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Abstract

Given any biordered set F, a natural construction yields a semi-
group T that is always fundamental, in the sense that T possesses
no nontrivial idempotent-separating congruence. In the case that
E = E(S) is the biordered set of idempotents of a semigroup S
generated by regular elements, there is a natural representation of
S by Tk, such that S becomes a biorder-preserving coextension of
a fundamental and symmetric subsemigroup of Tg. If further §
is regular then this yields the fundamental constructions of Nam-
booripad, Grillet and Hall, which in turn generalise the construc-
tion of Munn of a maximum fundamental inverse semigroup from

its semilattice of idempotents.
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1 Introduction

The biordered set of a semigroup S is the partial algebra F(S) of idempo-
tents of S where multiplication is restricted to those pairs of idempotents such
that one idempotent is a left or right zero for the other. Remarkably, such
partial algebras have been characterised by biordered set axioms [21, 22, 4].
An abstract biordered set E (here abbreviated to boset) is a generalisation
of the notion of a partially ordered set (or poset) and exploits two inter-
twined quasi-orders whose intersection forms a partial order (so that when
the quasi-orders coincide, E becomes a poset). When each pair of elements
has a non-empty sandwich set, the boset is called regular, and a regular poset
is just a semilattice. Nambooripad [22] developed boset axioms in order to
successfully generalise Munn’s construction [19, 20] of fundamental inverse
semigroups from semilattices to the class of regular semigroups, but using a
construction based on regular bosets. Equivalent constructions were found
also by Grillet [12, 13, 14], based on cross-connections, and Hall [15], based
on idempotent-generated semigroups. In this paper we construct a semigroup
Tg from an arbitrary (not necessarily regular) boset E, and prove a num-
ber of properties. In particular, we show that Tx is always fundamental, in
the sense of having no nontrivial idempotent-separating congruences. In the
case that ' = F(S) for some semigroup S generated by regular elements, we
show that S is represented by a symmetric subsemigroup of Tg, so that S
becomes a biorder-preserving coextension of a fundamental semigroup. When
E' is regular, the construction reduces to Nambooripad’s fundamental regu-
lar semigroup on a regular boset. When £ is a semilattice, the construction

reduces to Munn’s fundamental inverse semigroup on a semilattice.

2 Preliminaries

Basic terminology and facts about semigroups and Green’s relations, as given
in say [1], [17] or [16], will be assumed. Let S be a semigroup. Denote
its set of idempotents by FE(S) and its set of regular elements by Reg(5).
We say that a congruence o on S is idempotent-separating if eo f implies

e = f for any e, f € E(S), and say that S is fundamental if S possesses no



nontrivial idempotent-separating congruences. Call a congruence o on S an

‘H-congruence if
(Vee E(S))(Vz e S) ecx = H.<H,.

In particular, H-congruences are idempotent-separating. Surprisingly (The-
orem 2.2 below), the absence of nontrivial H-congruences implies that S is
fundamental.

Denote the full transformation semigroup on a set X by 7x, and its dual
by 7%. In order to avoid confusion in correctly interpreting the order of com-
position of transformations, if ¢ is an element of 7x, then we write o* when
it is to be considered as an element of 7§. We often adjoin a new symbol
oo to X, which stands for ‘undefined’ and is always mapped to itself by any
transformation.

Now let X be the set of all regular L£-classes of a semigroup S and Y the

set of all regular R-classes. Define a representation

¢O = (po7 )‘O*) : S - TXU{OO} X T;U{oo} , Sk <p§7 )‘z*)

L., if xRxs R,, if xLsx
pe Ly — and A\ : R, —
oo  otherwise oo  otherwise.

This representation first appeared in [6] and [7], though similar representations
had been used earlier in the literature (see, for example, [15] or [12]). The

kernel of this representation,

p = p(S) = ker¢°
= {(a,b) € S xS | (Vx € Reg(5)) (zRzaorazRxb) = zaHzb

and (xLax or xLbr) = axHbx},

has been studied extensively by Edwards [7, 8, 9, 10, 11] and Easdown [2, 5].

Theorem 2.1 [8, 2] For any semigroup S, the congruence p is the mazimum

H-congruence on S and pu(S/p) is the trivial congruence on S/ . O



Theorem 2.2 [5] Any semigroup S is fundamental if and only if u is the triv-

1al congruence on S. O

Let E be a set with a partial multiplication (denoted by juxtaposition)
with domain Dg (allowing for the possibility that D = E' x E). We call E a
partial algebra. Define relations >— and — on E by

e>—f if (e,f) isin D and ef =e¢

and
e—>f if (f,e) isin Dg and fe=e.

Call >— the left arrow and —> the right arrow on E. As usual, put >< =
>—N—<, = N and >— = >— N —>. Then (following

Easdown’s slight reformulation of Nambooripad’s original axioms, to avoid
sandwich sets), E is a biordered set (abbreviated to boset) when the following

axioms are satisfied, where e, f, g are arbitrary elements of E.

(B1) The left and right arrows are preorders and

Dp=>U—> U<— U —<.

(B2.1) e ——>f
e ——> f implies I/
ef
(B2.1)* e>——f
e >—— f implies I/
fe
(B2.2) I
/ ,\ implies eg >—— fg
e >  f



(B2.2)* g

/ \ implies ge —— gf

e ——> f
(B3.1) e—>f——> g implies (eg)f=ef
(B3.1)* e>—f>— g implies f(ge) = fe
g
(B3.2) VAR implies  (fe)g = (f9)(eg)
e >—  f
(B3.2)* /9 \
implies  g(ef) = (ge)(gf)
) ) g ge)\g

9 9
(B4) / ,\ implies / 7\,\ for some ¢ € E
€ f € ,7/f
Lo W71

eg > fg eg=-eg >— fyg

6/ \f implies e/l /\f for some €' € E
() (F7)

ge — gf ge' =ge —> gf

(B4)”

Frequently, below, we will invoke (B4) when the arrow eg >— fg in the hy-
pothesis is double, that is, eg >—< fg. In this case, it follows quickly from
boset associativity (see the next paragraph), or more directly by Lemma 2 of
[3], that the arrow ¢’ >— f also becomes double, that is, ¢/ >< f. We will
use this fact without comment, and also the corresponding fact for the dual

axiom (B4)*.



Let E be an arbitrary boset. Call a subset F' of E a subboset if F' becomes
a boset with respect to the restriction of the partial multiplication of E. A
morphism from FE to a boset F'is a mapping 0: E — F such that (ef, f0) € Dp
and (ef)0 = (ef)(f0) for all (e, f) € Dg. A boset representation is a boset
morphism into a semigroup (typically consisting of pairs of transformations
and dual transformations). A boset embedding is an injective morphism whose
inverse (with respect to the image) is a morphism. An isomorphism is a surjec-
tive embedding. By a theorem of Easdown [4], there exists a semigroup S such
that E is isomorphic to the boset E(S) of idempotents of S with domain of
multiplication consisting of pairs (e, f) such that e is a left or right zero for f,
or f is a left or right zero for e. Thus we may reassociate brackets arbitrarily
in expressions involving boset elements, provided the expressions are defined
in the boset.

We say that a congruence o on a semigroup S is biorder-preserving if £ =
E(S) is a subboset of E(S/o) and the natural map 0% : S — S/o induces
a boset isomorphism from FE onto its image Fo. In this case we say S is a

biorder-preserving coextension of S/o.

Theorem 2.3 [6] The congruence p is biorder-preserving for any semigroup
S. O
This and the preceding theorems then yield immediately the following result.

Corollary 2.4 [5] If S is any semigroup then S/u is fundamental and E(S)
is a biordered subset of E(S/u). Thus every semigroup is a biorder-preserving

coextension of a fundamental semigroup. O

It is then natural to ask if there are ‘synthetic’ constructions on arbitrary
bosets that produce candidates for such fundamental images, generalising the
classical constructions of Munn, for semilattices, and of Hall, Grillet and Nam-
booripad, in the regular setting. Such a candidate, with many nice properties,
is offered in the next section.

We finish the preliminaries by recalling the definition of a sandwich set.
Let E be a boset and e, f € E. Define

Mle,f) = {geEle—<g—>[}



and
Sle, f) = {geMle f)| (Vhe M(e, f) eh —>eg and hf>—gf}

Recall that S(e, f) is the sandwich set of the pair (e, f) € E X E and F is
regular if sandwich sets are always nonempty. Nambooripad [22] proved that a
boset arises as the boset of a regular semigroup if and only if it is regular, and
he used regular bosets as the basis for his generalisation of the Munn inverse
semigroup. We recover Nambooripad’s construction up to isomorphism in the
final section. The following observation follows routinely from the axioms and

is useful also in the next section.

Lemma 2.5 [22] If e><x —> f in a boset then x € S(e, f). O

3 The construction for an arbitrary boset

Throughout this section, F denotes an arbitrary boset. Put £L = Lp = ><,
R = Rg = <—>, which are equivalence relations on F, and put <=<pg
= >—> which is a partial order on E. For e € F, denote its L-class by
L., its R-class by R., and put w(e) = {f € E|f < e}, called the principal
ideal generated by e. Principal ideals of E are subbosets and we exploit boset
isomorphisms between principal ideals in a construction below that generalises
the Munn inverse semigroup on a semilattice. Throughout, whenever we write
a:w(e) —» w(f), fore, f € E, we mean that « is a principal ideal isomorphism.

For such «, put

Pa = (Par o) € Tr/cutoo} X TE/RULoo}

where

I L(zeya if 2 —> e for some v € L
Pa L
00 otherwise,

and

\ R R(fz)a—1 if 2 >— f for some x € R
ot R—

00 otherwise.



The identity mapping 1,,) is always a principal ideal automorphism for any
e € E, and we write ¢, for ¢y, in which case the definition here coincides
with the definition of ¢, in [3], where it is proved that the restriction of ¢ to

E is a boset isomorphism onto E¢. Write
U = {(ef)e ExE|w(e)=w(f)},
and, for (e, f) € U,
T. s = {principal ideal isomorphisms : w(e) - w(f)} .

Now define
TE:< U {¢a‘a€Te,f}>

(e,fl el
the subsemigroup of Tr/cu(o0} X Tj5 /gu o0} Senerated by pairs @o = (Pas AL) as
a ranges over all principal ideal isomorphisms of F.
We say that a subsemigroup S of a semigroup 7" is full if S contains E(T).
A subsemigroup S of Tg is called symmetric if S contains ¢, for each e € FE

and

S =( U {dalact,})

(e,fleU

where, for each (e, f) € U, we have T, ; C T, ; and
aell, = o 'eT},.

For example, (E¢) is symmetric, taking each 77 ; to be the singleton set {¢. },
if e = f, and empty otherwise. A symmetric subsemigroup of Tx need not
be full, but will be full if E(Tg) = E¢ (which occurs, for example, when F is
regular, as explained in the final section).

In this section we prove the following two theorems after developing some

technical lemmas.

Theorem 3.1 Let E be any boset. Then any symmetric subsemigroup of Tg
1s fundamental and generated by reqular elements. In particular, Tg is funda-

mental and generated by regular elements.

Theorem 3.2 Let S be any semigroup generated by reqular elements and put
E = E(S). Then there exists a representation ® : S — Tg such that ker @

8



s the mazximum H-congruence on S and S is a symmetric subsemigroup of
Tg.

Immediately then, by Theorem 2.3, we have the following result that sug-
gests Tk might play a central role in the study of semigroups generated by

regular elements.

Corollary 3.3 Any semigroup generated by reqular elements with boset of
idempotents E is a biorder-preserving coextension of a symmetric subsemi-
group of Tg.

One might ask whether there is any chance of relaxing the hypothesis to
obtain a representation theorem that includes semigroups that need not be
generated by regular elements. The following simple example suggests that
to successfully generalise these ideas to even wider classes of semigroups may

involve embeddings.

Example 3.4 Let F' = () be the free semigroup on a single generator z, and
put I = {zf|i > 1}, a set in a one-one correspondence with F. Now put
S = FUF and extend the multiplication of F' by the rules

iy = gl = 9 and xtad = gits

for any positive integers ¢« and j. Then S is a semigroup that is not generated
by regular elements and its boset £ = E(S) = F is a single R-class of mutual
right zeros. Clearly Ty = F, yet S is easily checked to be fundamental.
Certainly S does not embed in Tr. However if we modify this example, just
slightly, by allowing F' to be the free monoid on a single generator, then Tg
then expands to include a group of units which is the full symmetric group
on a countably infinite set (the automorphism group of an infinite right zero
boset with identity adjoined), and then the new S embeds easily (and of course

contains the old ).

Lemma 3.5 Suppose o : w(e) — w(f) and  : w(g) — w(h) are principal
ideal isomorphisms and i € S(f,g). Then ¢opp = ¢~ for the principal ideal

isomorphism

viwl(fi)a ] - wl(ig)8), @ [li(@a))(ig)]5



Proof. Put j = (fi)a™! and k = (ig)3. Certainly 7 is a principal ideal
isomorphism, being the composition of « restricted to w(j), left translation
by 4, right translation by ig and (3 restricted to w(ig), which are respective

isomorphisms:
w(j) = w(fi) = w(i) —» wlig) - w(k) .

By duality, it suffices to verify that p,pg = p,. Suppose first that Lp,pg # oo,
so v —> e for some x € L, and y —> g for some y € L,e)o. Hence fy—> fi,
since i € S(f,g), so, by (B4)*, there exists 3’ such that y >< 1y —>i and
fy = fy. Put 2/ = (fy)a~!, so 2’ ><we, since a~!
(B4), there exists z” such that 2’ = 2"e <— 2" >—< 2. Note further that
¥’ —> j since 2’a —> ja = fi, and also y'g >—1ig since i € S(f,g). But

is a morphism. By

Lpaps = Lyg)s and Lp, = L,j),, where

(@"j)y = [([(2"5)a])(ig)l5 .
By boset associativity, and since « is a morphism,
(@"jla = ((z"e)j)a = [(@"e)d][ja] = (fy)(fi) = (f¥)(fi) = f(1),
so that
(@"j)y = [E[fWDDEg)]B = [(i(y'i))(ig)]B
= [(y')(ig)]8 = W' (ig)lB = [(¥'9)(ig)lB = W9)B,

yielding Lpy = Liyg)s = Lyg)s = Lpaps -

Suppose now Lp,pg = oo. If Lp, # oo then x —> j for some = € L, so
that, by (B4)*, there exists y such that fy = (ze)a>—<y—>i—>g, so
that Lpaps = L(ygp # 00, which is a contradiction. Hence Lp, = oo This
completes the proof that p,ps = p,. U

Lemma 3.6 Suppose a : w(e) — w(f) is a principal ideal isomorphism. Then
r——e — ¢a*1¢x¢a = ¢(me)a

and dually
r>—f = Qa@rPa1 = ¢(f:c)oﬁ1 .

10



Proof. Throughout this proof we use boset associativity and the fact that «
is a boset morphism without comment. Suppose that x —> e. We first show

Pa-1PzPa = Pae)a- I Lpzeya 7# 00 then y —> (xe)a for some y € L, so that

Lpa-1pspa = Liypa—nda = Lupniweoa] = Lyje)a] = Lp@e)a

If, on the other hand, Lp,-1p.po # oo then y—> f for some y € L and
z —> x for some z € L,p),-1, so that, by (B4), there exists 2’ such that 2’ f =
za <—> 2 >—<y, whence 2’ € L, = L and 2/ <— za —> (zve)a, yielding
2 —> (we)a, so that Lp(geya 7 00. This verifies that po-1pzp0 = P(ze)a-

Now we show that A:_;AJ\, = X(km)a, that is, Aadzda1 = A@e)a- If
RA(geya # 00 then y>— (ze)a for some y € R, so, by (B4), there exists z
such that ze = (fy)a™' <— 2z >— 1, so that

R)\a)\x)\afl = R[(xz)e}a = R[(l‘e)a”(ze)o‘}

= Ri@eal(fy) = Ri@e)aly = RBA@e)a

If, on the other hand, RA,A;\,-1 # oo then y>— f for some y € R and
z>—x for some z € R(fya-1, so that, by (B4)*, there exists y" such that
fy = (ze)a ><y' <—y, whence ¢y’ € R, = R and y >—< (ze)a >— (ze)a,
yielding y' >— (ze)a, so that RAe)a # 00. This completes the proof that
Pa—19200 = P(ze)a- O

Lemma 3.7 Let x € E. Suppose that S is a subsemigroup of Tg containing
E¢ and ¢,y Pay-1, - - s Pans Ga,, -1 where each a; = w(e;) — w(e;a;) is a principal
vdeal isomorphism. Then ¢, Rs Gp@ay --- Ga, if and only if there exists a

sequence x1,...,x, € E such that

11



x €1 €101
r1é—>wer  (riep)a; €2 €20xy

7T

Toé—>T262  (mgen)ars

(1 1

Ti &> Ti€; (mie5) 0y

: €n EnQln,

Tpé—>Tnen  (Tpen)oy,

in which case there is a principal ideal isomorphism [ : w(x) — w([(Tpen)an)
such that ¢zPq, - . . Ga, = Pp -

Proof. If ¢, Rs Pu@ay ---ba, then ¢, = ¢r¢a, .. Pa, ¢, --- ¢, for some
Dsys- -5 0p,, I T, sothat p, = prpa, - - PanPpy - - - P5,. , yielding, in particular,

Lypepay -+ PanPpy -+ Ppm = Lape = Lo # o0,

so that, by definition of p, there exist xy,...,x, with the desired property.

Suppose conversely that zi,...,x, exist with the desired property. We

/

! inductively as follows. Put 2/, = z,, and

obtain a new sequence x,...,x

suppose x;,; has been defined such that
Tiq >< (wie;); >—> €;q; .

By axiom (B4), there exists 2 such that

the; = [(ej04)w) 4 ]a; !

/
< 1 >< x; >< (Ti_1€1)Q1 ,

so that

l’; > < (I‘Z‘_lei_1>0éi_1 >—> €;_104i_1 .
By induction we obtain a sequence z, ..., 2! such that the following diagram
holds:

12



€10

I/I ]

e, (2he))ar = (e1aq)) e20ry

I/I ]

xh > xhe, (They)an = (ex0i)xh -

I/I

xg H x3€3 e
€n—10n—1
! enlu
(xn—len—1> (en 10— 1 Ty n-n

I/I Y

_1’ > Tk, Tne, )y

Put 2], = (znen)a,. We verify by induction, for ¢ = 0 to n, that

Gp = (¢x¢a1 . ¢az)(¢ml+1¢ ;1¢x;¢a;11 s ¢x’2¢a;1¢m’1) )

where we interpret this for ¢ = 0 as saying ¢.¢,, = ¢, which holds since
x>—<x) and ¢ is a boset morphism, which starts the induction. The in-
ductive step follows from the previous lemma, the fact that z; <— azfe; =

[(e;a)xi1]a; ", and an inductive hypothesis:

¢x¢a1 .- (¢al¢xl+1¢ )¢x ¢ . ¢x2¢ *1¢:c’1
= ¢x¢a1 cee ¢O‘i*1¢[(eiaz Z+1]a ¢x ¢ cee ¢x’2¢a*1¢x’1
= ¢x¢a1 . ¢al 1¢m ¢ . ¢m2¢ ¢m’1 - ¢m .
The case i = n verifies that ¢, Rg ¢0q, - .- Pa,. The last claim of the lemma

follows by induction from Lemma 3.5, noting, by Lemma 2.5, that x; € S(z, ;)
and z; € S((z5_1€,-1)i_1,€;) for i = 2 to n. O

Lemma 3.8 Suppose o : w(e) — w(f) and  : w(g) — w(h) are principal
ideal isomorphisms. Then ¢, Hr, ¢s if and only if e<— g and f >—<h.

13



Proof. Tf ¢ Hr, 6 then ¢, = Gaas Ry ddg1 = By, 50 that ¢, <—> dy.
yielding e <—> ¢, since ¢! is a boset morphism, and dually f >—< h. Con-
versely if e<—> g and f>—<h then ¢gdg-10.00 = PP = PePa = Qa,
since ¢ is a boset morphism, and similarly ¢,¢,-10,03 = ¢, yielding ¢, Ry, ¢g,
and dually ¢, L1, 5. U

Proof of Theorem 3.1. Let S be a symmetric subsemigroup of Tg. A typical
generator ¢, of S is regular since we may assume also that ¢,-1 € S and
clearly ¢o0n-100 = ¢ . It remains then to prove that S is fundamental. By
Theorem 2.2, it suffices to show that the kernel of the representation ¢° of S
is trivial. Suppose then that

o o
¢¢a1---¢(¥n - ¢¢ﬁ1"'¢ﬁm

for some typical generators ¢q,, ..., %a,, @5, - - -, Pg,, of S coming from prin-
cipal ideal isomorphisms «; : w(e;) — w(e;o;) for i =1 to n and G; : w(f;) -
w(f;B3;) for j =1 to m. Since S is symmetric we may assume ¢q,-1, g -1 € S
for each 7, j.

Our task is to show that ¢, ... ¢, = @p, - .. ¢5,, . By duality it suffices to
show pa, .. Pan = Ppy - - - Pa., - Suppose then that Lp,, ... pa, 7 00, so there
exists 1 € L and xo,...,x, € E such that the following diagram holds:

€1 €10
r1é—>r1er  (xre1)oq €2 1D
To&—>T2es  (wae3)n

I e enQ
ST
Tpé—>Tnen  (Tpe,)an,

By Lemma 3.7, since S contains E¢ and ¢, @a,-1; - - -, Pay, Pa, -1, We have
that

¢x1 RS ¢x1 ¢a1 cee ¢an .

14



But 03, 6an = Pos,.0m, 50 DY definition of p°,

Puy Rs Pui@py -+ Pp ANd py Py - Doy L5 Py Py -+ Pp -

By Lemma 3.7 again, there exist vy, ...¥y, such that the following diagram
holds:

21 fi f1B1
LT 1
Bi<—ufi ()b f f202

71 ]

Yoi—uafo  (y2f2)P2

I
m o fmOm

T

Ym&—Ym [m (ymfm>ﬂm
Also, by Lemma 3.7,

¢x1 ¢0c1 - ¢an = Qa and ¢x1¢51 .- '¢Bm = Cbﬁ

for some « : w(z1) - w((zpen)ay,) and f: w(xy) = W((Ymfm)Bm)- But

¢a = ¢m1¢a1---¢an HS ¢m1¢51"'¢5m = ¢,37

so that
(l’nen)an >—< (ymfm)ﬁm>

by Lemma 3.8, whence
Similarly, if Lpg, ... ps,, 7# 0o then Lp,, ... pa, = Lpg, ... pp,,, which verifies

that pa, - .- Pan = Psy - - - P3,, - This completes the proof of the theorem. O

Before proving Theorem 3.2, we introduce another representation of an
arbitrary semigroup S that essentially reconstructs the earlier representation
¢° of S, except that we now use transformations and dual transformations of £

and R-classes respectively of the boset £ = E(5). In the following definition,

15



L and R denote typical boset £ and R-classes respectively, while if z € §
then L2 and RS denote semigroup Lg and Rg-classes respectively. Note that
if z € Reg S, then LY N E and RS N E are boset £ and R-classes respectively.
Define a mapping

@ = (P,A*) . S — TE/,CU{OO} X TE/RU{OO} , Stk (PS,A:)

by
L3 NE if xRgxs for some z € L
P,: L~
00 otherwise
and
R NE if xLgsx for some z € R
Ay : R
00 otherwise.

Lemma 3.9 The mapping ® is a representation of S with kernel . For s €
Reg(S) with inverse s’ the map

a:w(ss’) —w(s's), x— sxs

is a principal ideal isomorphism of E = E(S) and ®; = ¢,. In particular,
b, = ¢, for each e € E, and if S is generated by reqular elements then ® is a
representation of S by Tg.

Proof. That P is well-defined follows because Lg is a right congruence on S,
and the homomorphic property follows easily from Green’s Lemma. Hence P is
a representation. Dually A is an anti-representation, so ® is a representation.
Let X denote the set of regular Lg-classes of S. Intersection with FE is a
bijection between X and E/L. If L® € X and s € S, then L%p° # oo if and
only if there exists an idempotent x € L*® such that 2 Rg xs, and this occurs if

and only if (L° N E)P, # oo, in which case the following diagram commutes:

Ps
LS ————— L5,

ﬂE-[ -[HE

L, ——— L5 NE
P

16



Immediately then ker P = ker p°, and dually ker A = ker \°; so that
ker® = ker¢® = pu.

It follows quickly from the definitions that a : w(ss’) — w(s's), z +— s'zs
is a principal ideal isomorphism, so, by duality, to complete the proof of the
lemma, it suffices to verify that Py = p,,.

Suppose first that Lp, # oo. Then x —> ss’ for some = € L, so that
v <—> 1(ss'), yielding r Rg xss’, whence x Rgxs and LP, = L5, N E. But

s(s'xs) = s since v —> s¢', so that xs Lg s'xs and

S S
Lpa = L[m(ss’)]a = Ls’[m(ss’)}s = Lygzs = L NE = Lxng = LP,.

s'xs

Suppose now that LP, # oo. Then zRgzs for some x € L, so x = xst
for some t € S. Put e = stz. Then one readily checks that e € E and
ss' «<— e><x, so that Lp, # oo. This completes the proof that P, = p,. [

Proof of Theorem 3.2. We are supposing that S is generated by regular ele-
ments and F = E(S). By Lemma 3.9, ® is a representation of S with kernel
p and S is contained in T. It remains to check that S® is symmetric. Since

5 = (Reg(9)),

S® = ((Reg(S5))®) = (@, ]scReg(S) = ( |J {dalaeTis})

(e,fleU

by Lemma 3.9, where, for each (e, f) € U,

T, = {a:wle) »w(f) | (Fs € Reg(5))(Fs' € V(z)) e=s5,f =5's

and (Vzew(e)a:zr—s'zs}.

Certainly 7, , C Tt and ¢. = P, € T, .. Further, if o € T] ; so that e = s/,
f = §'s for some s € Reg(S) with inverse s’ and a : z — §'zs for z € w(e),
then it is straightforward to check that a™! = 8 € T}, where

B:w(f) —we), =z szs.

Thus S® is symmetric and the proof is complete. O
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Corollary 3.10 Let S be a fundamental semigroup generated by regular ele-
ments and S a full subsemigroup of S generated by reqular elements. Then S’
1s fundamental.

Proof. By Theorem 3.2, ® : S — Tpg(g) is a faithful representation. By the
method in the last part of the proof of Theorem 3.2, the image of S’ is a sym-

metric subsemigroup of Ty, so is fundamental by Theorem 3.1. U

Corollary 3.11 Any full subsemigroup of Tg, for any boset E, generated by

reqular elements is fundamental. U

This result is surprising, because whilst the full subsemigroup of T may not
be symmetric, the method of proof utilises a faithful representation into Tx(z,),
where the image then becomes symmetric. This phenomenon is obscured in
the regular case (see the final section), because if F is a regular boset then
E = E(Tg) and all full subsemigroups of T are automatically symmetric.

The next two examples are special cases of large classes of (typically non-
regular) bosets, studied by Jordan [18] and Roberts [23].

Example 3.12 The following diagram uniquely defines a five element boset
E. Both E and its dual are the smallest examples of bosets of finite semi-
groups that are not regular. However Ty is regular and is described by the
eggbox diagram listed below. The subsemigroup S consisting of the two lower
D-classes of T together with ¢, and ¢y is a full subsemigroup of T, so is fun-
damental by the previous corollary. (It is clear S is fundamental also because
S is regular and it is routine to check that there is no nontrivial congruence

contained in H.) However S is not symmetric.

VAN

!
ke hf

In the following diagram, a and [ are principal ideal isomorphisms where

a:er—e hw— g hand f:e— f, h — g+— k, and the idempotents

18



are indicated by asterisks. The original boset E embeds in F(Tg), which is

regular with three additional idempotents in the middle D-class.

*¢e ¢ﬁ
¢0c ¢aﬁ
Tk Ps-1 | “or
P10 | P3-103
¢e¢ﬁ*1 ¢e¢f
*¢a¢6*1 ¢a¢f
“Op-195-1 Pg-10y
G100 Opg-1a05

*¢h *¢g *Cbk

Example 3.13 The previous example can be modified slightly to yield an-

other boset F' which is not regular, and for which T is also not regular.

F NN

Now the symmetry is broken and w(e) and w(f) are no longer isomorphic. In
the following diagram, «, v and 0 are principal ideal automorphisms where
a:e—e h—g—h~vy:f—f g—k—{—gandd: f— f g—
g, k— €+ k. The bosets F' and E(TF) are isomorphic and the middle D-class

of T is not regular.
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*¢f ¢’y ¢72
¢a ¢6 ¢5’Y ¢572

¢e¢ f ¢e ¢’y (be ¢72
¢a¢ f (ba ¢'y ¢0c ¢'y2

“On | TOg | Ok | Tou

4 The regular case

In the regular case, we can dispense with angular brackets in the definition
of Tk and recover all of the properties of Nambooripad’s original formulation

21, 22] of the maximum fundamental regular semigroup on a regular boset.

Theorem 4.1 Let E be any regular boset. Then

Ty = |J {¢alaeT.;}
(e,fl e

is reqular and E = E¢ = E(Tg).

Proof. The fact that angular brackets can be ignored in the definition of Tg
is immediate by Lemma 3.5, since all sandwich sets are nonempty. Certainly
each ¢, is regular for any principal ideal isomophism «, so Tg is regular.
It remains only to verify that F(Tr) C E¢. Suppose that ¢, is idempo-
tent and « : w(e) - w(f). In particular, p, is idempotent and L.p, = Ly,
so Lypo, = Ly, yielding some x € Ly such that x —>e and Ly = L(ge)a-
But (ze)a>— f so that (ze)a = f = ea, yielding also ze = e. Hence
e<—x><f, so that ¢, Hr, ¢, whence ¢, = ¢, € E¢, and the proof is
complete. O
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Corollary 4.2 Let E be any regqular boset. Then every reqular semigroup S

with boset E can be represented by Tr by a homomorphism whose kernel is the

mazimum idempotent-separating congruence on S. In particular Tg is, up to

isomorphism, the mazimum fundamental reqular semigroup with boset E. All

full subsemigroups of Tg are fundamental.
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