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Abstract

Vector spherical harmonic analyses have been used successfully to solve laminar and mean-field mag-
netohydrodynamic dynamo problems with interactions, such as the laminar induction term, anisotropic
alpha-effects and anisotropic diffusion, which are difficult to analyse spectrally in spherical geometries.
Spectral forms of the non-linear rotating Boussinesq and anelastic momentum, magnetic field and heat
equations are derived for spherical geometries from vector spherical harmonic expansions of the velocity,
magnetic induction, vorticity, electrical current and gravitational acceleration, and from scalar spherical
harmonic expansions of the pressure and temperature. Combining the vector spherical harmonic forms of
the momentum equation and the magnetic induction equation with poloidal-toroidal representations of
the velocity and the magnetic field, non-linear spherical harmonic spectral equations are also derived for
the poloidal-toroidal potentials of the velocity, or the momentum density in the anelastic approximation,
and the magnetic field. Both compact and spectral interaction expansion forms are given.

Vector spherical harmonic spectral forms of the linearised rotating magnetic induction, momentum
and heat equations for a general basic state can be obtained by linearising the corresponding non-linear
spectral equations. Similarly, the spherical harmonic spectral equations for the poloidal-toroidal poten-
tials of the velocity and the magnetic field may be linearised. However, for computational applications,
new alternative hybrid linearised spectral equations are derived herein. The algorithmically simpler hy-
brid equations depend on vector spherical harmonic expansions of the velocity, magnetic field, vorticity,
electrical current and gravitational acceleration of the basic state, and scalar spherical harmonic expan-
sions of the poloidal-toroidal potentials of the perturbation velocity, magnetic field and temperature. The
spectral equations derived herein may be combined with the corresponding spectral forms of anisotropic
diffusion terms derived in Phillips and Ivers (2000).

KEYWORDS: magnetohydrodynamics, vector spherical harmonic, spectral equation, toroidal, poloidal,
anelastic approximation.

1 Introduction

It is generally accepted that the FEarth and the planets, Mercury, Jupiter, Saturn, Neptune and Uranus,
possess planetary magnetic fields, which are generated by the magnetohydrodynamic dynamo action of the
motions in their electrically conducting fluid cores. The core physics underlying the dynamo process may be
modelled by the equations of magnetohydrodynamics, with the simplifications of the Boussinesq or anelastic
approximations. The purpose of the present work is to derive several different angular spectral forms of the
nonlinear and linearised magnetohydrodynamic equations in both approximations useful for their solution
in spherical geometries. The spectral equations are based on scalar and vector spherical harmonics together
with toroidal-poloidal vector field representations. Although complicated and difficult to derive, they are
extremely important in applications.

The momentum, magnetic induction and temperature equations governing the velocity v, magnetic
induction field B and temperature © of an electrically-conducting Boussinesq fluid in a frame rotating
with angular velocity €2 are

p<gv +wxv+2Q xv+—(fl ><r> =-VP+JxB - pagBOg. +F, (1.1)
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where 7 is the time and r is the position vector, together with the mass conservation equation and Gauss’
Law,
V-v=0, V-B=0. (1.4)

Dimensional equations are used throughout, since the non-dimensionalisation of the linearised equations
depends strongly on the basic state. In equation (1.1) F, := prV?v is the viscous volume force. The
modified pressure P is related to the non-hydrostatic pressure p by P = p+ % pv?, w = Vx v is the vorticity
and J = V x B/ is the electrical current density. In V', J and B are also related to the electric field E by
Ohm’s Law for a moving conductor,

J=0(E+vxB). (1.5)

The advection term has been written as a cross-product to simplify implementation in computer codes.
The effective gravitational acceleration g. includes the centripetal acceleration and may be non spherically-
symmetric. In general, g, is derived from an effective potential U,, g. = —VU,, where U, := U — %(Q x r)?
and U is the gravitational potential. The potential U is sourced from the density by V2U = 47Gp, where
G is the gravitational constant. In the Boussinesq equations the density is uniform, except in the buoyancy
force. However, the potential U may still be non spherically-symmetric due to lateral density variations
occurring in a mantle surrounding V. In (1.3) @ is the rate of radiogenic heat production per unit volume
and @, = 2pv(Vv)s : (Vv)g is the viscous volume heating (Landau & Lifshitz 1959). The subscript S
indicates the symmetric part of the gradient and the colon denotes the double scalar product of rank-2 tensors
F and G defined in terms of cartesian components by F : G = ZZ j F;;G;;. Both viscous and Ohmic heating
have been retained in the temperature equation, although their neglect is consistent with the Boussinesq
approximation (Malkus 1964). The kinematic viscosity v, magnetic diffusivity 7, thermal diffusivity &,
thermal expansivity g, specific heat capacity cp, electrical conductivity ¢ and magnetic permeability po
are uniform. In the anelastic equations the density is spherically-symmetric, except in the buoyancy term.
The anelastic approximation and its modifications to F,, and @, are described in Section 7.

The vector spherical harmonic analysis of equations (1.1)—(1.4) forms the basis of several useful methods
for solving a range of problems in spherical geometries. Let (r, 6, ¢) be spherical polar coordinates with co-
latitude 0, east-longitude ¢, unit vectors (1,,19,14) and r = r1,. Three types of (surface) vector spherical
harmonic have been commonly used in the literature. The first type, which are closely related to the
scaloidal-poloidal-toroidal representation of vector fields, are defined by

PT=Y™,, Bl=—— VY™ Cr=—— 'y x VY™,

where the spherical harmonic Y, is defined by equation (2.1) (see Brink & Satchler 1968; also Morse &
Feshbach 1953). The second type, Y, , defined by equation (2.5), are simply related to PBC and will be
referred to as Y'’s or simply vector spherical harmonics. These are the herein preferred set of vector spherical
harmonics (see Brink & Satchler 1968; also James 1974), primarily because of their useful differentiation
properties given in Section 2. The third type of vector spherical harmonic is based on the cartesian unit
vectors at (r,0,0) on the z-axis rotated to the basis vectors (1 —ily)/v/2, 1., —(1g +ily)/v/2 (Gelfand
& Shapiro 1956; see also Burridge 1969). Surface vector spherical harmonics should not be confused with
various solid vector spherical harmonics, which have also been defined (see Morse & Feshbach 1953; Backus
1958) and not used herein.

The Y-forms, (3.12) and (3.49), of the non-linear equations, (1.1) and (1.3), are derived in Section 3.
The Y-form (3.34) of the magnetic vector potential equation (3.32) is also derived in Section 3. The Y-
form of the magnetic induction equation (1.2) is then an easy consequence using (2.17)—(2.19). The Y-vector
spherical harmonic equations have been derived for various problems: the non-diffusive mass, momentum and
temperature equations of meteorology and aeronomy (Moses 1974), including the Coriolis, centrifugal and
non-linear advective term; the magnetic induction equation (James 1974); and the Laplace tidal equations
(Swarztrauber & Kasahara 1985). The PBC spectral equations have been derived for linear rotating fluids
(Rieutord 1987, 1991) and for atmospheric oscillations, incorporating the Pedersen conductivity region and
the Hall region, and containing the Coriolis force and special cases of the Lorentz force (Jones 1970, 1971a,b).
The Gelfand-Shapiro vector spherical harmonic form of the magnetic induction equation (Oprea, Chossat
& Armbruster 1997) and related equations for core surface motions (Jackson & Bloxham 1991) have been
derived. The derivation of the spectral form of thermal anisotropic diffusion uses vector spherical harmonics



(Phillips & Ivers 2000). The vector spherical harmonic analysis of magnetic anisotropic diffusion (Phillips
1995) and viscous anisotropic diffusion (Phillips & Ivers 2000, 2001, 2003) requires the additional use of
tensor spherical harmonics at several intermediate steps.

The vector spherical harmonic spectral equations can be further developed. The solenoidal conditions
(1.4) are not automatically satisfied by vector spherical harmonic expansions of the magnetic field and the
velocity, but must be imposed as additional conditions on the coefficients. Conditions (1.4) may be met
intrinsically in spherical geometries by the toroidal-poloidal representations,

B =T{T}+S{S}, v=T{t}+S{s}, (1.6)
where toroidal and poloidal fields with potentials 7" and S are defined, respectively, by
T{T}:=Vx{Tr}, S{S}:=VxT{S}. (1.7)

From the identity Vx S{S} = T{-V?2S}, it follows that the toroidal-poloidal representations of the electric
current and the vorticity are given in terms of the magnetic and velocity potentials S, T', s and ¢ by

pod = T{=V2S} +S{T}, w=T{-V3}+S{t}.

Boundary conditions are also often simpler in terms of toroidal and poloidal potentials, e.g. matching a
magnetic field to an insulating exterior. There are two important and useful developments of the vector
spherical harmonic equations using toroidal-poloidal representations. The first development is a compact
form of the toroidal-poloidal spectral equations, in which products are expressed as convolution sums of
vector spherical harmonic coefficients and coupling integrals, but the remaining linear terms are expressed
explicitly in terms of scalar spherical harmonic coefficients of the toroidal and poloidal potentials. James
(1974) derived compact spectral toroidal-poloidal magnetic induction equations. Analogous compact spectral
toroidal-poloidal momentum equations are derived in Section 4. The second development is the interaction
expansion form of the toroidal-poloidal spectral equations, in which products are expanded as sums of
interactions between the scalar spherical harmonic coefficients of the magnetic potentials S and 7" and the
velocity potentials s and ¢. Interaction expansion forms of the magnetic induction equation (1.2) for the
evolution of the magnetic toroidal and poloidal potentials S and T, were derived by Bullard & Gellman
(1954); see equations (5.10) and (5.11). In Section 5 analogous toroidal-poloidal spectral-interaction forms
of the momentum equations (5.6) and (5.8) are derived for the velocity toroidal and poloidal potentials.
Merilees (1968) derived the spectral inviscid radial vorticity equation and horizontal divergence equation
together with the spectral potential temperature and mass equations. Frazer (1974) and Pekeris & Accad
(1975) derived these equations, without non-linear advection and with v - Vv, respectively. In Section 5 a
spectral PT-interaction form of (5.12) is derived for the heat equation in terms of the toroidal and poloidal
potentials of the magnetic field and the velocity.

The convolution sums produced by product terms make the spectral equations derived in Sections 3-5
unsuitable for time-dependent non-linear applications using Faedo-Galerkin time-stepping methods. Fast-
Fourier transform based spectral techniques currently have the advantage in time-stepping problems, but
massively parallel computers may shift the advantage to convolution sums in the future. However, the
spectral forms of the non-linear magnetohydrodynamic (MHD) equations are practically useful in steady
conditions. Further, the MHD equations linearised about a steady basic state (vg, Bg, ©g) are important
in many applications and the linearised forms of the spectral equations may be efficiently applied to the
(generalised) eigenproblems, non-steady and inhomogeneous steady problems arising from such applications.
The linearised equations, which govern the perturbation fields v/, B’ and ©’, are

!
p(aa‘; +wo XV +w xvy+20 x V'> = VP +JyxB' +J x By — pagO'g. + prVv’' (1.8)
8B' 2/ / /
5 =nV°B' +Vx (vo x B') + Vx (v x By) (1.9)
00’
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where P’ = p’ + pvg - v/, together with the solenoidal conditions,

vV-v=0, V-B =0. (1.11)



The vector spherical harmonic form and both compact and toroidal-poloidal spectral interaction forms
of equations (1.8)—(1.10) can be obtained by linearising the non-linear vector spherical harmonic spectral
equations or the toroidal-poloidal spectral equations, respectively. However, it is preferable for computa-
tional purposes, to use algorithmically simpler hybrid vector harmonic/spherical harmonic toroidal-poloidal
forms of the equations, than either the linearised vector spherical harmonic spectral equations or the lin-
earised toroidal-poloidal spectral equations. The number of distinct terms in the spectral toroidal-poloidal-
interaction forms of the momentum, magnetic induction and heat equations, (5.6), (5.8), (5.10), (5.11) and
(5.12), complicate their use in computer programs. The corresponding vector spectral momentum equation
(3.12), magnetic vector potential equation (3.34) and heat equation (3.49) contain substantially fewer terms
and can be used directly in applications, but require more field variables since, as noted above, vector spher-
ical harmonic expansions do not automatically impose the solenoidal condition on the magnetic or velocity
fields. In Section 6 we derive new hybrid spectral forms for the linearised momentum equation, (6.1) and
(6.2), the magnetic induction equation, (6.11) and (6.12), and the heat equation (6.15), in which the basic
state is described mathematically by the vector fields v, wg, Bo, Jg, VO and g, but the perturbation state
is given by the scalar fields s’, ¢/, S/, T and ©’. In the hybrid equations the vector fields of the basic state
are expanded in vector spherical harmonics and the perturbation fields in scalar spherical harmonics, defined
n (2.1), but interaction terms are kept in vector spherical form. Truncation of the fields and equations gives
a Galerkin approximation in angle.

In Section 7 modifications to the spectral equations are outlined for the anelastic approximation. A
final aim of the paper is to explain and demonstrate the use and application of vector spherical harmonic
techniques so they can be effectively applied to more elaborate models.

2  Vector Spherical Harmonics

The properties of vector spherical harmonics, which are needed subsequently, are given in this section. The
scalar spherical harmonic in colatitude # and east-longitude ¢ is defined by

Yn (93 ¢) = (7) \/ (n + m)' Pn,m(COS 9)6 ) (21)
where P, ,, is the the Neumann associated Legendre function defined by

. (1 _ Z2)m/2 dm-l—n(]_ _ ZQ)n
21! dzmtn

Ppm(2) == ()
Under complex conjugation, indicated by the asterisk,

(Y")" = (=)"y, ™. (2.2)

n

The spherical harmonics (2.1) are orthonormal with respect to the inner-product on scalar functions of 6

and ¢,
1
(9) = 4= § J9" a2,

where df) = sin 0 df d¢ is the element of solid angle. A lowercase Greek subscript on a scalar quantity will
denote the 2-index of a spherical harmonic. For example, Y, will denote Y;"> and the orthonormalisation
condition is

(Ya,Y3) = dag, (2.3)

where d,5 is the Kronecker delta. Scalar fields can be expanded in series of spherical harmonics, which
form a complete orthonormal set. Thus the poloidal and toroidal potentials of the magnetic field and the
velocity, the pressure, the temperature and the effective gravitational potential have the spherical harmonic
expansions

f= faYa, f=8Ts51P06,U.. (2.4)

The summations are over n, = 0,1,2,... and m, = —ngy: n, in general, but for poloidal and toroidal
potentials the n, = 0 term does not contribute to the vector field and is omitted. The Y-coefficient f, in
the spherical harmonic expansion of a scalar field f is obtained by taking the inner-product of the field with

Yo, e fo=(f,Ya).



The vector spherical harmonics used herein are defined by (see James 1974),

m n—m_/ n n ]‘ m
Yn,'rn = (_) 2n+1 Z <m ’ > Ynlleltv (25)

—mi —p
my,

where the complex basis vectors e, are defined in terms of the unit vectors 1., 1,, 1, of the cartesian
coordinate system (z,y,2) = (rsinf cos ¢, rsinfsiné,rcosf) by ey := 1, and ex; := F(1, £i1,)/v2. In
particular,

Yh o =6nie, Y0, =-1,. (2.6)
In spherical polar coordinates,
Vn@2n+1) Y, 1 = 1,nY," +150pY," + 14 csc6 9,Y," (2.7)
\/ n(n + 1) Y:zrfn =ilgcsch 8¢Y71n - i1¢89Y71n (28)
Vin+1D)2n+1) Y7, = —1(n+ 1)Y," +1605Y," + 1y csc 03Y," . (2.9)
Under complex conjugation,
(Ym,,)" = (—yremtmetym (2.10)

A lowercase Greek subscript on a vector quantity will denote the 3-index of a vector spherical harmonic.
Thus Y, will denote Y=, . The vector spherical harmonics (2.5) are orthonormal with respect to the
inner-product

]' *
(F,G) .fE%FoG o

of complex vector functions F and G in 6 and ¢. Hence
(Yo,Yg) =das, (2.11)

where da5 = 0nyns0ni0nisOmams-
The magnetic field, electric current, velocity, vorticity, temperature gradient q := VO and effective
gravitational acceleration have the vector spherical harmonic expansions,

F=) F.Y., F=BJvuwaqg. (2.12)

The Y-coefficient F,, in the vector spherical harmonic expansion of a vector field F is independent of 6 and
¢, and is obtained by taking the inner-product of the field with Y, i.e. F, = (F,Y,). The summations in
equation (2.12) are over n, = 0,1,2,..., n14 = Na,Na L1 and my = —ny:n,. For example, r = —TY8_’1
so 0, = —r with all other r, = 0 and @ = (Q, + i€)/V2Y§ + Q.Y — (Q — i) /V2Y],, ie.
Ql__(l) = (Q +iQ,)/V2, 0, =Q,, Qio = —(Q, —iQ,)/v/2 with all other Q, = 0.

‘The scalar and vector spherical harmonics, (2.1) and (2.5), have the following useful differentiation
properties. The gradient of a scalar function is given by

m / n m n— / n+1 m n
v(fYn ): m+1 Yn,n—lan lf_ m+1 Yn,n+1an+1fa (213)

where f is a function of r» and

0 n+1 .
8—4— , ifny=n-—1;
om .= 7" " (2.14)
0 n .
—_— - -, ifny =n+1.
or r

In 3-index notation, let 0, := 8&7 and 07 := Oy, . Formulae for the divergence are

m n m an m m n+ 1 m an
v : (fY’rL,nfl) = m 4 lyn an71f7 v : (fYn,n) = 07 V ' (fYn,'n,+1) = - \( 27’L+ 1Y’n a’/’lr‘rlf' (215)

In particular, if a vector field F is solenoidal, the coefficient of Y,)” in V - F must vanish,

Vn O By —Vn+105 4, F), 1 =0, (2.16)



and the ny =n + 1 Y-coefficients of F are not independent. The curl formulae are

n+1 ™ n
V% ( Y:zrtn) \/ﬁ {f n n+16n+1f +vn + n,n— lan_lf} (218)
n m n
(fYn n+1) 2?’l + 1Yn,nan+1f . (219)
The scalar Laplacian satisfies
V2fY™ =Y™D,f, (2.20)
where o 5 ( )
2 nn+1
D, =—4+-————-—=.
or? + r Oor 72
Note
D, =0m, ,on* 9nED,, = Dy 0", 90 Dpgy = DO, (2.21)
The vector Laplacian is
v2fY71 no Y;,nnanlf . (222)

If o is a 2-index, let D, = D,,_, and if « is a 3-index, let Dy, = D, .. Hence V2fY, = Y,D,f and
vsza = YaDlaf-

3 Vector Spherical Harmonic Forms of the Non-Linear Equations

The Y-vector spherical harmonic forms (3.12), (3.34) and (3.49), respectively, of the momentum equation
(1.1), the magnetic vector potential equation (3.32) and the temperature equation (1.3) are derived. The
equations incorporate a non spherically-symmetric gravitation volume force, viscous and ohmic heating. The
vector spherical harmonic form of a vector (scalar) equation is obtained by expanding all vector fields in
vector spherical harmonics, all scalar fields in scalar spherical harmonics and taking the inner-product of the
equation with a free vector (scalar) spherical harmonic. The Y-vector spherical harmonic form (3.42)—(3.44)
of the magnetic induction equation (1.2), first derived by James (1974), is simply deduced from Y-magnetic
vector potential equation (3.34). Together equations (3.12), (3.42)—(3.44) and (3.49) determine the three
velocity coefficients vy',, 1, v5',, Up'y 41, the pressure coefficient P, the three magnetic coefficients B}, _,
By, Bhlniq and the temperature coefficient ©7" for each degree n and order m. These equations must be
supplemented by the incompressible flow and solenoidal magnetic field conditions (1.4), and any boundary
conditions. By the divergence formulae (2.15), the coefficient of Y,)” in the Y-form of (1.4)(a) must vanish,
which imposes the following restriction on vy, 4 and vy',, 1,

\/ﬁaﬁ_lvﬂfn_l —Vn+10;5 vy =0. (3.1)

Similarly, the coefficients B, _; and B}, ., of B are also dependent,

VRO BT+ 198 B, =0, (3.2)

The analogous relations connecting coefficients of w and J are clearly identically satisfied when expressed in
terms of v and B.

Non-linear terms and products produce convolution sums over coupling integrals of three scalar or vector
spherical harmonics. The momentum, magnetic induction and temperature equations lead to only three
types of coupling integral, (3.13), (3.14) and the integral in (3.49). Integrals (3.14) and that in (3.49) are
simply related by (3.50) but they are usually implemented more efficiently individually.

The coupling integrals simplify in special cases and can be analytically evaluated. This is done for the
Coriolis force, the Poincaré force and the buoyancy force with spherically-symmetric gravitation.



3.1 The Momentum Equation

The Y-momentum equation (3.12) is derived by taking the inner-product of (1.1) with Y., where the 3-
index -y is a free index, and considering each term separately. Simplified vector spherical harmonic forms are
also given for the Coriolis volume force (3.22)—(3.24), the Poincaré volume force (3.26) and a spherically-
symmetric gravitational volume force (3.28).

The Y-form of the time-derivative and the viscous force per unit mass is

(ov)or —vV?v,Y,) = (8/0r — vDy,)v,, (3.3)

since the vector Laplacian satisfies property (2.22).
From the gradient formula (2.13) the Y-coefficients of the pressure gradient (VP);", are related to the
spherical harmonic coeflicients of the pressure P;" by

(vp):ﬁn—l = fP(n7n - l)azilpm (vp)ﬁn =0, (VP)T,n-H = fP(nvn + 1)677;+1Prrznv (3'4)

where the factor fp for the pressure gradient field is
vn/(2n+ 1), if ng =n-—1;
fp(n,ny) =<0, if ny =mn; (3.5)
—/(n+1)/2n+1), ifng=n+1.

In terms of 3-indices the pressure gradient coefficients are (VP), := (VP,Y,) = fp(v)0,P5.
The Y-coefficients of the vector-product of two Y-expansions can easily be found by taking the inner-
product of F x G =3 F,Yq % > 3GgYp with Y,. This yields

(FXG,Y,)=> FalGp(Ya x Y5, Y,). (3.6)
a.f

Thus the Y-coefficients of the four terms, w x v, 2Q x v, dQ2/dr x r and J x B can be expressed in terms
of the same coupling integral (Y, x Yg,Y,),

(Wxv,Y,) = wavs(Ya x Y5,Y,) (3.7)
a,B

22 x v,Y,) =Y 2Q.v5(Ya x Y5, Y,) (3.8)
a,B

(dQ/dr x v, Yy) =Y (dQ0/dT)rs(Ya x Y5,Y,) (3.9)
a,B

(I xB,Y,) =Y JuBs(Yax Y5 Y,). (3.10)
a,B

Similarly the Y-coefficients of the buoyancy volume force can be expressed in terms of the different coupling
integral (Y.Y3,Y,),

(paeOge, Y,) = Z paege©3(YaYs,Y,). (3.11)
a,B

Combining the Y-coefficients for each term, (3.3), (3.4), (3.7)—(3.10) and (3.11), yields the Y-momentum
equation,

0

P(aT - VDM) vy = =fp(NO Py + D {[=pwavs — p22av5 — p(dQu/dT)rs
B

+JaBpl(Ya x Y5,Y,) — paega©s(YaYs, Y,)}. (3.12)

The two coupling integrals of three harmonics, (Yo x Y3,Y,) and (Y.Y3,Y,), which occur in (3.12), have
been evaluated in closed form (Adams 1900; James 1973, 1976) in terms of 3j-, 6j- and 9j-symbols,

Na N3 Ny n
. . la Nig M n n n
(YaxYp,Y,) = (—)tetmotmatm /i a, B,7) nia niﬁ niv ( Oa ()ﬁ 07) (mz m[; —T;YLW> ’

(3.13)



and

(YaYme):(—)m”“A(aﬁﬁ){na Mo 1}(”5“ o ”g;) (” g “v). (3.14)

Ny Ny N8 Mo Mg  —My

The A factor is given by

A, B,7) := \/(2na +1)(2n1q + 1)(2ng + 1)(2n15 + 1)(2ny + 1) (2014 + 1)

for 3-indices o, B and ~, as in (3.13). In the case of a 2-index, such as the 3 index in (3.14), the corresponding
factor (2n1g + 1) is omitted from A.

To complete the development of the Y-momentum equation the coefficients w, and J, in (3.12) must be
expressed in terms of the Y-coefficients of v and B. The curl formulae (2.17)-(2.19) relate the Y-coefficients
of the velocity and the vorticity by

m n+1 n—1,m
=4/ ) 3.15
wn,nfl 2n 1 n Un n ( )

wan m {fan-&-lvn n+1 +vn + 1’0an—1} (316)

m n A m
Wil = ,/2 T 18n+lvnn. (3.17)

Similarly, the Y-coefficients of the magnetic field and the electric current are related by

n+1 .,
m _ n—1pm 1
:LLOJn,n—l m1m n,n (3 8)
)
MOJ::'n = \/TT {\/ﬁaﬁ+13:{fn+1 + \/n+182713$n71} (319)

/ n n m
/’LOJ’H nt+l = m + lanJrlB . (320)

The gravitational coefficients g¢ may be prescribed apriori or derived from an effective gravitational potential
U,. By the gradient formula (2.13),

n n+1
e = — \——Y" ontum — Y™ o ortiym b 3.21
g 7;; { In+1 n,n—1%%n e,n In+1 n,n+1%n e,n ( )

The general buoyancy term is most easily evaluated in the form (3.12) using (3.21).

The coupling integrals (3.13) and (3.14) simplify in special cases. The angular velocity of the reference
frame can be approximated by diurnal and precessional parts, £2 = €4 + €2,,. Since the precessional period
is about 27,500 years, Q,/q ~ 1077 and Q = Qg is a good approximation, except in the time derivative,
dQ/dr. If the z-axis is fixed along the diurnal rotation axis, then @ = QY9 from (2.6)(a) and hence
Q(IJ,O = Qg with all other 2, = 0. The time derivative, which is the same in fixed and rotating frames, is

dY/dr = Q4. + Q, x Q4. Further, for fixed n, = n and m., = m, there are then at most seven non-zero
coupling integrals in the Coriolis term. The associated coefficients, apart from a factor p2(2, are

(1 XV Yzln 1) = _ZK—TL :Ln 1,n—1 @’U;nn—l (322)
n )
m rem, m Mmoo  m om

(]-z X VvYn,n) = lKn Un—1,,n — mvn,n - ZKfnflvnqtl,n (323)

m im m cpemo om
(]'Z X V7Yn,n+1) = n4+ 1vn,n+1 + ZKn+1vn+1,n+1 ’ (324)

where
1 /(n+1)(n?—m?2)

K" = — . 3.25
" n\/ 2n+1 ( )

Since the angular velocity € is spatially uniform, dQ2/dr = »_  (dQ7/dT)Y{",. Note that it is not simply
directed along the z-axis. Hence the Y-spectral form of the Poincaré force reduces to

(pdQ/dr x1,Y,) = —p Y r(dQ/dr) (YT x Y{,,Y,),

m



noting (2.6)(b). There are only three non-zero coupling integrals, namely (Y1 x Yg,,Y{") = i,/2/3 for

m = —1,0,1, which are equivalent to the identity 1, X Y{'y = i4/2 / 3Y1";. The coefficients of the Poincaré
volume force are thus

(pdQ/dr x v, YT1") = —i\/2/3prdQ"y/dr . (3.26)

If the gravitational acceleration g. is spherically symmetric, then g, = —g(r)1,, g, = gY8’1 from
(2.6)(b) and the buoyancy volume force (3.11) greatly simplifies. The Y-coefficient is (pae©g.,Y,) =
pgae Y s 05(Y§,Y3,Y,). For fixed n, = n and m, = m only two coupling integrals are non-zero,

(YO, Y Ym ) = —y/n/(2n+1) and (Y)Y, Y™ 1) = /(n+1)/(2n + 1), which are equivalent to

the identity (James 1974),
n n+1
Y"1, =/ Y, =Y, 2
n 27’L+1 nn—1 2TL+1 n,n+1 (3 7)

The associated coefficients are (Oge, Y3, _1) = —gO7'/n/(2n + 1) and (Og., Y}, 1) = gO V(I +1)/(2n +1).
Thus the Y-expansion of the buoyancy volume force for a spherically-symmetric gravitational acceleration

simplifies to
n n+1
Og. = — o Y —\/ —Y . 3.28
paeg pga@mzm n {m n,n—1 m+1 n,n+1} ( )

Using (3.22)-(3.24), (3.26) and (3.28) in (3.12), the nyy = n,,n, £ 1 component momentum equations
with spherically-symmetric gravitational acceleration and €2 parallel to 1, = Y%O are, omitting v subscripts,

0 m o m m m [ n 1 o m
p((%_ - VDn—l)”n,n—l - ZK—nPQQvn—l,n—l - 7/)291%,”—1 = - m—+1 (an lpn - po‘@ge)n)

+ Z(—pwavg +JaBg) (Yo X Y5, Y, )
a,B

P20, — KT 02y iy /2 pr(dQ dr)h =

> (—pwavs + JaBs) (Yo x Y5,Y7,)
a,B

(3.29)

m

0
D, Jo™ iK™ p2Qu™
p( v )Un,n +1 n P Un—l,n n(n + 1)

5

(3.30)

0 im ) n+1
(50 = D )il 4 P 200 = e ORI  paegl)

+ Y (—pwavs + JaBs)(Ya x Y5, Y71 1)
o,

(3.31)

The Coriolis volume force couples the coefficients v, with the same n; (and m) but different n. If the
incompressible condition (3.1) is included the coefficients vy, couple into two infinite chains with either
|n1 —n| = mod(n,2) or |n; —n| = mod(n+1,2). If Q is not parallel to 1,, the Coriolis volume force induces
stronger coupling over m between the coefficients vy, . There are then several more non-zero coupling
integrals of the form (Y‘ﬁ0 x Yg,Y,), p = %1, which can also be evaluated analytically. The Poincaré
volume force only drives v7";.

3.2 The Magnetic Vector Potential and Induction Equations

The Y-vector spherical harmonic form (3.33), or in component form (3.35)—(3.37), of the magnetic vector
potential equation (3.32) is derived. The Y-vector spherical harmonic form of the magnetic induction
equation (1.2) (James 1974) is also deduced in component form (3.42)—(3.44). The magnetic vector potential
equation closely resembles the momentum equation, the uncurled form of the well-known analogy between
the magnetic induction equation and the vorticity equation (Elsasser 1950). The similar Y-spectral analysis
of the momentum and magnetic vector potential equations provides checks on the spectral equations and
simplifies computer implementation. It is also easier to spectrally analyze terms of the form F x G and then
apply the curl formulae (2.17)—(2.19), rather than analyze V x (F x G) directly. Hence the derivation of
the Y-spectral equations for B starts from the magnetic vector potential equation rather than the magnetic
induction equation.



The electric field E is given in terms of the magnetic vector potential A, where V x A = B, and the
electric scalar potential ®, by E = —0A /017 — V®. Eliminating E transforms Ohm’s Law (1.5) into the
magnetic vector potential equation,

OA/Or=-nNVxB+vxB-Vo. (3.32)

The magnetic induction equation (1.2) is the curl of (3.32). Expanding v and B in terms of vector spherical
harmonics and using (3.6),

(vxB,Y,) =Y vaBs(Ya x Yg,Y,),
o,

where the coupling integral (Y, x Yg3,Y,) is given by (3.13). The inner-product of (3.32) with Y., where
v is a free index, yields

(0A/07,Yy) = —n(Vx B, Y,) + Y vaBs(Ya x Y5,Y,) = (VD). (3.33)
a,f3

where (V®), := (V®,Y,) are the Y-coefficients of V®. The first term on the right in (3.33) can be simplified
using the vector identity, Vx Vx A = —V2A + V(V - A), the relation Vx A = B and properties (2.21).
Thus the Y-spectral form of the magnetic vector potential equation is obtained,

(;T —nD, ) ZvaBﬁ (Yo x Y5, Y,) = (V{®+1nV-A}),. (3.34)
a,

The degree n and order m component equations of (3.34) are

0 m n—1 m m
(a nDTL I)Ann l_zvaBﬁ Y XYﬁ’Ynn 1) \,2714*18” <(b +77{VA}n) (335)

o,
a m m
<57 >An 0= vaBs(Ya x Y5, Y (3.36)
a,B
a m m n 3 m m
(87 - ”D7L+1>An,n+1 = ZUaBB(Ya XY, Y5, 1)+ o+ Bnﬂ(@ +n{V-A}). (3.37)
a,B

The gradient in (3.34), which has been evaluated using the gradient formula (2.13), makes no contribution
to the A}, -equation. From the curl formulae (2.17)~(2.19) the Y-coefficients of B are given in terms of the
Y -coefficients of A by

Bl = o 0 tar, (3.38)

m

By, = \/Tﬁ {Vnoy AT+ V10 AT, ) (3.39)

B:l?:b’rb-l-l \/ om + la'ZJrl n,n * (340)

The divergence of A has the spectral form,

[ n In+1
2TL+]. 2TL+]. n+1 nn+1 (341)

Equations (3.35)—(3.37), together with (3.38)—(3.41), determine the vector potential Y-coefficients A, and
the scalar potential Y-coefficients ®,. They provide the simplest starting point for the derivations of the
spectral toroidal-poloidal induction equations in §84-6.

The Y-vector spherical harmonic form of the magnetic induction equation for the magnetic field Y-
coefficients B., follows from (3.35)—(3.37) and (3.38)—(3.40). By (3.38) applying i\/(n + 1)/(2n + 1)97~! to
equation (3. 36) and using (2.21) yields the B}, _;-equation,

0 n+1 n-1(
(87’ nD,,_ 1) o HZ@ (vaBs)(Ya x Y5,YT,). (3.42)
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Similarly, by (3.39) applying i1/(n +1)/(2n + 1) 87_, to equation (3.35) and i\/n/(2n + 1) 97, | to equation
(3.37), and adding yields the B, -equation,

0 n+1
_— Dn B7Tl — aB Y7Y
(37 =90 3 = oy S a0 Y i
. n " -
+ z\/;Z@LH(vaBﬁ)(Ya XY, Y q). (3.43)
a,B

Lastly, by (3.40) applying iv/n/(2n + 1) 9T to (3.36) yields the B}, ;-equation,

B
(aT - nDnH)Bn gl = iy /2n ) Za"“ vaBs)(Ya x Y5, Y. (3.44)

The gradient terms in (3.35) and (3.37) have been eliminated and equations (3.42)—(3.44) are expressed
purely in terms of the Y-coefficients of B and v. However, equations (3.42) and (3.44) are not independent,
since B, _; and B}, 1 must also satisfy condition (3.2). Thus (3.43) and only one of (3.42) and (3.44)
determine the magnetic field. Alternatively, (3.42) and (3.44) can be reduced to a single equation using the
toroidal-poloidal representation (1.6)(a) as in §4.

3.3 The Heat Equation

The scalar spherical harmonic spectral equation for the temperature (3.49) is derived by taking the inner-
product of (1.3) with Y., where « is a free index. Combining the time-derivative and the thermal diffusion
term, which simplifies using the Laplacian property (2.20), gives

(08/01 — kV?0,Y,) = (0/01 — kD,)0.,, . (3.45)

To derive the spectral form of the advective term v- VO, substitute the vector spherical harmonic expansions
for the velocity, (2.12), and for the temperature gradient q := VO,

v-VO = ZUQQQYQ ~Yg.
a,p

Hence
(v-VO,Y)) = vaqs(Ya Y Y,). (3.46)
a,B
The Ohmic heating term can be expanded in a similar way, J -J = Zaﬁ JoJ3Y o - Y, and hence

(%Y, = Jads(Ya - Yp,Y,). (3.47)
a,B
The spectral form of the viscous heating term,
Qv = 3pv Z(aivj + 0;v;)? = pv[Vv : Vv + Vv : (Vv)T],
0,J

can be found using the identities, Vv : Vv = %V2v2—v-v2v and Vv : (Vv)T = Vv : Vv—w?. By the vector
Laplacian property (2.22), V2v? = V2 Doapy Va3(Ya Y, Y)Yy =57 5 Dy(vavs)(Ya Yg,Y,)Y,. Also
v-Viv =3 50 Yo V3 (03Yp) = > apn Va(Disvs)(Ya - Y5, Y,)Y,. Thus, treating w? similarly to J? in
(3.47),

(Qu,Y,) = pr(V2v? —2v - Viv — W’ Y,) = pv Z{D’Y(UQUIB) — 20,D15v8 —wawp (Yo - Yg,Y,). (3.48)
a,B

The spherical harmonic spectral heat equation is obtained by combining equations (3.45)—(3.48) and
simplifying the viscous volume heating using the symmetry of the coupling integral in « and (3,

11



0 vy OV VU
PCp <8T - "ED7>@'Y =Qy+ Z { — pCplagp + pv 287% (P1a + P18 — pw)r—zﬁ - Wawﬂ}

+ Jan/a}(Ya YY), (3.49)

where p1q 1= n1q(n1a + 1), etc. The coupling integral (Yo -Ys,Y,) in (3.49) is related to the integral (3.14)
using the complex conjugate properties (2.2) and (2.10),

(Ya . Yﬁ? Y'y) _ (_)n,‘,+n1a+m(,+1+m7 (Yﬁyn_wmw’Y_ma ) ) (350)

NaNla

The components gg of the temperature gradient q are given in terms of the radial derivatives of the spherical
harmonic coefficients of the temperature by

quern—l = fq(nvn - 1)67?71@? ) qZA,Ln =0, qun-i—l = fq(’I’L,Tl + 1)377“@? ’ (3'51)

where fo(n,n1) = fp(n,n1), with fp given by (3.5), is a factor for the temperature gradient field.

4 Compact Non-Linear Toroidal-Poloidal Spectral Equations

The incompressible flow and solenoidal magnetic field conditions (1.4), or the equivalent Y-spectral equations
(3.1) and (3.2), can be satisfied identically by using the toroidal-poloidal representations (1.6) and (1.7). The
Y-coefficients of the magnetic potentials S and T in (2.4) are related to the Y-coefficients of the magnetic
field in (2.12) by

oSy, ifng=n+l,;

", if ng =mn;

B:znnl - fB(n7n1> { (41)

where the factor fp for the magnetic field is given by

(n+1)/n/2n+1), ifn=n-1,;
fe(n,n1) == ¢ —iy/n(n+1), if ny =m; (4.2)
ny/(n+1)/2n+1), ifn=n+1.

The two dependent variables B}, ., are substituted by a single variable S7" and B}, is substituted by 77"
Thus evolution of the magnetic field is governed by only two independent equatlons of degree n and order
m, namely the spectral toroidal-poloidal induction equations. Compact forms (4.21) and (4.22) of these
equations, in which the product and non-linear terms are expanded in vector spherical harmonic coefficients,
are derived in this section from the magnetic vector potential spectral equations (3.35)—(3.37).

The Y-coefficients of the velocity potentials s and ¢ in (2.4) are related to the Y-coefficients of the velocity
(2.12) by equations analogous to (4.1),

opsy, ifng=nxl,;

tr if ng =mn;

Vpny = fo(n,m1) { (4.3)

where f,(n,n1) = fp(n,n1). The two dependent variables v;’, ., are replaced by a single variable s},
vy, is replaced by t'. However, unlike the magnetic case, the ny = n £ 1 momentum equations in (3.12)
are not dependent and there is still the pressure to consider. If the pressure is eliminated, then evolution
of the velocity is also governed by only two independent equations of degree n and order m, the spectral
toroidal-poloidal momentum equations. Compact forms (4.7) and (4.13) of these equations are also derived
from the spectral momentum equations (3.12).

Of course, only vector equations can have toroidal-poloidal component equations so the heat equation is

not considered.

4.1 The Momentum Equation

The compact forms (4.7) and (4.13) of the spectral toroidal-poloidal momentum equations with general
rotation rate €2 and gravitational acceleration g, are derived for the toroidal-poloidal velocity potentials ¢
and s. Solving (4.3) for ¢,

tn = eu(n,n)vy’, (4.4)

n

12



where the factor e, for the velocity equation is defined by

1/4/n(2n+ 1), ifng =n-—1;
ev(n,n1) =< i/y/n(n+1), if ny =n; (4.5)
1/y/(n+1)2n+1), ifn;=n+1.

It is clear from the time derivative in (3.12), that the v}, -equation governs the evolution of the toroidal
velocity potential coefficient ¢]'. Thus the spectral toroidal momentum equation, or t]'-equation, is produced

by

ty'-equation = e, (n,n) x v, -equation . (4.6)
Substituting (4.3) into the left side of (3.12) and using (4.6) gives the compact spectral toroidal momentum
equation,

9 e
p<aTVDv> ty =Y eo(M{[—pravs—p2Qav—p(dQa/dr)rs+JoBsl(Yax Ys, Y,)—paegsOs(YaYs, Y,)} .
”1irx£”w
(4.7)
The time derivative and viscous terms are on the left, and the non-linear and other product interaction
terms, including the remaining linear terms, are on the right side of (4.7).

In terms of 57 and T}, the Y-coefficients of the electric current are given by

o, ifn=ntl;
D,S", ifng =mn;

HOJ'rTnl = fJ(nvnl) {

where the factor f; for the current field is

(n+1)y/n/2n+1), ifn=n-—1;
fr(n,ny) == Ciy/n(n+1), if ng =mn; (4.9)
ny/(n+1)/2n+1), ifn;=n+1.

Similarly, the Y-coefficients of the vorticity, in terms of s} and ¢, are

omg . ifnyp=nt1;

Whiny = fw(n,m){ o (4.10)

D,sy, ifng =mn;

where f,(n,n1) = fs(n,n1).
The derivation of the compact spectral poloidal momentum equation (4.13) is more involved. Solving
(4.3) for s

n

D, s = ey(n,n — 1)8}1’7102":”71 +ey(n,n+ 1)8”“1)2?”“ , (4.11)

n

where the factor e, is defined by (4.5). From the time derivative it is seen that applying e,(n,n — 1)9"

n—1
to the vy, _;-equation in (3.12) and e,(n,n — 1)d;},; to the v}', . -equation in (3.12), and adding, yields
an equation which governs the evolution of D, s]*. This equation, called the compact spectral poloidal

momentum equation or the s'-equation, is produced by

sy'-equation = e, (n,n — 1)d;_jv,", _j-equation + e, (n,n + 1)0; v, 1-equation . (4.12)
The combination of operators here eliminates the modified pressure P/*. A purely algebraic combination for

s is possible from (4.3), namely

mo_ T Un,n—l _ vgfn—i—l
" /nn+ 1) <\/(n +1)(2n+1) /n@2n+ 1)) ’

but the corresponding combination of the (.

term in the s]'-equation takes the simple form,

;-equations does not eliminate the pressure. The diffusion

ev(n,n —1)0; 1 Dp1v)', 1 +eu(n,n+1)0) 1 Dpy1vy)' i1 = DnDpsy'

13



From (3.12) the compact spectral poloidal momentum equation is thus

0
p(aT - VD7> D.ys, = Z v (1) {[—pwavs — p2Qavs — p(dQa/dT)rs + JoBsl(Ya x Y5, Y,)
a,B

niy=n~=%1
- pa@ch@ﬂ(YaYﬁ’Y’Y)} ; (413)

where 07 is defined following (2.14). The Y-coefficients on the right are given in terms of the Y-coefficients
of the toroidal-poloidal potentials of v and B by (4.1), (4.3), (4.8) and (4.10).

4.2 The Magnetic Vector Potential and Induction Equations

Compact spectral toroidal-poloidal magnetic induction equations (4.21) and (4.22) are derived for the
toroidal-poloidal magnetic potentials 7" and S.

Uncurling the toroidal-poloidal representation (1.6) and (1.7) yields A = Tr + V x Sr + VR, where the
second term on the right side is the toroidal part of A, and the first and third terms comprise the poloidal
and scaloidal parts of A. In component form,

Ar =] Qni LT O R (4.14)
AL, = —i/n(n+1)S7", (4.15)

n+1
2n +1

AR =— (rT™ 4 9" R™)Y (4.16)

It follows from (4.15) and the time derivative in (3.36) that the A}, -equation (3.36) is i/\/n(n + 1) times
the spectral poloidal magnetic equation or S)'-equation, i.e.

S,'-equation = eg(n,n) x A}, -equation, (4.17)

where ep is the magnetic equation factor,

—1/y/n(2n+1), ifng =n—1;
eg(n,n1) =< i/y/n(n+1), if ny =m; (4.18)
-1//(n+1)2n+1), ifn;=n+1.

To obtain the T,"-equation, R]" must be eliminated from equations (4.14) and (4.16). By the definition
(2.14) of 97 and (2.21),

T =ep(n,n—1)0, 1Ay, 1 +ep(n,n+1)0,, 1A%, 11 - (4.19)

Thus the spectral toroidal magnetic induction equation or T*-equation is extracted from (3.35) and (3.37)
by operating on the A}, ;-equation (3.35) with eg(n,n —1)d;;_; and on the A7, . -equation (3.37) with
ep(n,n+1)o),, i.e.

T,"-equation = eg(n,n — 1)9,_; A}, _;-equation + ep(n,n + 1)d;, 1 A}’ 1-equation . (4.20)

n—14*n n,n+

The gradient term in (3.32) makes no contribution to the T,*-equation. Moreover, the diffusion term sim-
plifies to
eg(n,n —1)0;_1Dn 1A, 1 +ep(n,n+1)0, 1 D1 A7 = DT

using (2.21). Thus

d
(aT - WD7> Sy= > es(1)(YaxYs Y,)vaBs (4.21)
o
(n1y=n+)
B)
<ar - WDv) T,= Y es(M(Yax Y3, Y,)0 (0aBg). (4.22)
a,ﬁml-,
(n1y=n,=£1)

Of course the Y-coefficients of v and B on the right sides of (4.21) and (4.22) are given in terms of S, and
T, by (4.1) and (4.2).
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5 Non-Linear Toroidal-Poloidal Spectral-Interaction Equations

In this section the toroidal-poloidal spectral-interaction forms, (5.6) and (5.8), of the momentum equation
are derived. Toroidal and poloidal potentials are substituted for the velocity and magnetic field in the non-
linear and product terms on the right sides of (4.7) and (4.13) and the expressions are simplified. In this
section only the case, where € is parallel to 1., is considered. The toroidal-poloidal spectral-interaction
equations are analogous to the Bullard & Gellman (1954) form of the magnetic induction equation, which
are also given in (5.10) and (5.11).

In equations (4.7) and (4.13) the sums over the 3-indices a and 3, i.e. over the six quantities nq, niq,
Mq, Ng, n1g and mg, can be reduced to sums over four indices by evaluating the sums over n;, and n;3 and
expressing the coupling integrals in terms of the Adams-Gaunt integral,

Aapy = %YQYBYV s, (5.1)
and the FElsasser dynamo integral,
1
Eaﬁ’y = %ﬁ(60ya 8¢,Y5 - 8¢Ya (%Yg)YW df). (52)

From the complex conjugate property of the spherical harmonics (2.2),

Auge = 74 VoYY dQ = (-)™ ATTET B = (=)™ BT (5.3)
The integrals A, and Eqg, have been evaluated (Adams 1900; James 1973) in closed form. In terms of
3j-symbols,
_ Ng Mg Ny (Mo Ng Ny
Anpy = 47A(a, 8,7) ( 0 0 0) (ma my my) (5.4)
and
P ng+1 ng+1 n,+1 Ng Ng My
Bugy = —tmia(a fn)Aa o) (Mg T ) (e ) s
where

Nag +ng+ny+2) (N +ng+ny+4
A(aﬁﬁ):\/( s+ 1y ¥ 2)( M )\/(na+nﬁ—nw+1)(nw+na—nﬁ+1)(nﬁ+n7—na+1).

4(ng +ng+ny+3)

In this section dashes will denote radial derivatives, not perturbation fields.

5.1 The Momentum Equation

The spectral poloidal-toroidal spectral-interaction forms (5.6) and (5.8) of the momentum equation are
derived. The toroidal momentum equation is derived by substituting (4.1), (4.3), (4.8) and (4.10) into (4.7)
and summing over nj, and njg. After lengthy calculations the spectral-interaction form of the toroidal
momentum equation obtains,

. ﬁdQﬁ B

V3 odr
> {=pl(saspty) + (satstiy) + (tatati)] + 1y [(SaSsti) + (SaTsty) + (TaTsty)] + pae (USOstH)}
o

0 .
(55 = VD e = o260 it + 0 S s + ClaO a5

(5.6)

where the toroidal-poloidal spectral-interaction forms of the advection, Lorentz and buoyancy terms are
given by
47Tp77’(5a55t7) = 7pﬂ(Da5a)SﬁE(yﬁ’y*
81Dy 12 (satpty) = {Ps(Ps — Pa = P)(75a)"ts — Pa(Pa — D — Py)5a(Tt5) } Aapy-
dmpr(tatsty) = PatatsFapy+
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4Amp,r(SaSaty) = —p3(DaSa)SsEasy
87Tpvr2(SaTﬁtv) ={ps(Ps — Pa — P)(1Sa)'Ts — Pa(Pa — P8 — Py)Sa(rT3) Y Anpsy-
47Tp,YT(TaT5t,Y) = paTaTﬁEag.y*

drpr(UOpty) = —USOgE -y~ -

The primes denote radial derivatives, p, := 1o (ne + 1) and
nZ — m2

m._ (2 _ 1))
Sl A Viee

o (5.7)
The non-linear and other product interaction terms are given on the right side of (5.6) and the remaining lin-
ear terms on the left. There are no separate (tosst,) or (T,Sst,) interactions in (5.6) due to the summations
over « and (3.

In general, interaction terms may be modified using the double summation over « and 3, the symmetry
of Aagy+ in ov and B or the anti-symmetry of E, .+ and so are not unique. In particular, coefficients of A, =
or E,g--, respectively, can be symmetrised or anti-symmetrised in o and 3. These procedures often produce
more complicated coefficients. The converse procedures of de-symmetrisation of an A,g«-coefficient or de-
anti-symmetrisation of an E,g,«-coefficient by the addition of an arbitrary anti-symmetric or symmetric
function, respectively, can sometimes be more useful in practice.

To derive the spectral-interaction form of the poloidal momentum equation, equations (4.1), (4.3), (4.8)
and (4.10) are substituted into (4.13) and the sums over nj, and nig evaluated. After lengthy calculations
the spectral-interaction form of the poloidal momentum equation follows,

or
D {=nl(saspsy) + (satasy) + (tatpsp)] + g [(SaSssy) + (SaTpsy) + (TaTssp)] + pae(UsOpsy)}
o.B

0
P( - VDn) Dysyt = p2Qp,, (im Dy syt — Cron_iti ) — Clnaonth'yy) =

(5.8)

where the toroidal-poloidal spectral-interaction forms of the advection, Lorentz and buoyancy terms are
given by

811 (805557) = {Py(Pa + D5 — Py)(Dasa)(rsp) +ps(pa — pg + py)r[(Dasa)ss]'} Aapy
47TpVT3(3atﬁ57) = {pvr2(Da5a)tﬁ + (Po + pg + Py)Sats — (Pa + s — pw)(rsoct/ﬁ +rsats + Tzslatlﬁ)
— pprisits — par23at’é}Ea,@v*
8Py (tatpsy) = {Py(Pa + Ps — Py)(1ta)'ts + pa(—Pa + s + Py)r(tats) } Aasy:
87Tp7r2(5a5657) = {py(Pa +Ps = P4)(DaSa)(1S5) + ps(pa — Ps + Py)7[(DaSa)Ss' } sy
47Tp7T3(SaTﬁS'Y) = {pwrz(DaSa)Tﬁ + (Pa + P +Py)SaTs — (Pa + P — pv)(TSaTé + 78, T + TQS&Té)
— par?SUTs — pg’I“QSaTg}Eaﬁ.y*
87Tp“/r2(TaTﬁS“/) = {py(Pa + 15 — P1)(rTa) Tp + pal—pa + s + 03)7(TaTs) Y Aapy-
8mp,r(UsOpsy) = {(Pa — g +p7)Uo€¢@lﬁ + (Pa — pp _pv)erél@ﬁ}Aaﬁv* .
The primes denote radial derivatives. There are no separate (t,53s,) or (InSgs+) interactions. Equations
(5.6) and (5.8) are analogous to the equations derived by Bullard & Gellman (1954) from the magnetic
induction equation for the magnetic toroidal and poloidal potentials. If the gravitational acceleration is

spherically-symmetric, then the buoyancy term in the toroidal equation (5.6) vanishes and the buoyancy
term in the poloidal equation (5.8) simplifies to

e g M
(USOss,) = —;%5553@50 ; (5.9)
since g =0, N1y = 1, Mo =0, g = US" = 8,US° and Agpy- = 478

The highest radial derivatives of ¢ in (5.6) and (5.8) are second-order, but those of 7" are second-order
and fourth-order respectively.
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5.2 The Magnetic Induction Equation

If (4.1) and (4.3) are substituted into (4.21) and (4.22), and ny, and nyg are summed, the coupling integral
reduces to either the Adams-Gaunt integral, (5.1) or the Elsasser integral (5.2). The well-known Bullard &
Gellman (1954) equations are obtained, with minor modifications due to the different definition of toroidal-
poloidal fields and different normalisation of the scalar spherical harmonics, after lengthy calculations:

<887_ — 77D’Y> Sy = Z{(SQSBSW) + (SaT/gSfy) + (taSQS’Y) + (taTgs,y)} (5.10)
(3 =10 )T, = S 6SaT) + (aTo) + (15aT2) + (T, )}, (5.11)
o,

where now o and 3 are 2-indices and the toroidal-poloidal spectral-interaction terms are given by

8712 (505555) = {—Pa(—Pa + P +y)5a(rSp) + Ps(Pa — s +Py)(75a) S5} Aapy-
4mpyr(saTpSy) = pasalpEasy
Adrp,r(taSpSy) = pataSsEasy-
(taTpSy) =0
dmpyr 3( aSpTy ) = {(Pa +pp +pv)50¢56 (Pa +pp — py)(TS;SB + TSaS/ﬁ + TQSIaS/ﬁ)

— Pa’ 505} — par’siSp} Bapy-
87Tp7T2(3aTBTv) = {0y (Pa + s — 1) (30T +1r5,T3) + pa(pa — Ps — Py)(rso T + TSaT[/i)}Aaﬁv*
87p 12 (ta S5 1) = {Py(Pa + Ps — Py)(taSs +1taSh) — Ps(Ps — Pa — Py) (rteSs + 1taSh)} Aagy-
47TT(taTgTPY) = t(ngEa[gfy* .

The primes denote radial derivatives.

5.3 The Heat Equation

The spectral equations for the temperature can also be expressed in terms of the spherical harmonic coeffi-
cients of © and of the toroidal-poloidal potentials ¢, s., T, and S, of the velocity and the magnetic field.
Substituting (4.2) and (4.3) into the heat equation (3.49), and summing over nj, and nig, the coupling
integral reduces to Adams-Gaunt integrals (5.1) and Elsasser integrals (5.2) giving,

pey (5= - ) ©7 = Q1+ 2 A=pel(30050,) + (10 @sO )]+ rl(sass®r) £ (atsB)

H(tat504)] + [(Sa550-) + (SaT3O1) + (TaS50,) + (TuTs0.))/1i30}
where the temperature-toroidal-poloidal spectral-interaction terms are given by

41%(50050,) = {rPasa®f + 3 (Pa + Ps — 1) (152) Op} Anpy
Amr(ta©504) = —taOpEasy
8712 (50560+) = {2paps[r? Dy (sasp/17) = 250(Dpsp)]
+ (pa +ps — P [I* Dy ((rsa) (rsp)' /r?) — 2(rsa) (rDgsp)’ — 1*(Dasa)(Dpsp)} Aapys
217 (8at30~) = {rD4[(rs8a)ts/r] — (rDasa)'ts — (r5a) (Dgtg) — (Dasa)(rts) } Eapys
87(tat30,) = {=2papptats/r? + (o + ps — P1)[Dy(tats) — 2ta(Dptp) — (rta) (rts)' /r?]} Aasy-
87(SaS504) = (Pa +p5 — Py )(DaSa)(DsSp) Aapy-
2717 (S0T50~) = (DaSa)(rTs) Eapq-
814 (ToT504) = {2papsTaTs + (Pa + pp — o) (rT0) (rTs) Y Aapy-

The dashes denote radial derivatives. The interactions (t4530~) and (T,S30,) have been absorbed into
(sat3B,) and (S.T30.,) respectively.
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6 Hybrid Spectral Forms of the Linearised Equations

The most important results of the paper for use in applications are the hybrid spectral forms of the linearised
momentum, magnetic induction and heat equations derived in this section, namely (6.2)—(6.9), (6.11)—(6.14)
and (6.15)—(6.19). In these hybrid spectral equations the basic state is described mathematically by the
vector fields vg, wg, Bo, Jo, qo := VOy and g., but the perturbation state is given by scalar fields — the
toroidal-poloidal potentials s’, ¢/, S’, T" and the temperature ©’. There may be a perturbed heat source
Q’. The vector fields of the basic state are expanded in vector spherical harmonics and the perturbation
fields in scalar spherical harmonics. The notation vy, = vy™s, , etc, is adopted. Thus vo = Y, v Y, ete.
Spectral forms of the interaction terms are a hybrid of Y-coefficients of the basic state and Y-coefficients of
the toroidal-poloidal potentials and the temperature. In this section the z-axis coincides with the rotation
axis.

The Y-spectral form of the linearised momentum equation is obtained by linearising the Y-spectral
equation (3.12),

0
p(ar - ”Dv>”§ = ~fP(M0,P} =} paegi®(YaYs, Y,)
a,p

+ ) (—pwdvfy — pulvh — p2Qavly + JLBG + JOBS) (Yo x Y5, Y,) . (6.1)
a,B

If toroidal-poloidal representations for both the basic state and the perturbation fields are substituted into
the v/ -equation (6.1), proceeding as in Section 5 yields the linearised forms of the ¢,-equation (5.6) and
the s,-equation (5.8), respectively. Instead, different hybrid spectral forms of the linearised ¢,-equation and
sy-equation are derived by substituting toroidal-poloidal representations only for the perturbation magnetic,
velocity, electric current and vorticity fields, not the basic state fields. The hybrid spectral equations are
structurally more compact with greater redundancy and their use is therefore generally less error prone. The
hybrid ¢, -equation is

)
/)(37_”D7)t/v: D {=pwivpel)+plvgwpeh) + (JOByv,) — (B3 J4v, ) — pae (95050, ) — p2(Quuivl))}
P

(n1y=ny)
(6.2)
and the hybrid s/ -equation is
9 e
p(5evDn ) Dot = 3 (et p(ulel )+ 2Bl (B et ool @50t -2 vt}
a,3,n1
(1=, 1)
(6.3)
The interaction terms in equations (6.2) and (6.3) are
O (W 0psls), niy =nyEt1,n15 =15+ 1;
" (With), Niy =Ny = 1,118 = ng;
() = o) fo(B) (Yo x Y, ) { O (el iy =y Lmas = g (6.4)
wa088%, Niy = Ny, N1g =Nng = 1;
witly, N1y = Ny, N13 = NG;
O (v90pts), My =ny £ 1Lng=ngE1;
(0 Dgsh), mniy =mny, £ 1,015 = ng;
0 7 7N . a’B33)s 1y ¥ > 1B B
VoWgs) = €y ” Y, xYsY 6.5
( a*p 'y) (’y)f (5)( B ’Y) ’Ug@ﬁt/, 7117:”7,711;3:”5:‘:1; ( )
fungs’ﬁ, Niy = Ny, N13 = NgG;
O(J20sSy), niy=n,+1npg=ng+1;
o7(JOT)) niy =Ny £ 1,015 = ng;
JOBLU) = e, Y., xYsY a” Bl R ’ 6.6
EB) = e (Yo x Y5 ¥) P o 7 e = (6:)
JgTé, Niy = Ny, N1g = NgG;
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O (BLIsTY),

N1y :nwil,nw:ngil;

97(B3DgS] =n,+1 =ng;
(BYJ5vl) = en(1)f1(8)(Ya x Yg5,Y,) 0(“5”’m”"” e (6.7)
Bn0sT}, Niy = Ny, Nig = ng £ 1;
BDpsSy, N1y =Ny, N1 = Ng;
967858/5, M1y :n,\,:l:l,nlg Z’I’Lﬁ:l:l;
Qo Ny =N~ = 1,113 = ng;
Qav30) == eo(V) fo(B)NY? y x Y5,Y ’ U A e 6.8
(Qatfis) = o)AV X Yo Yo) § g 0 0 70" 0 T (63)
Qt, Niy = Ny, N1g = Ng.
For the general gravitational acceleration the spectral form is
. D(g50%), niy =ny £1;
(GO 1= e0() (Yo, Yo) £ 0 905 i = (6.9)
gCK ﬁ’ nlry — ’I”L,y.

The buoyancy term for a spherically-symmetric gravitational acceleration does not have a special hybrid

form. The Poincaré force has been omitted.

The Y-spectral form of the linearised magnetic vector potential equation is obtained by linearising the

Y-spectral magnetic vector potential equation (3.34) to give

9
or

a,B

~ D, ), = Y - B (Y x Y Xo) - (V{0407 A,

(6.10)

As in the case of the momentum equation, substituting toroidal-poloidal representations for both the basic
state and the perturbation fields into the A;—equation (6.10) and proceeding as in Section 5 leads to the
linearised form of the S,-equation (5.10) and the T,-equation (5.11), respectively. Hybrid spectral forms of
the Sﬁ,-equation and the T”-equation are obtained by substituting toroidal-poloidal representations only for

the perturbation magnetic and velocity fields into (6.10). This yields the hybrid S’ - and 77 -equations,

0
(ge—n02)si= 3 (RSB - (BuE) (6.11)
a,B
(n1y=n4)
0
<aT - nD7> T,= Y {()B,B,)— (BB} (6.12)
a,B,n1,
(nln,:nj:tl)
The interaction terms in equations (6.11) and (6.12) are
O (v30583), M1y =1yt 1,015 =np + 1;
O (v0T%) N1y = ny £ 1,015 = ng;
0p/ 'y ._ atp)s ot ¥ » 11 B
vyBsB,) =€ Y. xYsY 6.13
(Vg B 'y) B(7) fB(B)( B 'y) vg@;%, iy = Ny, n1g = g £ 1 ( )
ngé, Niy = Ny, N3 = NG;
9"(Bl0ss}s), niy =nyt1nig=ng+1;
7 (BYtl) Ny =Ny £ 1,158 = ng;
BYW,B) :=¢ 2(B) (Yo x Y35, Y a'pr v ’ 6.14
(BB = s )Y x Y Yo { pap P 70 7 e = (6.14)
Bt} N1y = Ny, N3 = Ng.

Finally, the linearised form of the heat equation (3.49) is

0
pcp(aT — kD

where the four interaction terms are

(5458)) i= F(8)(Ya Y57, {0
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03836)’[,, nig = ng = 1;

’I'ng = ng;

7) 0 = Q) + > {—pcy(vads®) — pep(ahvy®L) + pr(vgvOl) + (J9J500) oo}, (6.15)
o,

(6.16)



0 /
qa03sy, mnig=mng=x1;
(qovs0.) == fu(B)(Ya - Y5,Y,) ¢ 0 /ﬂ g Mg B [3. (6.17)
qatﬂv nlﬁ - ’I’L[-},
(vov30)) == (Yo - Yg,Y,)X
2fu(8)[2(0,03)0r 05} + (D1 + P15 — Py )V(0355) /1°] — fu(B)wQDptls, nig =np + 1; (6.18)
2fv(5)[2(arvg)art% + (P1a + P18 — pv)”g t/ﬁ/TQ] - fW(ﬁ)WgDﬁs/ﬁv nig = ng,
using (4.3) and (4.10); and
J205T), mig=ng+1;
JOJLe ) =2 Y. Yy, Y,) 4 tatfts TGS 6.19
(J0564) = 2£5(8) (Y - Y5.75) {JgDﬁs,ﬂ’ o (6.19)

where f, is given following (3.51). The interaction terms in the toroidal-poloidal equations and the heat
equation have the same structure: an equation factor, e,, ep or unity; a field factor, f,, fg, fs, fu or fg;
a coupling integral; and a radial expression, which consists of coefficients of the basic state fields and the
perturbation scalar fields, ¢/, s’, T’, S’ and ©’, and possibly their radial derivatives. There may also be a
parameter depending on the scaling. The structure can be efficiently exploited in numerical implementations
of the spectral equations.

7 Anelastic Spectral Equations

In the anelastic approximation the velocity satisfies V - [p(r)v] = 0, the viscous force in the momentum
equation is F), := V - {pr[Vv + (Vv)T — 2IV - v]} and the viscous heating in the heat equation is Q, =
pr{Vv : Vv + Vv : (Vv)T — 2(V.v)2}. The first condition filters out sound waves. The density p varies
only with spherical radius, except in the buoyancy term, where the density also depends affinely on the
temperature. The density and the pressure are constant strictly only on the equipotential surfaces of the
effective gravitational potential U,, which are deformed from spherical surfaces by the rotation through the
centripetal acceleration. Such deformation is neglected and the density p and the pressure depend only on
the spherical radius r. The parameters v, ag and x may depend on the pressure and hence the density. The
velocity v could be used as a dependent field variable but the momentum density u := pv is preferable, since
it is solenoidal and hence possesses a toroidal-poloidal representation u = T{t} + S{s}. The velocity itself
is generally compressible, V- v = V - (u/p) = u,(1/p)’. The radial dependence of the density implies that
the vector spherical harmonic coefficients of u and v are simply related by u, = pv, and that the anelastic
spectral equations are no more strongly coupled in angle than the Boussinesq equations. Spectral equations
can be derived for a more general density with lateral variations, but they are not considered herein.

7.1 The Momentum Equation

Since pVv = Vu — R'1,u, where R :=In p, the viscous force can be written as
F, = v[V*u—-R'0,u—(R"+3R /r)u—(R'/r)u,x]+ Vv [Vu—R'1,u— Rul, +(Vu)" |+ V(2vR'u,) . (7.1)

It is assumed that the kinematic viscosity is independent of the density as in the case of dense gases (Chapman
& Cowling 1970). Moreover, it may be argued that the laminar viscous force is only important in boundary
layers thin compared to a typical length scale of v, so variation of v with density can be neglected if v is
small. Thus (7.1) reduces to

F, =v[V’u— Rdu— (R"+ 3R /r)u— (R'/r)'u,r] + V(3vR'u,) .

The last two terms can be expressed in terms of the Y-vector spherical harmonic coefficients of u using
Y™ 1, = /n/@Cn+1) Y, Y0, -1, =0and Y7, - 1, = —\/(n—i— 1)/(2n+1) Y™, which are

n,n—1

deduced from (2.7)-(2.9). Thus since u, =Y uql, - Yq,
[ n [n+1
P = mo =4 —u . 7.2
(u )n 2n+ 1un,n 1 2n+ 1un,n+1 ( )
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Using (3.27),

[ n In+1 [ n fn+1
rlr = T mYm]—'r = —u 1 —u —Y" 1 — —Y™
w Z(u )n n ;ﬂ( 2n+1un,n 1 2n+1un,n+1)< on+1 n,n—1 on+1 n,n+1>

Thus
" m_VntD =1
n4+1 mrTl op g mntly T
(ur )0, =10, ny=n (7.3)
nn+1) n+1
_T—Hun’n_l mun7n+1 , N1 =n + 1
and
FY = v[Diyuy — R'Oyuy — (R" 4 3R /r)uy — (R /7) (urr),] + (V%I/R'ur),Y , (7.4)

where (u,T), is given by (7.3) and (V2vR'u,), by (7.2) and the gradient formula (2.13).
Replacing v, by u,/p in (3.12), the anelastic Y-momentum equation becomes

Ouy

ar 7F’1Y/ = 7fp(’y)87P7+Z{[7wau#}7QQQUﬁ7p(an/dT)’I‘[3+JaB/3](YaXYg,Yv)fpa@gz@g(YaYﬁ,Yﬂ/)},

a,B
(7.5)
where FY is given by (7.4) and w,, is related to the vector spherical harmonic coefficients of u, by equations
(3.15)~(3.17) with vy, replaced by u', /p-
From the representation u = T{t} + S{s} and by comparison with (4.1),

m ortsyr, ifng=ntl;
un,nl - f’ti(n7n1) m .
e if ng =n.

Thus similarly to (4.6) the ¢'-equation is e, (n,n) times the uy', -equation. From (7.4),
Eylt = vfy(n,n)[Dpty — ROt — (R" + 3R [r)t)], (7.6)

and the compact anelastic t,-equation is

ot

LD, — RO, — R' 3R /), =
> eoM{(—waup — 2Q0up — p(dQ0/dr)rs + JoBs) (Yo x Y5, Y ) — paegs©s(YaYs, Y,)} . (7.7)
afn

Analogously to (4.12) the anelastic s)'-equation is obtained by applying e,(n,n —1)d;;_; to the u}’, ;-
equation, e,(n,n + 1)0}/,; to the u]’, . -equation and adding. Now (ru,);’ = n(n + 1)s’, so by (3.27),

n,n+ no

(urr)yt,—1 =n(n+1)y/n/(2n+ 1) s7? and (u,r)), 1 = —n(n + 1)y/(n+1)/(2n + 1) s™. Thus the viscous
term is

vD,Dys™ — (n+1)/(2n + 1)0_v[R'0,00 st + (R + 3R /r)o s + (R /) nsi]
—n/(2n + )00 v[R 0,00 7 + (R + 3R/ /r)op s — (R /r) (n + 1)sp]

€y (Tl, n— 1)82—1FZ:7TL’L—1 + Bv(n, n+ 1)az+1FV::7«n+1 =

and the compact anelastic s)'-equation is

/ (3) / /
W _ V{D'YD'V — RO,.D, — <3f —|—2R”> D, — [R(B) +2(R'/r))8, — w 5y =
> eo(M{[~watp — 22up — p(dQ0/dr)rs + JoBgl(Ya x Y5, Y,) = paegi©s(YaYs, Y,)}. (7.8)

a,p

niy=n, £l

In terms of the toroidal and poloidal potentials of u, the vorticity is w = V x (u/p) = S{t/p} +
T{—(V2s)/p—(1/p)'dr(rs)/r}. Hence the toroidal and poloidal potentials of the vorticity w are —(V?s)/p—
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(1/p) 0r(rs)/r and t/p, respectively. The only anelastic toroidal-poloidal interactions which differ from (5.6)
and (5.8) arise from wxu and are thus given by replacing ¢, by to/p and Dysq by (Dasa)/p+(1/p) 0r(rsq)/r
in the spectral interaction terms of w x u. These anelastic interactions, indicated by a subscript a, are

4mpyrp(Saspty)a = —Pg[Dasa — R (154)" /7]53Eapy
(Satﬂtv)a =0
87rpy7”2p(tasﬁt«,)a = {pa(Pa — P — Py)ta(rsp) — pa(Ps — Pa — Dy)p(Tta/p) s} Aapy
Ampyrp(tatsty)a = PatatgEapy-
81Dy p(50555)a = {Dy (Da + Pp = D7) [Dasa — R'(rsa)' [r]ss + [rDasa — R'(rsa)']sj)

+Ps(Pa — 3+ 1y)(rp{[Dasa — R'(rsa)'/1]/p} 55 + [rDasa — R'(rsa)']si) } Aasy-
ATrp(Satssy)a = [Dasa — R (1sa)' /r|t3 Eagys
4pyr°ptaspsy)a = {—(Pa + Pp + Py )tass + (Pa + Ps — D) [rp(ta/p) s + rtasi + 12 p(ta/p) s5]
+ par’tash + par’p(ta/p)"sp} Eapy:
8112 p(tatpsy)a = Py (Pa + Ps — D) tats +7p(ta/p)ts] + Pa(—Pa +ps + py)[rp(ta/p)ts + rtath]} Aasy- -

7.2 The Magnetic Induction Equation

The anelastic forms of the Y-magnetic vector potential equation, the Y-magnetic induction equation and
the compact toroidal-poloidal induction equations are obtained from (3.34) or (3.35)—(3.37), (3.42)—(3.44),
(4.21) and (4.22) by replacing v, with u./p.

There are additional terms in the anelastic toroidal-poloidal spectral-interaction forms of the induction
equation. The toroidal-poloidal representations for u and B imply v x B = u x B/p = (T{t} + S{s}) x
(T{T}+8S{S})/p =T{t/p} x (T{T} +S{S})+S{s} x T{T/p} +S{s} x S{S}/p. The first term implies that
the anelastic terms, (taZ8T5)a, (taT8S)as (taSgTy)q and (t4SpSy)a, are obtained from the corresponding
Boussinesq terms by replacing t, by to/p. The second term implies that (saT5T5)e = (saIp/pTy) =
(saTpTy)/p and (sa13Sy)a = (saTp/pSy) = (saT3Sy)/p. Consistent with these results is equation (4.21),
which implies that the anelastic spectral-interaction form of the poloidal equation is simply (4.21) with the
right side divided by p. Thus (54.5355)a = (50585y)/p. The remaining interaction contains an additional
term,

(8a98Ty)a = (5a55T5)/p — (1/p) {Pasa(rSs) + psSa(rsa)’} Eapq- /47'”"2177 .

7.3 The Heat Equation

The anelastic form of the viscous dissipation term in (1.3) is

Qv = 3pv Z(aivj +0jv; — 26V - v)? = pr{V?v? —2v . Vv — w’ — 2(V - v)?} (7.9)
.
=v/p{V?u® — 2u- V’u — p*w?} — 2vR'{9,(u*/p) — suZ(1/p)'}. (7.10)

Thus from (7.9) the vector spherical harmonic form of the heat equation (3.49) becomes

0
9o (5 = KD )8y = @y Syt + 90120, (a0, (s 5) + (i + 115 =2 s (1)~
o,
+ a0} (Yo - Y5,Yy) = 200{(1/p) 1> D tratirs(YaY3,Yy) . (7.11)
o,

The spectral-interaction form of (7.11) is (5.12) with the following anelastic interaction expansions in place
of the corresponding incompressible interactions,

87120 (865304 )a = {2Papa[r? Dy (sass/r?) — 256 (Dgsg) — 2r°pR' (sas5/1°p) — $(R')?sasg]
+ (pa +ps = P)[r*Dy((rsa) (rsp)' /%) — 2(rsa) (rDpss)’
— 220R(rs0) (rs5) /r2p) — (D — RO, (ra)/r)(Dyss — Ry(rsp)/r)]} Aaps-
271'7‘/)2(804%@7)@ ={rD,[(rsa)'ts/r] = (rDasa)'ts — (rsa) (Dgts) — 2rpR'[(rsa)'ts /o)
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- p[DaSa - R/&»(Tsa)/r](Ttg/p)/}Eagy*
87p* (tatpO~)a = {—2papstats/r? + (Do + Ps — Py) D~ (tats) — 2ta(Dpts) — p*(rta/p) (rta/p) /1°
= 2pR (tatp/p)']} Aapys

and (540860+)a = (5a950,)/p, (ta©30,)s = (ta©pO~)/p. These follow from (7.10) by replacing ¢, by
ta/p and Dyso by (Dasa)/p+ (1/p) 0,(rsq)/r in the incompressible w? interactions of (5.12), and leaving
the other terms unchanged.

8 Conclusions

The most important results of the paper in terms of applications are the hybrid toroidal-poloidal spec-
tral forms (6.2), (6.3), (6.11), (6.12) and (6.15) of the linearised momentum, magnetic induction and heat
equations, and the anelastic extensions of §7. There are effectively only three distinct coupling integrals,
(Yo x Y, Y,), (YoY3,Y,) and (Y, - Yg,Y,). Although the third is simply related to the second by
(3.51), it is simpler to implement the coupling integrals separately. There are only six types of radial ex-
pression containing derivatives, which occur in (6.4)—(6.9), (6.13)—(6.14) and (6.16)—(6.18), namely fo0,f’,
N (fof"), 07 (fo0sf"), foDyf', O (foDsf') and DyD~ f'. These include fo0,f’, fo0,0sf'. Here fo indicates
a known radial expression of the basic state and f’ denotes a coefficient of one of the scalar perturbation
fields s’,t',5’,T',©’. The hybrid spectral equations are in general much easier and less error prone to im-
plement numerically than the toroidal-poloidal spectral interaction form of the equations due the greatly
reduced number of terms over the linearised spectral interaction equations. Only three subroutines, one for
each coupling integral, are needed to implement the angular dependence of all 12 product terms. Further,
even though there are 29 different radial expressions, radial discretisation can be accomplished by a single
subroutine, which discretises just the six distinct types of radial expression. These equations have been
numerically implemented in Ivers and Phillips (2003) for an axisymmetric basic state using second-order
finite-differences for the radial discretisation.

The other main results of the paper are the Y-vector spherical harmonic momentum equation (3.12),
magnetic induction equation (3.42)—(3.44), magnetic vector potential equation (3.34) and heat equation
(3.49), the compact toroidal-poloidal momentum equation (4.7), (4.13) and magnetic induction equation
(4.21), (4.22).

The hybrid spectral equations derived herein can be used with viscous and thermal anisotropic diffusion.
Spectral expansions have been derived in Phillips and Ivers (2000) for general diffusion tensors. Toroidal-
poloidal spectral-interaction expansions have been derived for special cases of rapidly-rotating and strong field
anisotropic diffusion Phillips and Ivers (2001, 2003), which together with the spectral-interaction expansions
of other linear terms derived herein, are useful in time-stepping dynamically consistent dynamo codes (Ivers
2003).

Acknowledgements

References

Adams, J.C., (1900), Scientific Papers, vol.2, p.400.

Backus, G.E., (1958), “A class of self-sustaining dissipative spherical dynamos”, Ann. Phys. 4, 372-447.

Brink, D.M. & Satchler, G.R. (1968), Angular Momentum, 2nd ed., OUP, Oxford.

Bullard, E.C. & Gellman, H. (1954), “Homogeneous dynamos and terrestrial magnetism”, Phil. Trans. R.
Soc. Lond. A 247, 213-278.

Burridge, R. (1969), “Spherically symmetric differential equations, the rotation group, and tensor spherical
functions”, Proc. Camb. Phil. Soc. 65, 157-175.

Chapman, S. and Cowling, T.G., (1970), The Mathematical Theory of Non-Uniform Gases, Cambridge
University Press, Cambridge.

Elsasser, W.M. (1950), “The Earth’s interior and geomagnetism”, Rev. Mod. Phys. 22, 1-35.

Frazer, M.C. (1974), “Spherical harmonic analysis of the Navier-Stokes equation in magnetofluid dynamics”,
Phys. Earth Planet. Int. 8, 75-82.

Gelfand, I.M. & Shapiro, Z.Ya. (1956), “Representations of the group of rotations in three-dimensional space
and their applications”, Amer. Math. Soc. Transl. 2, 207-316.

23



Tvers, D.J. (2003), “A time-stepping dynamically-consistent spherical-shell dynamo code”, ANZIAM J.
44(E), C400-C422.

Ivers, D.J. and Phillips, C.G. (2003), “A vector spherical harmonic spectral code for linearised magnetohy-
drodynamics”, ANZIAM J. 44(E), C423-C442.

Jackson, A. and Bloxham, J. (1991), “Mapping the fluid flow and shear near the core surface using the radial
and horizontal components of the magnetic field”, Geophys. J. Int. 105, 199-212.

James, R.W. (1973), “The Adams and Elsasser dynamo integrals”, Proc. R. Soc. Lond. A 331, 469-478.

James, R.W. (1974), “The spectral form of the magnetic induction equation”, Proc. R. Soc. Lond. A 340,
287-299.

James, R.W. (1976), “New tensor spherical harmonics for application to the partial differential equations of
mathematical physics”, Phil. Trans. R. Soc. Lond. A 281, 195-221.

Jones, M.N. (1970), “Atmospheric oscillations—1”, Planet. Space Sci. 18, 1393-1416.

Jones, M.N. (1971a), “Atmospheric oscillations—I1", Planet. Space Sci. 19, 609-634.

Jones, M.N. (1971b), “Atmospheric oscillations—III”, Planet. Space Sci. 19, 1359-1385.

Jones, M.N. (1985), Spherical Harmonics and Tensors for Classical Field Theory, Research Studies Press,
Letchworth, England.

Landau, L.D. & Lifshitz, E.M. (1959), Fluid Mechanics, Course of Theoretical Physics, Vol. 6, Pergamon
Press, Oxford.

Malkus, M.V.R. (1964), “Boussinesq equations and convection energetics”, WHOI Geophysical Fluid Dy-
namics Notes, Ref. 64-46, Woods Hole Oceanographic Institute, Massachusetts.

Morse, P.M. & Feshbach, H. (1953), Methods of Theoretical Physics, Part 2, McGraw-Hill, New York.

Moses, H.E. (1974), “The use of vector spherical harmonics in global meteorology and aeronomy”, J. Atmos.
Sci. 31, 1490-1499.

Merilees, P.E. (1968), “The equations of motion in spectral form”, J. Atmos. Sci. 25, 736-743.

Oprea, 1., Chossat, P. & Armbruster, D. (1997), “Simulating the kinematic dynamo forced by heteroclinic
convective velocity fields”, Theor. Comp. Fluid Dynam. 9, 293-309.

Pekeris, C.L. & Accad, Y. (1975), “Theory of homogeneous dynamos in a rotating liquid sphere”, Proc. Nat.
Acad. Sci. USA 72, 1496-1500.

Phillips, G.C. (1995), Mean Dynamos, Ph.D. Thesis, University of Sydney.

Phillips, C.G. and Ivers, D.J. (2000), “Spherical anisotropic diffusion models for the Earth’s core”, Phys.
FEarth Planet. Int. 117, 209-223.

Phillips, C.G. and Ivers, D.J. (2001), “Spectral interactions of rapidly-rotating anisotropic turbulent viscous
and thermal diffusion in the Earth’s core”, Phys. Earth Planet. Int. 128, 93-107.

Phillips, C.G. and Ivers, D.J. (2003), “Strong field anisotropic diffusion models for the Earth’s core”, accepted
by Phys. Farth Planet. Int.

Rieutord, M. (1987), “Linear theory of rotating fluids using spherical harmonics, Part I: steady flows”,
Geophys. Astrophys. Fluid Dynam. 39, 163—-182.

Rieutord, M. (1991), “Linear theory of rotating fluids using spherical harmonics, Part II: time-periodic
flows”, Geophys. Astrophys. Fluid Dynam. 59, 185-208.

Swarztrauber, P.N. & Kasahara, A. (1985), “The vector analysis of Laplace’s tidal equations”, SIAM J. Sci.
Stat. Comput. 6, 464—491.

24



