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Abstract

The asymptotic theory of Gilbert & Ponty (2000) for axisymmetric spherical single roll flow dynamos
at large magnetic Reynolds R, numbers is compared to the numerical eigen-solutions of the exact
dynamo problem for two flows in a spherical electrically conducting fluid with insulating exterior. The
flows are the s0t{ of Dudley & James (1989) and an s9t9tJ modification of it. The numerical method
uses a compact vector spherical harmonic technique in angle and fourth-order finite-differences in radius.
Excellent agreement is obtained in the asymptotic regime R,, > 10,000 for both the growth rate and the
angular frequency, and good agreement for the magnetic field in R,, > 100,000. The asymptotic theory
is extended to O(Ry') for the growth rate and angular frequency, and to O(R;ll/ %) for the magnetic
field.

1 Introduction

We consider a class of self-exciting kinematic dynamos in which the magnetic field B is generated by the
steady helical motion v of a homogeneous, incompressible, electrically conducting fluid. The magnetic field
in the fluid is governed by the non-dimensionalised magnetic induction equation,

0,B=V’B+ R,V x (v x B) (1.1)

where the magnetic Reynolds number R, := VL/n is defined in terms of a typical velocity V and length
L, and the uniform magnetic diffusivity 1. The time 7 is scaled on the magnetic diffusion time £2/n. The
magnetic field B is solenoidal everywhere,

V-B=0, (1.2)

and, since the fluid is incompressible, V - v = 0.

The simplest helical flow dynamo is the Ponomarenko (1973) dynamo, which consists of a rigid electrically-
conducting cylinder of finite radius rotating with constant angular velocity (2 and moving with a constant
axial velocity V', surrounded by a rigid electrical conductor at rest. In cylindrical polar coordinates (s, @, 2)
the velocity of the cylinder is

v=s013+V1, (1.3)

Dynamo action in this case arises from the reciprocal generation of azimuthal magnetic field from radial
magnetic field by the discontinuity in the rotation, and radial field from azimuthal field by magnetic diffusion.
The additional longitudinal shearing component in the helical flow is crucial for field growth as it draws apart
oppositely directed field lines and prevents flux expulsion. Ponomarenko (1973) determined the magnetic
field in this case analytically, showing that the field is concentrated at the velocity discontinuity on the
cylinder boundary. Cylindrical helical flow dynamos with non-uniform V' and €2, such as in an electrically
conducting fluid, are more difficult to solve. Nevertheless, Lortz (1968) showed that a suitable ansatz for
both the magnetic field B and the flow v gives exact analytic steady solutions for such helical flows. An
explicit steady solution was subsequently given by Chen and Milovich (1984). Lortz (1972) has also given a
stationary asymptotic solution for a toroidal helical dynamo with circular meridional cross section of large
aspect ratio, i.e. as the torus approaches a circular loop.

For helical flows in spherical geometries, however, numerical techniques are generally required to solve
(1.1). If the flow is steady the magnetic field can be expressed as a linear combination of time-separable
solutions of the form

B(r,7) = B(r)e . (1.4)



This leads to an eigenvalue problem for the (complex) growth rate A and the associated eigenfunction, which
can be approximated numerically by a large-scale algebraic eigenvalue problem. For a given flow v, the
growth rate A is a function of the magnetic Reynolds number R,,. The flow acts as a dynamo, i.e. the non-
magnetic state B = 0 is unstable to magnetic perturbations, if Re A > 0 for sufficiently large R,,. Dudley &
James (1989) have given examples of single and double helical roll flows in an electrically conducting sphere
with an insulating exterior, which act as self-exciting dynamos for Ry, 2 100. In this case, in addition to the
magnetic induction equation (1.1) and the solenoidal condition (1.2), the magnetic field B is governed by

Blsy=0, VxB=0 inV, B=0 asr— oo, (1.5)

where ¥ is the surface of the sphere. In spherical polar coordinates (7,0, ¢), the Dudley & James (1989)
single roll flow has the toroidal-poloidal representation,

v=VXtr+V xV xsr, (1.6)

with potentials t = sinnmrcosf and s = osinnrcosf. The parameter ¢ is a constant and r is the radius
vector. Flows with this angular dependence may be the simplest spherical flows capable of supporting dynamo
action. Similar roll flows with values of the critical magnetic Reynolds number R{, even smaller than those
computed by Dudley & James (1989) are possible: e.g. Forest et al (2002) achieve RS = T2 compared
to RS, ~ 150 for the flow (1.6). This shows additionally that helical dynamos are efficient generators of
magnetic field, in the sense that RS is relatively small, which is why they are favoured by experimentalists
(see Gailitis & Freiburg 1980, Forest et al 2002, for example).

Asymptotic estimates at large R, have been given by Ruzmaikin, Sokoloff, & Shukurov (1988) for
cylindrical helical flow dynamos (1.3) with non-uniform V and 2. They show that the importance of
diffusion in magnetic self-excitation means the dynamo is slow with Re A = (’)(ern/ 2). Also, since the typical
diffusion scale shrinks as R,, becomes large, a growing magnetic mode must possess a radial gradient on
sufficiently short length scales, of order R;ll/ 4, so that diffusion of helical magnetic field may effectively
replenish radial magnetic field. This small-scale magnetic structure spatially localises on a ‘resonant’ stream
surface at which diffusion is optimal. In the Ponomarenko dynamo the resonant stream surface is the surface
of velocity discontinuity. In addition, for a field of the form B = [By(s)1s + By(s)14 + B.(s)1,]eimetikztAr
there exists the following scaling,

ReA = O(RY?), RY?B,~ By~ B,, mk=0(Q). (1.7)

Thus the field is spatially localized about the resonant stream surface to a region of width (’)(anl/ 4) . Gilbert
(1988) has presented an alternative scaling,

Rel = O(RY?),  m,k=0O(RY3), (1.8)

where the magnetic field is localised to a region of width O(R;l/ 3) about the resonant stream surface. He
argues that these estimates capture the fastest growing modes at large R,;.

Gilbert & Ponty (2000) generalised these asymptotic solutions to helical dynamos in cylinders of general
cross-section and in spherical geometries. In spherical dynamos the helical flow is axisymmetric and may be
represented by

V=vy+ W(r8)rsinfl,, (1.9)

where vy, is the meridional velocity and W is the local azimuthal angular velocity. The meridional flow v,
is given in terms of a stream function ¢ by
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Vi = (1.10)
The streamlines of v, in a meridional plane are the level contours of ¢ and circle a local minimum (maximum)
of 1 in the clockwise (counter-clockwise) direction. A spherical single-roll helical dynamo can be pictured as
a cylindrical helical flow bent into a torus and then deformed to fill the spherical shape. The representations
(1.6) and (1.9) are related by ¢ = rsinfdps and dpt = —Wrsinf. The Gilbert & Ponty (2000) theory
predicts that the dominant mechanism of field generation is of Ponomarenko type and the scalings (2.17)
coincide with those of the circular cylindrical case (1.8). The predicted eigenfunction and growth rate to
dominant order are given below in (2.60), (2.62) and (2.63).



We test the asymptotic formulas (2.60), (2.62) and (2.63) on two single roll flows in a sphere,
vi =0V, +risinmr si11391¢,7 vy =0V +sinmrsinf1,. (1.11)

The meridional parts contain an adjustable parameter o, which fixes the meridional speed relative to the
azimuthal speed and is used below as a tuning parameter. Thus v, = oV, and ¥ = oV, where the
meridional stream function ¥ is given by

U(r,0) = —rsinmrsin®@. (1.12)

The flows differ significantly only in their azimuthal components, which are of the restricted form W = W (%)
and the general form W = W(r, 0), respectively. The restricted form of the local angular velocity simplifies
the asymptotic theory substantially and facilitates the asymptotic calculations.

The local angular velocity of the flow vy is W = —W. In terms of the fields, t7* := V x (¢7'Y,""r) and
s =V x V x (sY,™r), where the spherical harmonic Y,7* is defined by (4.2) below, this flow has the
poloidal-toroidal spectral form, v = os{ + t{ + t, in which the radial functions are
?:M 0= — rZsinar, tg
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and the spherical harmonics are Y = /3 cos and Yy = % 7 cos (5 cos? 6 — 3).

The second flow vs is the single roll flow of Dudley & James (1989). Our results extend their work to
the large Ry, regime. This flow has the poloidal-toroidal spectral form, vo = o s{ + t{, where

s r?sinmr (1.13)

sinr
87

= ) =sin7r. (1.14)
The local angular velocity of vo is W = (sin7r)/r, which is of general form. Note that although v; has the
simpler restricted form of the local angular velocity, its spherical harmonic representation is actually more
complicated.

In section 2 the asymptotic theory is briefly described for the growth rate to O(Rl;l/ 2) and the magnetic
field to leading order. The numerical evaluation of the asymptotic formulas for the growth rate and the
magnetic field is described in section 3. The numerical solution of the exact spherical dynamo eigenproblem
is presented in section 4. The results of the asymptotic formulas are compared with the numerical solution
of the dynamo problem in section 5. In section 6 the asymptotic theory for the growth rate is completed to

O(R,') and the magnetic field to (’)(R;ll/ %). Concluding remarks are given in section 7.

2 Asymptotic Theory

The asymptotic theory of Gilbert & Ponty (2000) for R,, > 1 is described and extended in this section.
Expressions for the real and imaginary parts of the growth rate are given to (’)(R;l/ 2) in terms of geometric
properties of the spherical single-roll flow. In addition, we derive expressions describing the spatial structure
of the magnetic field modes fully to leading order and up to functions of ¥ at O( ;11/ 2). We also verify that
the asymptotic formula for the magnetic field is solenoidal to leading order. The results here are needed

to extend the asymptotic theory for the growth rate to O(R..!) and to complete the determination of the
magnetic field to O(R;l/z) in Section 6.

2.1 Toroidal Co-ordinates for Axisymmetric Helical Flows

The structure of the flow (1.9), i.e. the topology of its streamlines and its differential rotation, can be
exploited by a toroidal coordinate system to simplify the advection operator. The first two coordinates
are determined by the meridional flow. The stream function v is one coordinate. The second is an angle
coordinate 1} defined as follows: if T' is the period for a fluid particle to traverse the closed v,-streamline
1 = 1), once, then T'= T'(¢) and

27 dl Vm - dr rdf dr
dv T dt = Q 7 Q 7 Q Q—, (2.1)
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where Q = 27/T is the angular frequency, d¢ is the element of arc-length travelled in a time dt, ¢ = |vy|
and there is no stagnation point on the streamline. Thus di/dt = 2 is constant on streamlines. For the two
flows we consider we fix ¢ = 0 on the s-axis (§ = 7/2), since the stagnation points of their meridional parts
occur there. Clearly ¢ changes by 27 in one full traversal of the closed streamline. The azimuthal angle ¢
is replaced by the third coordinate ¢ defined by

1 Y~ * *
C(,9,¢) :=¢— Z(,9), Z = W/o W (3, 9") d* . (2.2)

The level surfaces of ¢ are distorted azimuthal planes

The asymptotic theory is developed herein for the general case W = W (4, d), in which the azimuthal
velocity W depends on both ¢ and ¢. The substantial simplifications, which occur if W = W (v), i.e. W is
independent of ¥, are indicated later. An overbar or pair of angle brackets denotes the average around the

vm-streamline @ = 1, defined by
- 1
= = — dvy
f={ =g f; . fdv,

where f is a function of the meridional coordinates and the integration is around the streamline v = 1),.
Clearly, the mean component of W is independent of ¥, i.e. W = W (1)), and we can define the fluctuating
component of W by W(w,ﬁ) =W(,9) — W.

The coordinate system (v, d, ¢) naturally gives rise to the two right-handed vector bases, (Vi, Vi, V()
and (fy,fy,f;), where fy := Or/0y, £y := Or/00, f := Or/0( and r is the position vector. It is a useful
shorthand to also denote the coordinates by * with indices ¢ = 1,2,3, and the two bases by Vi’ and f;.
The bases are reciprocal, f; - Vi¢p/ = 6!, and related by

f, =JVIXV(, f3=JV(xVy, f=JVyYxVD, (2.3)
where the Jacobian J of the transformation to (v, ¥, () is given by
Ji=fy, xfy £ = (Vi xVI-VO) =07 (2.4)
Using the properties of the flux function, equations (2.4) may be simplified to
£, = Q7 'VIXVo+£:0,7, f9=Q"'VoxV+£09Z, f.=rsindl,. (2.5)
Using the properties of reciprocal bases the velocity and the magnetic field may be written as
v=QW)fy + W)E:,  B=Byf, + Byfy + Bcte . (2.6)
The advection operator can hence be written as
Dy = 8¢ + Q)0 + W ()0 . (2.7)

Its dependence only on %) is essential in what follows.

Using the summation convention the magnetic field can be written as B = B'f;, the gradient operator
as V = (V¢")9;, where 9; := 0y, and the diffusion term in the magnetic induction equation as V?B =
(V2BI)f; +2VBJ - Vf; + BIV2f;. Thus, since VB’ = (9, B?)Vy*,

V' - V2B = (V2BY) + 2(0,BY)Vy* - VE; - V' + BIVY' - Vf; .

Four of the 27 terms V) - V£ - Vi)' and three of the 9 terms Vi - Vf; vanish identically. Since Vf =
1,14 — 141,, a- (V£;) - b =0 for any meridional vectors a, b, and hence
V- (V- Vi) =V - (VI - Vi) =VI- (VY- Vi) =V - (VY- Vi) =0.

Also V2f; = 0 implies V¢ - V£, = VI - V2, = V(- V£, = 0.
Keeping only terms which appear later in the asymptotic analysis and suppressing the others with dots,
the relevant diffusion terms are

V- V2B = (V2 + 2010y + 201509 + 2ux0¢ + 1) By + (2100 + 211609 + 2010¢ + pra) By + 20149 Be  (2.8)
VI - V2B = (V2 + 20,0y + 20,09 + 20:0¢ + \a) By + 2X,0¢ B¢ + . .. (2.9)



V(- V2B = 2p,0yBy + (V2 +2pp04)Bc + ... ., (2.10)

where the coeflicients are defined by

fa =V (VY- VE) =V (VO-VEy)  pe:=Vip-(V(-VEy)  pa:=Ve  VEy

pg =V (VC-Vi)  pi =V (V- V) p =V (VI-VEy) =V (V(-Viy)
= Vi - V3, N = VO (VU -VE) A= V- (VO-VE) A= Vi - (VC- VEy)

Ao = VO - V2, Ay = VI (VC-VE)  pa=VC-(V-VE)  py = V(- (V- VE).

Apart from pg, p1;, Mg these are Christoffel symbols. The scalar Laplacian is V2 = V - (Vy9)9; = (V' -
VW)@Z@] + (VQW)@Z, ie.

V2 = (V)03 + 2(V - V)09 + (V9)?05 + 2(V - V),
+ (V202 +2(VC - V)90 + (V) Dy + (V29) Dy + (V3()O, -

The following further simplifications can be established using standard vector identities, the divergence
theorem and Stokes’ theorem (see Gilbert & Ponty 2000),

flo =i = Tig = T = Ao = Py = 0. (2.11)

2.2 Asymptotic Expansion of the Magnetic Induction Equation

We employ the coordinate system described above in the asymptotic analysis of the magnetic induction
equation for a single-roll flow in spherical geometry. In this section we follow Gilbert & Ponty (2000) and
scale time ¢ on the turn-over timescale a/V, where a is the spherical radius and V is a typical flow speed.
The times scaled on the turn-over and diffusion times are related by ¢ = 7Ry,. The non-dimensionalised
magnetic induction equation in this case is

OB =V x (vxB)+'V?B, (2.12)
where € = R;ll/ *and Ry, = aV/n is the magnetic Reynold’s number. We are interested in the asymptotic
behaviour of solutions for large R, i.e. as € — 0.

The contravariant components of (2.12) are

DBy = &'V - VB (2.13)
DyBy — Q' (¥)By = 'V - V’B (2.14)
DyB; — W' (¢)By, = £*V( - V2B. (2.15)

The primes indicate derivatives with respect ). As noted above, regeneration of the magnetic field component
B, is solely due to diffusion, but regeneration of By and B, is partly due to distortion of By, by meridional
and azimuthal differential rotation, respectively.

Solutions of equation (2.12) or, equivalently equations (2.13)—(2.15), do not necessarily satisfy the
solenoidal condition (1.2) on the magnetic field. The condition is satisfied identically by time separable
solutions if the diffusion term is in the form —e*V x V x B, but this form complicates the asymptotic
analysis. Since V - (f;/J) = 0, the coordinate form of (1.2) is

Q@¢(Bw/9) + 0y By + 8<B< =0. (2.16)

This equation is independent of (2.13)—(2.15).
We assume that the magnetic field solutions obey the scaling of Ruzmaikin et al. (1988) for small ¢,

e2By ~ By ~Be, p=0(?), mk=0(1). (2.17)

and that they can be separated into modes of the form By, By, B; oc e™¢T P+t Thus p+iw = A\/Ry,. The
constant m must be an integer for solutions single-valued in (. These modes localise upon a stream surface
1 = 1), in a layer of thickness O(g). Thus 9- and (-derivatives are O(1) but ¢-derivatives are O(e~1). We
therefore define a new variable 1" by

P =1,+eT. (2.18)



so that Y-derivatives are O(1). The t-derivative and gradient operators become
Oy = tor, V =¢e"'Vpor + VI 9y + V(O , (2.19)
and the magnetic field components take the functional forms,
By = 2by (1, 9)e"M TPl By = by (1,0 TP Be = be (X, 9)e! MR (2.20)
Equations (2.13)—(2.15) become, using (2.8)—(2.10),
Dyby = €2,0rby + 2{(V))203by + (2up09 + 2impse + pa)by + 2imp,be }

+ {20 + 2(Vep - V) Dy + 2imV ¢ - Vb + V39 Orby,
+ (V)25 + (2imVI - V¢ + V29 + 2p5)09 — m?(VC)? +imV2C + 2impus, + i }by

Diby — £2Q'by, = £2(V1h)20%by + £3{2)0 + 2(V) - VI)Dy + 2imV( - Vb + V2 }orby
+eH{[(V9)205 + (2\p + 2im VI - V¢ + V29) 0y — m*(VE)? +imV2( + 2imA. + Aalby + 2imAgbe } + O(e°),

Db — &2 W'by = e2(V)20%b
+e*{[2pp + 2(Vtp - VI)Iy + 2imV ¢ - Vb + V2] 0rbe + 2pa0rby} + O(e*),
since
V2% = e2(V))20% 4 £3{2(Vep - V) 0y + 2imV( - Vi + V2 or
+ eH{(V9)203 + (2imVY - V¢ + V29)dy — m*(V()? +imV3(}.
The solenoidal condition (2.16) becomes
/

Q
by, + Opby +imbe = 0. (2.21)

€(9Tb¢ - Q

We now expand w and p in powers of € with the ordering (2.17),
w=wy+ews +e2wy+ews+etws+..., p=epa+eSpst+etpi+..., (2.22)
and expand W (1) and Q(z) in Taylor series about the streamline 1) = 1),
Qo +7) = Qo + Ul + L1QU2T2 + ... (2.23)
W (o + 1) =W, + Woel + AW 4. (2.24)

in which Q, = Q(t),), Q) = Q' (¥,), etc. Assuming the functional dependencies of (2.20) and substituting
the expansions (2.22)—(2.24) into the advection operator (2.7) gives

D; =dy +edi + €2d2 + €3d3 + €4d4 +..., (2.25)

where

rn —n
dyy = P+ iwa + (ngag +imW )) C po=p1=0. (2.26)

We also expand (V))? in the diffusion term in a Taylor series,
(V)2 = q0 + €¥y1 4+ 2%y + 3133 + 7y, 4. ... (2.27)
Finally we expand the magnetic field components,
by =byo +eby1 +..., by=byo+ebgr+..., be=0beo+¢eber+.... (2.28)

We are now ready to derive the asymptotic equations at the various orders.



2.3 The £°, ¢! and £ Equations

In this section we describe the asymptotics to order 2. For a fuller account see Gilbert & Ponty (2000).
We substitute expansions (2.22)—(2.25), (2.27) and (2.28) into the component equations (2.13)—(2.15), divide
(2.13) by €2, and collect terms of like order.
The £%-equations are
dobyo =0,  dobgo =0,  dobeo =0, (2.29)

which have the solution,
bwo = Fwo (T)eikﬂ 5 bﬁo = Fﬁo (T)e“ﬂ9 s b(o = F‘C()(T)eﬂm9 y (230)

where the functions Fyg, Fyg, F¢o are determined at order £2 and must vanish as |7| — oo. The constant k
is an integer since B is single-valued. Solvability of (2.29) fixes the angular frequency w to leading order for
given m and k,

wo = —1I1,, (2.31)

where we have introduced the frequency function I1(¢) := k2 +mW. The operator dy becomes §2,(dy — ik),
and hence annihilates any term with the ¥-dependence e**”. The solenoidal £°-condition from (2.16) is

Opbgo + imbCO =0. (2.32)
Thus
kFyo + mFgo =0. (233)
The e'-equations are
doby1 + dibypo = 21t4,00rbgo,  dobgr + dibso =0, dober + dibeo = 0. (2.34)
Their solvability requires
wi =0, I =k +mW,=0. (2.35)

The last condition fixes the resonant streamline ¢ = 1, upon which the magnetic field is localised for given
m and k. At this streamline the function II(1)) possesses a critical point, and a maximum if I/ < 0, which
is the case for the simple roll flows we examine. The larger gradients in By and B¢ on this surface encourage
diffusion of these fields and hence replenishment of B,. The operator di becomes d; = TQ,(9y — ik) and
hence also annihilates any term with 9¥-dependence e?*?.

The last two equations in (2.34) can be solved similarly to (2.29). The first equation reduces to,

dobyr = 24a,00rb90 = 244,06 Fho(T)e™* |

which is solvable, since 7i, = 0 and the right side then possesses no term with the ¥-dependence e?*”. Thus
the magnetic field at order ¢! is

b¢1 = le(T)eikﬂ + Gd,l(T, 19)6”“9 , by = Fﬁl(T)eikﬁ s b{l = FCl(T)eikﬁ s (236)
where the functions Fy1, Fy1, F¢1 are determined at order € and the particular integral for equation (2.34)(a)
is
2F) S
Gy = Q—ﬁoua,o, Gy =0. (2.37)

Here we have introduced the operator ~ defined by
which implies

The properties o
fg=-fg, ff=0 (2.38)

are easily established.



The order €' solenoidal condition is
Orbyo + Ogbyr +imber =0, (2.39)
which becomes, on substituting (2.30) and (2.36),
OrFyo +ikFy1 +imFep =0, (2.40)
The e2-equations are

dobd,g + dlbwl + (dg — 708%)b¢0 = 2,uavoarbq91 + 2#&,0T87b190

+ (2/11770819 + Qimﬂqo + /’Ld7o>b190 + 2imug,obC0 (241)
dobgz + dibp1 + (d2 — 700F)boo = Qbyo (2.42)
dobcz + diber + (da — 700%)bco = W obyo - (2.43)

Gilbert & Ponty (2000) included subdominant terms from the Laplacian at this order arguing that these are
comparable when employing the scalings of Gilbert (1988). However, they neglect to include the coordinate
Laplacians, V21, V24, V2(¢ which are of the same order. In the present analysis all these terms appear at
the correct (higher) orders.

Equations (2.41)-(2.43) are solvable for the field components by, bye and beo, if the ¥-dependence of the
other terms is not e**?. This is true for the terms, diby1, diby1 and dib¢1, since the operator dy annihilates
etV Tt is also satisfied by the terms, 2Ua,00rbo1, 210d,0b00 and 2imiig obeo, since the coefficients (g o, fid 0,
g0 average to zero by (2.11). The sum of the remaining terms must average to zero after multiplication by
e~ ™7 Consequently we may write the solvability condition for (2.41)-(2.43) as

Fyo = 2id, 0
L|Fyp| =0, L=|%Q = 0], (2.44)
Feo w, 0 ZE
where .,
E =708 — LT — py —iws, a:=kup + mpe, ol = kQ) +mW, , (2.45)

with 7, =< |V¢|2 >. These equations determine the functions Fyo, Fyo, Fro and hence the magnetic field
to leading order. The solutions are of the form

F
Fio| =5, ma@) =Du(/r). = (/2 (2.46)
Feo
Here a is a constant vector to be determined and D,,(z) is the parabolic cylinder function of degree n,
D,(z) = 9 n/2e=7"/4 H,(z/V2), n>0,
where H,,(2) is the Hermite polynomial of degree n. It is a solution of the equation

d’D,,(2)
dz?

In order for this solution to satisfy the boundary conditions, i.e. Fyq, Fyo, Fco — 0 as [Y| — oo, we choose

%72 with positive real part,
k2= V|4 (1 +isgnll)),

noting that 7, > 0. The two eigenfunctions which arise from the ambiguous sign of x differ only if n is odd
and then only in sign. Thus

! = I el = YT (5 iy sy
The y,, are eigenfunctions of = with eigenvalue &,

Eyn =Enln,  &ni=—(n+3)VIF, (1+isgnll)) — (p2 + iws).



Substitution of the ansatz (2.46) into (2.44) gives

&n 2id, 0
L,a=0, L,=1|9 & 0], (2.47)
W, 0 &

which has non-trivial solutions if detL, = 0. This yields &, = 0 or & = 2ia,Q,, ie. & = (1 +
1sgn @, )/ [@o€2 |, and determines po and wy. We shall ignore the solution for &, = 0, since its growth
rate has a negative real part and only its ( component is non-zero. The other two solutions give for the nth
mode

P2 = FV[@Q| — (n + 3)V/1[7, (2.48)
wy = FV/ @] sen(@,) — (n+ 5)v/[1[7, sgn 1Ly (2.49)
a= [7§na Q/ov W;}T . (250)

The real and imaginary parts of the growth rate in (2.48) and (2.49) agree with Gilbert & Ponty (2000) to
order €2. The vector a is determined up to a constant factor. From (2.46) and (2.50) the order £° solenoidal
condition (2.33) is a consequence of the resonance condition (2.35)(b).

Equations (2.41)—(2.43) have solutions of the form,

bwg = ng(T)eikﬂ + G¢2(T, 19)6““9 R éwg =0 (251)
boa = Foa(1)e™ + Goa(V,0)e™, Gy =0 (2.52)
b(g = FCQ (T)eikﬁ + GCQ (T, 19)6““9 5 @CQ =0. (253)
The particular integrals G2, Gy and G¢a can be determined at this order by subtracting from (2.41)—(2.43)

their projections on e**” and integrating with respect to 9. The results are

20 N N N R N L
QoGy2 = =5 HaoT Fyo + FoF o + 2Hao gy + 2fia,0 T Fyo + (200 + fia,0) Foo + 2imiigoleo.  (2.54)
QG2 = FoFygg - (2.55)
Q,Gea = %Fé’o . (2.56)
The order €2 solenoidal condition is
Q/
(9Tb1/,1 — 5b¢0 + Oybyo + imbea =0, (2.57)

which becomes, on substituting (2.30), (2.36) and (2.51)—-(2.53),

/

Q . .
Or(Fyp1 + Gy1) — §F¢o + 09Gya + ik(Fya + Gy2) +im(Fea + Gea) = 0.

Averaging this equation with respect to ¢ yields

Ql
OrFy1 — ﬁFwo +ikFys +imFea =0, (2.58)
leaving
GTGM + 09Gyo + ikGya + imGea =0. (2.59)

In section 6 following the numerical results we outline the method of solution at higher orders. In
particular, we show there that ps = w3 = 0, and give the full expressions for p; and w;.

2.4 The Asymptotic Magnetic Field Solution

The quantities by, b¢, U, e, i, i, Par Mo, Ads Ag are explicitly independent of the weight factor . The
explicit dependencies of other quantities on o are given by

T =0T by = oby, Q=00 o = O Wy = oy



pa = oy 1y = op, pi = o pr =0t Ao = 0N,
Ae =0 INE Z=0"'7"%,

where an asterisk indicates a quantity independent of ¢. In this section we make the parameter o explicit,
use the asterisked quantities and suppress the asterisks.
Combining (2.5), (2.6) and (2.20) the magnetic field becomes

B = {20y Q7 VI x Vo + byQ Vo, + (2byo 10y Z + byo 19 Z + be)rsin 6 1, el ™ Twitrt
To dominant order spatially,

B = {2 FyoQ ' VIX Vo+ FyoQ ' Vi + (€2 Fpoo 10y Z+ Fyoo 109 Z + Fro)rsin 1 e F0Himetiwttpt 4 (o)

or
B= {00 'V + 0 QLW + W,)rsin 014} D, (Y/r)eFoHimctivtet L o)
where
D (/) =2 exp ( — KR8 )2 VIRl (1 dsen 1)), (1)
with

7= R~ 00 YT (V5 + 15 st )

The first four Hermite polynomials are Ho(x) = 1, Hy(x) = 2z, Ho(z) = 42% — 2, H3(x) = 82% — 122. As
expected for large R, the moduli of the eigenfunctions exhibit a Gaussian-like structure about the resonant
curve, with spatial oscillations of rapidly diminishing amplitude as distance 7" from the curve increases.
Higher n modes display more complex spatially varying behaviour within the envelope of the stream surface
localization.

The magnetic field can be graphically represented by plotting the spherical polar components of Re CB
and Im CBy in the meridional plane, where

By =[Q 'V, + (0—19—1W —k/m)rsinf 1) Dn(T/ﬁ)ei(kﬂ_m"le) , (2.60)

i.e. the e%field obtained from B by removing the factor e/™®+iwt+Pt ' and choosing the complex normalisation
constant C' to minimise [;, |[CBy — B|?dV, where B is the magnetic field obtained by solving the dynamo
eigen-problem,

[, B -BdV
c=2v—9 ~ " 2.61
fV |Bo|2 dV ( )
The real parts of the growth rates are

p = &2/ |okm, + mp ||| — (n + %)eQ\/ ok QY + mW o7, + O(e*) (2.62)

and the angular frequencies are

w = —0kQ, — mW, + e2\/|okfi, + mfi. ||| sgn [(okf, + m.) Q]

—(n+3)e? \/|ng’0’ + mWZWO sgn (oerZ + mW;/) +0(eY), (2.63)

where the quantities appearing are evaluated upon the resonant stream surface ¥ = 1,. The n = 0 mode
is the fastest growing magnetic field mode to dominant order for any m and k. The additional term,
—et (kzﬁk +m?B,, + kaﬁmk), must be added to the real part of the growth rate (2.62) to obtain Gilbert
& Ponty’s (2000) formula. The §’s, which are independent of o, are given by

B := VI =755 (V) - VI9)? (2.64)
B = |VCI* =75 (Ve - V() (2.65)
Bk = VI - V¢ =751 (V- VI) (VY - V() (2.66)

These are not the complete contribution at order e* but, as Gilbert (1989) argues, they should be the most
important terms at that order for the fastest growing modes.
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Finally, the streamline on which the field is localised is determined from the conditions,
koQ, +mW, =0, o = koQ + mW, #0. (2.67)

In general, we find that I/ < 0, which indicates that the resonant streamline corresponds to the maximal
helical gradient of the magnetic mode. Equation (2.67)(a) is also the condition for the closure of the magnetic
field lines on the surface 1 = 1), to leading order. Since dr = fy,dy+fydd+£f-d(, the equation for the magnetic
field lines, B x dr = 0, reduces to

Bydd — Bydi) =0
Byd¢ — Bedip + (09 Z)(Bydd — Bydip) =0
Byd( — Bedd) — (94 Z)(Bydd — Bydip) =0,

or simply
W _ v _ 4
By, By B¢’
For the magnetic field (2.53)—(2.55) the field lines to leading order are
W,
!

\I/:\IJ — =
o, V=1, o

(C_Co)>

where (¥U,,9,,(,) is a given point on the field line. The magnetic field line is closed if there are integers k, m
such that ¥ —9, = =27k and { — ¢, = 2mm, which give the resonance condition (2.56)(a). So, unsurprisingly,
a resonant surface also corresponds to the spatial localisation for which a magnetic mode reinforces itself.
The resonance condition also ensures the e%-magnetic field is solenoidal, as noted following (2.50).

We could in principal find the resonant streamline ¥ = ¥, for given values of (m,k, o). However, we
make the choices of the resonant streamline ¥ = ¥, and the particular (m, k)-mode arbitrary by adjusting
the parameter o, and hence the flow, to satisfy the resonance condition (2.56)(a), i.e.

o =—mW,/kQ, = o(m, k,T,). (2.68)

We thus use o as a tuning parameter to tune the flow to the chosen streamline and magnetic modes.

3 Numerical Evaluation of the Asymptotic Expressions

In general the asymptotic approximations (2.51), (2.52), (2.53) to the growth rates and the eigenfunctions
must be evaluated numerically. In this section we describe the method of computation.

The formula for the growth rate requires the evaluation of Q, Q, ", W, w , WN, Tiys Tes Brs Bons Bonk
and 7y on the resonant streamline 1 = 1),. Each of these quantities may be evaluated by line integrals along
the streamline. Moreover a number of their constituent parts (such as Vi and V) may also be determined by
line integrals. The integrals are usually too difficult to evaluate analytically and were evaluated numerically
using the compound trapezoidal rule. The eigenfunctions require the evaluation of these quantities, except
the §’s, on a (¥,)-grid, which must subsequently be interpolated onto the (s,z) coordinate system. A
simple linear interpolation was sufficient.

We obtain Q by integrating (2.1) and W by averaging. Their ¢ derivatives may be procured as line
integrals using the following technique. The average of a function F'(¢,9) over the curve Cy given by
constant ¢ can be expressed, using (2.1), as

— Q Fvy Q Fvy Q Fvy
F(¢):_% —‘;~dr:— —‘;.err— —‘;~dr (3.1)
2r Jo, 4 21 Jos, 4 2 Jo, 4
Q F
= L v ) - 1yrdrdd + QK 2
2 s,J,VX(qQV > prard@y (32)

where Sy, is the annular region in the meridional plane bounded by C'y, and a smaller fixed ¢-curve Cj, which
encloses the stagnation point. The quantity K is independent of 1). Now by (2.4), rdr df = (Qrsin @) ~1dy dv,
and thus

F 1 F 14
i N E dydyp + K . :
Q 2 Swa (qQV > Qrsind vt (3:3)
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Differentiation gives

d (FY_1 [ F 1, I
) = v ) - L dy = "=, A4
dy <Q> 2m vax <q2v ) Qrsin 0 Q (34)

where F} :=V X (Fvy,/q%) - 1,/rsinf. Iteration yields
4 (/) Jdy" = /) (3.5)
where F}, is defined inductively for integer n > 1 by

. Fn—1v¢
F, =V x(Fp_1vm/¢*) -1 f=-V. | —==_T1]. 3.6
x ( 1Vm/q°) - 14/rsin ( Vo) ) (3.6)
Setting F' = 1 gives integral expressions for Q', Q" etc. For azimuthal flows of the form W (9,¢), F = W
gives expressions for W, W/, W”, etc. Let Q := (V)2. Then

Fi ==V (FQVY) = —~(VQ- V¢ + QV*))F —QVy - VF
Fy ==V (FQVY) = —(VQ - V¢ + QV*Y)Fy — QVY - V.

If R:=VQ-Vy+QV?), then
F,=(R*+QVy-VR)F + (2RQ+ QVQ - VY)Vy - VF + 1Q*VQ - VF + Q?Vy - VVF - V.

As can be seen the integrands rapidly become very complicated with n. The motivation for persisting with
these complicated expressions is that the numerical integration of smooth periodic functions over a period
using the compound trapezoidal rule is spectrally accurate. Results were checked with a simpler but less
accurate method of fitting a spline curve to the ¥-curve.

It soon becomes apparent that a number of the integrands are singular in spherical polar coordinates. If
Vi =V, 1, 4+ Vp 1y, we can write dv = Qrdf/Vy = Qdr/V,.. The spherical polar components of V,,, vanish
at two points on a V,-streamline, which can cause singular integrals, specifically those which evaluate V4.
To avoid this problem we transform to the toroidal coordinate system (R, ©) shown in figure 1. The point
Py(r9,00) is a stagnation point of the meridional flow.

Figure 1: Toroidal coordinates (R, ©).

Basic trigonometry gives a number of relationships between (r,0) and (R, ©), the most important of
which are

r=1/r¢ + R% + 2roRsin(fy + O) (3.7)

Rcos(bp + O)
ro + Rsin(6p + O) |’

0 =0 +tan™! (3.8)

The (R, 0, ¢) system is orthogonal but left-handed. For the flows we examine, we take (rg,0y) to be the
stagnation point at the centre of the concentric 1 curves. The radius ry can be evaluated using the Newton-
Raphson method. We distinguish between different ¢ curves by their largest s-intercept rs. Each 1 curve

12



K 100 200 400 800
y 4.63875 4.63936 4.63951 4.63955
T —0.20886 | —0.20782 | —0.20756 | —0.20750
B 8.961 8.964 8.965 8.965
Bm (V1) 4.58627 4.58627 4.58627 4.58627
Bm (v2) 4.6719 4.6718 4.6718 4.6718
Bk 0.2256 0.2278 0.2284 0.2285

Table 1: The quantities required by the asymptotic theory which converge more slowly with K. Here
rs = 0.93.

is thus described by an equation v (r,0) = ¥ (rs,7/2). To determine the quadrature nodes we divide [0, 27],
corresponding to one period of O, into n equal sub-intervals using the nodes ©; = 2xi/n, i =0,1,...,n. To
calculate the corresponding values of R; we use the Newton-Raphson method to solve

Y(r(Ri, ©),0(R;,0;)) — ¢(rs,m/2) =0

for R; given ©;.

The integrands jup, fie, Brs Bm, Bmr and Yo are expressed in terms of: Q, W; the R and © derivatives of
¥, 9, Vo, Vg; and the ¥ and 9 derivatives of Z; where V,,, = VR 1p + Vg 1g. The derivatives of ¥, and Vg,
Ve can be found analytically. The quantities Orv, do¥ and 9, Z must be determined. The angle ¥ is given

by
v S) : * *
ﬂ:/ dﬂ*:—Q/ R*(rosm%JrR*cos@ )d@*, (3.9)
0 0 Or+

where an asterisk denotes evaluation upon the ¢ = ¢* curve. The two sets of variables (R, ©) and (R*, ©%)
should not be confused: the asterisked pair are dependent on each other while the other pair are independent.
With this in mind we differentiate the integral in (3.9). Using Leibniz’s theorem we obtain

0, © R*(rgsin 6y + R* cos @*)) ORY
or( = :—/ éh( de* 3.10
w(g) = [ o O B 0" (3.10)
and
0 © R*(rosinfy + R* cos©*)\ Odo R(rpsinfy + Rcos O)
Oo| = :—/ 3*( > de* — . 3.11
o (ﬂ> ) O on orv (3.1

Lastly, 0y Z and 0yZ are required for V(. Only the former issues a challenge. From the definition of W,

9 9 o
0,(07) = / Dy W*do* = / ByW*d* — W' (3.12)
0 0
Thus from (2.2),
I Qo A —
Z == WA+ = [ =W — . 1
oy Q/O(aww W) +Q<QW W) (3.13)
This is expression is evaluated by converting the ¥ integral to an integral over © and using the formula
_ oy, )
= J 1 (de¥ — ORrY = 14
OyW = J (009 0grW — Ord 0o W), J (1%, 0) (3.14)

Note that as the these integrals are not over closed curves, the trapezoidal rule does not give exponential
accuracy for them. The p’s and (’s also require further averaging so their convergence is not as fast, as
shown in table 1.

The asymptotic estimates were computed in MATLAB. The convergence of quantities required by the
asymptotic theory is shown in table 1 for different numbers K of numerical integration nodes along the chosen
streamline, ¥y. Those quantities that issue from a single integration around the closed streamline converge
very rapidly, typically for K = 30. These include 2y and its 1 derivatives, W and its ¢ derivatives, and 7.

Thus the quantities Q, = 5.3919, Q/, = 7.2807, Q = —16.662, W, = 0.93043, W, = 1.4927, W = —2.7786
are accurate to the figures shown here for K = 100. However, quantities which are evaluated by line
integrals with variable limits converge more slowly, and settle down only for K' = 800. The convergence of

these quantities is displayed in table 1.
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4 Numerical Solution of the Spherical Dynamo Eigenproblem

As indicated above, for steady flows the magnetic field is a linear combination of modes, which have the
time separable form (1.4). (We ignore the possibility of generalised eigenfunctions.) The kinematic dynamo
problem reduces to an eigenvalue problem for the growth rate A and the spatial eigenfunction B(r). The
magnetic induction equation is usually scaled in these problems on the diffusive time-scale, as in (1.1). In
order to test the asymptotic theory outlined in sections 2 and 3 we must solve the eigen-problem numerically.
The solenoidal conditions on the magnetic field and the velocity are satisfied identically by the poloidal-
toroidal representation,

B=VxTr+VxVxSr, (4.1)

for the magnetic field and (1.6). The problem is then discretised using a spectral method in angle and fourth-
order finite-differences in radius, and techniques of linear algebra are used to solve discretised eigenproblem.

4.1 Spectral Equations in Angle

The numerical method uses a hybrid form of the spectral equations of James (1974). These are a compact
form of the poloidal-toroidal spectral equations derived by Bullard & Gellman (1954), apart from a factor
of r in the poloidal-toroidal representations and the normalisation of the spherical harmonics. The poloidal
and toroidal potentials of B are expanded in spherical harmonics,

Y6, ) = <—>’”\/ . ?nli(?n; " Py (o8 8)e™ (4.2)

where P, ,, is the the Neumann associated Legendre function defined by

. (1 _ ZQ)m/Q dm+n(1 _ Z2)n

2nn! dzmtn
v =(=)mym (4.3)
Thus
S=3 Srrt)Y0,0),  T=Y TrrhY,"0,9). (4.4)
The summations are over n =1,2,..., m = —n:n.

The compact poloidal-toroidal spectral equations are derived by first expanding the magnetic field and
the velocity in vector spherical harmonics,

v= > wr Y., B= > B Yn., (4.5)

n,miy,m n,ni,m

where the vector spherical harmonics, which form a complete set, are defined by

Y = (22T S (

my,

n o n 1 ma
m —my —M) Y, "e,. (4.6)

The complex unit vectors e, are defined by ey := 1, and ey = F(1, + zly)/\/i The summations in
equation (4.5) are over n = 0,1,2,..., n; = n,n£t1 >0, m = —n:n. The vector spherical harmonics are
orthonormal with respect to the inner product,

1 *
(F,G) ._E]{F-G daQ,

where dQ) = sinfdfd¢. Substituting the expansions (4.5) of the magnetic field and the velocity into the
magnetic induction equation (4.1) and taking the inner product with Y7, ~yields vector spherical harmonic
spectral equations.

However, the vector spherical harmonic coefficients of the magnetic field are given in terms of the spherical
harmonic coefficients of the magnetic potentials S and T" by

Bl 1 =(n+1)y/n/@n+1)0 ST (4.7)
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nn - \/ n+ 1 (48)

Bl = n\/ (n+1) /(2n +1)orttsm, (4.9)
where 5 1
_+n+ , ifn'=n-1;
o = or r
" 0 _n ifn =n+1
— = i = .
or r’
Inversion of (4.7)—(4.9) gives
B™ B, ZBZL"n
m n,n—1 n+l m o _ (410)

= . T =
(n+1)y/ni2n+1) ny/(n+1)(2n+1) Vn(n+1)

Spectral equations for S]* and T}* are derived by taking the combinations of the B
by (4.10) and considering the time derivative. Thus

nin, -€quations as indicated

(O — =Ry ZeB () (Y X Yo Y Jome By, (4.11)
(at N R Z TL nl maaynlcx X Y;Tlfxnlﬁ7 nnl)an ( Z:inlaBZ;ﬁfnw)y (412)
a,B,n1
(n1=n=£1)

where the operator D,, := r=2{9,(r?0,) — n(n + 1)} and the factor

—1/y/n(2n+1), if ng =n—1;
en(n,ny) = i//n(n £ 1), if ) = n;
—-1/v/(n+1)2n+1), ifn;=n+1.

The single coupling integral (Yma X Y:meﬁ,Ym ) can be evaluated explicitly in terms of 3j- and

6j-symbols (James 1976). The hybrllad spectral equa‘éions follow from (4.11) and (4.12) by replacing the
coefficients B, ~are throughout by S)* and T using (4.7)-(4.9). The compact poloidal-toroidal spec-
tral equations of James (1974) follow by also replacing the velocity coefficients vy, ~throughout with the
coefficients s and ¢ of the velocity potentials using equations analogous to (4.7)—(4.9).

Equations (4.11)—(4.12) are solved subject to

St=0("), T, =0(0") as r — 0; (4.13)
05 nHlgm o pm_g,  atr—1. (4.14)
or r

Conditions (4.13) and (4.15) are implied by the differentiability of B with respect to z, y, z at » = 0.
Equations (4.14) arise from the self-exciting dynamo condition (1.5) for an insulating exterior. If B is
analytic at r = 0, as assumed herein, additional useful conditions hold,

Spt(=r) = (2)"S(r) s T (=r) = (=)" T (r). (4.15)

The magnetic field eigenfunctions decouple for each azimuthal wavenumber m, since the flows considered
herein are axisymmetric. Moreover, by property (4.3), only modes with m > 0 need be considered, since the
fields are real. The case m = 0, which gives only decaying modes by the axisymmetric antidynamo theorem
(see Ivers & James 1985), was ignored.

In numerical work the expansions (4.4) and (4.4) were truncated at n = N, and n; = N + 1 in (4.5),
giving 2(N — m + 1) spherical harmonic coefficient functions S* and T, for n = m, ..., N with m fixed.

4.2 Radial Discretisation

The radial dependence is discretised using fourth-order finite-differences over a uniform grid r; = j/J,
7 =0:Jon0 <7 <1. Centred-difference formulas are applied to the truncated poloidal and toroidal
spectral equations at the interior points r;, j = 1 : J — 2, using conditions (4.15) at j = 1 and the one-sided
formulas,

—fo3+6f_o—18f 1+ 10fo + 3f1

1L _
o' = 12h

1
_ L ey
20f (mh
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Re )\ Im A\

J\N 20 30 40 20 30 40
100 236.4 255.0 254.7 | 52786.7 52733.2 52731.1
200 258.5  277.7 277.7 | 52721.2 52688.3 52688.0
400 261.5 279.1 279.2 | 52716.5 52685.6 52685.4
800 261.7 279.2 279.3 | 52716.3 52685.4 52785.2

Table 2: Convergence of the dominant mode’s eigenvalue A with J and N for v; at R, = 100, 000.

2 _ Jra—6f3+14f o —4f 1 —15fo+10f1 13 .4, ;4
Joo = 1252 10 (WA
for the toroidal equation at ry_q,
(1)

1 _ fo2=9f1—9fo+17fi —6hfi" 1 .5, \,4

0= 18h Tl Tk

(2 3f3—32f o +252f 1 — 480fy + 257f1 — 60Af" _ if@( Yt
o= 14472 3607

for the poloidal equation at r;_; and

FO (n)nt

+

() —9f 4+64f 5 —216f o+ 576f , —415f, +300hfS" 1
o = 72h2 15

for the poloidal equation at r;. There are thus (2J + 1)(N — m + 1) unknowns, S*(r;) for j = 1:J and
T (r;) for j=1:J -1

4.3 Computation of the Eigenvalues and Eigenfunctions
For a given magnetic Reynolds number R,, the discretisation leads to an eigenvalue problem
Ax = Xx, (4.16)

where A is an (2J 4+ 1)(N —m +1) x (2J + 1)(N — m + 1) matrix, which depends linearly on Ry,.
The matrix A is banded with the bandwidth minimized by ordering the unknowns to block together all

harmonic coefficients at each grid-point. Thus x = [x1,...,X;,...,Xn], where the vector x; of unknowns at
r; 18
Xj = [523(7“;‘), Tg@n(rj)’ S’I’TTYLL+1(Tj)7 Tﬁﬂ(’"a‘)’ S::zb+2(rj)> T7ZL<F2(rj)’ sy S]@(rj)’ T]:fn(rj”

forj=1:J—1and
XN =[S (1), Sii1 (1), Spia (1), o, SN (17)] -

The equations are ordered identically. Moreover, the matrix band itself is sparse, with many zero elements
due to the selection rules (James 1973) for the coupling integral in (4.11) and (4.12).

We determined the eigenvalues and eigenfunctions by inverse iteration and the implicitly restarted Arnoldi
method using ARPACK (Sorensen 1992). The Arnoldi method was particularly helpful in identifying the
mode of fastest growth at large R, as the ratio of the real part of the growth rate to the imaginary part is
(’)(R;l/ 2). Consequently inverse iteration had difficulty in converging to the eigenvalue of largest real part
without a good estimate of the true eigenvalue.

The solution of (4.16) was straightforward except that very large dimensions were required in some cases
to achieve convergence (on increasing J and N) for very large Ry, (=5x10°). The truncation levels J and N
were restricted by the memory limit. The largest matrix computed was 64,040 x 64, 040 for J = 800, N = 40,
m = 1. Convergence of the eigenvalue \ of largest real part with respect to .JJ and N is shown at R, = 10° for
v1 in table 2 and for v, in table 3. The higher modes with n = 1, 2 require even higher truncation levels, as
they exhibit greater spatial variation. As Ry, is increased greater truncation levels are required as the length-
scale of the fastest growing mode decreases like O(R;ll/ 4). Difficulties were encountered for Ry, >5x10° as
the truncation required (and consequently the size of the matrices generated) became prohibitive.

The eigenfunctions are normalised so that max, g{(Re B)2+(Im B)2} = 1 and Re B, = 0 at the maximum,
where B = B(r, §) /97,
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Re )\ Im A\

J\N 20 30 40 20 30 40
200 | 687.7 688.2 688.3 | 16390.6 16391.6 16392.8
400 | 688.2 687.5 687.5 | 16390.6 16391.9 16392.1
800 688.2 687.5 687.5 16390.6 16392.0 16392.3

Table 3: Convergence of the dominant mode’s eigenvalue A with J and N for ve at Ry, = 100, 000.

R Re \g Im Ao Re )\ Im A\ Re \o Im X\o
416.1864 0 170.2922 - - - -
500 3.1054 208.8 —88.05 198.2411 - -

750 11.2432 325.55 - - - -

1000 17.9967 444.19 =777 425.57 | —237.2588 421.808
1500 28.3164 684.99 - - — —
2000 35.3415 929.29 - - - -

3000 43.1781 1426.89 - - | —207.5813 1353.06
5000 54.6313 2445.51 | —180.165  2306.466 - -
10000 78.5208 5032.19 | —133.484 4788.276 | —387.1595 4678.515
20000 | 115.6785 10270.02 - - - -
50000 | 193.5259 26118.99 | —324.540 25560.96 | —811.1473  25003.12
100000 279.162 52685.35 | —467.662  51898.48 —1182.71 51107.84
150000 | 344.9439 79324.97 - - - -
200000 | 400.2472  106002.52 | —668.846  104897.5 | —1726.128 103768.5
300000 | 492.6508  159423.87 | —825.961 158069 | —2024.529  156876.3
400000 | 571.3119  212899.37 - - | —1968.609 209731.6
500000 | 641.1343 266407.22 | —1080.54 264712.9 | —1863.246  262300.9

Table 4: The growth rates of the leading modes as computed by the numerical eigenproblem for vy, m =k =1
at different Ry,. The subscript of A indicates the corresponding n mode number.

5 Results

We present results for each of the flows v; and va, corresponding to a representative configuration of the
parameters for the same resonant curve. For both v; and vs the resonant curve is ¥, = W(rg, 7/2) =~
—0.20287 ... with ¢ = 0.93. The resonance is ensured for given m and k by setting the tuning parameter
o according to (2.68). The resonance conditions for v and ve may be expressed as ¢ = o1(m, k,¥) and
o = oa(m, k,¥). We find that o1(1,1,Pg) ~ 0.1373, 01(2,1, ¥p) = 0.2747, and o2(1,1, ¥() = 0.2050 to 4
significant figures. Moreover, for the flows we examine there is no degeneracy in o, i.e. for a given o there
is only one possible set of (m, k, V), so there can only be one resonant curve for a given flow.

The different times ¢, 7 of the asymptotic and numerical results are related by t/7 = Ry,. Thus to compare
the asymptotic and numerical results, the numerical growth rates are divided by R, i.e. p = ReA/Ry,
w = Im A\/Ry,. Moreover, asymptotic and numerical modes must be correctly matched. There is no difficulty
with the azimuthal wavenumber m, since it coincides in the asymptotic and numerical results for vi, and
also for vo, when ( is decomposed and the factor ! is extracted from the eigenfunction. We assumed that,
once the resonant curve and the wavenumbers m, k are chosen, which sets the tuning parameter o(m, k, ¥),
the collection of modes determined by the numerical eigenproblem correspond to the various asymptotic n
modes. The strongest growing exact (numerical) mode was identified with n = 0.

5.1 Growth Rates

The growth rates of the n = 0,1, 2 magnetic modes for kK = 1 and m = 1,2 in the spherical helical dynamos,
which we considered, are presented below. Tables 4 and 5 show the growth rates of the n = 0,1, 2 modes, as
computed by the numerical eigenproblem for v; and v, at the truncation levels N = 40 and J = 800. The
scaling Im A/ Re A ~ Rin/ 2 predicted by the asymptotic theory for large Ry, [see equations (2.15)] is clearly
evident. Moreover the leading modes possess growth rates whose imaginary parts asymptote to a common
value (—II,Ry,). This closely clustered property of the eigenvalues in spherical helical dynamos explains
the difficulty of algebraic eigen-solvers in separating the eigenvalues at large R,,. In this regime a partial
eigen-solver, such as the implicitly restarted Arnoldi method, is invaluable.

Figures 2 to 8 present the (real) growth rates p and angular frequencies w calculated using the asymptotic
theory with the higher order terms (the solid lines) of Gilbert & Ponty (2000) included, the asymptotic theory
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Rm | ReXg Im A\g Re \q Im A\ Re X2 Im Ao

500 17.8 18.2 | —60.3 17.8 - -
1,000 38.0 74.7 | —48.0 66.1 | —642.4 113.6
2,000 68.9 206.3 | —25.0 187.4 | —384.8 196.7
3,000 93.6 347.2 —-5.2 320.8 | —375.0 322.2

5,000 | 133.2 641.3 27.4 602.2 | —348.1 592.7
10,000 | 203.8 1408.9 87.8 1344.3 | —282.1 1303.8
20,000 | 293.9 3006.6 178.5 2878.7 | —211.5 2747.8
30,000 | 363.0 4645.6 224.4 4423.7 | —=237.0 4339.7

50,000 | 477.1 7969.4 250.7 7697.2 —86.1 7546.4
100,000 | 687.5 16392.3 348.9  16000.0 —19.2  15566.2
200,000 | 982.4  33432.1 486.2  32867.1 —57.2  32299.4

Table 5: The growth rates of the leading modes as computed by the numerical eigenproblem for vo, m =k =1
at different Ry,. The subscript of A indicates the corresponding n mode number.

correct to order €2 (the dashed line) and the numerical method (the data points). The truncation levels
for the asymptotic values and the numerical values are K = 400, J = 800, N = 40. Figures 2-4 show the
growth rates p, and angular frequencies w,, for the m = 1, k = 1, n = 0,1,2 magnetic modes of the v
flow with o = 01(1,1, ¥y). Of the three modes shown, only the n = 0 mode is a dynamo, above the critical
magnetic Reynolds number at Ry, =~ 416 (see table 4) with a maximum positive growth rate at Ry, ~ 1500.
For R, 2z 1500, the asymptotic theory and figure 2 imply that py — 0 monotonically, as R, — oo, and
hence that the dynamo is slow. Figures 3,4 and the asymptotic theory imply that the n = 1,2 modes
decay for all R, = 100. Figure 5 shows pg, wg for the m = 2, k = 1, n = 0 mode of the v; flow with
o=01(2,1,%). Observe that the flows are actually different for the & = 1,n = 0 magnetic modes with the
azimuthal wavenumbers m = 1, 2, since the modes share the same resonance curve. This requires different
o and hence different amplitude ratios of meridional to azimuthal flow.

Figures 6-8 show p,, w, for the m = 1, k = 1, n = 0,1,2 magnetic modes of the vy flow with ¢ =
02(1,1,¥p). The n = 0 mode is a dynamo above the critical magnetic Reynolds number at R, ~100 with a
maximum growth rate at R, ~800. For the vo flow the n = 1 mode also acts as a dynamo above R, ~2000
with a maximum growth rate at R, ~2x10%*. The n = 2 mode decays for all R,, > 2000 with p, — 0 as
R, — oo.

There is excellent agreement between the asymptotic growth rates of order €2 and the numerical growth
rates when R, > 10° for v; and when R, > 4 x 10* for vo, with even better agreement in the angular
frequencies. If the additional terms of Gilbert & Ponty (2000) are retained in the asymptotic growth rates
the agreement extends down to Ry, = 10%, substantiating their neglect of the other terms at this order, at
least for the modes of small n. This agreement strongly supports the asymptotic theory. It also indicates
that the identification of the numerical modes with the asymptotic modes is correct.

5.2 Magnetic Field Structure

Figures 9-17 show magnetic modes for various parameter values. Figure 9 plots the real and imaginary
parts of the magnetic field components, B,., By, 3¢, of the m =1, k =1, n = 0 mode for the v; flow with
o =01(1,1,%g) and Ry, = 10°. The asymptotic field to leading order and the numerical magnetic field are
shown. Solid (dashed) contours represent positive (negative) magnetic field. Superimposed on the plots is
the resonant curve to highlight the localisation of the magnetic field. It is apparent from the figures that
the asymptotic and numerical magnetic fields agree in their dominant features: the position, orientation and
shape of the local maxima and minima, but with a slight offset outwards away from the resonant streamline.
This is clearer in figures 10 and 11, which show |B,|, |Bg|, |Bg|, and |B| respectively, for the same mode.
The localisation of the field to the resonant stream line is readily observed in figures 9-11, with marked flux
expulsion inside the resonant streamline and even outdside. The k = 1 nature of the field is readily apparent
from its variation around the streamline.

Figures 12-14 show the m = 1, k = 1, n = 0 mode for the vy flow with ¢ = o1(1,1, ¥g), but with
Ry = 5x10°. The structure in Im B,, Im By, |B,|, |By| and |B| near the z-axis, which is present at
R, = 10°, has disappeared at R,, = 5x10° and the magnetic field is more localised and intense. The offset
of the maxima and minima from the resonant streamline is substantially reduced compared to Figures 9-11.

Finally, Figures 13-17 show the m = 1, k = 1, n = 1 mode for the vy flow with o = o1(1,1, ¥p) and
R,, = 10°. This mode decays slowly with time as shown in figure 3. Its spatial structure is more complicated
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Figure 2: The growth rate pg and angular frequency wg for the m = 1, k = 1, n = 0 mode of v; calculated
using the asymptotic formulae with the extra terms of Gilbert & Ponty (2000) (solid lines), the asymptotic
formulae correct to order £? (dashed line) and the numerical method (points on the dotted lines).
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Figure 9: Plots of the real and imaginary parts of B, By, 3¢ for the m = 1, k = 1, n = 0 mode of v;
at Ry, = 10°, determined asymptotically (left) to leading order and numerically (right), and the resonant
stream line (thick lines).

due to the variation with ¢ under the gaussian envelope of Di(Y/k). In particular, the field components
vanish on the resonant streamline. The field is not fully localised at this magnetic Reynolds number, with
some structure in |BT| still present near the z-axis. The maxima and minima of the leading order asymptotic
field components are broader and displaced further away from the resonant streamline. The asymptotic field
also shows structure in Re B,, Im B,, Re By, |B,|, |By| and |B| near the z-axis absent from the numerical
field.

6 The Asymptotic Theory to O(c?)
6.1 The O(¢') Magnetic Field

The asymptotic analysis of section 2 is extended to determine the growth rate up to order €. At order &3
it is found that there is no contribution to the growth rate, which partially explains the good agreement
between the asymptotic and numerical growth rates, and the magnetic field in (2.28) is fully determined to
order e!. The tuning parameter o is suppressed in this section.

The e3-equations are
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Figure 10: Plots of |B,|, |Byl|, |Bg| for the m = 1, k = 1, n = 0 mode of v; at Ry, = 10°, determined
asymptotically (left) to leading order and numerically (right), and the resonant stream line (thick lines).

dobys + dibys + (d2 — 005%)by1 + (ds — 11T0%)byo = 2(Xo0,1 + Hi,0)Orbyo
+ 2/1,1,037'[)192 + QMZ’OTaTbﬁl + /LZ,OTQ(?TZMO + (2#1,,0(919 + 2impe o + ,ud,o)bm
+ (244,009 + 2impig, , + 11 5)Thoo + 2impsg ober + 2imysy Tbeo  (6.1)

dobos + dibyz + (d2 — %00F)bo1 + (ds — 1T0F)bso = 2(X1,0 + Aa0)Orbso + Upby1 + T by (6.2)

dobes +dibea + (dz —1002)ber + (ds — 1T 92)bco = 2(X1,0 + Pbyo) Frbeo +20a,00rbs0 + W oby1 +TW obyo ,
(6.3)

introducing
X1 = V2 +i(kVy - VI +mVy - V().

The operator dy — 0% = —E + 37200 (dy — ik) — (y0 — 7o)9%. The solutions of equations (6.1)~(6.3) can
be written in the form,

bys = ng(T)eikﬂ + Gd,g(T’ ?9)6““9 R éwg =0 (64)
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Figure 11: Plots of |]§| for the m = 1, k = 1, n = 0 mode of v; at R, = 10°, determined asymptotically
(left) to leading order and numerically (right), and the resonant stream line (thick lines).

boz = Foz(1)e™ + Gys(T,9)e™? Gy3 =0
b43 = Fgg(T)eikﬁ + Ggg(T, 19)6““9 R 6(3 =0. (66)

Projecting equations (6.1)-(6.3) onto e*¥ and using (2.11) gives
EFyp1 + 20, Fo1 = (ps + iws + 311/ T% =5, Y07) Fpo — 2(X1 0 + Mi,0) o — 2000, Fyo
EF1 + Q,Fy1 = (p3 +iws + gillg'T° —5,T03) Foo — 2(X1,0 + Aa,0) Fo — T2 Fyo
—_ —/ X X _ o - —
EFq + W Fypr = (p3 +iws + illy'T° = 5,107) Feo — 2X1,0Fo — 2Pa,0F90 — TWoFyo

since Gy; =0, G} = 0, g = Hy o = fg o =0, fig, = fig, =0, fig, = iy, = 0, p,, = 0. The primes on
the G functions denote differentiation with respect to 7". Note from (2.37) and (2.55),

U

G + 200G = 2 (Gofiass + Aottars) = 0.
o

In vector form the projected equations are

LF; = {(ps + iw3)yn + sill) T3y, — 3, T ys — 2X1 oY ta — Tynar — 2y,az (6.7)
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Figure 12: Plots of the real and imaginary parts of B,., By, B¢ for the m =1, k =1, n = 0 mode of v; at

Ry, = 5x10%, determined asymptotically (left) to leading order and numerically (right), and the resonant
stream line (thick lines).

where L is defined in (2.44), Fy := (Fy1, Fya, Fgl)T and

a) = [22'5;9;7 —ngm _ngn]Tv az = [_ﬁi,ognaxa,oﬂgvpa,oQ;]T . (6.8)

The primes on ¥, indicate derivatives with respect to 1.
We next express the derivatives and terms multiplied by 7" on the right side of (6.7) in terms of parabolic
cylinder functions of different orders by using the recurrence relations,

y;z = %"{_1(nyn—l — Ynt1) Tyn = K(NYn—1+ Yn+1) , (6.9)

which are derived from the parabolic cylinder function recurrence relations, (d/dz+ z/2)D, (z) = nD,_1(z),
(d/dz — z/2)D,(z) = —Dy41(2). Tteration yields equations (B.1)—(B.5) in Appendix B. Thus (6.7) becomes

3
’
LF, = Z &n.j Yn+j > (610)
j=—3

where the prime on the summation sign indicates summation over every second index. The vectors g, ; are
given by

gn,0 = (p3 + iws)a
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Figure 13: Plots of |B,|, |Bg|, |By| for the m = 1, k = 1, n = 0 mode of v; at Ry = 5x10°, determined
asymptotically (left) to leading order and numerically (right), and the resonant stream line (thick lines).

8n—3 = yn(n — 1)(n = 2) (37005 /1] - 7,) k™"
8n,—1 = [N*VIL) /II) + n(n — 2)7, — 4nX, &~ 'a — nkay — nk™'ay
g1 = gl(n+ DFIT /T + (n+3)7, + 4% o]6 e — kay + £ 'ay
gn,3 = %(%WOH;’//HZ —7,) K a,
since ik* = 7, /2I1”. We assume a solution to (6.7) of the form
3
F, = Z/ brj Yntj - (6.11)
j=-3

By (6.10) the coefficient vectors in (6.11) are determined from
Lnyjbn; =8nj,  J=0,4£1,43, (6.12)

where L,,;; is defined in (2.47)(b). When j # 0 the determination of b,, ; is straightforward, since L, is
invertible,
1 13 —2ia, 0
L) = a | % 3 0 : (6.13)
— —/ P——
" _Wo 2ZOéOVVo/g (52 - 5721)/5
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Figure 14: Plots of |B| for the m = 1, k = 1, n = 0 mode of v; at Ry, = 5x 105, determined asymptotically
(left) to leading order and numerically (right), and the resonant stream line (thick lines).

In particular,

_ a o
L) la= vl ntj — &n = —JToK 2. (6.14)
Thus ) ,
K K
Ly_Ll a::':fa7 Lr_Ll a::FTav
= 7o = 3o
1 260, Q8n+1 + 210,208,
L;jdal = 27_52 , _2la/iy(9:))2 - Qg&nf’nil " s (615)
L " 72ia;QgWo - QiEOWoQZEH/gn:tl - ( 72L:|:1 - gi)Wogn/fnﬂ:l
and
1 _ﬁi7o€n§ni1 - 2Z’aoxa,oQ;
i1z = 2. o | j@ﬁifﬁn + A0 08t (6.16)
nE " Woﬁi,ogn + 2iaowoﬂg)‘a,0/£nﬂ:l + ( 7%:!:1 - gg)ﬁa,ogi)/gnﬂ:l
Hence the solution vectors in (6.11) determined from (6.12) for j # 0 are
by, s = fan(n = 1)(n = 2) (37,11 /1] — 7,)=- a (617)
7o
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Figure 15: Plots of the real and imaginary parts of By, By, 3¢ for the m =1, k = 1, n = 1 mode of vy

at Ry, = 10°, determined asymptotically (left) to leading order and numerically (right), and the resonant
stream line (thick lines).

b, 1= %[nzﬁoﬂg//ﬂg +n(n—2)7, - 4”?1,0]53 —nLy L (ka +# tay) (6.18)
0
K
b1 = —3(n+ DTl /I + (n+ 3)7; + 4%1,0]7—3 —L.j(kay — v ta) (6.19)
0
K
b, 3 = —%(%%HZ’/H;’ - 71)7_3- (6.20)
0

In the j = 0 case the matrix L, is singular. It satisfies ¢’ L,, = 0, where
c:=[-Q,,& 01" /29,8, (6.21)

and cTa = 1. Thus the j = 0 equation in (6.11) furnishes us with the solvability condition c’'g, o = 0, i.e.
p3 + iws = 0, which ensures that g, o = 0 and that b, ¢ is a constant multiple of a. Thus the term by, ¢ ¥»,
can be absorbed into the order £° solution. Without loss of generality we can set b, o = 0. To complete the
derivation of the magnetic field to order !, it remains to show that the ! solenoidal condition is satisfied.
Equation (2.40) reduces to

ikEFg1 +imFe = &y, (6.22)
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Figure 16: Plots of |B,|, |Byl|, |Bg| for the m = 1, k = 1, n = 1 mode of v; at Ry, = 10°, determined
asymptotically (left) to leading order and numerically (right), and the resonant stream line (thick lines).

using (2.46) and (2.50). Substituting (6.10) and equating coefficients of y,,, using (6.9)(a), yields
ik [by, 3, b1, bp1, b s = [0, 5nk " 6n, — 56760, 0],

where k = k1y +m1,. Substituting (6.17)—(6.20) and noting (k1y+mlc)-a = 0 by the resonance condition
(2.35)(b), the first and last equations are satisfied, and the remaining two equations reduce to

ik - L;il(mal +rray) = FieTlE,.
But a simple calculation gives k - L(¢) ™" = £ 1(k1y + ml¢). Thus
kL) ar = —¢NII L kL) Ay = £ (R + m,0) -
Hence, noting &,41 = &, F Yok~ 2,
360 F (370r 7% = iK2E117) + i(kAa,o + mpy )2 = 0.
By (2.46)(c) these two conditions reduce to the single condition,

& = —2i(kXa,0 +mP, )N, ,
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Figure 17: Plots of |]§| for the m =1, k = 1, n = 1 mode of v; at R, = 10°, determined asymptotically
(left) to leading order and numerically (right), and the resonant stream line (thick lines).

Thus, since £2 = 2i@,Y,, condition(6.22) is equivalent to

o = —(kXa,o +mMD,,) -

From
kMo +mpg = V (kO +m() - (Vi - Vi),
a = kuy + mu. = Vo - [V(k9 + m() - Viy],
£9- Vi =0y =0
and

£y - V(K9 +m() =k,
it follows that
a+ (kXg +mpa) = —fy - V[V - V(kU + m()] = —09[VY - V (kY + m()] .

Hence B
a=—(kA, +mp,)

and the solenoidal condition (??) is satisfied.
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Only the particular solution Gys to (6.4)—(6.6) is required below,
QoGos + UTGar = FoFly + 1T Fly + 2(X1.0 + Aaro) Fyo + Gy -

Substituting for Gy from (2.37) and Gyg from (2.55),

! !

Q) Q=
QoGyz = 0. =250 Fyo + Yo Fy; + T Fyo + 2(X1,0 + Xa o) Fjo + QQ Fra.oF 0 (6.23)

6.2 The O(¢') Growth Rate and Angular Frequency

Finally we consider the e*-equations. At this order we are only interested in finding the solvability condition
which determines py and w4. Only the ¥ and ¥ equations are required,

dobys + dibys + (do — Y007)by2 + (ds — 11 T0F) by + (da — 5727205 )byo =
2(x1 4 113)oOrby1 + 2(x1 + )oY Orbyo
+ (X2 + 2ikpj + 2impu, + 1) obyo + 24ta,007bos + 24 X Orbys + il T2 Orbyr + 11ty T Orbgo
+ (2upy + 2impie + f1a)oboz + (2updy + 2impe + pa)! Vb1 + 5(2/11,819 + 2impe + ud)oT2b190
+ 2imyig obca + 2impl, Tber + impll Tbeo  (6.24)

and

dobys + dibys + (d2 — %007 )bsz + (ds — NTOF)bo1 + (ds — 2721205 )bgo =
2(x1 + Aa)oOrbor 4 2(x1 + Xa),TOrbso + (X2 + 20k + 2imA + Aa)obao
+ 2imAg,obco + Qbyz + TUby1 + 30 Tbyo,  (6.25)
where
= k| VI|? — m?|V(|]? - 2mkVY - V¢ +i(kV2I +mV2() .
We projeCt Onto € i IIOting (2'11) and ﬁa,o = ﬁ:l,o = ﬁ:l/,o ﬁglo = 07 Ed,o = ﬁ = ﬁ:i/ o 07
figo = g0 = Hy o, = 0. From equation (6.24) we obtain

ik

— EF¢2 — 2ia,Fyo = ’)/QG/ ZTSHWF¢1 + ’lele + ’ylG T — (p4 + twy + iiff‘lﬂgﬁ)Fwo + %72T2F$0
+2(Y1,o+ﬁi,o)Fé)1+2(Xl,O + Mi,o)Gip1+2(V¢ : V19)0819G11;1+2(X1,0+ﬁi,o)TF1210+(Y2,o+2ikﬁj,o+2imﬁk,a+ﬁl,O)Fwo
+ 2fta,0Gly5 4 211ty ,Glo T+ (2icte + fa,0)Go2 + 24,009 Gro2 + 2ia, T Fyy + i@ Y2 Fyo + 2impy oGea  (6.26)

and from (6.25),

— EFys — W Fyo = %G, — 2L Foy + T Egy — (pa + iwa + 257 ") Fyo + 29,77 F,
_ ~ _ ~/ _ N .~ -~
+2(X1,0 + Na,o)F1 + 2(X’1,0 + Xao) T Fyo + (Xa,0 + 2ikAp.0 + 2imAc o + Ado) Fioo
+ 2imNg o Feo + YU Fp1 + 20 T2 Fyy,  (6.27)

Substituting for Gy1, Gya, Goz, Gez, Gz from (2.37), (2.54)—(2.56), (6.23), respectively, into (6.26) gives

(TFﬁO) + vo%F[p'é’ + 2’70ﬁa,oF1/9/{

— EF,y — 2it,Fyy =

+ 270MQ,O(TF190) +70(2i0 + fa,0) Fio + 2im7’0ﬁg70F4{6}/Qo
"
= GV Py + T E) + fla,o¥ =57 = (a4 iwa + 5530 ') Fyo + 57517 Fjo + 2(Xa,0 + Ti0) Fia
o
// 1

—F
Qo (VZ/J Vﬁ)O/‘a o

Q + Q(Xl ,0 + /‘L’L o)TFz/bO + (YZ,O + 22‘k:ﬁj,o + 2imﬁk,o + ﬁl,o)FWO

+ 4(X1 o + Nz O)Na o

Q -
{ 2q o'YOQ (TF ) + 24, O'YOF 1 + 24, OVI(TFﬂO) + 4iq, O(Xl o +)‘a O)Fﬁo + 4pig, OMa OQ }/Q
_— P ——F) —
+ 2ug,m TF”’ + (2ice + a0 o Q”O + 21100970 Q”O + 2@, Y Fyy + ia, Y2 Fyo + 2¢mug,o%g—< .
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Using the relations,

YoHa,o + HaoYo =0

Y090 =0

Yolth.o + HhoY0 =0

Y0(2i06 + f1d,0) + (2ico + d,0)7o =0
Yolig.o + Hg,oo =0
Va0 + Haoh =0

X1,0la,0 + fa,0X1,0 =0,

which follow from the property (2.38)(a) of the operator ~, this equation reduces to
— EFys — 2it,Fyo = — Lill)' Y3 Fyy + 7, TF)ly — (pa + iwg + oV 1)) Fyo + 37,72 F),
+ 2(21,0 + ﬁi,o)F&,vl + 2(yll,o + ﬁg,o)TFi,/Z)O + (%2,0 + 22‘kﬁj,o + Qimﬁk,o + ﬁl,o)FlbO
+ X3.0Fg0 + 200, Fyy + ia) T Fyo  (6.28)

where the real quantity ys is defined by

/ !

20 N =N ~ =~ 0 ~ ~
Qoxs 1= =5 YoHa + 450ty + 2p1a71 + Aftada + Ahtakta ey + 200970 + dpifia + 4(VY - V) pa -

The Y-equation (6.27) becomes

— EFgy — QU Fyy = — 21T Fyy + T FG, — (pa + iwy + i7" ) Fao + 37,72 Fiy
+2(X10 + Aao) Fht + 2(Xh 0 + Ago)TFho + (Xa.o + 20k N0 + 2ime.o + Aa,0) Foo
+2imAg 0 Fco + QU Fyr + 2QU Y% Fyo . (6.29)

Using the y,, recurrence relations (6.9), equations (6.28), (6.29) and an analogous equation for F¢o, can
be written in the form

6
!
LF2 = ) duj Yty (6.30)
j=—6

where the solution Fy := (Fysa, Fya, FCQ)T must be of the form,

6
!/
F2 = Z hn,j ynJrj 5 (631)
j=—6

with constant vectors d,, ; and h,, ;. Thus
Lotjhp; =dn;j.
Since L,, is singular, a necessary condition for the existence of solutions to (6.30) is that the coefficient of y,,

in ¢'LF, vanish, i.e. CTdn,o =0.
We now construct 2/ &, cTLF, from (6.28) and (6.29),

¢"LF; = " [- LIl TF 1+, YF] — (pa + iws + o5 7T ) Fo + 39, 7°F( 4 2%, Fi +2X1 ,YF) + X, Fol
-1t [mé,m% + (2ikT; , + 2imy, , + o) Fpo + x3,0Fg0 + iaZTZFm}
+ 1 7 2N, YF)y + (2ik N0 + 2imAeo + A 1/y? im\ TF T
582, a0l Fo ikXp,o + 2imAco + Ado) Foo + 50 Y= Fyo + 2imAg o Feo| +2¢1 F) +Tcy Fy

introducing

C{ = [_Q;ﬁi,ov fnxa,o, 0]/292)571 ) Cg = [ang, _Qi)%ag, 0]/292571 .
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We need the y,, terms of the right side. Using
CT[F07 TF67 TQFga T4F0] - [yna Ty;m sz;{a T4yn}

the equation reduces to

cT'LF, = [—(p4+iw4)—|—X270—&—i(kﬁjp+mﬁk70+kxb,o—|—mxc7o)—|—%(ﬁl,0+xd7o)+imXQ,OW:, [, — &I Ty,
+ 37272y + 2(X1 0 + 5X00) U0 — 5(Ux3.0/En)Yn — 5 (i [en + 5622, /)T 2y,
+ [~ L) TPFy + 3, YF] +2x, JFi] + 2¢{ F{ + Tci Fy, (6.32)
where
X4 1= i + Aq .

The y, terms in y”, T%y,, Ty, T?y! and T*y, can be extracted using the identities (B.1), (B.3),
(B.6)—(B.8) in Appendix B, derived from (6.9). Extracting these terms gives

p4+iW4=Cl+CQ+Cg+C4+C5, (6.33)

where

o _ < < _ T L~ _

Cr = Xa,o + [i(KTij o + Mg o+ koo +mAe o) + 5 (10 + Ado)] +imAg oW o/ — 5 (0% + 1+ 3)7, 11" /TG

=30 0 = 5% + (Wi + 5Xho) + 1(0+ 5)(AXa0/0) = 5(n+ 3)X5,00
with
X5 = a/a, + Q' /),
and Cy,Cs, Cy, Cs are the coefficients of y,, from the terms —§ill)T3c”Fy, 7, Tc"FY, 2x, ,c"F}, 2¢] F} +
TcI'F,. The quantity ¢ := k2&, is either real or purely imaginary, since ¢? = x*¢2 = 7@, /T1” is real. In
the flows we consider ¢? < 0.
The coefficients Co, C3, Cy, Cs are more difficult to extract. From the form (6.11) of the solution Fy,

3
/
T [YPFy, YRY, Bl = b (PPynty, Y, Yy (6.34)
j=-3
where
K

by, 3 = gn(n —1)(n - 2)(37115 /11 — M=
0

[

by, = § (0PI /TG + n(n — 2)7; — 4nXy,) $ —nc Lyl (kay + £ ag)
0
_ _ _ K _ _
cbuy = =7 ((n+ 1)FpI0 /II7 + (n + 37, + 4%1.,0) = L1y (kar — k7 tay)
0
c"bys = — 15 (371, /1) — 71)7i ;
Y0
using ¢’a = 1. By (6.15) and (6.16),
L a = —gnyg’o Lt ay = —Y‘L’O (6.35)
1= ) 2 — ’ .
e 2(6ns1 — &n) PR (6t — &)
since cTL(¢)~t = c¢T'/(€ — &,). Hence by (6.14)(b),
CTL;ilal = i%?&oq/io ) CTLT_Lj:laQ = :F%Y4,o"f2/70 . (6.36)
Thus
b= gyl — )= 2) (R0 -7, ) (6.37)
0
K
by, 1 = (W*FIL /T + n(n — 2)7; — 4n(Xy,0 + 5X4,0) + 20X5,04) = (6.38)
0
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K
c"bpy = —1 ((n+ D3I /I + (n+ 3)7; + 4(X1,0 + 5Xa.0) + 2X5.09) - (6.39)
0

c"bus=—15 <%70Hg//ﬂlo/ - 71) % . (6.40)

The coefficients of y,, in each component of (6.34) are of the following form,

(Ac"b,,—3+Bcb, _1+Cc" b, 1+ Dby, 3) = 7,10 /T [3n(n—1)(n—2)A+3n* B—3(n+1)C— 1 D]
inlgnn —1)(n—2)A—n(n—2)B+ (n+3)C — 3D] = (X1,0 + 5X4,0) (0B + C) + 3X5 ,4(nB — C)

=2

Now, from the recurrence relations (6.9), identities (B.9)—(B.12) in Appendix B, give A = k3, B = 3x%n,
C=3r3(n+1)%, D=r3n+1)(n+2)(n+3). Thus

///

H// :

’YOH
Hl/

Co={Z(n*+n+3) +3mP+n+ W+ 3P+ n+ DX+ 3Xa0) + 10+ 35X

Similarly, (B.13)—(B.16) in Appendix B, give A = %H—l’ B = _%“_1(” 492),C = —%/ﬁ_l(n D+ 1),
D= %‘%71(” +1)(n + 2)(n + 3), which imply

"

Cyi={=5(n*+n+ HToqy + 30 +n = 5T+ 30" +n = 3)(Xuo + 3Xa0) = (0 + 2)X5,00}71/T0 -

For the last component in (6.34) the relation (6.9)(a) gives A =0, B=—1x"',C =i(n+1)x"!, D =0,
which imply

lIl

Cy = {— i( + 1+ Vo—s i - i(”Q +n+ 37 - %(XOO + %Y4,o) — 3(n + )X5 0?}2X1.0/70 -

To derive C5 note that the coefficients of y,, in ¥/, ., y,15 are %/{fl(n + 1), f%rfl 0, 0, respectively,
by (6.9)(a). Similarly, the coefficients of y,, in Ty,+1, Tyn:tg are k(n + 1), k 0, 0, respectively, by (6.9)(b).
Thus Cs := (= teT + kel)by 1+ (n+ 1) (k7 el + kel )b, 1.
Since
cia=§Xq0; cza=—3EX5,,

it follows that

From (6.36),
1 — _
Ty —1 —2 — - — oy — — — — " /
¢ Ly (arts"as) = —o——————{[FaXu,0 =70, o) (FG / O+ 0) +[F4X4,0 V0 Na,0] (Fe /2 +Aar0) } 5
L (10 00) = — e (PO~ PO 7 )+ O~ T (P2 2 )}
using /<;2.gn¢1 =q %7, and
f - . o . L _
cIL L (a £k 2a — L 5. Q Q) @ a4+ )+ FYE g—To [y QI 40 0)).
nIl( 1 2) 270(i2q+’7 ){[:qu5,o Yo 0/ o](:Fq o/ lu‘z,o) [:FXE},oq Yo o/ ](:Fq o/ o 7)}
Hence
1
-1.T — = " / — — — 2 = _
Frlel +red )Lt (kartrtay) = ——————{[F¢(Xa 0 702 /) ~ToThi o — Xs.00°) (FGA, /o +T; o
(el el Lok )= g Ty (PO 00/ 2) oK) (P, 507
+ [Fa(Xa.o + T /To) = ToAao = X5,00°1 (F4 /% + Xaj0)} -
Finally,
" 17 1
Cs = —g[n*7pILy' /11] +n(n — 2)7, — 4nX, a]7 [X4,0 + X5,04]
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n
— {00 + 702 /) — Tolio — X5,00° ) (—q0, /T + i ,
2%(2q+%){[ (X, 082 /€2%) — Vol 5,00 1( / 0)
+ [=a(Xa,0 + V0@ /o) —VoAaro — X500 ) (a2 /2 + Xao)}
_ _ _ 1 _
— $l(n 4+ 1)*3,IL) /T + (n+ 1)(n + 3)7, + 4(n + 1)x1,o]7—[x4,o — X5.04]
0
n+1 — — OO — — — 27 =t = —
— o= Ua(Xa0 + 7020 /) — Volti.o — X5,00" (40, /T + T )
270(2(]7%){[(47 082 /%) — Vol 5,00 (g, / ,
+ 1a(Xa0 + T00o/To) — Torao — Xb.00°1 (a0 /¥ + Xaro)}

From (6.33) the additional term of Gilbert & Ponty (2000) in py + iwy is ReX , + ¥ H(Im X1.0)°-

7 Conclusions

The asymptotic theory of Gilbert & Ponty (2000) for axisymmetric roll dynamos in a sphere has been com-
pared to the numerically computed results of the exact dynamo theory for two simple flows, with azimuthal
components of the special form vy = rsin@ W () and of general form. Good agreement has been found
between the asymptotic theory to (’)(R@l/ 2) and the numerical results for the growth rate and angular fre-
quency if the magnetic Reynolds number R, = 10°. The asymptotic formulas for the growth rate and the
angular frequency have been extended to O(R_!), with no contribution at O( = ). For the magnetic field
the agreement between the asymptotic theory at leading order and the numerical results is reasonable if
R, = 10° and good if Ry, = 5x10°. The asymptotic formula for the magnetic field has also been extended
but only to second order.

Only the simplest class of axisymmetric roll dynamos have been considered: those which consist of a
single roll flow with a single resonant streamline. The magnetic field in these dynamos is localised to the
resonant stream surface and can interact only with itself. Further work is required on more complicated
spherical roll flows, those with a single roll but more than one resonant streamline, or those with several
rolls. Such flows offer the possibility of interaction between magnetic fields localised to separate regions of
the flow. This may produce interacting modes of non-Ponomarenko type, e.g. Gailitis type modes, besides
Ponomarenko type modes. A related question for future work, which arises from the localised nature of the
Ponomarenko type modes at large R,,, is whether they depend on the magnetic boundary conditions at the
surface of the conducting fluid.
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Appendix A L
Derivatives of (2 and W

@ = 20 (v, + 2280 10

Q= 20* (V1010 + WWG)
Qo= 22 202 (43, + vty + U 4 Pl Hotin | 3
Qo= 2220 2% (Wi + g + L0 4 D00 Zeen
2 e )

V3 =y + wr - % + COtTZ v
(V20), = o+ mirr - 2;? . 1/);299 - 217{);9 | cot ;92%9 - 200: f e
(V2000 = g+ 200 4 Yoo COLOyn e By,
VVF =1,1,F + (1,1 + mg(@ _ @) n 1910(F N @) N 1¢1¢(% . cotT92F9>

Vi VVF - Vi = wQFwwﬁ/’e( 0 ——2>+¢§( +F—‘;0)
T T T T T
Vi YV - VF = i, +<¢r0_ﬁ)<¢9F T ) ¢9<¢r+¢99> k —_1VQ VF.

r2 r\r r2

VQ Vi = Qi+ 2

Qre)we L Qovro _ 2Q0vp
72 r3

(VQ - V)o = Qrothr + Quidrg + 5 Q”% + Qfﬁf”

R=VQ V¢ +QV%*)
R, = (VQ- V), + Q. V¥ + Q(V?Y),
= (VQ - V)g + Qo VP + Q(V31)g

(VQ : V'(/J) QTT"/JT + Qrwrr

F,

VQ VF =Q,F, +Q9 f
F,

Vi - VF =, F, +¢‘9 ¢
%/1939

V¢ -VR=9Y.R, +

= (R*+QVY - VR)F + (2RQ + QVQ - Vi)Vt - VF — 1VQ - VF + Q*Vy - VVF - V¢

— W\ W — W\" oW WQ 2W()?
o) g (W) AT W e
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Appendix B
Recurrence Relations

The following recurrence relations follow the two fundamental recurrence relations,

y;L = %K‘il(ny"—l - yn+1) ) Tyn = H(nyn—l + yn+1) .

yr =252 [n(n — Dyn_o — (2n + 1)y, + Yno] (B.1)

ygl = % 3[”(” —1)(n—2)yn—3 — 3n2yn—1 +3(n + 1)ynt1 — Yn+s] (B.2)

T?yn = K*[n(n = 1yn—2 + 20+ 1)yn + Yns2] (B.3)

Ty, = & n(n —1)(n = 2)yn—3 + 30*yn—1 +3(n + Dyny1 + Ynys] (B.4)

Ty = b (= 1)(n = 2y~ — 2ya s~ (14 3y + vnra]. (B5)

Ty;z = % (n - l)yn—Q + %yn - %yn-&-Q (B.G)

T2y, = gn(n —1)(n = 2)(n = 3)yp—a +n(n — Dyn-2 — (20" +2n = 1)yn — Yns2 + §Yn+a (B.7)
Ty, = /<;4{n(n —1)(n—2)(n = 3)yn_a+2n(n —1)(2n — Vyn_2 +3(2n% + 2n + D)y, +2(20 + 3)Yns2 + Ynsa} -

(B.8)

Toyp 3= {(n—=3)(n—4)(n = 5)yn—6 +3(n = 3)*yn—a+3(n — 2)yn—2 + yn} (B.9)

T3yt =r*{(n—1)(n—2)(n — 3)yn_a +3(n — 1)%yn_2 + 30y + Yni2} (B.10)

Tyni1 = £+ Dn(n — Dyn—2 + 30+ 1)%yn +3(n + 2)yni2 + Ynia} (B.11)

Tynis = £*{(n+3)(n+2)(n + Dyn + 3(n + 3)*Ynr2 + 3(0 + 4)ynsa + Ynso} - (B.12)

Tyn_5 =1t {(n—=3)(n—4)(n = 5)yn—— (n = 3)(n — 5)Yn—1a — Yn—2 +yn} (B.13)

Ty, =35 {(n=1)(n = 2)(n = 3)yn—a — (n = 1)(n = 3)yn—2 — (0 + 2)yn + Yn+2} (B.14)

Tyni1 =16 {(n+Dn(n = Dyp-2 = (n+1)(n = Dyn — (0 + 4)Yn+2 + Ynra} (B.15)

Tynis =16 {(n+3)(n+2)(n+1)yn — (0 +3)(n + 1)ynr2 — (1 + 6)Ynta + Ynso} - (B.16)
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Appendix C
Real, Imaginary and ¢ Parts of p; + iwy

We separate C into real, imaginary and ¢ parts, Ry, I; and Q1. ()1 may be real or imaginary.

— _—
Ri=X10+ 5(Tl0 + Aao) — 15(20° + 2n + 1711 /II) — §(2n° + 2n — 1)7, + 5(V2), + $X4,
I = Xoo + KL, o + Mo + K Xp0 + Mo+ Mg oW /Y + X o

Q1= 52n+1)UN3,/q0— $(2n+1)X5 ,q.

Separate C5 into real, imaginary and ¢ parts,

Yol - oy 4w o

Ry = {35 (n* +n+ 35) - + 307 + 0+ 570+ 10" + 0+ DIV)o + Xaol b g7
o
I = 5(n* +n+ %)X0,0W

"

(e}
q.
Iy

QQ = %(n'i_ %)Y{G,o

Separate C'3 into real, imaginary and ¢ parts,

s

_ - T v N7
Ry = {5+ n+ 5 ogy, + 30" +n— g+ 500" + 1= DIV + X olb -
o 0

Iy = 3(n* +n = 5o,z

— 7
Q?) = _i<n + %)X/S,o—_1Q-
Yo

Separate C} into real, imaginary and ¢ parts,
9 11 9 . . 5
Ry ={=3(" +n+ 370gpr — 10" +n+ 371 = 2[(V20)o +Xuo}V?00/T0 + (Roo)* o
"

L= =5%0,0V200/To + {=3(n* T4 3)To g — 3(n” + 0+ 2)T1 = 3[(V2)o +Xa ol Xo.0/ 7o -

Qa = —3(n+ 1X ,4(2i%0,0 + V20,)/To -
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