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Model specification of short-range dependent stationary time se-
ries has become a very active research field in both econometrics and
statistics since about two decades ago. In the meantime, estimation
of long-range dependent stationary time series models has also been
quite active. To the best of our knowledge, however, model specifica-
tion of stationary time series with long-range dependence (LRD) has
not been discussed in the literature. This is probably due to unavail-
ability of certain central limit theorems for weighted quadratic forms
of stationary time series with LRD. In this paper we try to tackle
such difficult issues by establishing a nonparametric model specifica-
tion test for parametric time series with LRD. In order to establish
asymptotic distributions of the proposed test statistic, we develop
new central limit theorems for certain weighted quadratic forms of
stationary time series with LRD. In order to implement the proposed
test in practice, we develop a computer—intensive parametric boot-
strap simulation procedure for finding simulated critical values. As a
result, our finite—sample studies show that both the proposed theory
and the simulation procedure work well and that the proposed test
has little size distortion and reasonable power.

1. Introduction. Various specification test statistics based on nonpara-
metric and semiparametric techniques have been proposed and studied ex-
tensively for both independent and short-range dependent cases during the
last two decades. Thus, there is a very long list of research papers in both the
econometrics and statistics literature. Most results can be found from recent
survey papers and manuscripts, such as Tjgstheim (1994), Fan and Gijbels
(1996), Hérdle, Liitkepohl and Chen (1997), Hart (1997), Hérdle, Liang and
Gao (2000), Cai and Hong (2003), Fan and Yao (2003), Fan (2005), Gao
(2006) and the references therein.

Recent studies show that some data sets may display LRD (see Beran
1994; Robinson 1994a; Baillie and King 1996, Anh and Heyde 1999; Robin-
son 2003; Gao 2004; and others). In addition, existing studies (Hidalgo 1997;
Robinson 1997; Csorgd and Mielniczuk 1999; Mielniczuk and Wu 2004; and
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2 J. GAO AND Q. WANG

others) also discuss nonparametric regression analysis of data with LRD.
Recently, some applied researches (Anh, et al 1999; Mikosch and Starica
2004; Gao and Hawthorne 2006) show that some real data in environment
and finance with both LRD and nonlinearities may be modelled by

(1.1) Y, :m(i) +ey,

where m(-) is an unknown and probably nonlinear trend function of time
t, and {e;} is a sequence of time series errors with possible LRD. The key
findings of such existing studies suggest that in order to avoid misrepre-
senting the mean function or the conditional mean function of a long-range
dependent data, we should let the data ‘speak’ for themselves in terms of
specifying the true form of the mean function or the conditional mean func-
tion. This is particularly important for data with LRD, because unnecessary
nonlinearity or complexity in mean functions may cause erroneous LRD.

In order to address such issues, we propose to model data with possible
LRD, nonlinearity and nonstationary using a general nonparametric trend
model. The main objective of this paper is thus to specify the trend by
constructing a nonparametric kernel-based test. Consider a nonlinear time
series model of the form

(12) Y;f:m(Xt)—i_eb t:1727"'7n>

where n is the number of observations, {X;} is either a sequence of fixed
designs of X; = % or independent and identically distributed (i.i.d.) random
designs, m(-) is an unknown function, and {e;} is a long-range dependent
linear process with E[e;] = 0 and 0 < E[e?] = 0% < oo. {X,} and {e;} are
assumed to be independent for all s,¢ > 1 when {X,} is a sequence of i.i.d.
random designs. To achieve our purpose, we will develop a kernel-based test

in this paper for the hypotheses:
(1.3) Hy: m(x) =mg,(x) versus Hj: m(z)=mp (z)+ cnA(z)

for all x € R = (—00,00), where 6y and 6, are vectors of unknown param-
eters, mg(x) is a known parametric function of z indexed by a vector of
unknown parameters, 6, A(z) is a known smooth function, and {c,} is a
sequence of real numbers tending to zero when n — oo. Note that, under
Hj, model (1.2) becomes a parametric model of the form

(1.4) Y = mg, (Xt) + e,

which covers many important cases. For example, model (1.4) becomes a
simple linear model with LRD as in (1.1) of Robinson and Hidalgo (1997)
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TIME SERIES SPECIFICATION 3

when my, (X;) = ag + SoX;. For a given set of long-range dependent data,
the acceptance of Hy suggested by a test statistic may indicate that the
mean function of the LRD data should be specified parametrically. In the
case of the Nile river data as analyzed in Anh, et al (1999), one will consider
using a linear mean function of the form m (%) o + Bo - % if a suitable
test suggests the acceptance of Hy : m(zx) = ag + fo «. Similarly, if a
proper test suggests accepting a second—order polynomial function of the
form m (£) ao + Bo (£) + 70 (%)2 as the true trend of a financial data set
{Y:}, we will need only to difference {Y;} twice to generate a stationary set
of the data.

This paper is organized as follows. The proposed test for the hypothesis
(1.3) will be presented in Section 2.1. To investigate the proposed specifica-
tion test, the limit theorems for the leading term M,,(h) of our test statistics
are investigated in Section 2.2, where

(1.5) M, (h) = Z Z es an(Xs, Xt) ey,

with a, (X, Xy) = K (%), in which K (-) is a probability kernel function
and h is a bandwidth parameter. We mention that for the case where {X;} is
a sequence of either fixed or random designs but {e;} is a sequence of long—
range dependent errors, the problem of establishing limiting distributions for
M, (h) is quite difficult. Because there is an involvement of h — 0 into the
inside of K (-), existing central limit theorems for U-statistics of long-range
dependent processes (see a latest result by Hsing and Wu 2004) are not
applicable. The limit theorems in Section 2.2 therefore are interesting and
useful in themselves. In Section 3, we discuss some important extensions and
applications of the theory established in Section 2. A parametric bootstrap
simulation procedure as well as some resulting properties are established
in Section 4. Section 4 also provides an example to demonstrate how to
implement the proposed test and the bootstrap simulation procedure in
practice. Section 5 concludes the paper with some remarks on extensions.
Mathematical details are relegated to Appendices A and B. Throughout the
paper, we use the symbol a,, ~ b, for lim,_, a,/b, = 1.

2. Asymptotic theory. The test statistic for the hypothesis (1.3) is
proposed in Section 2.1. In order to investigate the proposed test statistic,
some new limiting distributions of weighted quadratic forms of dependent
processes with LRD are developed in Section 2.2. Their proofs, along with
other proofs, are relegated to Appendix A.
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4 J. GAO AND Q. WANG

2.1 Model specification test. Let K be a one-dimensional bounded prob-
ability density function and h be a smoothing bandwidth. When {Y;} is a
sequence of long-range dependent time series, the conventional kernel esti-
mator of m(-) is defined by

LYP K (x_TXt) Y
f(@)

where f(z) = Lyr K (“‘th) is the density estimate of the marginal

(2.1) (z) =

)

density function, f(z), of {X;} when {X;} is a sequence of i.i.d. random
variables. When X; = L, f(z) = L 7 | K (%=1) is a sequence of func-
tions of x. Various asymptotic properties for m(z) have been studied in the
literature. See Robinson 1997, Anh, et al (1999) and others, for example.
One might expect that the non-parametric test statistic for the hypothesis
(1.3) is related to m(z). However, as demonstrated in the model specification
literature for both the independent and short-range dependent time series
cases (Zheng 1996; Li and Wang 1998; Li 1999; Fan, Zhang and Zhang 2001;
Fan and Linton 2003; Gao 2006), there are certain classes of nonparametric
test statistics that have little involvement of nonparametric estimation. One
of the advantages is that both large and finite-sample properties of such
test statistics are much less sensitive to the use of individual nonparametric
estimation as well as the resulting estimation biases. In order to test the
hypothesis (1.3), we therefore propose a kernel-based test statistic of the
form

(22) Mn(h) = Z Z é\s an(XSaXt) gt

for the case where {X;} is a sequence of i.i.d. random variables, where
an(Xs, Xp) = K (¥55) and & = i — mg(X,), in which 6 is a consis-
tent estimator of 6y under Hy. For the case of fixed-design mean with LRD
errors, we also suggest the same form of (2.2) with X; = % As pointed out
earlier, the choice of (2.2), instead of those related to m(x), is mainly be-
cause our experience shows that such a form does not involve biases caused
by nonparametric estimation and thus works well both theoretically and
practically.

We need the following assumptions on the error process {e;}, the kernel
function K (-) and the regression function my(x) for the main results of this
paper.

AssumMPTION 2.1. (i) {e:} is a sequence of linear processes defined by
e = Z;";,oo Yjni—;, where the innovations 7; are i.i.d. random variables
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with E[m] = 0, E[n}] = 1 and E[nj] < oo, and the co-variance (k) =
Eleters] = 252 o ¥tk satisfies that v(0) = Y22 ¢F < oo and
v(k) ~n |k|7%, as k — oo, where A = (a,n) with 0 < a <1 and 0 <n < oo
is a vector of unknown parameters. (i) In addition, we have 1); > 0 and
E[n%] < co.

ASSUMPTION 2.2. Let A = (a, ) be defined as in Assumption 2.1. There
exists some A = (&,7) such that ||\ — \|| = Op(w;,; '), where {w,} is a
sequence of positive numbers satisfying lim,, o wy,/logn = co.

ASSUMPTION 2.3. (i) K(+) is a bounded and symmetric probability kernel
function over the real line R. (ii) There exists some 0 < 3 < «a — % for

3 < a <1 such that K(z) :O<W>.

AssumMPTION 2.4. When {X,} is a sequence of i.i.d. random designs, { X;}
and {es} are independent for all s > 1 and ¢ > 1, and the density function
f(z) of X; is bounded and uniformly continuous.

AssumpTION 2.5 (Random Design). (i) Under the null hypothesis H,

16 — 6o]| = op(n=*/2), where || - || denotes the Euclidean norm. (ii) 0 <
E Hamgigjxl)b:go < oo and there exists a ¢y > 0 such that 6";6(90) is

continuous in both z € R and 6 € ©g, where ©g = {6 : ||0 — 0|| < €0 }.

ASSUMPTION 2.6 (Fixed Design). (i) Under the null hypothesis Hy, ||6 —
fo|| = Op(n~=%/2). (ii) There exists a positive constant Cp, depending on 6
only such that, for all 0 < x <1,

[mg(x) — ma, ()| < Cg, (|60 — Oo]].

Assumption 2.1 (i) is quite general. For instance, the case where {e;} is
a sequence of Gaussian errors is included. Assumption 2.1 (ii) is required to
establish Theorems 2.2 and 2.4 below. The positivity of 1; in Assumption
2.1(ii) may be replaced by less restrictive those like that 1); are eventually
positive. Also notice that it is possible to involve a slow—varying function
into the form of «(k). Since this is not very essential for both our theory
and practice, we use the current Assumption 2.1 throughout this paper. As
for the alternative conditions on the {¢} in this kind of study, we refer to
Cheng and Robinson (1994), Robinson (1997) and Robinson and Hidalgo
(1997).

Assumption 2.2 may be justified for certain wy, like w, = n?/%/logn. See
the discussion for the construction of A in Section 4.

Assumption 2.3(i) is a standard condition on the kernel function. To es-
tablish Theorems 2.2 and 2.4 below, we also need Assumptions 2.3(ii). It
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6 J. GAO AND Q. WANG

imposes some restrictions on o and K(-), but these restrictions are easily
verifiable. For instance, Assumption 2.3(ii) is satisfied when K (-) is either
the standard normal density function or belongs to a class of probability
kernel functions with compact support. Note also that, under Assumption
2.3, Ay < oo where

Ay = /0 /0 /0 Y Y K(z)K(x+y—z)
(2.3) + K(z —2)K(z — y)] dedydz

as shown in Lemma A.6.

Assumption 2.4 is a standard condition in this kind of problem.

Assumptions 2.5 and 2.6 require certain smoothness of mg(x) with respect
to 6 to ensure a certain rate of convergence. Assumptions 2.5(i) and 2.6(i)
may be viewed as a counterpart of the conventional y/n-rate of convergence
in the short-range dependent case. These conditions are satisfied automati-
cally when 0 achieves the conventional v/n—rate of convergence as discussed
in the literature. See for example, Beran and Ghosh (1998). It follows easily
from the proofs of Theorems 2.1 in Appendix A that 16 — 6o|| = op(n=/2)
may be replaced by ||6 — 6g|| = Op(n~°/?) in Theorem 2.1(i). To avoid in-
troducing repetitious arguments, we use current Assumption 2.5(i) for the
statement of Theorem 2.1. Assumption 2.5(ii) basically imposes certain mo-
ment conditions on both the form my,(-) and the design {X;}. Assumption
2.6 is used only for the fixed—design case in Theorem 2.2.

We now state the main results of this paper. Theorem 2.1 considers the
case where {X;} is a sequence of ii.d. random designs. The case where
X = % is discussed in Theorem 2.2. All notation are defined as before. The
proofs of these results are given in Appendix A.

THEOREM 2.1. Suppose that Assumptions 2.1(i), 2.8(i) and 2.4-2.5 hold.

(i) If limy, o0 2= p = 0 and lim,_.oo nh = 0o, then under Hy,

(2.4) Lin(h) =

—p N(0,1) asn — oo,

~ 2
where 53, (h) = 2nh | K2(z)da (L5, F(x0) (L2, @2)
(ii) If lim, oo h = 0, lim, n2=9p = o and Assumption 2.2 hold,
then under Hy,
M, (h)
Gon(h)

(2.5) Lon(h) = —px3(1) asn — oo,
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where x%(1) is the chi-square distribution with degree one of freedom, and

2n2-% i 1 &
Gon () —r 01 4
02 ( )(1—61)(2—01 (0<a<1) 7”L ;

THEOREM 2.2. Suppose that Assumptions 2.1-2.3 and 2.6 hold. Let w, be
given as in Assumption 2.2. If lim, ..o h = 0 hold, lim,,_, wy, h1/2/logn =
oo and nh — oo, then under Hy,

2ot1 2os=1,24 On (s, 1) (€58 — (s — 1))

Ugn(h)
(2.6) —p N(0,1) asn — oo,

f/gn(h) =

where 53,(h) =87 n (nh)?’*ﬁ AX with

[ e -2

+ K(z — 2)K(z — y)] dadydz,
bn(s,t) = K (55%) and

k
= ¢:1| |6z€z+\k\ for |k| < (nh)'/3,

S = i
n|k|~?, for (nh)Y/3 < k| <n—1.

REMARK 2.1. (i) As expected, the limiting distributions of the test statis-
tic M, (h) (under certain normalization) for the hypothesis (1.3) depend on
the value of o and the choice of the bandwidth h. We require 1/2 < o < 1,
together with h=! = o(n) and h = o(n=2(1=®)), in Theorem 2.1(i). By con-
trast, Theorem 2.1(ii) allows 0 < a < 1, but we have to restrict h = o(1)
and A~ = o(n?(1=®), These facts imply that, to make the limiting distri-
bution of M, (k) (under certain normalization) normal, the conditions that
1/2 < a < 1and h = o(n=21=%)) are essentially necessary for the case
where {X;} is a sequence of i.i.d. random designs.

(ii) By tackling the proof of Theorem 2.1(i), routine modifications show
that the conclusion (2.4) also holds under Hy as h — 0 and nh — oo if we
replace Assumption 2.1 (i) by a short-range dependent linear process (that
is, e = > pe oo YkM—k with D22  |1g| < c0). The short-range dependent
cases have been investigated in Li and Wang (1998), Li (1999) and Chapter
3 of Gao 2006. It is interesting to notice that the techniques used in this
paper are different from those mentioned above.
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8 J. GAO AND Q. WANG

(iii) By checking the proofs of Theorems 2.1 and 2.3, we may show that
the conclusions of Theorems 2.1 and 2.3 still hold if we replace the {X;}
satisfying Assumption 2.4 by a sequence of strictly stationary and a—mixing
random variables (under certain conditions). In this case, we need to replace
Lemma A.4 listed in the appendix by a more general one, such as Lemma
B.1 of Gao and King (2005). Since there are no essential differences in the
main steps of the proof but much more technicalities are involved, we focus
on the current {X;} for reading convenience.

(iv) For the fixed-design case of X; = L, we also require 1/2 < o <
1 for the asymptotical normality of M, (h) (under certain normalization)
in Theorem 2.2. Furthermore, the range of the bandwidth A depends on
the accuracy of ||X — A]| = Op(w;'). As it may be justified that w, =
n?/5/logn (see Theorem 4.2), the optimal bandwidth h ~ C'n~V(#+®) in
theory is included in Theorem 2.2. We also mention that the 5 (k) defined
in Theorem 2.2 provides a consistent estimate of v(k) for each fixed k, but
it is not possible to replace Y(k) = 7j|k|=% by F(k) = %Z?;'k' €i€it|k| When
(nh)'/3 < k < n—1 because (A.69) is not true in the latter case. The limiting
distribution of M, (h) (under certain normalization) for 0 < a < 1/2 in the
fixed-design case is an open problem.

(v) As suggested by a referee, it should be possible to establish some cor-
responding results of Theorem 2.1 for the case where both {X;} and {e;}
exhibit LRD. In this case, existing studies (Hidalgo 1997; Csorgd and Miel-
niczuk 1999; Mielniczuk and Wu 2004) in nonparametric estimation have
already shown that while similar techniques would be used to establish and
prove such corresponding results, the corresponding conditions and proofs
are more technical than those involved in the current paper. We therefore
wish to leave such extensions for future research.

In order to motivate the necessity of establishing some limit theorems for
general quadratic forms of dependent processes with LRD, we observe that

Mn(h) = Z Z asan(XSaXt)é\t
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where M, (h) = > 1", Z?:L# es an(Xs, Xt) €4,

Rin(h) = an an(Xs, X0) e (m(Xe) = mz(Xy)) |

>
t=1 s=1,#t

Ron(h) = > 3 an(Xy, X0) (m(X,) = mg(X,)) (m(X0) = mg(X)) .
t=1 s=1,#t

It will be shown in Appendix A below that 2Ry(h) + Ra(h) = op(0iy,) for
i = 1 and 2 under the corresponding conditions of Theorem 2.1. Thus, in
order to prove Theorems 2.1, we need to establish limit theorems for M, (h),
which is a weighted quadratic form of {e;}. Similar arguments also work
for Theorem 2.2. Since such limit theorems are interesting and useful in
themselves, we formally establish them in Section 2.2 below.

2.2  Limit theorems for quadratic forms. As both the conditions and
results for the case of random designs are different from those for the case
of fixed designs, we establish the following two theorems separately. Their
proofs are given in Appendix A.

THEOREM 2.3. Suppose that Assumptions 2.1(i), 2.3(i) and 2.4 hold.
(i) If lim,, o0 209 = 0 and lim,,—oo nh = oo, then
i1 E?:l,;ét es an(Xs, Xi) e
o1n(h)
where o3, (h) = n?hA3,, in which A3, =2~2(0) [ K*(z)dx [ f*(y)dy.

(ii) If limy oo h = 0 and lim, n20=®h = o, then

Z?:l Z?:l,;ét €s an(XSaXt) €t
oon(h)

where oo, (h) = n?~% h Aay, in which As, = (1_03% (f f2(y)dy).

(2.8)

—p N(0,1), asn — oo,

(2.9) —p xX3(1), asn — oo,

THEOREM 2.4. Suppose that Assumptions 2.1 and 2.8 hold. Iflim,, ..o h =
0 and lim,,_..o nh = oo, then

Dt 21,2t On(5,t) (eser — (s — 1))
o3n(h)

where 02, (h) = 8n? n (nh)372% A,, in which A, is defined as in (2.3).

(2.10) —p N(0,1), as n — oo,

REMARK 2.2. (i) Theorem 2.3 extends the existing limit theorems for
both i.i.d. and short-range dependent cases (see Hjellvik, Yao and Tjgstheim
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10 J. GAO AND Q. WANG

1998, Li 1999, and others) to the situation where {e;} is a long-range de-
pendent linear process. Unlike these existing results, our theorem shows
that random functions, the limiting distribution of the random weighted
quadratic forms can be either a standard normal distribution or a chi-square
distribution.

(ii) The related results on quadratic forms of long-range dependent time
series can be found in Fox and Taqqu (1987), Avram (1988), Giraitis and Sur-
gailis (1990), Giraitis and Taqqu (1997), Ho and Hsing (1996, 1997, 2003),
Hsing and Wu (2004), and others. Since the weighted coefficients in these
existing results (see Hsing and Wu 2004, for example) are non-random and
independent of n, they are not applicable for the establishment of Theo-
rems 2.3 and 2.4. Both Theorems 2.3 and 2.4 therefore provide some sorts
of extensions of various existing results.

3. Extensions and applications. This section show that the leading
term of many existing kernel-based test statistics may be represented by
a quadratic form similar to (1.5). Theorems 2.1-2.4 suggest the feasibility
of the corresponding results based on the long-range dependent errors for
these existing test statistics. In order to avoid some repetitious arguments,
we only state some main steps. Further details will be omitted.

3.1. Existing kernel-based tests for conditional mean. A very simple idea
for constructing a kernel test for H is to compare the Lo-distance between
a nonparametric kernel estimator of m(-) and a parametric counterpart. Let
us denote the nonparametric estimator of m(-) by m(:) as in (2.1) and the
parametric estimator of mg, () by m3(-) given by

it Kn(z — Xy)m

(3.1) () = na

0
i Kn(le = X;)

where 6 is a consistent estimator of fy as defined before and Kj,(-) = +K (7).
Hérdle and Mammen (1993) proposed a test statistic of the form

(3.2) Lu(h) = nvh / (i) (@)} wlo)do,

where w(x) is a non-negative weight function. Recall the model (1.4). Under
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Hy, it is readily seen that

0

(v — X3) (e; + moy (Xi) — m~(Xi))}2)

Loa(h) = nvh / ([Z?:1 i w(z)de

n? ()
" & Kp(z — X)) Kp(z — X;)
= n\/ﬁlzljzl </ 2 F2(a) 2 w(:z:)dx) eie;
(3.3) + remainder term,

in which the leading term is similar to (1.5). In a related work, Kreiss,
Neuman and Yao (2002) proposed the following simplified version of Ly (h):

n 2
(3.4) Lpao(h) = n\/ﬁ/ (Z Kp(z — X;) {YZ - mg(Xi)D w(z)dx.
i=1

As an alternative to Ly;(h), Horowitz and Spokoiny (2001) established a
test statistic based on a discretised version of the form

(3.5) Lus(h) = 3 ((X0) — iig(X))

=1

in which {X;} is only a sequence of fixed designs. In order to avoid intro-
ducing a secondary estimation procedure required for estimating o%(-) when
the variance function is not constant, Chen, Hardle and Li (2003) construct
a test statistic based on empirical likelihood ideas. As shown in their paper,
the first—order approximation of their test is asymptotically equivalent to

(3.6) Loa(h) = nh / () — iig(a)] wa)de.

It can be easily shown that all statistics L,j(h),j = 2,3,4 have a similar
decomposition like (3.3) in which the leading term is similar to (1.5).

3.2. Testing conditional mean with conditional variance. Since the main
objective of this paper is to specify parametrically the form of m(-), we
have assumed that the variance or conditional variance ¢? is an unknown
parameter. As can be seen from (1.5), we may easily replace e; by e; =
o(X¢)er with {e;} being a sequence of long—range dependent linear process.
In this case, the leading term of M, (k) in (2.2) becomes

(3.7) Lis(h) =Y Y e o(X,) K (X;Xt) o(Xy) e,
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12 J. GAO AND Q. WANG

which is also a quadratic form of (X, ¢).

3.3. Testing conditional mean in additive form. When X; = (X1, -+, X1q)
in (1.2) is a vector of d-dimensional designs, we may consider a hypothesis
problem of the form

(3.8)
d

d d
H): m(x) = meo (x;) versus Hj: m(x) = Zmigl(a:i) +cy Z Aj(x;),
i=1 i=1 i=1

where each mjg,(-) is a known function indexed by 6y and A;(-) is also a
known function over IR. Various additive models have been discussed in
the literature (see Fan, Hardle and Mammen 1998; Sperlich, Tjgstheim and
Yang 2002; Gao, Lu and Tjgstheim 2006 for example). The construction of
]\/Zn(h) suggests a test statistic of the form:

d
~ Xi — Xit\ =
z‘lIK(Z ; J)Yj,
k=1

h<

(3'9) Ln6(h) = Z

n n
,]:1 1=

1

for the hypothesis (3.8), where V; = (Y, -4, mkva(Xik)) Clearly Lyps(h)
also has a leading term that is similar to (1.5).

As mentioned before, some corresponding results of Theorems 2.1-2.4 may
be established accordingly for L,;(h), 1 < i < 6. Instead of providing some
repetitious arguments and statements about such corresponding results, in
Section 4 below we propose using simulation and implementation procedures
to ensure that the main theory and the proposed test statistic established
in Section 2 are applicable in practice.

4. Simulation and implementation procedures. In this section, we
are interested in the implementation of the proposed test statistics. To do
so, we need to develop our simulation procedure for the choice of a simulated
critical value and then propose an estimation procedure for the parameter
« involved in the proposed test. Section 4.1 establishes a novel simulation
procedure for implementing our test in practice. An estimation procedure
for « is briefly mentioned in Section 4.2. Section 4.3 gives an example of
implementation to check whether the theory works well in practice.

4.1 Simulation scheme and asymptotic properties. In the construction of
simulation, the covariance structure (k) = Ele;e;1x] needs to be replaced
by an estimated version Vj(kf) with A = (&,7) being a pair of consistent
estimators of the pair A = (a,n). We assume the existence of X at the
moment. [ts construction will be briefly mentioned at the end of this section.
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TIME SERIES SPECIFICATION 13

SIMULATION PROCEDURE 4.1: Let T}, (k) be either Ly, (h), Lo (k) or
Lsn(h) as defined in (2.4), (2.5) or (2.6). Let I, (0 < 7 < 1) be the 1 —r
quantile of the exact finite-sample distribution of T, (h). Because [, may not
be evaluated in practice, we suggest an approximate r—level critical value [
to replace it by using the following bootstrap procedure:

e Generate Y;* = mg(Xi) + ef for 1 < i < n, where the original sam-
ple X, = (X1, -+, X,) acts in the resampling as a fixed design even
when the X; are random, {e} is a sequence of stationary LRD Gaus-
sian errors drawn from a stationary LRD Gaussian process with the
covariance structure being given by vy (k) ~ 7 [k

e Use the data set {(X;,¥;*) : 1 < i < n} to estimate by 6* and
to compute T*(h), where T7*(h) is the corresponding version of T}, (h)
under Hy with {(X;,Y;) : 1 < i < n} and (Go,g) being replaced by
{(X;,Y7) :1<i<n} and (6,0%).

e Repeat the above step M times and produce M versions of T *(h) de-
noted by f;m(h) for m = 1,2,..., M. Use the M values of f;m(h)
to construct their empirical distribution function. The bootstrap dis-
tribution of T*(h) given W,, = (X1, -+ , Xn; Y1,-- -, Yy) is defined by
P (T;(h) < z) = P (T;(h) < 2W,). Then let I} (0 < r < 1) satisfy
P*(T;(h) > 1) = r and estimate I, by I}.

REMARK 4.1. In the simulation procedure, we generate a sequence of
bootstrap resamples {e} from a stationary Gaussian process with LRD
even though {e;} may not be Gaussian. As discussed in Li and Wang (1998),
Biithlmann (2002), Franke, Kreiss and Mammen (2002), Horowitz (2003) and
others, we may also use a wild bootstrap to generate a sequence of resamples
for {e}}. Since the proposed simulation procedure works well in Section 5
below, we avoid further discussions in such issues.

To investigate asymptotic properties of [ and T;{(h), we need the follow-
ing assumption.

ASSUMPTION 4.1. (i) Let Hy be false. Assume that either Assumption 2.5
or Assumption 2.6 holds with 6y replaced by 6. (ii) lim, . n%h -3 2 =0
for  <a<land0< fol A?(x)dz < oo, where ¢, and A(x) are as defined
in (1.3).

a

ASSUMPTION 4.2. Let Hy be true. Assume that either Assumption 2.5 or
Assumption 2.6 holds in probability with respect to the joint distribution of
W, when 6y is replaced by 6*.

Assumption 4.1 requires some conditions under the alternative to ensure
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14 J. GAO AND Q. WANG

that T,,(h) has some power. Assumption 4.2 is the bootstrap version of
either Assumption 2.5 or 2.6. We now have the following theorem. Its proof
is similar to Theorems 2.1 and 2.2 and will be outlined in Appendix B.

THEOREM 4.1. (i) If, in addition to the conditions of either Theorem 2.1
or Theorem 2.2, Assumption 4.2 holds, then under Hy,

(4.1) sup [P*(T;(h) < ) = P(T(1) < )| = 0p(1)
and
(4.2) nlLH;OP (Tn(h) > 1) =r.

(ii) If, in addition to the conditions of either Theorem 2.1 or Theorem
2.2, Assumptions 4.1-4.2 hold, then under H
(4.3) nh—{goP(T”(h) >1[7) =1.

Theorem 4.1 shows that the bootstrap approximation works well asymp-
totically. For the independent errors case, Li and Wang (1998) established
a result similar to (4.1). To the best of our knowledge, Theorem 4.1 is new
in this kind of long-range dependent time series specification.

Note that [} is a function of h. A natural problem raised in simulation is
the choice of a suitable bandwidth h. To solve this problem, define the size
and power functions of T, (h) as

(4.4) vn(h) = P (T (h) > 7| Hp true) and (3, (h) = P (T, (h) > | Hy false) .

Clearly, a reasonable selection procedure for a suitable bandwidth is such
that the size function =, (h) is controlled by a significance level, but the
power function f3,(h) is maximized over such bandwidths that make ~,(h)
is controllable. This suggests using an optimal bandwidth of the form
(4.5) Rest = arg max Bn(h) with H, ={h:v,(h) <r}.

Theoretically, we have not been able to study Etest asymptotically. In

Example 4.1 below, we instead combine the proposed Simulation Procedure
4.1 and the Implementation 4.1 below to numerically approximate hest.

IMPLEMENTATION PROCEDURE 4.1: Use ZA;E = l;f(?ztest) as the simulated
critical value to compute the sizes and power values of T}, (htest)-

4.2. LRD parameter estimation. As briefly mentioned at the beginning
of Section 4, we need to estimate A = (a,n) when A is unknown. We now
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give an outline of our estimation procedure. Let u; = Y; — mg(XZ-), wj = 2%

2
and I, (w;) = ﬁ’z;;l use'™i| for 1 < j < N, where N is the number

of frequencies and is chosen as the largest integer part of C ns with some
positive C' > 0. In practice, a data—driven choice of N may be used as
proposed in Robinson (1994b). Introduce an objective function of the form

N

(4.6) Fu(A) = %Z <1Og (B(wss A) + m> ,
j=1 R

where ¢(w; \) is the spectral density function of {u;} satisfying as w | 0,

7 1

(4.7) d(w; ) ~ Ta)s (l—a )wl—a'
o) sin (527

We then estimate A by A = argminy I',()). Define

(4.8) 2= | (aloggi(“” M) (alogng”;A)>wa.

The following Theorem 4.2 establishes an asymptotic consistency result for
A. Its proof will be briefly mentioned in Appendix B.

THEOREM 4.2. Assume that the conditions of either Theorem 2.1 or The-
orem 2.2 except Assumption 2.2 hold. If X1 exists, then

(4.9) A= All = op (logn/n*) .

Theorem 4.2 shows that Assumption 2.2 may be justified for w,, = n2?/? /logn.

4.3. An example of implementation. In this section, we implement the pro-
posed simulation procedure to show how to assess the finite—sample proper-
ties of the proposed test T),(h) through using a simulated example.

EXAMPLE 4.1. Consider a linear model of the form
(4.10) Yi=ao+ BoXi+e, t=1,---,n,

where (ag, fp) is a pair of unknown parameters to be estimated, {X;} is

a sequence of i.i.d. random designs drawn from uniform U[0,1], and {e;}

is a sequence of dependent errors given by e; = 272 b; u;—j, in which

{ug : k =0,£1,---} is a sequence of independent observations drawn from
N(0,1), and bs = ¢(«) |s|_1+Ta for 3 < o < 1, in which ¢(a) > 0 is chosen
such that Efe?] = 1.
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16 J. GAO AND Q. WANG

The parameters ag and [ are estimated by the ordinary least squares
estimators & and . The parameter « is estimated using (4.7). Throughout
2

this section, we use the standard Normal kernel function K (x) = \/%e z.

Since the conditions of Theorem 2.1(i) are satisfied, we can now implement
f/ln(h) in this example. In order to compute the sizes and power values of
Lin(h), we generate {Y;} from

(411) Hy: Y=o+ GoX;+e; or Hjp: }/i:ao—l-ﬁoXi—F’}/gXZ?-{—ei,

where the parameters (g, §y) are estimated by (ap, Bo) under Hy, and the
parameters (0, Bo,Y0) is estimated by the ordinary least squares estimators
(a0, Bo,Yo0) under Hy. When we generate {Y;}, the initial values are oy =
Go = 1 and 79 # 0 is to be chosen for computing power values in various
cases.

We first apply both the Simulation Procedure 4.1 and the Implementation
Procedure 4.1 to find the optimal bandwidth Etest. To assess the variability
of both the size and power with respect to various bandwidth values, we then
consider a set of bandwidth values of the form: h; = % ?Ltest for 1 <i <5.

In order to examine the finite sample properties of the maximized version
of the form:

(4.12) Loy = h:}g}?%ciSE)Lln(h),
we also produce the simulated critical value for each case. To simplify the
notation, we introduce

(413) Ltest = Eln(hQ)

In the implementation of the Simulation Procedure 4.1, we consider cases
where the number of replications of was M = 1000, each with B = 250
number of bootstrapping resamples, and the simulations were done for data
sets of sizes n = 250,500 and 750. The corresponding simulated critical
values, sizes and power values for Lyax and Liegt are given in Tables 4.1 and
4.2 below.

Table 4.1. Simulated size values at the 5% level

[ Observation || Limax | Ltest ‘
H n H size \ critical value \ size \ critical value H
250 0.099 2.087 0.040 1.787
500 0.095 2.091 0.057 1.591
750 0.084 1.928 0.048 1.673
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Table 4.2. Simulated power values at the 5% level

I [ n=250 | =n=50 [ n=70 |
H Yo ‘ Lmax ‘ Ltcst ‘ Lmax ‘ Ltcst H Lmax ‘ Ltcst H
0.10 || 0.132 | 0.132 | 0.122 | 0.123 || 0.237 | 0.236
0.20 || 0.271 | 0.274 | 0.538 | 0.540 || 0.741 | 0.743
0.30 || 0.574 | 0.576 | 0.829 | 0.832 || 0.884 | 0.885
0.40 || 0.814 | 0.815 | 0.897 | 0.901 || 0.987 | 0.990

Table 4.1 shows that the sizes of Liegt tend to converge to 5% when n
increases from 250 to 750. As expected, the power values of the maximized
version Ly.x are always larger than the corresponding sizes of Liest. With
respect to power values, our finite sample results in Table 4.2 show that the
sizes of Liegt in almost all cases are greater than those of Ly ay. This shows
that the selection criterion proposed in (4.4) works well numerically.

5. Conclusion. We have proposed a new nonparametric test for the
parametric specification of the mean function of long-range dependent time
series. Asymptotic distributions of the proposed test for both the fixed and
random design cases have been established. In addition, we have also pro-
posed both the Simulation Procedure 4.1 and the Implementation Procedure
4.1 to implement the proposed test in practice. The finite—sample results
show that the proposed test as well as the two procedures are practically
applicable and implementable. Further topics including how to represent
ﬁtest explicitly are left for future research.
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Appendix A. This appendix provides technical details for the asymp-
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18 J. GAO AND Q. WANG

totic theory in Section 2. Appendix A.l establishes several necessary pre-
liminary lemmas. Appendix A.2 gives the proofs of Theorem 2.3 and 2.4.
Theorems 2.1 and 2.2 are proved in Appendix A.3. Throughout the section,
we denote constants by C,C1, ..., which may have different values at each
appearance.

A.1. Technical lemmas.

LEMMA A.1. Let {e:} be a linear process defined by e; = Z;O__OO Yine—;, where

nj are i.i.d. random wvariables with Elm] = 0, E[n?] = 1 and E[n}] < oo, and
7(0) < oo where y(k) = Eletert] = Z;i_oo Yjvjrk. Then, for all j, k,s and t,

E[ej €k €s et] = (15‘77[1l - 3) Z wj—mwk—mws—mwt—m

m=—0oo

(A1) (= k(s =) +v(F = s)v(k —t) + (5 — t)v(k — s).
In particular, we have that E [6‘11] < 00,

(A.2) |E[e}e] =7%(0)] < CA*( k),

(A.3) [ElZee]| < ChU-R+30 -9 +k-s)],

for all j # k # s, and if in addition ¥ > 0, then for all j, k,s and t,

B [(ejejs —(s)) (exenrte —7(1))] |
(A.4) SCyG—k)y(G—k+s—t)+v(G—k+s)v(—k—1).

PROOF. We only prove (A.1). By (A.1), others are simple. For all j, &, s and ¢,
we may write

(o9}

€5 €L €Es €t Z wj—mwk—nws—gwt—l T Min Mg TNt -

m,n,g,l=—0c0

Recall that 7y, are i.i.d. random variables with E[n;] = 0, E[n?] = 1 and E[n}] < co.
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Routine calculations imply that

E[ej €k €s et] = E77‘11 Z wjfmwszmwsfmwtfm

m=—0o0

+ Z wj—mﬂ)k—md}s—g'lpt—g‘i' Z d)j—mwk—gi/}s—mwt—g

m,g=—o00 m,g=—o0o0

m#g m#g
+ i Vj—mWh—gths—g¥t—m
= (Eni-3) i Vj—mWPk—mPs—mPt—m
(A.5) 90— Kr(s — ) 410G — 11k — )+ 10 — Ok — 5).

This yields (A.1) and the proof of Lemma A.1 is complete.

LEMMA A.2. Let1/2 < a<1and 0 < B < a—1/2. Then for all k > 3 and as
n — 0o,

I = 7// .../ |x1_x2|_a|x2_x3| T
" nk/2 Jy )i 1

(A.G) |332k—1 — $2k|_a|l‘2k — .731|B_1 dxidzs - - dxoy, — 0.

PROOF. Let a(z) and B(x) be integrable real symmetric functions on [—m, 7]
having the Fourier series:

a(z) ~ap + Z k™%cos(kz) and O(z) ~ Bo+ Z kP~ cos(kx).
k=1 k=1
where ag = £ [T a(z)dz and By = * [ B(x)dx. Let R, be a matrix with entries
(Ryn)j,; = ao and (Ry)jk = |j — k|~ for j # k, and A,, be a matrix with entries
(An)jj = Bo and (Ay,);x = |7 — k[P~ for j # k. Let Tr(M) denote the trace of
matrix M. Recall 1/2 < @« < 1 and 0 < § < a — 1/2. Tt is readily seen that, for
each d > 0, as x — 0,

a(z) = O(jz|*17°%) and  B(x) = O(lz|777%).
Now, by noting that a(x) and §(z) have the Fourier coefficients:
r(0) = ao, (k) = [k~ [k| > 1, and a(0)=fo, a(k) = [k|""", [kl >1,

respectively, it follows easily from Theorem 1 of Fox and Taqqu (1987) (The reg-

ularity condition in Theorem 1 of Fox and Taqqu 1987 is not necessary. This has

been mentioned in Giraitis and Surgailis 1990) that for all k > 3,

L, ~ o) Z r(j1 — Jj2) a(j2 — js) - - r(Jok—1 — jok) a(jak — j1)
J1,J25J2e=1

(A7) = (RnAn)k < OmaX{nil/Z,O(N(ﬁia+1/2)k+€)}

vy Tr
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20 J. GAO AND Q. WANG

for every arbitrarily small € > 0. This implies that I,, = 0as 0 < 8 < a—1/2, and
thus completes the proof of Lemma A.2.

In Lemma A.3 below, let {X;,i > 1} be a sequence of i.i.d. random variables
with density function f(x) and set g,(X;, X;) = K (%) - F {K (%)},
(A.8)

910(Xi) = Egn(Xi, X))IXi],  920(Xi, X;) = gn(Xi, Xj) — g1n(X3) — 910 (X).

LEMMA A.3. Let K(x) satisfy the Assumption 2.3(i). If f(x) is a bounded and
uniformly continuous function on IR, then

(A9)  E[K[X~X)/h]] ~ ab,
(A10) Eg,(X1,X2)] ~ E[K2[(X: = X2)/B]] ~ o,
(A11) E (g, (X1, X2)] ~ E[K'[(X: = X2)/B]] ~ cih,

where ¢; = [ K7 (s)ds [ f?(y)dy for j = 1,2,4. Furthermore,
J 0o o]

(A.12) Elg.(X1)] ~ dih?
(A.13) E[g2n (X1, X3) g2n (X1, X4) 920 (X2, X3) gon (X2, X4)] ~ dah?,
where

w1 4 = [ [w- [ Pow] e,

(A15) dy — / / / K(s)K(OK (2 + $)K (2 + t)dsdtdz /_ O; Fy)dy.

PrOOF. We only prove (A.13), as the others are similar. Write

) =B |5 (F22)] 9+ ua)

Recall that g1,(s) = E [gn(X1, X2)| X1 = s] and f(x) is a bounded and uniformly
continuous density function. It is readily seen that, for all (s,t) € IR?,

(s, O < / / K((x —y)/h] f(x)  (y)dady
o [ (L= ]+ ke b
(A.16) < 3hsup f(x).
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This implies that, uniformly for (z,y) on IR,
f(xa y) = £ [an(Xh Z‘) an(le y)]
= [ [KEFH — )] [KETH) = ate] s)as

/_‘:K@;””) K f()ds + R

(A.17) = h/oo K(s)K x_y+s)f(x—|—sh)ds+R1n,

where

Rl = [ oK) s s+ [ sl (50 1) ds

—c0 —00

A9+ [ el )l S5 ds < 15 sup (o).

— 00

It is now readily seen that

E [g2n (X1, X3) g2n X17X4)g2n(X27X3)g2n(X2aX4)] = Ef*(X1, X2)

. h2//K (7X1hX2+s)K(7X1;X2+t)
 f(X1 + sh) f(X1 +th)}dsdt + R,
(A.19) ~ h? ///K K(z+ s)K(z + t)dsdtdx /00 f(y)dy,

where we have used the facts: under the conditions on f(z) and K(x),

X, — Xo
h

¥ +4) (X1 + sh)f (X + th)|

Y

$) K (Y 4 4) £+ sh) (@ + th) £ ()£ (y)dody

B|K( +5) K(

/

(A.20) / K(z+s)K x+tdz/ fy)dy,

and

X;— Xy

- +5) f(X1 +sh)| ds

|Ran| < 301 / K(s)E [K (
+ E[R:,] = O(h").
This proves (A.13), and hence completes the proof of Lemma A.3.

Our next lemma establishes a Berry—Esseen—type bound for random weighted
U-statistics. This lemma is interesting and useful in itself.
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LEMMA A.4. Let {ex, k > 1} be a sequence of i.i.d. random variables. Let {an;;}
be a sequence of constants with an;; = anj; for all n > 1. Let {p,(x,y)} be a
sequence of symmetric Borel-measurable functions such that for allm > 1,

(A.21) E [cpi(el,qﬂ >0, FE[pn(er,€e2)]er]=0.
Then there exists an absolute constant A > 0 such that

sup ’P(B;lSn < x) — <I>(x)| < AB,:‘V5 (AlnEcpﬁ(eh €2) + Az En)1/5,

where S, = Zl§i<j§n anij (€, €5), B = El§i<j§n a%ijEQO%(le €2),

n i—1

(A22) Ay, = Z(Zaii])z, Aoy, = f z”: <§ amkanjkf,

=2 =1 =2 j=i+1 k=1

(A.23) L, Elpn(er,e3) pnler, €1) pn(ea, €3) onlez, €a)].

PROOF. In the proof of Lemma A.4, we omit the subscripts n in a,;; and ¢, for
convenience. Set, for i = 2,3, ....n,

i—1

Zi=Y anplenar), Fi=olen,..e)
k=1

It is readily seen that S, = > .-, Z; and E(Z; | F;—1) = 0,i = 2,3,...,n, by (A.21).
This implies that {5, ;,2 < j < n} forms a martingale sequence. Hence it follows
from Theorem 3.9 with § = 1 in Hall and Heyde (1980) that there exists an absolute
constant A > 0 such that

(A24) sup | P(B;1S, < ) — b(a)| < B3,

where U2 = Y1 , Z? and M,, = >, E[Z}] + E(U2 — B2)~.
Next we will show that

(A.25) M, <10 Ay, Bl (e1,€2) + 4 Agy Lo,

and then (A.22) follows immediately. In fact, by noting B2 = E[U?2],

(A26) M, =) E[Z}|+EU,-By=2Y E[Z!|+2 > E[Z}Z}]- B
i=2 i=2 2<i<j<n

Since the moments E [¢(e;, € ) (€, €x, (€5, €)@(€i, €1,)], in which k, ky, 1,1 ap-
pear only once (not equal to ¢ and j), always equal zero in view of (A.21), we obtain
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readily that, for all ¢ < j,

i-1  j—1

E[Z:Z7] = > Y awairajaj, Elp(e, e)plei e, )ple; €)elej e,)]
k=110 =1

= Y Bl ) o)

i—1
+ 2 Z awaiara B (e ) p(ei, ) p(ej, ex) (€5, )]

k=1
k£l

i—1
+ 2 Z a?kajiajk E [902(61‘7 ex) p(€j, €:) (e, Gkﬂ
k=1
(A.27) = Ry + Raij + Rayj,

where

i—1j—1

Ry = .3 d4a (B [K%(e,e)])’

k=1 =1
£k

i—1
Raij = 22 aikailajkajzE[@(61,63)¢(61,64)@(62763)90(62,64)]
k=1
1—1
|Rsij| < Y ak(3a%, + 2lajia5k]) E [ (e1, €2)]
k=1

1—1
s 4 Za?k (a3 + a}) E [¢*(e1,€)] -
k=1

Similarly, for all 2 <i <mn,

i—1
BZ}] = Y a}Elp" e, e)l+ > aljai B¢ (e, )@ (61, €3)]
j=1 1<j#k<i—1
1—1 2
(A.28) < (Zafj) E [p(er, )]
j=1

By virtue of (A.27) and (A.28), it is readily seen that Y. , E [Z}] < A1, E [¢* (€1, €2)]
and
2 Z E[Z}Z}] < By + 442, Ly + 8 A1 E [0*(e1,€2)] -
2<i<j<n
Taking these estimates back into (A.26), we obtain the inequality (A.25). The
proof of Lemma A.4 is now complete.
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LEMMA A.5. Let {eg, k > 1} be a sequence of i.i.d. random variables with Fe; = 0

and Ee? < oo. Let {anij} be a sequence of real numbers with ani; = anj; and
I|Al? = Zf;:_oo a?m < oo for all n > 1. If there exists an absolute constant

b > 0 such that 1 — ||A||2 > bt with V2 =32 a2, then

4n 1/4
(A.29) P(Sn/Bngx)f<I>(x)‘ < o int)

N Al

where Sy = 3205 anij (€i€; — Bleiej]), By = 2(|JA|* = V?)u3 + V(s — pi3)
with p; = Ele1]?, and A is the infinite matric with a,;; as its (i,j)th element.
The proof of Lemma A.5 follows immediately from Theorem 1.1 of Gotze and

Tikhomirov (2002), together with (2.4) and Remark 1.8 in the same paper. We omit
the details.

LEMMA A.6. Let K(x) be a non-negative symmetric integrable function satisfying
K(z)=0[(1+ |z['*"#)7!], where 0 < 8 < —1/2 and 1/2 < o < 1. Then,

(A30) Ay = / K (x)dr < oo,
0

(A31) A. /// ey~ [Li(z,y, w) + (2, y, w)] dedydw < oo,
0 Jo Jo

and as h — 0,

Ay

1/hp1/hpl/h
/ / / z yia max{wv y} [Il (1[,’, Y, w)
0 0 x

(A.32) + Iy(z,y,w)] dedydw = o(1/h),
where I (z,y,w) = K(w)K(z +y —w) and Iz(z,y,w) = K(w — 2)K(w —y).

PROOF. The proof of (A.30) is easy. We now prove (A.31) and (A.32). Note that
0—2a< —a—1/2< —1, and for any u € IR,

(A.33) / K(w)K (w +u)dw < C/(1 + |u]' 7).
0
It is readily seen that

A

IN

/700/00 2y K(w) [K(w+z —y) + K(w — 2 —y)] dedydw

—a o dxdy
C+Ol// T4z —y[=?

(A.34) < 0+02/ P72 dy < oo,
1

IN
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which implies (A.31). Similarly, it follows from (A.33) and 1+ 8 — 2 < 0 that

1/h p1/hp1/h
A < C’+/ // 2 %Y Y (w+y) K(w)
1 J1
X [K(w+z—y)+ K(w—z—y)| dedydw

1/hp1/h
C+Cy (1/h)? / / x” %y Ydady
1

_|_02 /1/h/1/h —a 1 a dl‘dy
1+ |z —y[—8

(A35) < CH4C3(1/h)*>722t8 = o(1/h),

IN

which yields (A.32). This also completes the proof of Lemma A.6.
A.2. Proofs of Theorems 2.8 and 2.4.

PROOF OF THEOREM 2.3. We may write

Y e [K ((X_hX’)ﬂ = Q%) + Q%) + Q%)

1<i£j<n
where
~ X; — X;
(A.36) W= Z eie; B [K <<Zhj))] ;
1<i#j<n
(A.37) Ngl) = Z €; €5 [gln(Xi) + Jin (XJ)] )
1<i#j<n
(A.38) ~S’2 = Z ei €5 gan(Xi, Xj),
1<i#j<n

where ¢1,(X;) and g2, (X;, X;) are defined as in (A.8). Theorem 2.3 now follows
easily if we prove: whenever h — 0,

(A39)  (Awar®h) QL) —p (D),

(A.40) Ngn) = op (max {nzfa h,n\/ﬁ}) ,
and if in addition nh — oo, then

(A.41) (AranVh) Q) —p N(0,1).

Actually, if h — 0 and vVhn'~® — oo, then @g) an = 0p( 2- O‘h) by virtue
of (A.40) and (A.41). This, together with (A 39) yields Theorem 2.3(ii). Similarly,

if Vhn'=®* — 0 and nh — oo, then @é —|—Q2n = op(nv/h) by virtue of (A.39) and
(A.40). This, together with (A.41), yields Theorem 2.3(i).
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26 J. GAO AND Q. WANG

We now prove (A.39)-(A.41). (A.39) first. By (A.9),

n

(Asan?= B) 1 Q) = (1 + 0p(1 [(dlnzn:eJ d%Zeﬂ,

Jj= j:1

—

where d? = %n%“. It is readily seen that ézg;l e? — 0 a.s. by the

stationary ergodic theorem. This, together with (A.42) and the continuous mapping
theorem, yields that (A.39) will follow if we prove

(A.42) Z e; —p N(0,1).

In fact, by letting v, = Y2/ ¥;—; and recalling (k) = 3772 ¥jt4p ~ nlk| =,
simple calculations show that, Z?Zl ej = E;’;ﬂx} VinTjs

(A.43) iyfn:iy(i—] ) = n7(0 —I—QZn— k)~ d?,

j=—o00 ij=1

and max; |vj,| < vnvY%(0) = o(d,,). Equation (A.42) now follows from Lemma 1
of Robinson (1997). This proves (A.39).
Second, we prove (A.40). In fact, by (A.12), independence of e¢; and X; and (A.3),

E (133)2 = E(Zgln(xi)ei Z ej)2
i=1 1<j#i<n
= [dy h* + o(h?)] ( Z E[efel] + Z E [eZeje] )
1<i#j<n 1<i#k#j<n

IN

C h? [nz Eel+n Z ~(i —j)] < Ch* (n® +n®"%).
ig=1

Thus, equation (A.40) follows immediately from the Markov’s inequality.
Finally, we prove (A.41). Write

2
1 n n
Bi= Y ¢ E[,(X.X)] =5 E[g,(X1, Xa)] - (Z eg) Y

1<i<j<n P —

By (A.10) and the statlonary ergodlc theorem which yields that =7 —

=1 z
Ele?] = 7(0) as. and 13" el — Elef] < oo as., it is readlly seen that as
n — oo

(A.44) 4A2n 2R B2 - 1, a.s.,

where Aj, is defined as in Theorem 2.1(i). So, to prove (A.41), it suffices to show
that

(A.45) 0% /(2B,) —p N(0,1).
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Lemma A.4 will be used to establish (A.45). In fact, by noting that

W2 T e mx)

1<i<j<n

and E[gzn(Xi7 Xj)|ei] =0 for all i # j, it follows from the independence of e; and
X, Lemma A.4, (A.11) and (A.13) that
(A.46)
sup ‘P(Qvg;)/QBn < zley, ..., en) - <I>(x)| < AB;4/5(C4 h Ay, +dsh® Azn)l/s,
x

where A is an absolute constant, ¢4 and ds are defined as in (A.11) and (A.13), and

2 2
n 1—1 n n
2 4 2
A= Y | D (ee)? | <D el | D]
i=2 \j=1 i=2 j=1
2
n—1 n i—1 2
_ 2 2 2
Ay = E E E e;ej e, < E €; €;
i=2 j=i+1 \k=1 1<i<j<n

By the stationary ergodic theorem again, for n large enough,

1 1 4
EAlnng[e‘ﬂ.(E[ef])i’ a.s. and HAgng2(E[e§]) a.s.

This, together with (A.44) and (A.46), implies that, for n large enough,

1

sup ‘P (@;‘j,)/(ZBn) < ey, ...,en) — @(m)’ <C <nh + h>1/5, a.s.

Now, if h — 0 and nh — oo, then

lim sup |P(~§2/(23n) <z)— ®(a)|
< FE [ lim sup |P (@éi)/(an) <z el,...7en> - @(x)” =0.

This proves (A.45), and hence also completes the proof of Theorem 2.3.

PROOF OF THEOREM 2.4. Let

an = K(O) Z?:l 612 and an = Z?:l Z?:Lj;éi €i €j bn(Zaj)
We have that

n

Qn = Qun—EQuu+Qin—EQun= Y (eie; — (i — 7)) bu(is j)
i,j=1

o0

Z ankt (M — E [qemt])

k,l=—o0

(A.47)
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where anp = 377y Vi ki1 bn (i, j) and we have used the facts that Elngn] = 0
for k # 1, En} =1 and

n

S o= Y K <th ) S Giithyon = 3 A=) buliig).

k=—o00 i,j=1 k=—o00 ij=1

By Lemma A.5, in order to prove Theorem 2.4, it suffices to show as n — oo

0 n - EN n
(A48) @ =FQu)
Tn
(A.49) 24P =2 > ay ~ AT,
k,l=—o0
(A.50) V= Z aikk = 0(75)7
k=—oc0
(A.51) Tr(AY) = o),

where 7, = n?>~*h3/2=* and AZ = 8% A, with A, being defined in (2.3). Indeed,
by virtue of (A.49)—(A.51), it follows from Lemma A.5 that

(én - E[én])/Tn —p Ao N<07 1)

This, together with (A.48), yields Theorem 2.4.
In the following, we give the proofs of (A.48)-(A.51). (A.48) first. Recall 1/2 <
a < 1 and (k) ~ n|k|~®. By virtue of (A.2), it is readily seen that

E |:(@1n - E@ln)Q:I = KQ(O)E[Z((E% - Eei):|2
k=1
< O FU-R<CY (n—k (k) <Cn
jyk=1 k=1

o0

This, together with the Markov’s inequality and nh — oo, yields (A.48).
Secondly, we prove (A.49). We have
AP =y Z VikVj—i K( — )
k,l=—0c0 \,j=1

= Z Z ik ps—khr K <in_hj

s—t
v (%)
i,3,8,t=1k,l=—o0 > nh

= i K<in_hj> K(Sn_ht) (i — 8)y(t = ).

i\j,s,t=1
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Write f”(x7y; Z7w) =K (%) K( nh ) + K( nh ) K (w'r:hw
has the following symmetry in its indexes:

)' Clearle fn(777)

fn(z,y; 2,0) = fuly, z; z,w) = fulz,y; w,2) = fuly, z; w, 2).

Also fn(x,y; z,w) = fn(z,w; z,y). By noting that for any function g(x,y) and
symmetric function b(z),

n n—1n—1i
S (i — §)g(i, 5) = b(0) Z (@) + > b(i) [9(, 5 +1) + 9 +1,4)],
i,j=1 =1 i=1 j=1

some algebras show that (noting (k) = v(—k))
21|47 = Z Y(i1 —i2) Y(J1 — J2) fa(ir, i2; jis J2)
i1,42,J1,J2=1

n n—1n—j

— anl,z,j] +4 (0 ZZZ’Y ) fn(iyd; ks g+ k)

i,7=1 i=1 j=1 k=1

n—1 n—i; n—1n—7j

+ 42 Z Z Z ]1 fn(l27ll+l21]27.71 +12)

11=1 i2=1 j1=1 jo=1

(A.52) = Ay, +4A9, +4A3,.

Recalling that K (z) is a probability density function and v(x) ~ n =% for
0 < a<1and x>0, we have that

n—1,n—1,n—x,rn—y
A53) Baun [ [ [ @) fae 5wy + ) dedydzdo,
1 1 1 1

Write g, (z,y) fn * f Y fulz, 2+ 2; w,y +w) dzdw. By the Fubini’s theorem,

n—x m—y—=z
gn(z,y) = / / n(z,x+z;w+ 2,y +w+ z) dwdz
n—y—1 min{n—z,n—y—w}
= / / fn(0,2; w,y + w) dzdw
—(n—z—1)/max{1,1-w}

n—y—1
= / (n—l—max{x,y+w}) (0,25 w,y + w) dw
0
n—zr—1
+ / (n —1—max{x + uny}) fn(0,2; —w,y — w) dw
0
n—1
= / (n — 1 —max{z,w}) fu(0,2; w —y,w) dw
y
n—1
+ / (n—1—max{w,y}) fu(0,2; 2 — w,z +y — w) dw.
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Taking this into (A.53), simple calculations show that if h — 0 and nh — oo, then
n—1,n—1
Agp ~ / 1 V(@) YY) gn(@,y) dzdy
1
n—1,n—1,n—-1
~ 2 [ @@ 1 - maxte,y))
1 1 T
w r+y—w w—2x w—y
K(—)|K|——— K K
{ nh) ( nh > + < nh > ( nh )} dadydw
1/hpl/hp1/h
n (nh)*=2*n? / / / z~ %y~ * (1 — hmax{w, y})

x[K(w)K(@z+y—w) + K(w—2)K(w—y)] dedydw

nn3—2a2 Ooocoox—a—a

et [ ey

x[KwK@+y—w) + K(w—2)K(w—y)]| dedydw
(A54) = 2n(nh)>2n* A, = n(nh)> 2> A3/4,

2

i

where we have used the facts that K (z) is symmetric, A2 < co and (A.32).
By a similar argument, if h — 0 and nh — oo, then

(A.55) Ap, 4405, = O(n®“h?) = o(Asz,).

By virtue of (A.52), (A.54) and (A.55), we obtain the proof of (A.49).
Thirdly, we prove (A.50). Let

h(i, j, 5,t) Z ik ks kik = Z Uk it ks ket

k=—o00 k=—o00
By ¢; > 0 and K(z) > 0, it is readily seen that, for any j > 0, s and ¢,

n

S oh(iyjtist) < Y Uitk Y Gemiprthimirk < ¥(5) Yt — 9).

i=1 k=—o0 i=1
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Therefore, as in (A.52)—(A.54), it follows from (A.30) that

2
oS

Vi o= YDt K (ln_hj>

k=—oco \i,j=1

_ zn: K(in_hj) K(Sn_ht> h(i, j, s,t)

< ;(0) ;gjl K (tht) Wi i 5,1)

S (4) 5 (5 s
< | Kon 23 K () 20| 3 K (S5) 2t
< on (K(0)7(0)3+2 [ eer(5) “ [eer(S) a

(A.56) < OnPRp?2e = o(12)

n

since nh — oo. This proves (A.50).
Finally, we prove (A.51). Tedious but simple calculations show that

o0
TI‘(A4) = Z Anij Angl Anlm Anmi
i.4lm=—o00
o0 n
= > > Vi —i%jo— Vs — Vs =105 =1V s —m g —mVjs—i

i,5,l,m=—o00 j1,j2," ,j7,j8=1

J1—J2 J3 — Ja Js — Je Jr—7J8
XK( m >K< m >K< m )K< nh)

_ i: K(jln_hh)%h_%)m K(ﬁn_hjs) v(js — j1).

J1,d2s e d7,J8=1

Recall that K (z) = O[(1 + |2z[*=#)~!]. Similarly to the proof of (A.49), it follows
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32 J. GAO AND Q. WANG

from Lemma A.2 that,

R = RSN = R

dxidzs - - - drrdxg
o 1/h p1/h 1/h
~ (nh)*=) / / K(x; — z9)|xe — 23]

.137 — X8 |$8 — .131| d$1d$2 d$7dl‘g

1/h p1/h 1/h
O(1) (nh) 4(2- a)/ / / ‘371—3?2‘6 |z — 237

‘.737 - xg‘ﬁ 1 |J,‘8 — l‘1| adxldl‘g cee d.’137dl‘8
= o(1) (nh)*@= (1/h)? = o(1) 7.
This yields (A.51) and thus completes the proof of Theorem 2.4.

A.3. Proofs of Theorems 2.1 and 2.2.

PROOF OF THEOREM 2.1. Note that
(A.57) |n(a*5‘) —1| < |a — &| logn exp{|a — & log n}.

It follows easily from (2.7), Theorems 2.3 and Assumption 2.2 that Theorems 2.1
will follow if we prove

w5 = () [ o
1,]=

(A.59) IS = L3 e o, (X))~ ma(X0) —p 2(0),

n
t=1 t=1

and under the corresponding conditions of Theorem 2.1,
(A.60) 2R1n(h) + Ron(h) = op(oi(h), i=1, 2.

Recall that K (£15%2) ~ b [ f2(2)dx by (A.9). The proof of (A.58) follows
from a standard method and hence the details are omitted. By the stationary
ergodic theorem, £ 377" | €7 — 7(0), a.s. This implies that (A.59) will follow if we
have

n

(A.61) % Z [26t(m90 (Xt) —mg(Xy)) + (mg, (X¢) — mé(Xt))Q} —p 0.

t=1

Since the proof of (A.61) is similar to (A.60), we only prove (A.60) in the following.
For Ve > 0, write Q, = {0 : ||0 — 0o|| < en=/2}. Also, let

Ji(s,t) = K (‘X;Xt> (meo(Xs) —mg(Xs))7

Jo(s,t) = K (X;Xt> (1m0, (Xe) = mz(X.)) (mag(X0) = mz(X0))
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Recall K is bounded and f is bounded and uniformly continuous. It follows easily
from Assumption 2.4 that, under Hy, for all s # s; # t and for n large enough such
that Qn Q 90,

]

IN

E|J2(s,t)I(0 € Qn)] CEn °E [K2< lo—0,

125

X, — Xg)HaWLQ (X1)
]

E |J1(s,t)J1(51,t)|I(§eQn)} < CEnCE {K(X1;X2>K(X1;X3)}

IN

CLe2n “hE

lo=a,

< Cye?n “h,

Ime( Xz Omg(X3)
H |9 % HT|‘9=90

—a 6m9(X1) 2

S GeEnTE |:H80|9—90

< Coelnh%

These facts imply that for any 1 <t <n,
. 2
[ Z Ji(s 0 € )} <Ce(nt~h4n?"2h%) < 2C 2 n?"*h?,

s=1,#t
since nh — oo, and hence by the independence between e¢; and X,

E [R%n(h)f('ée Qn)] - E[Eﬂ:et En: Ji(s,t)1(0 € Qn)r

t=1  s=1,#t

20 > n?~Rh? Z Eles er,) < Cre2n*2h?,

t1,t2=1

(A.62)

IN

where we have used the fact [see (A.43)] that
Z E e et,] = (Z et> < Cn? @,
t1,ta=1

In view of (A.62), Assumption 2.5(i) and the Markov’s inequality, we obtain that,
for Ve > 0 and n sufficient large, (i) if nh — oo and n?=*h — 0, then

P (|R1n(h)| > 61/201n> <P (||§— 0ol| > en_o‘/2>
+ Ce (n2h)1E [R%n(h)f(ée 0,)

(A.63) < P (||§— Ool| > en_(’“/z) + Cn?1=Yhe < O e
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(ii) If h — 0 and n>~*)h — oo, then

P (\Rln(h)| > el/%gn) <P (H'al 0ol| > en*aﬁ)
L Ot p) R [Rln(h)f(é c Qn)}
(A.64) < P(Hg—eoH>6n_a/2)+06§016.

(A.63) and (A.64) yield that Ry, (h) = o(0j,), 1 < j < 2, under the corresponding
conditions of Theorems 2.1. Similarly, by noting

X — XQ)HE)mg (X1)

E |J2(1,2)|I(§eﬂn)} < C’en’C‘E{K(

|9:90

8m9 X2
o[ 2met,,

}

2
M ] < Chen®h,

lo=60

< Cren°hE m

we obtain that for 1 < j < 2 and n sufficiently large,
P(|Ran(B)] = €/205,) < P (11 = 09]| > en=*/2)
(A.65) + CM2(0,0) 2 E [\J2(1,2)|I(56 Qn)} <2,

which implies that Ry, (h) = 0o(0j,) hold for 1 < j < 2. We now prove (A.60) and
hence also complete the proof of Theorem 2.1.

PROOF OF THEOREM 2.2. As in (2.7), under Hy, we may write

ZZb (s,t) (eser — (s — 1))

t=1 s=1,#t
(A.66) = M (h)+2R;,(h) + R3, (h) + Rsn(h),

where My (h) = S0 S0y Ly ba(s,1) [eaer — (s = 1)],

W) = 3D talsnes (mah) - mi).

Bt = 323 o) (ma) i) () - mit).

Ryu(h) = ) bn(s,) (s — 1) = (s — 1))

t=1 s=1,%t
(A.67) = 2) (- 9K (=) [(s) = (s
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It follows easily from (A.66) and Theorem 2.4 that Theorem 2.2 will follow if we
prove

(A68) 2RY (h) + R;n(h) = op Ugn(h)],
(A69) RSn(h) - op 0—377«(}7’)]7
a-\3n(h)

We first prove (A.68). For Ve > 0 and n sufficiently large, write 0y, = {6 :
116 — 6o]| < Con=2/2}, where Cj is chosen such that P (Hg— 6ol| > Co n_a/g) <e.
Since ||6 — 6o|| = Op(n

o) =8 (55°) () = m5(5)

n

—/2) (Cy exists, under Hy. Also, write

(A.71)

It follows easily from Assumption 2.6 that, under Hy,

E( En: J5(s,0)1(0 € an))2 < [||9 021 ( eten] [ f: k(20 ]
s=1,#t s=1,#t
(A.72) < Cn?*°h?

for all 1 <t < n. As in the proof of (A.72),

E [R;‘i(h)f(ée an)} _

(A.73)

IN

2

Zet Z Js(s,)1(0 € Q1)

s=1,#t

ty,t2=1

Cn*n? Z E[es,e1,] < C1n*29R2? = o(a3,(R)?),

since h? = o(h372%) for 1/2 < a < 1. Therefore, for Ve > 0 and n sufficiently large,

PR, (W) = cosa(h)) < P (10— 60]| > Con™/?)

(A.74)

Similarly, we have

P (R, ()]

imsart-aos ver.

+ e 203,(h)2E [R;i(h)f(ée an)} < Ce

> eosn(h))

IN

<

<

2006/03/07 file:

P (11— 6]l > Con™o/?)

+€71 Ugn(h)71 E

[|R;n(h>u<5e )|

e+Cn 2ho~ 3/22 Z (8_t>

t=1 s=1,#t
e+ Ch* 12 < 2
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This, together with (A.74), implies that 2R}, (h) + R, (h) = op [03n(h)], hence we
complete the proof of (A.68).

We next prove (A.69). Write 7, = (nh)'/3. Recalling (A.67), it suffices to show
that

(A7) RE0) = 3K () s~ 2(5)] = o [osn(h)].
n—1

(AT6)  RGI(H) = Y (=K (=) [(s) = ()] = op[osa(h)].
s=m,+1

To prove (A.75), by recalling that Y(k) = %Z::llk‘ €€k for |k| < mp, we may
write

(A.77) R$)(h) = RS (h)+ RS (h) + RS (h)
where
. 2 Tn 8 n—s
Rz(;b) (h) = = Z(” - S)K(*h) (eieits — Feeits),
n s=1 n i=1
(2)+ 2 & B 5\ its, i+ s
&nm-n;msm%ﬁm&&%<n>mﬁn0

R = 23k () Y (ma () - myh)
s=1 i=1
X<m90(z‘;:s) —mg i;s))

Using the same arguments as in the proof of (A.68), we have Réi)*(h) + Réi)*(h) =
op|osn(h)]. As for Rég*(h), it follows easily from (A.4) and 7, = (nh)'/? that

Tn

) ty v
E[Rgz (h)]2 < 4 Z K(%)K(%) Z |E(6iei+s — Eeiei+s)(ejej+t — E6j€j+t)|

s, t=1 i,7=1
o by , ,
< Cn Z K(%)K(%) [Y(@)v(i+ s —t) + (i + s)v(i — t)]
si=1 i=1
i S t
< o 3 KK
s, t=1

< C’nﬂ'i = o[agn(h)},

where we have used the result that, whenever 1/2 < o < 1, 4(0) < oo and (k) ~
k=, Yo" (i +x)y(i —y) < C < oo, for all z,y > 0. These facts, together with
(A.77), yield (A.75).
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In order to prove (A.76), without loss of generality, we assume that v(k) = n |k| ™
for all 7, < |k| < n—1. Otherwise the proof follows from some routine modifications.
We first notice that, whenever A € A, := {\ : [|]A = A|| < Cow; '}, where Cj is
chosen such that P(||5\ =N >C w;l) <€,

(A.78) max

1<k<n 1<k<n

v ]
74\ 1|+ 7] mas

|k|*™ a 1’ < Cw, ! logn.

Therefore it follows from w, h'/?/logn — oo that, for Ye > 0 and n sufficiently
large ,

P[Rgi)(h) > eo3n(h)] < P(Ran(h) > eosn(h), A € Ay) + P([A = A|| > Cow, )
. A(k)
0 YK GEn08 s 15

(k)
< Cw,*h™ Y2 logn4e < Cle,

IN

1’1(5\€An) +e€

which yields (A.76). The proof of (A.69) is now complete.
We finally prove (A.70). Recall (A.57). It suffices to show that Afj;— An =op(1).

In fact, by recalling A, < oo and noting for A € A,,,

sup |(xy)a7d471|S|GMa7d\bgn471|+wefma7d|bgngil|Sgcwugllogn’
1/n<z,y<n

it is readily seen that, for Ve > 0, when A€ A, and n sufficiently large,

AL -4, < e+/ / / (29)"" — (o)~ | [K()K (@ +y - 2)
1/n J1/n J1/n
+ K(z — 2)K(z — y)| dadydz

< e€+C sup |(xy)o‘_6‘ —1] < 2e.
1/n<zy<n

This implies that, for any € > 0 and n sufficiently large,

P(JAX — Ao| > /%) < PIAZ = Ay| > €2, X € M) + P(I[A = A|| > Con™'/?)
< E[AL - Aallsen,) e < et 26

which yields Af*07 — A, = op(1). This proves (A.70) and hence completes the proof
of Theorem 2.2.

Appendix B. This appendix provides technical details for the asymptotic the-
ory in Section 4. Appendix B.1 proves Theorem 4.1. The proof of Theorem 4.2 is
given in B.2. Since the proofs are similar for both the random and fixed designs,
we provide only an outline of the proof in the fixed design situation. In this case,
T,.(h) = Ls,(h).
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B.1. Proof of Theorem 4.1. We first prove (4.1). In view of Theorem 2.2, it suffices
to show that

(B.1) sup |P*(T(h) < z) — ®(x)| = op(1).

As in (A.66), we may rewrite f;’{(h) as

(B.2) Ti(h) = [M*(h) + 2R;5 (h) + Ris(h)],

where M*(h) = 331, 22:1,# bn(s, ) [e ef —7(s — t)],

(k) = Zn: Zn: bu(s, t) € <m5*()_ 5(2))
t=1 s=1,#t
R3,(h) = Z Z bn(s,t) (mbv*(%)—m;(%)) <m§*(2)—mg(2)),

Since {ef} is drawn from a stationary Gaussian process with covariance structure
Y5 (k) ~ 7 [k|~%, similarly to the proof of Theorem 2.4, we have

(B.3) sup | P*

sup (Mft*(h) <)~ @) =op(1).

0'3n(h) -

On the other hand, similarly to the proof of (A.68), for any € > 0,
(B.4) P*(12R55(0) + Ry ()] = cosa(h)) = op(1).

The facts (B.2)-(B.4), together with (A.70), yield (B.1).
We next prove (4.2). In view of Theorem 2.2, it suffices to show that

(B.5) 15 =1, = op(1).

In fact, by recalling the definitions of [ and [, it is readily seen from (B.1) and
Theorem 2.2 that ®(I*)—®(l,) = op(1), which implies (B.5) since ®(z) is a bounded
continuous function.

We finally prove (4.3). In view of (B.5), it suffices to show that under Hy,

h) =
with [, satisfying ®(,) =1 —r 4+ o(1) with 0 < r < 1. In order to prove (B.6), a
n (A.66), under Hy, we may rewrite Ls,(h) as

BT Lan(h) = 55 [Su(h) +2Qua(h) + Qaalh) + Rou(h)],
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where
S.(h) = > balsit) GG — (s — 1)
t=1 s=1,#t
Q) = &3 Y bn<s,t)csA(%>,
t=1 s=1,%t
Qult) = 233 bas)a) A,
t=1 s=1,#t n "

in which ¢, = ¢ + [mg, (£) — mz(L)], and Ry, (h) is defined as in (A.66). Simple
calculations show that

i ~ & [ [

(B.8) ~ C[1+0(1)]c2 ( ) = Cdy o3 (h),

D) AG)AE ) dady

where d,, = c2n® h®~1/2 — oo. By the similar arguments as in the proof of Theorem
2.2, it follows easily that under Assumption 4.1,

(B.9) Sp(h)/osn(h) —p N(0,1),

and Q1,(h) = Op[can=?(nh)?] = 0p[Qa2n(R)]. These facts, together with (A.69)
and (A.70), yield (B.6) since I, is finite for 0 < r < 1. The proof of Theorem 4.1 is
now complete.

B.2. Proof of Theorem 4.2: The first step is to show that as N — oo
(B.10) VN (A=) —=p N (0,571,

where X is a positive definite covariance matrix as in (4.8). The proof of (B.10)
is standard in this kind of problem (see Theorem 2 of Robinson 1995 or Theorem
2.1(ii) of Gao 2004). Tt follows from (B.10) and N ~ Cn*/® that

n2/5

(B.11) (A=) ~

log(n) logn

\/N(X—/\) —>p0,

which implies (4.9). This also completes an outline of the proof.
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