Zi,m+1 5
— (hi —hy) ... N oo (hi — hiy)
where Sym = 1. O
Lemma 4.12. For any nonnegative integers ky, ..., km_1, in U'(gl,,,) we have
By sty st
— _ hi—hy+ ki) ooo(hi = By + K
:Zsﬁil"'sl:r;i_l---Sﬁqmgqlflzm-l-li( i 1) ( Lt 1)
Py ’ ’ (hz—h1>/\z(h2—hm>

]

Observe that E,, ,,4+1 commutes with all lowering operators sy;. Therefore, using (4.23)
we get .
EnmiiGa= ][] (521191_%71’1 b 525%]511_%71”%1> B m1 7 (4.24)
k=2,...,m
By Lemma 4.11, to find the expansion of E,, ,,,+1 (, we need to calculate z; ;,41 (7 in terms
of the basis vectors of L()\):Lr e Similarly, F,, 41, commutes with the lowering operators

ski for K < m — 1. Hence, due to Lemma 4.12, to find the expansion of E,, 11, (, we need

+

to calculate 2,11, (7 in terms of the basis vectors of L(A); ;.

Lemma 4.13. For any p € {1,...,n — 1} we have in Z(gl,,,,, gl,,,):
By(u) 2mi1i = Zmy1,i Byp(u), Jor 122,
and

uw—"hy—p

By(4) Zm411 = Zm+1,1 Bp(u)
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Proof. It suffices to apply (4.13) to permute 2,41, with B,(u), and use the relation
Zmy1i(u—h; —p+1) = (u—h; — p) 2m41, for i > 2. ]

Lemma 4.14. We have the relations in Z(gl,,,, 8l,,):

u—hy+1
21,m+41 C1(u) = C1(w) 21 m41 Wi—l’
Zim+1 C1(u) = Cy(u) zimy1 —————, if 12> 2,
and
zZim+1 Cp(u) = Cp(u) zim+1, o ip =2,
u—h;—p+1 ,
2 m1 Cp(u) = Cp(u) 21,m1 " —lhl fp ) iof p=2.
Proof. All relations follow by the application of (4.14). O

Proposition 4.15. For anyi € {1,...,m} we have
Zimir G =bir ] <Cp(_l;+p,j 1) Oyl + 1)Cp(_l19+p,j)> Zim41 Gy (4.25)
(p.d)

where the product over the pairs (p,j) is taken in the same ordering as in (4.18) and b; 1
s a constant given by

n—1r+p 34 r+1 4/
U, 4o+ [
bor = [ [] o2 =2 g =1, (4.26)
p=1 j=1 lr-i-p,j + 01 + p =1 lT‘-i-].,j + 01
and
r+1 7/
lr . —f- g;
bir =[] a2—  if i=2 (4.27)
j:l lT+1,j _'_ O—’L'

Proof. To verify (4.27), note that if ¢ > 2, then by Lemma 4.14, 2;,,41 is permutable with
the operators of the form Cj(u) with & > 2. Furthermore, the lemma implies that for p > 0

Zim+1 Cl(u +p — 1) o Cl(u -+ 1)C1(’U,>
U — hz +p

:Cl(u—i-p—l)Cl(u—i—l)Cl(u)zZ’mH w—h.

which yields (4.27). Relation (4.26) is verified by a similar calculation with the use of
Lemma 4.14. [
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Due to Proposition 4.15, the calculation of z; y,11 (7 is reduced to expanding of z; p, 11 (-
If \j —p; =0 for some i € {1,...,m}, then 2,41 ¢, = 0 by Corollary 4.2. On the other
hand, if &k = \; — p; > 1, then applying (4.7) with u replaced by p + J; we obtain

C;L = Cip Pm+k,i Cp—l—&ia (428)

where
i1 i1

_ N Tl 0i — 0
Ci#_H(_l) 7 , H ,_gj+1'

g, — 0 g
j=1 ! D=1, =k

Furthermore, using (3.10), we derive

Zim+1 fm+k,i Cu+5i = - m+k,m+l(hfi - 1) C,u+5i = - m+k,m+1(gi) C;Hréi'

If £ =1, then by (4.3), this vector equals ¢ u+s, multiplied by a scalar. Now suppose that
k > 2. In this case relations (3.4) imply that

Zm+k,m+1<<fi) = [Eerk,erl’ Zm+1,m+1(0i)]7

and so

Zi,m+1 fm+-k,i C;H—éi = Zm+1,m+1 (Uz‘) Em+k,m+1 C;H—éi (4-29)

since Zmi1,m+1(0) s, = 0 by (4.3). We will identify (.15, with the basis vector ¢, of
L()\)Léi corresponding to the initial tableau 7° of shape I'y/(u + §,), obtained by filling
in the boxes of each row by the consecutive numbers m + 1,m + 2,... from left to right.
We suppose first that 7 > 2 and use the corresponding parameters \° ip Of 7T defined in
(4.16) together with [, . defined in (4.17).

As we showed in Proposition 4.7, the expansion of E,, 1 m+1 (70 in terms of the basis

vectors (7 can be found by the respective case of the formula (2.3). Writing

Em+k,m+1 = [Em—i-k,m—i-k—l; ey [Em+3,m+27 Em+2,m+1] .. ] (430>

we can see that for ¢ > 2 the expansion of E, 1 m+1 (7o Will contain only those vectors (-
for which exactly one of the parameters )\19+1,1’ ce )\79+1,T+1 is decreased by 1. Due to the
subsequent application of the operator Z,, .1 m+1(0;), there will be only one of such vectors
occurring in the expansion of (4.29) with a nonzero coefficient. Indeed, using (4.20) with
p = 1 we derive that for any skew tableau 7 of shape I'y /(1 + 9,),

(w1 g) (w1 ,)
CECBRRCEN N

X(u—o9)...(u—0;—1)...(u—0ms1) (7

Zm—l—l,m—i-l(u) CT = (4'31)
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Set s = p; so that p, ., = i — 1. If T occurs in the expansion of E,, ;mi1(r0 and

)\;“+1,s+2 = M;Jrl + 1, then
l/

— ) o . o
T+1,3+2_)‘r+1,5+2_5_1—/uLSJrl—S—Z—l—ILLi__O-Z.

and Zm+1,m+1(ai) CT = 0. Hence, if Zm—l—l,m—l—l(ai) C’T 7é 0 then )‘;"+1,s+2 = /JJ;JFI. The
betweenness conditions then give

AMtlss2 = = Np 1ok = Hag1s
while for the remaining parameters we have A, ,; = A}, ;. This determines a unique
tableau which we denote by 7. Thus,
Zim+1 fm+k,i <u+5i = di,,u, C’T+7 (4-32)

for a nonzero constant d;, and any k£ > 1. To calculate its value, note that by (2.3) and
(4.30) the coefficient of the basis vector ¢, in the expansion of Ey, jm+1(uys, coincides
with the coefficient of this vector in the expansion of

k
(_1) Em—i—?,m—i—l Em+3,m+2 cee Em—l—k,m—i—k—l C/H—&i

and it is found by the formula

k-1
(i + i tp—1) . (o + 1 1y tP— 1)

1 <O-i+l19+p71+p_1)'../\s+p+1”.(O-i—i_l’l(“)-‘rp,r_i,_p‘i_p—l)'

(_1)k (433)

p=

We now use Lemma 4.9 (applied to I'y /(1 + 6;) instead of 'y /u) to write this coefficient in
a different form. Divide both sides of the identity of the lemma by v — o; and set u = o;.
We get the identity

(i 410y i+ —1) (0 +10 1y D — 1)
(o + l79+p,1 +p—1) . Asipr1 .- (oi + lfqﬂ”’*p tr—1)

_ o, +m H 0; — 0
(o= 1)(0;+ Anyp + M) o,—o0;+1

J=1, j#i, Nj—p;2p
Taking the product over p, we find that the coefficient (4.33) equals

<Ji+m)k—1]ﬁ 1 ﬁ ( 0; — 0 >min{/\j—u]‘7’f—1}
o, — 1T Ui—f-)\mﬂ,—i-mj r g —0o;+1 .

p=1 =1, j#i

Hence, applying (4.31) for u = 0; and 7 = 7 *, and combining this with (4.28), we conclude
that in the case under consideration,

Zim+1 Cu = Giu CT+> (4-34)
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with
1—1 o l 1—1 o o
;= ARV I S

g
j=1 ! D=1, Nj—pi =k

k—1 m

o, +m k—
<

) 11 o
o;— T o al—l—)\mﬂo—i-mjLHéz aj+1

)min{Aj—#Lk—l}

(o5 + 119+1,1) oo+ l79+1,7"+1)
(Ui+l£1)~'/\s+1 (Uz+l£T>

(i —02) ... Nivo (05— Omi1),

where the parameters [ are now associated with the initial tableau 7 of shape T'y/u

r+p, 7
via (4.16) and (4.17). Thz Jsarne formula for g, , clearly remains valid in the case k =1 as
well.

To extend the above calculation to the case i = 1 we need to take into account the fact
that the parameter r = p; changes to r + 1 for the partition p + 0,. This time (4.31) is

replaced by the relation

(u+ lr+2 1) (u+ l7/‘+2,7‘+2)
(w+1gg) (w1 ,)
where 7 is any skew tableau of shape I'x/(u + 6,). We will use the parameters A},
and [, , ; associated with the initial tableau of shape I'y/u by (4.16) and (4.17). Relation
(4.32) holds for i = 1 as well, where the parameters of the tableau 7 of shape T'y/(uu+6;)

are given by

Zmt1my1(u) G = (u—=02)...(u—=0Omt1) (7 (4.35)

apil = )\8+p] for p=0,....n and j=1,...,r+p, (4.36)
while A7,y =1and A, ., = 0for p > 2. The coefficient of the basis vector (-, in the

expansion of Ey, g m11 (s, coincides with the coefficient of this vector in the expansion
of

(=1)F Ervomit Emizme2 - - Bmtkmik—1 Cpts,
and it is found by the formula

k—
(1) H1 (r 4 Bpra P =) Ty iy +P— 1)

p=1 (T + l79+p,1 +p - 1) (T + lr+p r+p + p—= 1)
Lemma 4.9 now gives

(r+ l79+p—1,1 +p—=1)...(r+ 119+p71,7‘+p71 +p—1)
(T + l79+p,1 +p— 1) s (T + l79+p,r+p +p— 1)

(4.37)

m

r+m T — 0
ot Ayt M H r—oj+1’
J=2, Nj—ps2p
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so that taking the product over p, we find that the coefficient (4.37) equals

(=D (r +m)*~ lli_[l ﬁ( r—0j )min{/\jujvkl}
rm r+)\m+p+m r—oj+1 '

]:

Therefore, applying (4.35) for u = r and 7 = T, we conclude that (4.34) holds for i = 1
with

. . k—1 m r—oj min{\; —p;, k—1}
_ (29)
glnu ( ) (T+m) Hr+)\m+p mH T_O—]+1

Jj=2

(r+ lr0+1,1> c(r l7(‘)+1,7‘+1)
(r+ lgl) o (r10,)

(r—o3)...(r —oms1),

which is valid for k£ > 1

Combining the above calculation with Proposition 4.15 we come to the following.

Proposition 4.16. Suppose that for some i € {1,...,m} the following condition holds:
W+ 9, is a partition, and a row-strict tableau T of shape T'y/u contains the entry m+ 1 in
the box (i, +1). Then

Zim+1 67 = Ui Gip CTZ-J” (4.38)

where T, is the tableau obtained from T by removing the entry m~+1 from the box (i, ju;+1),
and the coefficients b; + and g; , are nonzero. Moreover, if the condition does not hold, then

Proof. 1f the condition holds, then the claim follows from the formulas (4.21) and the
definition (4.18) of the vectors (; together with (4.25) and (4.34). Now suppose that 49,
is not a partition. If the vector & = z;,,4+1 (7 were nonzero, its cyclic span U(gl,,) & would
be a highest weight gl,,-module with the highest weight p + §,. Since p + 6, is not a
partition, this module must be infinite-dimensional, a contradiction.

Furthermore, if p 4 9§, is a partition, then the condition will be violated if the box
(2, u; + 1) is outside the diagram T')/u. In this case \; = p; and the claim follows from
Corollary 4.2, as 2; ;41 (, = 0. Finally, let the diagram I'y /¢ contain the box (i, y;+1) with
the entry of 7 in this box greater than m + 1. Set j = p; + 1. Then all entries in column
j of the tableau 7 occurring in (4.34) should also exceed m + 1. On the other hand the
product in (4.18) defining the vector {; contains the factor Cy (=l ; —1)...Cy (=1, ;).
Hence, the operator Cy(—[;,, ; —1) in (4.25) will have to be applied to a vector of the form
(7., where 7' is a tableau of shape I'y /(1 + ;) whose entries in column j all exceed m + 1.
The result of this application is zero by Corollary 4.8. ]
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Proposition 4.16 together with Lemma 4.11 and relation (4.24) provide explicit formulas
for the coefficients in the expansion of E,, ,,4+1 (4 as a linear combination of the basis vectors.
We will express these coefficients in terms of the parameters of A in Theorem 4.18 below.

We now turn to the calculation of 2,41, (s for an arbitrary row-strict tableau 7 of
shape I'y/p. Suppose that the condition of Proposition 4.16 holds. Apply 2,41, to both
sides of (4.38). Using (3.9), we get

bi,’T Gipn Zm+1i CT;‘ = Zm+1,i Zi;m+1 CT = Zm+1,m+1(hi) CT = Zm+1,m+1(0z‘) CT (4~39)

which equals (7 multiplied by a scalar found for i = 1 and ¢ > 2 from (4.35) and (4.31),
respectively. This allows us to calculate 2,41, (.

Proposition 4.17. Suppose that for some i € {1,...,m} the following condition holds:
W —0; is a partition and a row-strict tableau T of shape I'y/u does not contain the entry
m + 1 in the box (i,p; +1). Then

Zm41,i g’f = fi,'T CTl— > (440)

where T, is the tableau obtained from T by adding the entry m + 1 in the box (i, j1;), and
fir 1s a constant. If the condition does not hold, then z,+1,(; = 0.

Proof. The first part of the proposition follows from (4.39). Now suppose that the condition
is violated and p — ¢, is not a partition. If ¢ < m then the claim follows by the same
argument as in the proof of Proposition 4.16 by considering the U(gl,,)-cyclic span of the
vector Zp41,; G- If © = m then we must have p,,, = 0. We will show that

Zm+1,m CT =0 (4~41)

for all row-strict tableaux 7 of skew shapes I'y/p with g running over the partitions with
tm = 0. Using (4.20) with p = 1 we derive that

(w+ ) (w1 ,00)
RSN NCRSN

Zms1ms1(w) G = (u—03)... (0= Oms1) (7 (4.42)

Therefore, by (3.10) we have

Zm,m+1 “m+1,m CT = - m+1,m+1(hm - 1) CT = - m+1,m+1(_m) CT =0, (4'43)

where we used the assumption y,, = 0 to conclude that all parameters I;; in (4.42) do not
exceed m — 1, while 0,41 = —m. We proceed by induction on the weights w(7) of the
vectors (7. The base of induction is the case (; = (, with p = (A\1,..., Ap—1,0) so that

CU(T) — ()\1, e 7)\m,1, O ‘ )\m+]_ + 1, ey )\m+k» + 17)\m+k+1, ey )\,,7771,”)7
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where £ = A,,. In this case zm41,m Cu = Zmt1,m Zmtkm - - - Zmy1,m ¢ = 0 since zZHLm =0
and Zpm41m Zmipm = —Zm+1m Zmipm DY (3.5). Now, given an arbitrary 7 we will show
that the vector 2,41, (7 is annihilated by all operators £, 411 witha=1,..., m+n—1.
Indeed, this is clear for a = 1,...,m — 1. Furthermore, each operator E,,+; with a > m

commutes with 2,41, so that

Ea,a+1 Zm+1,m CT = Zm+1,m Ea,a+1 C’T

which is zero by the induction hypothesis, since E, .41 (s is a linear combination of the
vectors ¢, with the weights w(7"’) exceeding w(7). To calculate E,, i1 Zmi1.m (7 use
Lemma 4.11. Using (3.6) we find that for i < m

Zi,m+1 Zm+1,m C’]’ = —Zm+1,m fim+1 C’]‘

which is zero by Proposition 4.16 and the induction hypothesis. Finally, the case : = m
is taken care of by (4.43). Thus, if a vector 2,11, (7 were nonzero, it would generate a
proper nonzero submodule of L(\). This is a contradiction since L(A) is irreducible. This
proves (4.41).

It remains to show that z,41,(; = 0 in the case where ;1 — ¢, is a partition and a
row-strict tableau 7 of shape I'y/u contains the entry m + 1 in the box (i, ; + 1). By the
first part of the proposition, the vector (7 can be written as (7 = ¢ 241, G, where ¢ is a
constant and the tableau 7 is obtained from 7 by removing the entry m + 1 in the box
(4,1 +1). Then 241,y = 0 since 27, ; = 0. O

We will now use Propositions 4.16 and 4.17 to produce a basis of L(\) and to prove
the main theorem. Recall the vectors ¢, of L(\) constructed in (4.23). As before, to each

supertableau A of shape I'y we associate a partition pu = (u1, ..., pm) as the shape of the
subtableau with entries in {1,...,m}. The parameters [° 'p.; of the initial tableau 79 of

shape I'y/p are defined in (4.17), where r = r(A) is defined by 7 = A1 = 1.

Theorem 4.18. The vectors (, parameterized by all supertableaur A of shape I'y form a
basis of the representation L(A) of gl,,,,. Moreover, the action of the generators of gl
is given by (2.1)—(2.3) together with the formulas

mln

Epni1 Gy = Y ean Gy, (4.44)
A/

EpiimCy = Z danr Cpr, (4.45)
A/

where the sums are taken over supertableaux A’ obtained from A respectively by replacing
an entry m+ 1 by m and by replacing an entry m by m + 1. The coefficients are found by
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the formulas

k
<lm1 + lr+l 1) . (lmz + lr+1 r+1) ( lmz +m )
l

CAN =
(lmz + lr,l) T /\)\mﬁ-l T (lmz + l'r(“),r) mi lml
k—1 i—1
1 li — 1
X (_1>/\j_)\mj mi J
}:[1 lmi + /\m+p +m ]1_[1 lmz - lmj

i— m min{\; —Amj, k—1}
% : lmi — lmj H ( lmz - lmj ) ’
i — b 1 i — Lo+ 1

J=1, Aj—Ami=

and

k
(b = bin11) -+ (i = b1 1) [l = Ly — 1
dan = ’ 1

- = i — lj — 1

% T s + A ~1 )Ny Tt g

H( + Amyp + M ) (=1) T —

p=1 7j=1

1—1 m min{/\j—)\mj,k}
lmi - lmj lmz - lmj

X _— - v

7j=1, /\j—>\m]‘>k Jj=1, j#i mu mj

where the replacement occurs in row © > 2 and k = X\; — \i;

Loy +1) U
ean = (1) (I +m)k( 1) O ¥ ) Hl

(lm1+lr,1)"‘(m1+l7(‘)r —1 m1+)‘m+p+m
1 r m min{Aj—Amj, k—1
X ﬁﬁjlml+l;+p,j+pn< lml_lmj ) { :
p=1 j=1 lml + l19+p,j +p =2 lml - lmj +1 7
and
dapn = (_1)k (lml lm71,1> : (lml lmfl m71)
k m I I min{\j—X,;, k}
ml ~ ‘mj
XH(lm1+)\m+p+m 1)H<l1_l _1)
p=1 j=2 \™m mj
X ﬁrﬁl by +llpy P~ 1
p=1 1 Ly + lrlﬂm +p— i



where the replacement occurs in row 1 and k = Ay — A1

Proof. Consider the subspace K of L(\), spanned by all vectors (,. By Propositions 4.7
and 4.10 the subspace K is invariant with respect to the action of the subalgebras gl
and gl, of gl,,,. Moreover, Lemmas 4.11 and 4.12 together with Propositions 4.16 and
4.17 imply that K is also invariant with respect to the action of the elements E,, ,,,+1 and
Epi1m- Hence, K is a gl ,,-submodule of L()). Since K contains the highest vector (,
and L(A) is irreducible we can conclude that K = L(\).
Furthermore, for each partition g = (u1,..., ) such that 0 < A; — p; < n for all
i, the vectors (7 parameterized by skew tableaux 7 of shape I'y/u form a basis of the
vector space L(A)}. For any fixed 7 the vectors of the form (4.23) parameterized by the
column-strict p-tableaux with entries in {1,...,m} form a basis of the gl ,-module L'(u).
This implies that the vectors (, are linearly independent and hence form a basis of L(\).
We will now calculate the expansions £, ;41 (y and 41, (, as linear combinations
of the basis vectors. Taking into account the denominator in the relation of Lemma 4.11
and using (4.34) for i > 2 we get
Gip Ao — 1 O'i—lj = 0; — 0j
N . _jl_[(_l)]wai—a H ; —o;+1

P (O'Z‘ — O'm) T =1, \j—pi=k 7i

(O'Z'—Oj)...

k—1

o; +m\k i o\ min{\j—py, k—1}
X
<0i—r> IH01+)\m+p+m H ( 0]—1—1>

J=1, j#i

y (07 + lr0+1,1> (ot l7[’)+l,r+l)
(O-i—i_lqgl)'--/\erl (O',L—i-l?g’r)’

where s = ;. The calculation is completed by applying Proposition 4.15 with formula
(4.27). Similarly, using the case i = 1 of (4.34), we find that

k-1

- = (=D r+m)* ]

(r—o9)...(r—on)

(r4+1200) - (120 00) ﬁ ( r—o; )min{xj—uj,k_u
(r+l£1)...(r—i—l£’r) r—o;+1 '

The calculation is completed by applying Proposition 4.15 with (4.26) thus proving the
formulas for cyps in (4.44).

To prove the formula for the coefficients daas in (4.45), apply 2,41, with i > 2 to both
sides of (4.34) and use (3.9) to get

Gip Bm+1,i C7+ = Zm+1, Ri,;m+1 CM = m+1,m+1(hi) Cu = m+1,m+1(€7i) Cu
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so that
Zm41,i G+ = 9;} Zms1,m11(00) G-

Then (4.42) implies

(o7 + 179+1,1) oo+ l79+177‘+1)
O'i—i-l?gl).../\SJrl (O’Z—Fl?pm)

Zmt1,mr1(00) Cu = ( (o —02) .. N (08— Omtr) Cu,

where we identify ¢, with the vector (,, associated with the initial tableau 7 of the skew
shape I'y/p. Using the formula for g; , we get

k—1

g, — 7T k—1 g; — Jj + 1 min{)\jf,uj,kfl}
Zm1i Gre = ( ) H(Ui + Ay +m) H (—)
o, +m . - 0; — 0j
p=1 J=1, j#i
i—1 i—1
O — O o, —o;+1
> H(_l)/\z pi 283 H ¢

; g; — lj . g; — O'j

J=1 J=1 Aj—pgzk

Replace p by p— 6, so that k will be replaced by k4 1 and 7 will be associated with p.
Thus, for £ > 0 we have

k m .
o, —1r—1\*k min{X; —p;, k}
Zmt,i G = <m> H(Ui + >\m+p +m — 1 H ( — 1)
p=1 J=1, j#i
" =l —0;—1 ﬁ o ¢
— l -1 o — 0 — 1 H=0i
]=1 J=1, Aj—u;>k

Now we use (4.22) and the first relation of Lemma 4.13 to calculate 2,41 ; (7 for an arbitrary
skew tableau of shape I'y/u. Applying appropriate operators of the form B,(—[/,, ;) to
both sides of (4.40), we conclude that the coefficient f; s coincides with f; 7+, where the
tableau 7T is associated with p as above. Together with Lemma 4.12 this proves the
formula for the coefficient daas in (4.45), for i > 2.

Finally, consider the case ¢ = 1 of the formula (4.45). Apply 2,411 to both sides of
(4.34) with ¢ = 1 and use (3.9) to get

91,1 Zm4+1,1 C’]’-‘r = Zm+1,1 Z1,m+1 Cu = Lm+1,m+1 (h1> Cu = m—&-l,m—‘rl(r) <u

so that
Zmi11 G+ = 917,1 Zmt1,m+1(r) Cu-

Now (4.42) gives

(r+ lr0+1,1) o (rt l79+1,7‘+1)
(T+l7971) o (r 12

Zm+1,m+1(r) Cu = ’ (7” - 02) s (7“ - Jerl) Cua
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where we identify ¢, with the vector (;, associated with the initial tableau T 9 of the skew
shape I'\ /. Hence, using the above formula for g, we find that

k—1 m
(=D*! — 0 + Lymin{h—p. -1}
Zm1,1 G+ = (r + m)F1 H<T+)‘m+p+m H < r —]a ) "
p=1 J=2 g

where 7 is the tableau defined in (4.36). We need to replace u by pu — 0, so that r is
replaced by r — 1 and k = A\; —r is replaced by k& + 1. Assuming that 7 is now associated
with © — é;, the above relation takes the form

—1)k k m r—oj min{\;—pu;, k}
Zm+1,1 C’]’Jr - ((—) H(T + /\m+p +m — H < > C/thsl .

_ 1)k — —
r+m—1) e picl Al A

To calculate 2,411 (7 for an arbitrary skew tableau of shape I'y/u, we use (4.22) and the
second relation of Lemma 4.13. Applying appropriate operators of the form By,(—[,,, ;) to
both sides of (4.40), we find that

n—1 r4+p—1

r+41° -1
fur = fir+ rivg ©
! ! }_[ H r+l =1

where the parameters [° p; and [ are associated with the tableaux 7 O and 7, respec-
tively. This completes the proof of (4.45) and the theorem. [

Remark 4.19. Note that any normalization of the vectors ¢, with normalization constants
depending only on u (and A) will only affect the formulas for the action of E,,,,+1 and
E,11,m and leave the formulas for the action of the generators of the subalgebras gl,,
and gl,, of gl,,,, in the new basis unchanged. This can be used to construct basis vectors
&x = N(A) ¢y with simpler expansions of E,, ;mi1&a and Epypqm €a- O

Theorem 4.18 implies the formula for the character of L(\) defined in (2.4), which was
originally found by Berele and Regev [3] and Sergeev [23]. Recall that given a Young
diagram p, the corresponding supersymmetric Schur polynomial s (z) in the variables
= (1, ., Tm/Tmi1,s - Tmin) is defined by the formula

- Z H L1(a)s
A acp

summed over the supertableaux A of shape p, where T'(«) denotes the entry in the box «
of the diagram p. An alternative expression for s,(r) is provided by the Sergeev—Pragacz
formula; see e.g. [12, p.61].

Corollary 4.20. The character ch L(\) coincides with the supersymmetric Schur polyno-
mial sy (1, T /Tmi1s - - Tingn) associated with the Young diagram T. O
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Ezample 4.21. In the case n = 1, the basis (5 of the representation L(A1, ..., Ay | Amy1) of
the Lie superalgebra gl,,;; can be parameterized by the patterns

/\ml /\m2 Amm
)\mfl 1 )\mfl,mfl
U =
Aot A2z
At
see Sec. 2. The top row runs over partitions (A, ..., A,,,) such that either \,,; = A, or
Amj = Aj — 1 for each j = 1,...,m. The action of the generators Fy, with s =1,...,m
and the generators Fs 4.1, Fgy1, with s =1,...,m — 1 on the basis vectors (y is given by

the Gelfand—Tsetlin formulas

Ess Cu = <i Asi — i )‘s—l,i) o
i=1 i=1

> (lsz - ls—i—l 1) s (lsz - ls—i—l s+1)
Es s = - . ’ 5
“H CU Z (lsz - lsl) AR (lsz - lss) QZ/H—(SSi

=1

> (lsz - lsfl 1) cee (lsz - lsfl 571)
Es ,SC = 7 7 C 5
i “ Zzl (lsz - lsl) A (lsz - lss) U0

where the array U £4,; is obtained from U by replacing Ay; with A\g;£1, and (;, is considered
to be equal to zero if the array U/ is not a pattern. For the action of the generators E,, 11 m+1,

Epmy1 and B, 11, we have

m+1 m

Epi1me1 G = (Z Ai — Z >\mi> Cus
=1 =1
Em7m+1 CZ,{ = Z(lmz + )\m-i-l + m)
=1
i—1 m
— [ lmj +1
Nj—Am; _mi j mi mj
8 H<_1) lmz —tmj .. H lmz - lj +1 <M+6m27
j=1 Jj=i+1, >\j_>\mj:1
- (lmz m—1 1) tee (lmz lm—l m—l)
Em m = ’ ’
i CU ; (lmz - lml) RNAY (lmz lmm)
i—1 i—1
{ Iy — 1 L — 1
-1 Aj—Amj i mj mu mj
X ( ) Lni — lj 1 H Lini — ; Cu*‘Smi’



where the coefficients in the expansion of FE,, 41 (,, were simplified with the use of
Lemma 4.9. The basis (;; of L(A1,..., A | A1) coincides with that of [20] up to a
normalization. O

Ezxample 4.22. In the case m = 1, the basis (4 of the representation L(A1| g, ..., A\py1) of
the Lie superalgebra gl;,, can be parameterized by the trapezium patterns

I / /
)\’r‘+n,1 >\r+n,2 )\r+n,r+n

/ / /
)‘r+1,1 )\r+1,2 T )‘r+1,r+1
1 1 ... 1

where the number r of 1’s in the bottom row is nonnegative and varies between A\; — n
and A;. The top row coincides with (A},...,A},0,...,0), where ¢ = A;. The action of the
generators Fy, with s = 1,...,n + 1 and the generators F, 1, Esp1s with s = 2,...,n
on the basis vectors (y is given by the Gelfand-Tsetlin formulas (2.1)—(2.3). The formulas
for the action of Fi5 and Fy; are given in (4.44) and (4.45), respectively.

Specializing further and taking n = 2 with \; > 2 we can parameterize the basis vectors
Cy of the gl;;-module L(A; | A2, A3) by trapezium patterns V of four types:

M+1 d+1 1 -~ 1 0 0
v = a+1 1 - 110

the number of 1’s in the bottom row is Ay;

Xo+1 Mg+1 1 - 10
1S a+1 1 - 11

a

the number of 1’s in the bottom row is A\ — 1;

Xo4+1 Ag+1 1 - 1 0
12 S a+1 1 - 1 0

a

the number of 1’s in the bottom row is A\ — 1;
A+1 M+1 1 - 1
v = a+1 1 - 1

a
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the number of 1’s in the bottom row is A\; — 2, where the parameter a in all cases runs over
the integers such that A3 < a < Ay. Thus, dim L(A; | A2, A3) = 4(A2 —A3+1). The formulas
for the action of the odd generators of the Lie superalgebra gl;, provided by Theorem 4.18

have the form

(CL+)\1)(G,+)\1 + 1)
AL+ A+ 1

(M —Dla+M)(a+ A —1)
it M+ e —1)

E12 gvél) - Oa E12 Cv{(f) - Cvl(ll)

B =0, En(w=—

and N
EnCem =0,  EnCon="-"20"¢(e
21(\;{(}) ) QICV(S) a+)\1+1<..v(§)
(A1 + )N+ A — 1)
E =0 E. =— :
21 G = 0, 21 G Dy — 1)@+ A G
O
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