
Measure Theory Problem Set 6 2010

Product Measures

Q43 Let E ∈ ΣX ⊗ ΣY . Show that Ex ∈ ΣY and Ey ∈ ΣX .

Q44 Show that ΣX ⊗ ΣY ⊗ ΣZ = (ΣX ⊗ ΣY )⊗ ΣZ .

Q45 Show that µ× ν × λ = (µ× ν)× λ if all three measures are σ–finite.

Q46 Show that (IRn,Ln,mn) is the completion of

(IRn, L1 ⊗ . . .⊗ L1︸ ︷︷ ︸
n

, m1 × . . .×m1︸ ︷︷ ︸
n

).

Q47 Show that m1 × . . .×m1︸ ︷︷ ︸
n

= mn−k ×mk for all 0 < k < n.

Q48 Define f : IR2 → IR by f(x, y) = x2y.

Show that f is Lebesgue measurable on X = [0, 3]× [1, 2] and that
∫
X f dm2 = 27

2 .

Q49 Define f : [0, 1]2 → IR by

f(x, y) =

{
0, if x = 0 or y = 0,

x−y
(x+y)3

, if x 6= 0 and y 6= 0.

Show that f is (a) not Riemann integrable, (b) Lebesgue measurable, (c) not Lebesgue
integrable.
Also show that the iterated integrals∫ ∫

f dx dy and
∫ ∫

f dy dx

exist.


