GEOMETRIES AND INFRASOLVMANIFOLDS IN
DIMENSION 4

JONATHAN A. HILLMAN

ABSTRACT. We show that every torsion-free virtually poly-Z group
of Hirsch length 4 is the fundamental group of a closed 4-manifold
with a geometry of solvable Lie type.

Geometric 4-manifolds of solvable Lie type are infrasolvmanifolds,
and their fundamental groups are torsion-free virtually poly-Z group
7 of Hirsch length 4. We shall show that every such group is realized
geometrically. In general, every such group is the fundamental group
of a closed infrasolvmanifold [1], and closed infrasolvmanifolds are dif-
feomorphic if and only if their fundamental groups are isomorphic [2].
However it is not a priori obvious that infrasolvmanifolds admit ge-
ometries in the sense of Thurston. It is well-known that torsion-free
virtually abelian groups are realized by flat manifolds (see [3]), while
Dekimpe has dealt with the virtually nilpotent cases [5]. If 7 is of
Seifert type (i.e, is an extension of a flat 2-orbifold group by Z? or
Z x_1 Z) then this is due to Ue in the orientable case and Kemp
in general [9, 10, 11]. In the remaining cases we shall give explicit
representations of the possible fundamental groups as lattices in the
appropriate isometry groups. (Some calculations are deferred to an
appendix.) We also give an ad hoc low-dimensional argument to show
that the group determines the manifold up to diffeomorphism (with
the exception of a handful of groups, for which we must appeal to [2].)

1. NOTATION

If G is a group let G, (G and v/G denote the commutator subgroup,
centre and Hirsch-Plotkin radical of G. Let I(G) = {g € G | In >
0,¢" € G’} and let Cg(H) be the centralizer of the subgroup H.

Let I'; be the nilpotent group with presentation

(x,yz | xz = zx,yz = zy,xy = 2%yx).
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Let R™ be the space of column vectors ¢ = (¢, . .., ¢,)" of length n,
and let ey,. .., e, be the standard basis vectors. Let E(r) = Isom(E")
be the group of euclidean isometries of R", and let I,, be the n x n
identity matrix.

2. SEIFERT FIBRATIONS AND GEOMETRIES

An n-dimensional orbifold B has an open covering by subspaces of
the form D"/G, where G is a finite subgroup of O(n). The orbifold
B is good if B = I'\M, where T is a discrete group acting properly
discontinuously on a manifold M; otherwise it is bad. A good orbifold
B is aspherical if B =T\ M with M aspherical, and is closed if " acts
cocompactly. An orbifold bundle with general fibre F' over B is a map
f: M — B which is locally equivalent to a projection G\(F x D") —
G\D", where G acts freely on F' and effectively and orthogonally on
D™,

A 4-manifold S is Seifert fibred if it is the total space of an orbifold
bundle with general fibre a torus or Klein bottle over a 2-orbifold. (In
[10, 11, 13, 14] it is required that the general fibre be a torus. This is
always so if the manifold is orientable.) It is easily seen that x(S) =0
and that if the base is aspherical m(S) has Z? as a normal subgroup.
Seifert fibred 4-manifolds over aspherical bases are determined up to
diffeomorphism by their fundamental groups. This is due to Zieschang
for the cases with base a hyperbolic orbifold with no reflector curves
and general fibre a torus [13], and the general result is due to Vogt [12].

Theorem [Vogt| Let M and M’ be two closed 4-manifolds which are
Seifert fibred over euclidean or hyperbolic orbifolds. Then the Seifert
fibrations are isomorphic if and only if the corresponding fundamental
group sequences are isomorphic. L]

In particular, if the bases are hyperbolic the fundamental group of
the general fibre is the unique solvable normal subgroup with quotient
a discrete cocompact subgroup of I'som(H?), and so such 4-manifolds
have esentially unique Seifert fibrations. The fibration is also unique if
7 is not virtually nilpotent of class at most 2.
~_If Xis one of the geometries Nil*, Nil> xE', Sol® x E!, §* x[E?, H? xE?,
SL x E' or F* its model space X has a canonical foliation with leaves
diffeomorphic to R? and which is preserved by isometries. (For the
Lie groups Nil®? x R, Nil* and Sol? x R we may take the foliations
by cosets of the normal subgroups ¢ Nil® x R, Nil*" and Sol*".) These
foliations induce Seifert fibrations on quotients by lattices. All 3 x E!-
manifolds are also Seifert fibred. Case-by-case inspection of the 74
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flat 4-manifold groups shows that all but three have Z? as a normal
subgroup, and the representations given in [3] may be used to show
that the corresponding manifolds are Seifert fibred. The exceptions
are certain semidirect products Gg Xy Z where Gg is the Hantzsche-
Wendt flat 3-manifold group. No other closed geometric 4-manifolds
are Seifert fibred, as they either have nonzero Euler characteristic or
their fundamental groups do not admit abelian normal subgroups of
rank 2.

Conversely, Ue has shown that an orientable 4-manifold which is
Seifert fibred over an aspherical 2-orbifold is diffeomorphic to a geomet-
ric 4-manifold [10, 11]. This has been extended to the nonorientable
case by Kemp (using similar arguments) [9]. These results for the eu-
clidean base cases follow also from our constructions below, together
with Vogt’s theorem. (A new treatment of the cases with hyperbolic
bases is given in Chapter 11 of the revised version of [8].)

3. Soly, .- AND Solj-MANIFOLDS

Let 7 be a torsion-free virtually poly-Z group of Hirsch length 4. If
7 is virtually nilpotent then it is realized geometrically [5]. Otherwise
VT 2 Z3 or Ty, for some g > 1, by Theorem 1.5 of [8]. Hence 7/\/7
is an extension of Z or D, = (Z/2Z) % (Z/2Z) by a finite normal
subgroup. Thus 7 has a characteristic subgroup v such that [v: /7] <
oo and 7/v & Z or D.,. We shall consider the groups with /7 & 73
here and those with /7 = I'; in the next section.

If 7 is the fundamental group of a closed Soly, ,,-manifold (with m #
n) or Solg-manifold then /v = Z, by Corollary 8.4.1 of [8].

Theorem 1. Let m be a torsion-free group with /7 = Z3 and such
that w/\/7 maps onto Z with finite kernel. Then w is the fundamental
group of a closed Sol,, .- or Solg-manifold.

Proof. Let v be the characteristic subgroup of 7 containing /7 and
such that 7/v = Z, and let t € 7 represent a generator of m/v. Then
T = v X, Z, where 7 is the automorphism of v determined by conjuga-
tion by t. Let M = 7| . If the eigenvalues x, A, p1 of M were all roots
of unity, of order dividing k, say, the subgroup generated by /7 and t*
would be nilpotent, and of finite index in 7. Therefore we may assume
that x, A and p are distinct and that neither x nor \ is a root of unity.
If v # /7 then [v : /7] = 2 and p = £1, by Theorem 8.3 of [§].
Suppose first that the eigenvalues are all real. Then the eigenvalues

of M? are all strictly positive. Since /7 = Z3 there is a monomorphism
f:y/m— R3such that fM = Tf, where T = diag[r, \, u] € GL(3,R).
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Let F(g) = (%f(lg)), for ¢ € /m. We shall extend F to v be-

low, and let F(t) = (7¢), where £ € R® is to be chosen so that
F(t)F(g)F(t)™* = F(7(g)), for g € v. (In this theorem there is usually
an obvious simplest choice, but we shall need greater flexibility in The-
orem 6 below.) This condition needs checking only on a set of coset
representatives for v/4/m, as it clearly holds for g € /7.

If v = /7 we may choose £ arbitrarily. In this case F' determines
a discrete cocompact embedding of 7 in Isom(Sol,, ), where m =
trace(M?) and n = trace(M~2). (If one of the eigenvalues of M is 41
then m = n and the geometry is Sol® x E'. See Chapter 7.§3 of [8].)

If v # /7 then v & Z2 Xy Z, where 0 = —1I5, (§ %) or (03), by
Theorem 8.3 of [8]. If v = Gy = Z% X9 Z where § = —I, then v has a
presentation

(x,y,2 | vy = yz, zwr =y = ?/_1>,

and {z,y, 2%} is a basis for /7. The subgroup I(v) generated by {x,y}
is characteristic in v and therefore normal in 7. The image of z gener-
ates v/I(v), and 2? generates (v. Hence tzt~! = 2k for some ¢ = +1
and k € I(v), and so M(z?) = 2%. Therefore ¢ = pu. Since R?
is generated by the images of I(rv) and (v and 7 preserves each of
these subgroups we may assume that f(I(v)) is in the span of {e,es}
and f(2%) = e3. We extend F to 7 by setting F(z) = (%), where
J = diag[—1,—1,1], and choosing £ so that f(k) + 2¢ € Res.
If v B = Z2 xy Z where 6 = (} %) then v has a presentation

(x,y,2z | vy = yx, vz = vz, Yyt = z_l),

and {x,y?, 2} represents a basis for \/7. In this case {x,y*} generates
Cv and z generates I(v). Since R? is generated by the images of (v and
I(v) and 7 preserves each of these subgroups we may assume that f({v)
is in the span of {e;,es} and f(2) = e3. Suppose that tyt~' = mz"y,
where m € (v and r € Z. Then ty*t~! = m?y? and so Tf(y?) =

2f(m) + f(y*). We extend F to 7 by setting F(y) = (' 7), where

ﬁ = %f(y2) + h63, and 53 = %(h(l - :u) + T)' (Here h> 51762 may be
chosen freely.)
If v = By = Z? %9 Z where § = (9 }) then v has a presentation

1

(r,y,z | aya™ =yz, 2z =z, yzy™ ' = 271)

and {z, y?, z} represents a basis for /7. In this case {y?, 22z} represent
a basis for (v. Since R? is generated by the images of (v and z and
T preserves each of these subgroups we may assume that f({v) is in
the span of {e;,e;} and f(z) = e3. Suppose that tyt~! = nz®y, where
n € (vand s € Z. Then ty*t" = n?(222)*y%. Let v = f(y?) + hey
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and £ = 2(2h(1 — p) — s)es. (Here h may be chosen freely.) Then we
may extend F to m by setting F(y) = (7 7) and F(t) = (1 %).
In each case, F' determines a discrete cocompact embedding of 7 in

Isom(Sol® x EL).

If the eigenvalues are not all real we may assume that A = k and
w # £1. In this case we again have v = /7, by Theorem 8.3 of [8].
Let Ry € SO(2) be rotation of R? through the angle ¢ = Arg(x).
There is a monomorphism f : /7 — R3 such that fM = Tf where

7 = (%), Let Fn) = (5/0)), for n € /7, and let F(t) =

(T9). Then F determines a discrete cocompact embedding of 7 in
Isom(Solg). O

It remains to be shown that if v is virtually Z2 and 7 /v = D, then
7 is the fundamental group of a closed Sol® x El-manifold. (As recalled
in Theorem 1, Soly, ,, = Sol® x E', for any m.)

Theorem 2. Let 7 be a torsion-free group with /7 = Z3 and such that
7w /\/T maps onto Dy, with finite kernel. Then m is the fundamental
group of a closed Sol® x E'-manifold.

Proof. Let v be the characteristic subgroup of 7 containing /7 and
such that 7/v = D, and let t € 7 represent a generator of \/7/v = Z.
Let 7 be the subgroup of index 2 in 7 generated by v and t, and let
f:ym—R3and F : © — Isom(Sol® x E') be the embeddings given
in Theorem 1. Let u € 7 represent an element of order 2 in 7/v.
Then v = u? and w = (ut)? are elements of v, and are nontrivial since
7 is torsion-free. The subgroups (v,u) and (v,ut) are flat 3-manifold
groups, with holonomy of order dividing 4. Since B, is not a subgroup
of index 2 in any such group, we may assume that v = Z3, Gy or B;.
However each of these groups is such a subgroup of several different
flat 3-manifold groups.

If v # /7 let ¢ represent the nontrivial coset of /7 in v. Then
c=uqu~'q ! is in /7. We must define F'(u) so that

Flugu™) = F(u)F(9)F(u)™" Vg€ Vm,
F(u)F(q) = F(c)F(q)F(u),
F(u)® = F(v) and
(F(u)F(t))* = F(w).

Let U € GL(3,R) be the matrix such that f(ugu™') = Uf(g) for
g € /.



6 JONATHAN A. HILLMAN

Suppose first that v,w € /m. Then U? = I3 and UTU = T, so
{r,\, ut = {1, A7 =t} Since k%, A2 # 1 it follows that kKA = 1 and
p? =1, and since T' = diag|k, \, u] we then see that

0 nn O
U=|nt 00
0 0 e

for some n # 0 and e = +1. (In particular, U # I3 and UT # I3.) We
shall assume that F () = (T %) and F(u) = (4 #), for some &, p € R3.
Then F(ugu™) = F(u)F(g)F(u)™! for all g € \/7.

If v = /7 the remaining consistency conditions F(u)* = F(v) and
F(ut)? = F(w) reduce to the two equations

(U+1I3)p=f(v) and
(UT + L)(US + p) = f(w).

We must have f(v)1 = nf(v)2, f(v)s = ef(v)s, f(w)1 = nkf(w)z and
f(w)s = euf(w)s, and we obtain four linear equations in six unknowns:
p14+np2 = f(v)1, (e+1)ps = f(v)3, p1 +nKp2 = f(w)1 — k& —nés and
(ep + 1)(e€3 + p3) = f(w)s. Thus p; and p,y are determined uniquely
by & and &. If e = g = +1 then we must have p3 = 1f(v); and
& = 3(f(w)s — f(v)3). If e = —1 then f(v); = 0, since wvu™" = v,
while if ey = —1 then f(w)3 = 0, since utw(ut)™ = w. In either
case these linear equations impose no further constraint on £ and may
be solved for p. In this case any solution &, p determines a discrete
cocompact embedding F : m — Isom(Solg).

If v & Gy we set ¢ = 2. Let uzu™' = mz® and v = vy2?", where

m,vy € I(v) and e,r € Z. Then ¢ = mz¢~!, u*2u2 = umu~tmz and
also u2zu™? = v2vl = vozvy ' = V32 = V221, Since v = wou! =
wvgu 122" we see that if e = —1 then r = 0. We also have tzt~! = 21k,

where 1 = +1 and k& € I(v), and so utz(ut)™' = wztuluku™t =
muk™ u"t2%. Similarly, if w = w2, where wy € I(v) and s € Z,
then utw(ut)™ = w, w21 = wt(muk™ w1 (ut) 'muk~tu"'z, and
s=0if ey =—1.

In this case F(z) = (7<) and f(k) + 26 € Res. The consistency
conditions reduce to the equations

(J = Is)p= (U = Iz)es — f(c) = —f(m),
(U+1I3)p= f(v) and
(UT + L)(UE + p) = f(uw).
The two calculations of u?zu~2 in the previous paragraph show that

(U + I3)f(m) = f(v?2™") = (I3 — J)f(v), while the calculations of
(ut)?2(ut)2 show that (UT + I3)(f(m) — Uf(k)) = f(w?). Thus the
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consistency conditions reduce further to the four equations p; = % (€)1,

p2 = 5f(c)2, (L+e)ps = f(v)3 = 2r and (1+epn)(§5+p3) = f(w)s = 2s.
Ife = p =41 wemust have p3 =rand & = s—r. Ife=—1lorey = —1
then r = 0 or s = 0 (respectively), and there is a one-parameter family
of solutions.

If v & B, we set ¢ = y. Suppose that tyt~' = mz"y and uyu=! =
nz*y, where m,n € (v and r, s € Z. Then uty(ut)™' = umutnz* sy,
c = nz® and wy?u~! = n?y% Hence y?uy2u='c? = 2%. Let v = vy2°
and w = wyz®, where vy, wy € (v and a,b € Z. Calculating vyv~! =
u?yu=? = ucyu~! in two ways shows that 2a = (1 + e)s. Similarly,
2b=(1+ep)(er+ s).

1 In this case F(y) = (7/7), where 8 = 1f(y*) + hes, am;l & =
5(M(1 — ) +7). (Here h, &1, & may be chosen freely.) The consistency

conditions are
(J+ L)p= (I3 = U)B+ f(c),
(U+ I)p= f(v) and
(UT + I3)(UE + p) = f(w).
The equation y?uy2u~1c? = 2% implies that (I3 — U) f(y*) + 2f(c) =
2se3. Hence the first two conditions reduce to the equations
2p3 = (h(1 —¢) + ),

pr+np2 = f(v)
07l o1+ p2 = f(v)2 and
(e+1)ps = f(v)s.
If e = 1 then py = 1f(v)s = is, while if e = —1 then f(v); = 0
and p3 = h + %s. Thus the first and fourth equations have an unique
solution for p3. The third equation is equivalent to the second since
Uf(v) = f(uvu™) = f(v), and so nf(v)s = f(v).

The third condition reduces to the equations
A1 +née + p1+nAp2 = f(w)
0N+ k1 kpL + p2 = f(w)y  and

(ep + 1) (&3 + p3) = f(w)s.

The second equation is equivalent to the first, since kA = 1 and
UTf(w) = f(w), so knf(w)s = f(w);. If ep =1 then f(w)s = er + s,
while f(w)s = 0 if ew = —1. Hence the third equation holds since
e(h(1—p)+r)+h(l—e)+s)=er+sif eu =1, while both sides are
0 if epp = —1. Thus our consistency conditions are satisfied.

Suppose now that v is not in /7. On considering the possible ho-
lonomy groups we see that we may assume that (v,u) = Gy, v = G,
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and u? = z. Since R3? is generated by the images of I(v) and (v and
conjugation by u preserves the subgroup I(r) and fixes (¥ we must

have U = (Y 9), where V? = —I,. Moreover p = $e3, since u? = z, and
f(k)+2¢ € Res. Let F(w) = ('Y ¥). Then we must have W = (UT)?.

Since ¢ = 1 our consistency conditions are now

(W + I3)Y = f(w?) and

Let w = wpz®, where wy € I(v) and s € Z. Then s = 0 if p =
—1, since utw(ut)™ = w. If w € /7 then s is even, and W = I3
and ¢ = f(w). Since the equations wzw™' = wiz and wzw™! =
ut(uztku™t) (ut)™t = (ut)uk™ e~ (ut) " tuk~lu"lz imply that (UT +
L)Uf(k) + 2f(w) = 2ses, and since s = 0 if 4 = —1, our consistency
conditions are satisfied.

If w & /7 then s is odd. Hence w? = 22, W? = I3 and f(w?) = 2se;3.
In this case our conditions our satisfied if we set ¢ = se3 and £ = &3es,
where (1 + 1)(25 + 1) = 2s. (Once again we observe that s = 0 if
w=—1.) O

Theorems 1 and 2, with the work of De Kimpe [5] provide another
approach to the following result of Kemp.

Theorem 3. [9] Let 7 be a torsion-free group with a normal subgroup K
such that K and w/K are each virtually Z*. Then m is the fundamental
group of a Seifert fibred geometric 4-manifold of solvable Lie type.

Proof. If K = 7 (Kb) then VK = Z? and Out(K) is finite. Hence VK
is centralized by a subgroup of finite index, and so VK = Z? < (/7.
Hence 7 is virtually abelian or virtually 2-step nilpotent, and so is
the fundamental group of a flat 4-manifold or a Nil? x E!'-manifold,
respectively [5].

If 7 is virtually nilpotent but Z? £ (/7 then 7 is the fundamental
group of a Nil*-manifold [5].

If 7 is not virtually nilpotent h(y/7) = 3 and K = Z2. Clearly K <
/T, since /7 is the unique maximal locally-nilpotent normal subgroup.
We may assume that K is maximal among abelian normal subgroups
of rank 2, and so /K has no nontrivial finite normal subgroup. The
image of 7/K in Aut(K) is virtually cyclic, since 7/K is solvable and
Aut(K) = GL(2,7Z) is virtually free. It follows easily that /7 =
Cr(K) = 73,

If K # K were a second normal subgroup of 7 which is maximal
abelian of rank 2 then K < /7 also. But then 7 would have a chain
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of normal subgroups K N K < K < KK of strictly increasing Hirsch
length, and so would be virtually nilpotent. Thus K is the unique
maximal normal subgroup of 7 isomorphic to Z2.

Thus 7 has a characteristic subgroup v such that [v : /7] < co and
w/v = Z or Dy. The result now follows from Theorems 1 and 2. [

The observation that if the general fibre is Kb then the geometry
must be E* or Nil? x E! is due to Kemp [9]. His proof of this theorem
follows Ue in using the fact that (if K is maximal) 7/K is the funda-
mental group of a flat 2-orbifold. Hence 7 has a presentation lifting a
standard presentation for 7/K, and one may construct matrices real-
izing the standard generators and respecting the relations. (He treats
the virtually nilpotent cases explicitly, as well as the Sol* x E! cases.)

4. Sol{-MANIFOLDS

In this section we shall show that every torsion-free virtually poly-
Z group 7 of Hirsch length 4 with /7 = I'; (for some ¢ > 1) is the
fundamental group of a closed Sol{-manifold. The model space for this
geometry is the linear group

1 vy z
Solf ={[0 ¢t x| |t>0, 2, y, 2, €R}.
00 1

The subgroup of such matrices with ¢t = 1 is the group Nil3. Let & be
the subgroup of GL(3,R) generated by Sol{ and the diagonal matrices
diag[—1,1,1] and diag[1,1, —1], and let P € GL(3,R) be the permu-
tation matrix which reverses the order of the standard basis of R3.
Let Q(g) = P(g")7'P, for all g € &. Then Isom(Sol{) = & x Z/2Z,
where the multiplication is given by (g,4)(h,j) = (¢Q(h),i + j) for
g,h € & and 4,5 € Z/2Z. (Note that while Sol} acts on itself by left
multiplication the diagonal matrices act by conjugation.) For simplic-
ity of notation we shall identify each g € & with (g,0) € Isom(Sol?).

If M is a Sol{-manifold with fundamental group 7 then it is orientable
if and only if 7//m maps onto Z, by Corollary 8.7.1 of [§].

Theorem 4. Let 7 be a torsion-free group with /7 = T, and such
that 7 //7 maps onto Z with finite kernel. Then m is the fundamental
group of an orientable closed Sol{-manifold.

Proof. Let v be the characteristic subgroup of 7 containing /7 and
such that 7/v = Z, and let ¢ € 7 represent a generator of 7/v. Then
T 2 v X, Z, where 7 is the automorphism of v determined by conjuga-
tion by t. Let A be the induced automorphism of \/7/{+/7 = Z2. Since
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7 is not virtually nilpotent the eigenvalues «, 3 of A are distinct and not
+1. Moreover v = /T or [v: /7] =2 and v/{\/T =2 Z? x_; (Z/2Z).
(See Chapter 8.87 of [8].)

Suppose first that v = /7. Then 7(x) = 2%"2™ and 7(y) = z°y?2",
for some a,...,n € Z, and 7(2) = 294 = 228, Let e, f € R? be the
eigenvectors of A = (§ §) corresponding to o and 3, respectively. Let
() =ze+aaf, (V) =vyie +yaof, and let X = (73 §5 ) be the change-
of-basis matrix. Then XA = (‘5‘ 2) X. In particular, ax; = axy + by,
Bry = axg + bys, ayy = cxy + dy; and [ys = cxo + dys. Let [x,y] =
%(Z’le —11Y9). If v =vie + vy f let

0 v O 0 01
vN=10 0 v and N?= (0 0 0
0 0 O 0 00

Then (vN)? = v1vaN? and (vN)? = 0. Hence the exponential series
gives eV = I3+vN+3(vN)2 An easy calculation shows that (e"")" =
e™N for all n € Z. We may define a homomorphism F : v — Nil® by
setting F(x) = eV, F(y) = e*N and F(z) = el#¥N*| Let F(t) = L
where

Oé/@ tg t3
T = 0 (0% tl
0 0 1

(The sign term a1 here is to ensure that F (t) € &, and plays no

role in the computations. Similarly in Theorem 6.) Then F(t)F(z) =
F(2)* F(t) and so F extends to a homomorphism from 7 to Isom(Sol?})
provided that

F(t)F(z) = F(z)"F(y)’F(2)™F(t) and

F(t)F(y) = F(2)°F(y)'F(2)"F(t).
These equations have unique solutions for ¢; and t5:

1

= —
P28

((2n + cdq)xy — (2m + abq)y,) and

1
ty = %((2n + cdq)zy — (2m + abq)ys).
(The entry t3 may be chosen freely.) It is easily seen that the corre-
sponding homomorphism F' is a discrete cocompact embedding.
If v # /7 let w € v represent a generator of v/\/m. Sine v/(\/T =
7% x_; (Z/2Z) we may assume that wrw™' = z7'2" and wyw™ =
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y~ 127 for some i,j € Z, and so w? € (/7. Hence w? = z*, for some
odd k € Z, since v is torsion-free. Thus v has a presentation

U gyt gyt =yl

(w,z,y, 2z | wrw™ 2 xy = Myx,w? = 2F).
Then 7(x) = 2%°z™, 7(y) = 292" and 7(w) = 2"y*zPw, for some
a,...,s € Z. These formulae define an automorphism of v if and only
if
2m = q(rb—as — ab) — ai — bj +idet A,
2n=q(rd—cs—cd) —ci—dj+jdet A and
qrs+2p+ri+sj=k(det A—1).

Define F'(x), F(y) and F(t) as before, and let

-1 Wwo W3
Fwy=[0 1 w]|,
0 0 -1

where w; = %(jxl—iyl), wy = %(—jx2+iy2) and wy = 5 (wiwa—k[z, y]).
Then F(w)F(x) = F(x)  F(:) Flw), Pw)F(y) = F(y) PP (w)
and F(w)? = F(z)*. The condition
F@)F(w) = F(z)"F(y)*F(2)"F(w)F(t)
reduces to the equations
2ty = rxy + sy + (o — Dwy,

2ty = a(rzy + sys + (1 — f)wy) and

rTy + Sy qrs +2p
PO oy s) - T P )
On solving ax1 = axy + by, for y; in terms of x; and remembering that
a+ (0 =a+dand af = det A we see that the first equation is satisfied.
Similarly for the second equation. The third equation follows from the
first since qrs + 2p + ri + sj = k(det A — 1). Thus F determines a
discrete cocompact embedding of 7 in I'som(Sol?). O

(Oé/@—l)'wg = tlwg—t2w1+(t1+w1—

We could arrange that ¢ = j = 0 and k£ = 1 in Theorem 4 by replacing
x,y and w by x27%, yz~/ and wz%, respectively. However the version
given is more convenient for use in Theorem 6 below, which treats the
case when 7/4/7 is a finite extension of D,. Here the verification that
our constructions work needs more effort, and we shall defer the details
of our calculations to an appendix.

Lemma 5. Let v be a torsion-free group with \/v = ', and suppose
that v is generated by /v and an element u such that u*> € /v and
ugu~t = g7t for g € (\/v. Then q is even.



12 JONATHAN A. HILLMAN

Proof. Let z generate (1/v, and let U be the automorphism of v/v/{/v
induced by conjugation by w. Then det(U) = —1, since uzu™! = 271,
and u? & Cv, since u(u?)u~t = u?. Therefore U has eigenvalues {1, —1},
and so may be diagonalized (over Z). Thus we may assume /v has
generators z,y and z such that uzu™' = x2° and uyu=! = y~'27. Let

u? = aPyiz". Then ¢ = 0, since u(u?)u~" = u?. On replacing u by

uzr~" we see that we may vary p by any even number. In particular,
we may assume that p = 1, since u? € (v. We may now replace = by
u?z27", so that u? = x. Hence zyzr™' = u(y~'2/)u™t = y27%, and so ¢

must be even. O

Theorem 6. Let m be a torsion-free group with /7 = T, and such that
7/\/T maps onto Do, with finite kernel. Then w is the fundamental
group of a nonorientable closed Solt-manifold.

Proof. Let v be the characteristic subgroup of 7 containing /7 and
such that 7/v = D, and let u,v € 7 represent a pair of generators
of order 2 for w/v. Then u? and v? are elements of v, and are non-
trivial since 7 is torsion-free. Let 7 be the subgroup of index 2 in 7
generated by v and ¢t = uv. Let U,V and T be the automorphisms
of \/7/¢y/m = Z? induced by conjugation by u,v and ¢, respectively.
Since 7 is not virtually nilpotent 7" = UV has infinite order and distinct
real eigenvalues o and (8 which are not +1.

Suppose first that v = /7. Then U? = V2 = [,. Since T = UV has
infinite order neither of U or V is 4=1,. Therefore det U = det V' = —1,
and so o = detT = +1. As in the lemma, we may assume the
generators of v so chosen that u? = z and wyu™' = y~'272. We
shall assume also that tat™! = 2%°2™ and tyt~' = 2°y¢2", for some
a,...,n € Z, as in Theorem 4. (Note that abcd # 0, since 7 is not
virtually nilpotent.)

Let e € R? = R ®z (1/7/(y/T) be an eigenvector of T' corresponding
to a. Then TUe = o 'TUTe = SUe. Thus f = Ue is an eigenvector
of T corresponding to 3. Let [z] = z1e + 2o f and [y] = y1e + yof be
the images of x and y in R?. Since Ulz] = [z] and Uly] = —[y] are
eigenvectors of U, we have x9 = x; and y, = —y;. Hence all these
terms are nonzero.

Let F : @ — Isom(Sol}) be the embedding given in Theorem 4, and
let F(u) = (K,$2), where
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It follows easily from the equations x, = xz; and y, = —y; that
T1yy = —xy1 = —2[z,y], and hence that F(u)® = F(z) = F(u?),
Fu)F(y)F(u)™'= Fluyu™) and F(u)F(2)F(u)™! = F(uzu™"). Since
t = uv we must set F(v) = F(u)"'F(t) = F(x) ' F(u)F(t).

Let v? = 29y*2P. Since v = u~'t we have vzv™! = 2%y bz7 ™,
L ! = 271, On expanding out the left-hand
= 29y* 2P we see that

_ _d_da_ _
vyv~! = 2%y~ %% " and vzv
side of the equation vady*2Pv~

(a—1)g+ck=bg+ (d+1)k=0 and

1

2p = L(g(g — V)ab+ k(k — 1)cd + 2begk + bg + dk) — gm — kn.

The lattei equation simplifies further to
p= %(cﬁ—l—a—ac—Qg—l)— %(gm—l—k:n).
The equation v(vzv=1)vt = virv=2 = yFay =" = 2279 gives
k= %(ab(a —c—1)+0b)+ é((a — 1)m —bn).
We see also that @ = d and a?> — 1 = be. Similarly, the equation
v(vyv ™ Ho ™t = 29yx9 = y29 gives

1 1
g= §(ac(a —b+1)—a—-1)+ g(—cm+ (a+1)n).
(The last two equations are equivalent, since bc = (a + 1)(a — 1) and
ck = (1—a)g.) In the appendix we shall verify that

F(v)* = F(v*) = F(2)"F(y)"F (2)".

Then F determines a discrete cocompact embedding of 7 in I'som(Sol?).

i

If v # /7 then v is generated by x,y and w, with wrzw™! = 27121,
wyw ' =y~ 1'%/ and w? = 2*, for some i, j, k € Z with k odd. Suppose
first that u> € /7. Then we may assume that v?> = z and uyu™! =
y~'2~%, by the first part of this theorem (applied to the subgroup of
index 2 generated by /7, v and t). Since vwu 'w™! € /7 we have
vwu"lw™ = x%y¥ 2P, for some ¢,1, p € Z. Squaring both sides of the

equation wuw ™! = z7Py~Yz~%u gives
o=1.
Similarly, squaring both sides of the equation uwu~

i+ G+ +2p=-2
1

U= zy¥2Pw gives

w™! gives yYay~¥ = x2%, and so
2i = —q).

Conjugating x by uwwu~
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(Conjugating y and z by uwu'w™! gives no further constraints.)

We again let F': @ — Isom(Sol}) be the embedding given in Theo-
rem 4, and let F(u) = (K, ), where K is as above. In the appendix
we shall verify that

F(u)F(w) = F(2)F(y)" F(2)"F(w)F(u).

Then F' determines a discrete cocompact embedding of 7 in I som(Sol4)
If u* € \/7 then (v, u>/\/_ Z/4Z, and we may assume that w = u?

uru~t =y and uyu~' = 712, for some i € Z. Hence u?xu~ 2—1' 2
and v?yu? =y~ 12, so U? = —]2. We may also assume that u? = 2*
and tu?t~! = 2"y*2Pu?, for some k,p,r,s € Z with k odd. Since C' =

utut is in v we have C = x%y¥zPu?", for some ¢,1,p € Z and n = 0
or 1. Hence UTUT = (—1)". On computing the left-hand side and
recalling that abed # 0, we see that b = ¢ and ad — b* = (—1)""1. If
Te = ae then TUe = (—1)"UT e = BUe, and we again choose the
eigenvectors e, f so that f = Ue. It then follows that y; = —x5 and
yo = x1. The exponents a,b,d, 1, m,n,p,r, s satisfy the constraints of
Theorem 4 for w = u?. Conjugation of z and y by C gives equations
¢ = 3(=dr + (b—1)s) and ¢ = $((b+ 1)r — as). We shall defer
consideration of other constraints on the exponents to the appendix.

Let ' : @ — Isom(Sol}) be the embedding given in Theorem 4 and
let F(u) = (L, (), where

-1 é% ﬁ((iZ_kQ)xl (i + kq)3)

L= 0 1 —éLEQ
0 0 1
Then F(u)? = F(u?) and F(u)* = F(2)*. It is also easily seen that
F(y)F(u) F( )F'(z). (This uses the fact that y; = —x9 and yo = z1.)

Since (v,u) is generated by w,z and z it follows that F(ugu™') =
F(u)F(g)F( )~ for all g € v. In the appendix we shall verify that

Fu)F(t)F(u)F(t) = F(utut) = F(2)?F(y)"F(2)°F (u)*"

Then F determines a discrete cocompact embedding of 7 in I'som(Sol?).
O

5. ORBIFOLD BUNDLES AND DIFFEOMORPHISMS

An infrasolvmanifoldis a quotient M = I'"\ S where S is a 1-connected
solvable Lie group and I is a closed torsion free subgroup of the semidi-
rect product Aff(S) = S x4 Aut(S) such that I', (the component of
the identity of I') is contained in the nilradical of S (the maximal con-
nected nilpotent normal subgroup of S), I'/T'N S has compact closure
in Aut(S) and M is compact. The pair (5,I") is called a presentation
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for M, and is discrete if I" is a discrete subgroup of Af f(S), in which
case m1 (M) = I'. Every infrasolvmanifold has a presentation such that
I'/T'N S is finite [6], but I' need not be discrete, and S is not determined

by 7. (For example, Z3 is a lattice in both R® and F(2)* = C x4 R,
where a(t)(z) = e*™z for all t € R and z € C. However if M is
an infranilmanifold, with S = N solvable and I' discrete then N is
determined by T'.)

Geometric 4-manifolds of solvable Lie type are infrasolvmanifolds,
and infrasolvmanifolds are the total spaces of orbifold bundles with
infranilmanifold fibre and flat base. (See Chapter 7 of [8].) Baues
showed that in all dimensions infrasolvmanifolds are determined up to
diffeomorphism by their fundamental groups [2]. In dimensions < 3 this
follows from standard results of low dimensional topology. We shall
show that related arguments also cover most 4-dimensional orbifold
bundle spaces. The following theorem extends the main result of [4]
(in which it was assumed that 7 is not virtually nilpotent).

Theorem 7. Let M and M' be 4-manifolds which are total spaces of
orbifold bundles p : M — B and p' : M' — B’ with fibres infranilmani-
folds F' and F' (respectively) and bases flat orbifolds, and suppose that
m (M) = m (M) = n. If © is virtually abelian and Bi(7) = 1 assume
that 7 is orientable. Then M and M’ are diffeomorphic.

Proof. We may assume that d = dim(B) < d = dim(B’). Sup-
pose first that 7 is not virtually abelian or virtually nilpotent of class
2. Then all subgroups of finite index in 7 have #; < 2, and so
1 <d < d < 2. Moreover 7 has a characteristic nilpotent subgroup
v such that h(r/0) = 1, by Theorems 1.5 and 1.6 of [8]. Let v be the
preimage in 7 of the maximal finite normal subgroup of w/. Then
v is a characteristic virtually nilpotent subgroup (with /v = ) and
m/v = Zor D. If d=1 then m(F)=v and p: M — B induces this
isomorphism. If d = 2 the image of v in 7¢"°(B) is normal. Hence there
is an orbifold map ¢ from B to the circle S! or the reflector interval
I such that ¢p is an orbifold bundle projection. A similar analysis ap-
plies to M’. In either case, M and M’ are canonically mapping tori or
unions of two twisted /-bundles, and the theorem follows via standard
3-manifold theory.

If 7 is virtually nilpotent it is realized by an infranilmanifold M,
[5]. Hence we may assume that M’ = My, d = 4, h(y/7) = 4 and
VT 2 Zor 1. If d =0 or 4 then M is also an infranilmanifold and
the result is clear. If there is an orbifold bundle projection from B to
S or I then M is a mapping torus or a union of twisted I-bundles,
and 7 is a semidirect product k x Z or a generalized free product with
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amalgamation G *; H where [G : J| = [H : J] = 2. The model M,
then has a corresponding structure as a mapping torus or a union of
twisted I-bundles, and we may argue as before.

If By(7) +d > 4 then 7¢"°(B) maps onto Z, and so B is an orbifold
bundle over S*. Hence if d = 1 or 3;(7) + d > 4 the above argument
applies.

If there is no such orbifold bundle projection we may assume that
d = 2 or 3 and that 5y (7) < 4 — d. (If moreover (;(7) = 4—d and there
is no such projection then 7’ N (F) = 1 and so 7 is virtually abelian.)
If d =2 then M is Seifert fibred. Since M’ is an infranilmanifold (and
7 cannot be one of the three exceptional flat 4-manifold groups G¢ 1y Z
with 6 = j, cej or abcej) it is also Seifert fibred, and so M and M’ are
diffeomorphic, by [12].

If d = 3 then m; (F') = Z. The group 7 has a normal subgroup K such
that 7/K = Z or D, by Lemma 3.14. If 7 (F) < K then 7¢"°(B) maps
onto Z or D and we may argue as before. Otherwise m(F)NK =1,
since Z and D have no nontrivial finite normal subgroups, and so 7 is
virtually abelian. If 5 (7) = 1 then m (F)N7’ = 1 (since 7/ K does not
map onto Z) and so m (F) is central in 7. It follows that p is the orbit
map of an S'-action on M. Once again, the model M; has an S'-action
inducing the same orbifold fundamental group sequence. Orientable 4-
manifolds with S!-action are determined up to diffeomorphism by the
orbifold data and an Euler class corresponding to the central extension
of #{"™(B) by Z [7]. Thus M and M’ are diffeomorphic. It is not
difficult to determine the maximal infinite cyclic normal subgroups of
the flat 4-manifold groups = with 3;(7) = 0, and to verify that in each
case the quotient maps onto D. [

It is highly probable that the arguments of Fintushel can be extended
to all 4-manifolds which admit smooth S'-actions, and Theorem 7 is
surely true without any restrictions on w. (Note that the algebraic
argument of the final sentence of this theorem does not work for nine
of the 30 nonorientable flat 4-manifold groups 7 with §;(7) = 1.)

Since all such groups are realized geometrically, every smooth 4-
manifold admitting such an orbifold fibration is diffeomorphic to a
geometric 4-manifold of solvable Lie type.

Theorem 8. Let M be a closed 4-dimensional infrasolvmanifold. Then
M s diffeomorphic to a geometric 4-manifold of solvable Lie type.

Proof. Let m = m(M). Then 7 is a torsion-free virtually poly-Z group
of Hirsch length 4. If 7 is virtually nilpotent then it is the fundamental
group of a E'-) Nil® x E!- or Ni/*-manifold [5]. Otherwise 7 is the
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fundamental group of a Sol? -, Solj-manifold, by Theorems 1,2, 4 and

6. Since all such manifolds are infrasolvmanifolds (cf. Chapter 7 of
[8]) the result follows from Theorem 7 (unless 7 is virtually abelian,
Bi(m) =1 and wy(7) # 0) or from [2] (in general). O
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APPENDIX: THE CALCULATIONS FOR THEOREM 6

Here we shall outline some of the calculations which support the
claims that the functions defined on generators of 7 in Theorem 6
extend to homomorphisms from 7 to Isom(Sol}).

5.1. The case v = /m: We assume that txt™! = 2%b2™, tyt~! =
x¢y?z" and v? = 29y*2P. The matrices of U and T with respect to
the basis {[z], [y]} of /7/(/T are ({ %) and (¢ §), respectively. Here
a =d and a®> — 1 = be. Since e and f are eigenvectors of T we have
also cx; = (o —a)y; = (a — B)yy and cxg = (B — a)ys = (a — @)yz. As
observed in the proof of Theorem 6, ;1 = x5 and y; = —y», so all of
these terms are nonzero. Moreover,

1 1
g= §(ac(a—b+1) —a—1)+ 6(—cm+(a+1)n),

k= 1(ab(a —c—1)+b)+ 1((ot —1)m —bn) and
2 q

k 1
p= qz(az—l—a—ac—Qg—l)—§(Qm+l{:n).
Let F(v) = F(u)"'F(t) = F(z) 'F(u)F(t) = (P,Q), where
1 —XT9 %Ill’g —1 %l’l 0 1 —Oé_ltl %
P=10 1 —I1 0 1 —%Z’l 0 Oé_l —Oé_ltg
0 O 1 0 0 —1 0 0 1
—1 Oé_l(tl — %Il) D
=10 (« %xl —a |,
0 0 -1
where D = t3 + %l’ll'g + Oé_l(%l’ltg — t1ty). Therefore PQ(P) =
—1 Oé_l(tl — %l’l) D —1 %Oél’l — 19 D
0 Oé_l %Il - Oé_ltg 0 (0% tl - %Il s
0 0 —1 0 0 -1

where D* = o (t; — 121)(%21 — t2) — D. Hence PQ(P) =

2

1 o+t — S(a+ D a Mt — da1) (b + b — 2Hay)
0 1 a Mty + b1 — (o + 1)ay)
0 0 1

It remains to check that PQ(P) = F(x)IF(y)*F(z)?. This condition
reduces to three equations

1
qgxy + k"yg = tg +t1 — 5(0& + 1)1’1,
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1
gri +kyr =a t(ty +t, — 5(04 +1)z;) and

a—+1

1 _ 1
§(a2x1x2+2abx2y1 +bzy1y2)+p[:c,y] =« 1(t1—§:c1)(t1 +ty— x1).

On multiplying the first of these equations through by 2¢, expressing t;
and t5 in terms of x1, . . ., ¥ and using the facts that o = 1, a+( = 2a,
r1 = x9 and y; = —yo we obtain the equation

2q(gra + kyo) = (1 + a)(2n + cdq — q)x2 + (o — 1)(2m + abq)ys).

Multiply through by ¢ and write cxs = (@ — «)y. Now use the fact
that ck = (1 — a)g, and divide by ys, and this reduces to the above
equation for g.

The second equation is equivalent to the first, since [v?] = g[x] + k[y]
is fixed by UT, and so a(gx; + ky1) = gxs + kys. The third equation
follows after similar substitutions and reductions.

5.2. The case v # /7 but u? € \/m: A similar calculation shows
that the condition F(u)F(w) = F(2)F(y)YF(2)?F(w)F (u) reduces to
the equations

1 1
536’1 —wy = —§$1 + (we + x3 + Yya),

1 1
571 +wy = x1 + Yy — 501~ W and
1
2wy — wywy + 1wy = plz, Y] + 5(36’1562 + 200211 + Y Y1y2)

—(za + wyz)(%xl +w1).

We see that these equations hold on setting w; = %(jxl — Y1), we =
%(—jl’g +iys), w3 = %(wlwg —[z,9]), 2 = 1 and yo = —y1, and using
the conditions on the exponents a, ..., s, ¥, p given in Theorem 4.

5.3. The case u? ¢ /m: This is the most computationally tedious
case. We may assume that uzu™' = y, uyu™' = 2712 and utut =
x%y¥ zPu®", for some i, ¢,1, p € Z and n = 0 or 1, and hence that u* =
2F, for some odd k € Z. We may also assume that tut—! = 2"y*2Pu?,
for some p,r,s € Z. The constraints of Theorem 4 for the exponents
a,b,d,t,m,n,p,r s become

2m =q(rb—as —ab) +i(2n —a—b—1),
2n =q(rd —bs —bd) +i(2n—b—d—1) and
qrs +2p +i(r +s) = 2k(n — 1),
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since ¢ = b and j = i. The action of C' = utut by conjugation on x and
Yy gives

b= %(—dr +(b—1)s) and

1
)= 5((6 + 1)r — as).
The equation utC' = C'ut gives the further equation: p =

(ktAp+¢0n+b®+d(n+dﬂ%ﬂﬂab(g)+€d(g)%ﬂw¢z+ad¢¢+bd¢%.

If det A = —1 this determines p in terms of the other exponents; oth-
erwise it gives no constraint on p. Note also that det A = ad — b* =
(—1)™! =2y — 1.

We have F'(u)F(t)F(u)F(t) = LQ(F(t)QUL)F(t) =

—aff t; —ty+ g(:rl — axg) A
0 1 Oé_l(tl + él’l) + ﬁ(tg + éal’g) ,
0 0 —af
where A =

2_k .2 k: . .
q 5 1"t Kkq 4 ) )
4q2 Xy — 4q2 1’2)4‘(5152—55(72)@14‘51’1).

The condition F(u)F(t)F(u)F(t) = F(x)?F(y)YF(2)?F(u)* reduces
to the equations
q(ty — t2) +i(z1 — axa) = q(dr2 + Py2) + ni(T1 — T2)
a gty +izy) + Blgty + iaxs) = q(ox1 + by1) + ni(wy +25)  and

n(ws+wi(pra+1ys))+(—1)"(plz, y]+¢¢$2yl+% (P*m1a+b 1Y) = A,

where w; = é(l’l—l-l’g), Wy = é(:)sl—xg) and ws = %(wlwg—k‘[x,y]). The
first two equations may be verified on using the equations y; = —xo
and y2 = 7 and the above constraints on the exponents. (Note also
that ax; = axy — bzay, etc.) If n = 1 then we may choose t3 to satisfy
the third equation. If n = 0 then we may substitute for p and then

show that everything cancels.

1 1
Oé_l(tl + 55(71)2 — 27](t3 +
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