
Functional Analysis III/IVH 2009

Problem Set 5

Q1 Let X be a set. Given any collection σ of subsets of X, the collection

{U1 ∩ . . . ∩ Uk | Ui ∈ σ, k ∈ IN} ∪ {∅,X}

defines a basis for a topology on X. Moreover, this is the smallest topology on X

containing σ.

Q2 In the space IRIN of all real sequences with the box topology, the sequence

xm =
( 1

m!
e−mn

)

∞

n=1

does not converge to the zero sequence as m → ∞.

Q3 The map f : IR → IRIN given by f(x) = (x, x, x, . . .) is not continuous at x = 0 if IRIN

is given the box topology.

Q4 Let (Xα, τα), α ∈ A, be a family of topological spaces and X =
∏

α∈A
Xα with the

product topology. Show that the sequence (yn)∞
n=1

⊆ X converges to the limit y ∈ X

if and only if for each α ∈ A, pα(yn) converges to pα(y).

Q5 Let X be a normed space.

(a) Show that (xn)∞
n=1

⊆ X converges in the weak topology to x ∈ X if and only if

f(xn) → f(x)

for each f ∈ X∗. Decide whether a weak limit (if it exists) is unique.

(b) Show that (fn)∞n=1
⊆ X∗ converges in the weak-star topology to f ∈ X∗ if and

only if
fn(x) → f(x)

for each x ∈ X. Decide whether a weak-star limit (if it exists) is unique.

Q6 Recall that if X = c0, then X∗ ∼= l1 and X∗∗ ∼= l∞. Let en = (δkn)∞
k=1

in either space.

(a) Show that (en)∞n=1
converges weakly in X to zero, but that it doesn’t converge

(strongly) in X.

(b) Show that (en)∞n=1
converges in the weak-star topology on X∗ to zero, but that

it doesn’t converge weakly or strongly in X∗.

(c) Show that (
∑

∞

m=n
em)∞n=1

converges in the weak-star topology on X∗∗ to zero,
but it doesn’t converge weakly or strongly in X∗∗.
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