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ABSTRACT. For G a complex reductive group and B < G a Borel subgroup, we provide a
reduction rule for certain weight multiplicities in Demazure modules Vy": given a weight p
on a face of the associated weight polytope Py’, we reduce the computation of the dimension
of the weight space V”(u) to a similar problem of computing the weight space dimension
for a Demazure module of a Levi subgroup of G.

1. INTRODUCTION

1.1. Reduction Rules. For G a complex reductive algebraic group and G’ < G a complex
reductive subgroup, branching problems seek to understand how representations of G restrict
to representations of G’. Classical examples include the study of characters of representa-
tions (for the case G’ = T a maximal torus) and the decomposition of tensor products of
irreducible, highest weight representations (for the case G = G’ x G'). Various formulations
of branching problems have been of central interest in representation theory, and a multi-
tude of algebraic, combinatorial, and geometric tools have been developed to understand
how these restrictions behave.

In this note, we focus on a particular subclass of branching problems, known as reduction
rules. Reduction rules are equalities in branching problems-reducing a computation of some
quantity (a dimension, a multiplicity, etc.) for G-representations to a related quantity in a
G'-representation. To develop reduction rules, two key insights are typically required: first,
how can one recognize (based on data from G) which specific quantities should satisfy a
reduction rule, and second, to what quantities (based on G’) they should correspond.

Many examples of reduction rules appear in the literature, with key motivating examples
being rules for Kostka numbers and weight multiplicities [1], Littlewood-Richardson coef-
ficients [8,9], tensor product multiplicities [13] (and more general branching multiplicities
[12]), and dimensions of conformal blocks [14]. While proofs of each of these results vary, the
reduction rules themselves share many commonalities: first, each reduction is to a similar
quantity for a predictable smaller rank group (often a Levi subgroup of ), and second,
while not always phrased in this language, each quantity amenable to the reduction rule
corresponds to some extremal data for the group G; often these are related to faces of an
ample cone.

1.2. Ample cones and reduction rules. Let X be a projective variety with an action of
G, and L a G-linearized line bundle on X. To this data, one can associate the open locus of
semi-stable points of X with respect to £, X**(L), defined by

X#(L) :={xe X|AN =130 e H'(X, LZ) : () # 0}.

Via the Hilbert-Mumford criterion, existence of semi-stable points can be characterized by

a set of inequalities coming from the G-linearization on £ and cocharacters of G. This
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reinterprets detecting semi-stable points into a problem of convex geometry; by varying the
line bundle £ € PicG(X )& across rational ample line bundles, we arrive at the G-ample cone

ACY(X) = {L e Pic“(X){|X**(L) # @},

which is a pointed rational convex cone.

For the above reduction rules, where X is a flag variety (or related variety), the faces of
the ample cones .ACG(X ) correspond to Levi subgroups of GG, and the reductions correspond
to those L lying on faces of the ample cone. Translation back into representation theory is
then accomplished by classical results like the Borel-Weil theorem and its generalizations.

1.3. Reduction rules for Demazure modules. Taking inspiration from these examples,
we now introduce the focus of this note: namely, we seek a reduction rule for weight multi-
plicities in Demazure modules V*, recalled in Section 2. The ultimate goal is to provide a
condition on pairs of weights (A, u) satisfying dimVy”(u) # 0 that yields an equality of the
form dimVy’(u) = dimV\"*(u) for a Demazure module V\’* for a Borel subgroup By < B
corresponding to a Levi subgroup L € G.

For the first task, we utilize our previous work on weight polytopes of Demazure modules
and their faces F(v,n) depending on a dominant coweight 7 and minimum-length represen-
tative v € W™ (see Section 3). In [3], [4], we used GIT techniques to determine inequalities
governing the T-ample cones of Schubert varieties X,,; by fixing a dominant highest weight
A, one obtains a compact convex polytope Py, the Demazure weight polytope. Consistent
with the current narrative, the faces of these polytopes are themselves Demazure weight
polytopes for a Levi subgroup. The location of the weight p in Py’ relative to the faces
provides us with our desired condition for reduction.

For the second task, we derive a reduction rule for weights p lying on a prescribed face
F(v,n) of a fixed Demazure weight polytope P}’ in two stages. We first use algebro-geometric
techniques, adapting Roth’s proof of the reduction rule for Littlewood—Richardson coeffi-
cients [13], to get an equality of weight multiplicities for the Levi Demazure module and
an “intermediate” Demazure module V). We then use convex-geometric arguments, along
with classical properties of the Demazure operators and the character formula, to show an
equality of weight multiplicities for the intermediate Demazure module V! and V;*. Taken
together, these two results give the following desired reduction rule (cf. Theorem 3.8 in the
text):

Theorem 1.1. Let p be a weight of the Demazure module V' with p lying on the face F(v,n)
of the associated polytope Py’. Then

dimV;* (1) = dimV;" (s,
-1,-1

where L := 0L, 0" is the conjugate of the Levi L, determined by n, wy, := vm,(w™+v) o~
Ap = vr(w™t = v)\, and VyF the Demazure module for the Borel subgroup B, < L.

1

1.4. Outline of the paper. In Section 2, we fix our basic notations and conventions for
algebraic groups, flag varieties and Schubert varieties, and representations. We give only a
brief sketch, and direct readers to [11] for a more comprehensive treatment and references.
In Section 3, we recall the weight polytopes for Demazure modules and their inequalities,
following [3,4], and give a precise statement of the main result of this note, Theorem 3.8.
Sections 4 and 5 taken together construct the proof of this result.
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2. NOTATIONS AND PRELIMINARIES ON DEMAZURE MODULES

2.1. Notation for reductive groups. We will let G denote a connected reductive algebraic
group over C, and we will choose a maximal torus 7" and a Borel subgroup B so that we
have T'c B < GG. We have weight and coweight lattices X*(7T") and X, (7T, with associated
pairing {,) : X*(T) x X,(T) — Z. We write & and ®" for the root and coroot systems
associated to T < G, so (¢, X*(T),dV, X, (T)) is a root datum for G. The choice of Borel
subgroup determines positive roots ®* as well as a base A < ®%; we write A = {ay,...a,}
where the a; are simple roots determined by B. We also have (®¥)* determined by B, with
base (AY) = {ay,...ay}, and the coefficients {a;, o) yield the Cartan matrix associated
to the semisimple group (G, G).

In this paper we will often work with polytopes, so it will be useful to work over Q or
R, rather than work integrally. Thus we consider the rational weight and coweight lattices
X*(T)g = X*(T) ®2 Q and X, (T)g = X.(T) ®z Q. The pairing {,) extends by linearity
to these Q vector spaces, so we have (,)g : X*(T)g x X,(T)g — Q. We will make use of
fundamental weights w; € X*(T){, as well as fundamental coweights x; € X, (T){; these are
determined by

{wi, of Yo = dij
and
(i, ) = 0
respectively.
The dynamical method associates to any dominant coweight 7 a parabolic subgroup

Py :={g e Gllimn(t)gn(t)"" exists}
and a Levi subgroup
Ly :={ge Gt n(t)gn(t)™" = g}.
The roots belonging to P, and the root system of L, are easy to describe; we have
O(P,,T) = {a e Pgl{a,n) = 0}
and
Q, = O(L,,T) = {a € Dg [, ) = 0}.
2.2. Weyl group combinatorics. Associated to G we have the Weyl group
W =Wg = Ng(T)/T

with Bruhat order <. Given w € W, we write w for an element of Ng(T') such so that
w = wT. Our choice of B, and thus of simple roots a; € A, yields a system of simple
reflections S = {s;} © W which generate W under the usual Coxeter relations. We have as
usual a length function ¢ : W — Z>° such that £(s;) = 1. The Weyl group W acts on the
root system, and we write

R(w) :={ae dT|wae —-d};

this is the inversion set of w.
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For dominant coweights 7, we write W, for the parabolic subgroup of W generated by
the reflections {s;} such that o; € ®,. The length function ¢ and Bruhat order descend to a
length function and Bruhat order on W,. We write

W = W/W,

for the set of cosets. Each coset v, has a distinguished representative, called minimum-
length representatives. These can be characterized in the following way: v € W is a minimum
length representative for oW, if

v(®)) © B,

Given w € W and a parabolic Weyl subgroup W, we write 7"(w) for a minimum length
representative of wW,. There exists a unique element u of W), such that w = 7"(w) - u and
(" (w)) + £(u) = £(w). We write m,(w) := u. So given W, and w € W we can always write

w = 7"(w) - my(w)

such that
U(w) = (7" (w)) + £(my(w)).

Finally, we recall the Demazure product. Given v,w € W, the collection of elements
{zqlx < v,q < w} has an element which is maximal with respect to the Bruhat order.
We denote this element by v = w. This element may equivalently be characterized as the
maximum element in the left translated interval v[e, w] or as the maximum element in the
right translated interval [e, v]w. For simple reflections s;, these equivalent definitions yield

S %W = siw,  L(s;w) = L(w) + 1
l w, l(s;w) =L(w)—1

and the equivalent inductive construction of the Demazure product, as follows: if v = v's;
with v < v, then

vew =0 x(s;*w).

2.3. Flag variety geometry. We let X denote the flag variety; due to our choice of B we
can write X = G/B. From now on we assume G is simply connected. We may identify
Pic(X) = X*(T); all line bundles .Z on X are isomorphic to some %), the sheaf of sections
of G xg C_,. Here C_, is the one-dimensional representation of B where T acts via A
and U acts trivially and G xg C_, is the associated bundle construction. Since we have
assumed G is simply connected, we have a unique G-linearization on each .%); in other
words Pic%(X) ~ X*(T). In this work we usually consider T-linearizations; we have the
short exact sequence

0 — X*(T) — Pic"(X) — Pic(X) — 0.

In other words a T-linearization on %) may be specified by an additional character p €
X*(T). An explicit description of the p-linearization on %, is given by

t.[x, 2] = [tx, p(t)z]

for [z, z] a point in G x5 C_,. Via the Borel-Weil theorem, and using the G-linearization
on .4\, we have

HO(X,Q?,\)* ~ V)\
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as G-representations, where V) denotes the irreducible algebraic representation of G with
highest weight A\. We write V) (u) for the u-weight space of V). Twisting the T-linearization
on .2, has the effect of shifting the T-weights on Vj; if L = 2, ® C,, we have

(H°(X, L))" ~ Va(n).

By twisting the T-linearizations we may study any individual weight space V) (i) as a space
of T-invariants.

2.4. Schubert Geometry and Demazure modules. The Bruhat decomposition

G = U BwB
weW

yields a stratification of the flag variety

X = | J BuB/B
weW

by B orbits which are also affine spaces: BwB/B ~ A", We write X,, for this B orbit,
called a Schubert cell. The closure relations among the Schubert cells are given precisely by
the Bruhat order and we write X,, for the closure of )O(u,, these are the Schubert varieties.
While in general not smooth, the X, are known to be normal, Cohen-Macaulay, and have
rational singularities. We write

Tw - Xy — X
for the closed embedding.

Demazure modules are B modules which can be constructed as spaces of sections of
restrictions of line bundles. Let A € X*(T)", we have the Demazure module associated
to (A, w):

V= HY( Xy, it 4)*.
The characters of these modules can be straightforwardly computed via the Demazure

character formula. We have the representation ring R(7") = Z[X*(T')] and to each simple
reflection s; we have a linear endomorphism
x — e %g(x)
Dy(x) = =200
() 1—e
for x € R(T). The Demazure character formula then asserts that for any reduced word
=3 ...s;, for wand A € X*(T)* we have
ch(V*) = D;, 0 Dy, o -+ 0 D;, (e).

In fact, s; — D; is a representation of the Demazure monoid (W, «), with the Demazure
product. In particular, if ¢(s;w) = ¢(w) — 1, then s; * w = w and
D; (ch(Vy")) = ch(Vy").
There is also a universal enveloping algebra description of V). If v, is a nonzero extremal

weight vector in V) (w), then we can describe V¥ as the U(b)-submodule generated by vy,
where b is the Lie algebra of B:

V>\w = U(b).vw,\ c V)\.
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The properties of the Demazure product above can be expressed in the following way. Let
sly o, denote the embedding of sl; into g such that e; — e,,, h; — h,, etc. Then for a reduced
word s;, ...s;, for w, such that s; * w = w,

ch(V*) € R(T)

is in the image of
Rep’¥(sly o) — R/ (sly0,) — R(T).

Said a little less pedantically, ch(V}") is an honest (not virtual) character of sl 4.

3. WEIGHT POLYTOPES FOR DEMAZURE MODULES

We recall in this section, keeping notations as introduced, the construction and properties
of the Demazure weight polytope Py’ associated to the Demazure module V". For a general
T-module M, with T a torus acting semi-simply, understanding the set of weights

wt(M) :={pue X*(T): M(u) # 0}

is a foundational question in representation theory and character theory. As this set is some
collection of points in the lattice X*(7'), a rough approximation of this data can be obtained
by taking the associated weight polytope of M, which is the convex hull convg (wt(M)),
which (for the purposes of this paper) we recognize as a compact, convex polytope in X*(7")q.
Applied to Demazure modules, we get the following objects of central interest:

Definition 3.1. Let V)" be a Demazure module. The Demazure weight polytope Py’ is given
by Py := convg (wt(V}")).

The original interest for Demazure weight polytopes was how close of a “rough approxima-
tion” these were to the character data of the Demazure module V*; this question was posed
in the language of saturation of Demazure characters in [3], with the conjectural equivalence

V() #0 <= pe P n(A+Q).

For irreducible, highest-weight G-modules (corresponding to the w = wy case), this equiv-
alence is a classical textbook result. For general Demazure modules, we proved that this
equivalence holds for G of classical type and exceptional types Fy or Gy [3, Theorem 1.1],
and the third author has checked that this equivalence holds for type Es. Types F; and Eg,
along with a more uniform proof, remain open.

3.1. Faces and Inequalities of Py’. We recall now from [3] and [4] the relevant combi-
natorial and convex-geometric features of Py” which will be of use for the reduction rule of
Theorem 3.8.

As compact convex polytopes can be defined both by their vertices as well as their inequali-
ties, a first pass at understanding the combinatorial structure of Py’ is given by the following
lemma, which appears in [3, Theorem 4.7] but is also implicit in the work of Dabrowski
[7, page 119].

Lemma 3.2. For any A € X*(T)* and w € W, we have

Py = convg ({zA|z < w}).



REDUCTION RULES FOR DEMAZURE MODULES 7

Lemma 3.2 gives that the vertices of the polytope Py’ are determined by a subset of
the extremal weights x\ € X*(T). This description simultaneously connects Demazure
weight polytopes with objects of interest in the literature including pseudo-Weyl polytopes,
generalized Coxeter permutohedra, and Bruhat interval polytopes. The relationship to the
latter will be of note, as the structure of the faces of Demazure weight polytopes shares key
properties with the more familiar Bruhat interval polytopes of the symmetric group.

One immediate consequence of Lemma 3.2 is the following corollary.

Corollary 3.3. Let s € W be a simple reflection with sw < w. Then Py’ is stable under the
action of s: s(Py) = Py.

Proof. Note that by the so-called “Z-property” or “diamond lemma” for the Bruhat order
[2, Lemma 2.5], if sw < w then s ({z : z < w}) = {z : < w}, so the lower Bruhat interval
[e, w] is stable under left-multiplication by s. Then clearly

s(PY) = convg ({sxA: x < w}) = PY.
U

Alternatively, this follows from the fact that if s = s; is the simple reflection associated to
simple root «;, Vy¥ is an sl; ,,-module.

On the other hand, the description of Py in terms of its inequalities was given in [3]
using methods of Geometric Invariant Theory (GIT), via the Hilbert—-Mumford criterion for
semistability. Briefly, given any dominant cocharacter n € X,(T)* and v € W" a minimum-
length coset representative, the Hilbert—-Mumford criterion gives a numerical condition for
checking the semistability of a point z € X,, in the Schubert variety. This in turn yields a
set of inequalities for the possible weights of V\":

pe PYif and only if (A, (w™ = v)n) < (u,vn)

for all choices of n and v as above. In a natural way, we can reduce this list of inequalities
to those which parametrize the facets, by reducing to the case of fundamental coweights
[3, Theorem 6.9].

Theorem 3.4. Let A be a dominant weight and w € W. Then p € Py if and only if, for
every mazimal parabolic P = P; associated to the fundamental coweight x; and v e W, the
mequality

O (w™h xv)ay < (v
holds.

Note that, in the statement of Theorem 3.4 and in the preceding discussion, we could
without change have reduced to the minimum-length representative 7"(w™" « v) € W7 and
7P (w™! « v) € WT in place of (w™! *v) in the inequalities. This change, while not affecting
the inequalities, is useful in understanding the structure of the faces of P}". To this end, we
label arbitrary faces (not just facets) by v and 7 determining these inequalities.

Definition 3.5. Let n € X.(T)" be a dominant coweight, v € W" a minimum-length coset
representative. We denote by F(v,n) the face of Py given by

Flo,n) == {pe Py 7w «v)n) = {u,vn)}.



8 MARC BESSON, SAM JERALDS, AND JOSHUA KIERS

The faces F(v,n) have a rich combinatorial structure, which can be used to identify them
with convex hulls of orbits for lower intervals in parabolic subgroups W, < W' [3, Proposition
7.4], [4, Theorem 10.8]; this also, as is expected by the similarity to the Bruhat interval
polytopes of Tsukerman and Williams [16], demonstrates the philosophy that faces of Bruhat
interval polytopes are themselves Bruhat interval polytopes.

At the representation-theoretic level, the combinatorial identification can be upgraded to
interpret these faces F(v,7) as Demazure weight polytopes themselves. Let L, < G be the
standard Levi determined by the dominant coweight n and B, := B n L, < B its Borel
subgroup. We set L := 0L, 0" to be the conjugate of the Levi by v € W, and note that its
Borel subgroup By, = 0B, v™" € B as v € W". Then V" is canonically a Bi-module. The
following proposition crucially lets us compare a Demazure module for B, and the Demazure
module V¥ for B which recovers the relationship between the face F(v,n) and the polytope
P. We sketch the proof given in [3] for the convenience of the reader.

Proposition 3.6. [3, Proposition 7.9]

Let wy, := v (my(w™" + o) o AL =0 (P (w #v)) A, and let g € [e, w] be the unique
element of the Weyl group such that w™' + v = g 'v. Then every map in the following
commutative diagram is a Bp-equivariant inclusion:

VA“LL > Vi > VW

| l

VAL > V)\
where, in particular, we view V/\“zL and Vy, as Demazure and irreducible highest weight mod-

ules for By, and L, respectively.

Proof. 1t is readily checked that A is a highest weight for the (possibly reducible) L-module
Vi, as By, stabilizes the line spanned by v (77(w™ % v)) " vy. Thus there is an irreducible
L-submodule of V) isomorphic to V), ; this must be the unique such submodule, as

dim Vj (v (77 (w™" = v))_1 A) =1

and L contains the full torus.
Then sitting inside of V), < V) we form the B;, Demazure module V/\“;L; note that

WLAL, = U (Wn(w_l * U))_l v (Wn(w_l % U))_l A
=v(w ! xv) A
= q/\

by choice of ¢ < w with ¢~ 'v = w™! *v. Then V)\“;L is the smallest Bj-submodule containing
g\, hence the smallest Br-submodule of V) containing ¢\, so naturally sits inside the B-
submodule V. Finally, as ¢ < w, V{{ € V. O

1

As a key takeaway from the previous proof, the lowest weight of the B, Demazure module
VyoF is precisely ¢), and is the lowest weight of P}’ on the face F(v,n). An immediate
corollary to this result is the following identification.

Corollary 3.7. [3, Corollary 7.7] Let P\'* be the Demazure weight polytope for the By-
module V;ZL. Then we have an equality of convex polytopes

PR = Flun).
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FIGURE 1. Demazure polytopes for type Bs, highest weight A = p = w; +
wy + wz. The shaded region is for ¢ = s35953515253; the wire frame extends
to the polytope for w = s1535253515253. The face F(s1, 1) corresponding to
n = x1,v = s is common to both polytopes and has been highlighted. The
weight spaces on that face have been emphasized, where a single e stands for
multiplicity one, and each concentric ring indicates an increase in multiplicity
from there.

With all of this in hand, we can now frame our desired reduction rule for Demazure weight
multiplicities. Fixing A € X*(T)" and w € W, let u € X*(T') be such that Vi*(u) # 0, so
that p € Py. Suppose further that u e F(v,n) for some dominant coweight n € X, (7")" and
v e W, in particular, pu € P/{”L L. Our primary result compares the weight multiplicity of y in
Vi? and V)" in two stages, as follows.

Theorem 3.8. Retain all notation as in Proposition 3.6, and let p be a weight of V¥ with
we F(v,m). Then

(1) dim V" (p1) = dim V{!(11), where we view V\*" as a Demazure module for By, and V!
as a Demazure submodule for B.
(2) dim V(1) = dim Vi (u), viewing both as Demazure modules for B.

We construct the proof of these two statements subsequently in the next two sections.

Example 1. Before proceeding with the proof, we fix an instructive example of Theorem
3.8. Let G be the simply-connected group of type Bs (= Spin(7)) and A\ = p = wy + wy + ws.
We set w = $1535253515253 in the Weyl group, and consider the face F(sy,z1) of Py’ where x,
is the first fundamental coweight. Then one can check that ¢ = s35253515253. Figure 1 shows
the polytopes Py and Py’ with their common face F(s1,21) highlighted. Figure 2 isolates
this face as the Demazure weight polytope P;”L L for a Levi L whose semisimple component
is of type By. With respect to this Levi, the highest weight A\, and Weyl group element wy,
correspond to 2w1L + w2L and totqto respectively, where t; = 515951 and t; = s3 are the simple
reflections in the Weyl group of L.
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$25182 (2w + wo)

FIGURE 2. Demazure module of type By with highest weight 2w; + ws and
Weyl group element s5515s.

4. PROOF OF THEOREM 3.8(1)

The proof of Theorem 3.8(1) given in this section is greatly influenced by Roth [13], as will
be clear to any informed reader. We state, where possible, intermediate results in greater
generality than necessary; this is in part to lessen the notational burden and will be connected
precisely back to the setting at hand.

4.1. Embeddings of Schubert varieties. Let P be a (not necessarily standard) parabolic
in G with Levi L such that our fixed maximal torus 7" < G is a maximal torus of L. We
then have an inclusion

WL — W
realizing Wy, as a reflection subgroup of W. We have the flag variety L/By, and for each

element y € Wy, we have the L-Schubert varieties XyL and L-Schubert cells XyL
We first study a family of closed immersions

iL,z : L/BL - G/B
associated to certain elements z € W.

Lemma 4.1. Let L/By, be as above. Consider z € W such that 2~'Bpz = B for any lift
ze L < G. Then the map
iL,z : L/BL - G/B
defined by
lBL — (zB

s a closed immersion which maps L—Schubert cells XyL to closed linear subschemes of )O(yz =
sz In fact, iy, induces an isomorphism XyL ~ BryzB/B =: Y;JLZ

Proof. The algebraic map L — G given by [ + [z induces a map L/B; — G/B: indeed, if
I'=1bfor be By, then 'z = lbz = lzz'bz, and 2z~ 'bz € B by assumption.

The restriction of this map to each Schubert cell BryB; /B induces closed immersions
BryBr/Bp — BryzB/B with disjoint images (injectivity follows from the fact that if v €
R(y™') then v € R(z~'y~!) by assumption on z).
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Therefore iy, , induces an isomorphism of ByyB; /By, onto BryzB/B. O
As an immediate corollary, we have the following:

Corollary 4.2. Let x be an arbitrary element of W and let L, By as above. Consider the
Zariski closure
Y} := BLxB/B
of a By, orbit through xB/B. Then there exists an L-Schubert variety X; and a z € W such
that
Vi =i (X))~ X)

y
Proof. Write x7! = wf(z V) (x~t) e WL - Wy, and set y := (7 (271))"t € Wy and z :=
(rl(z71))~t € W. Then indeed 27! satisfies 271 Bz < B, and yz = x as desired. O
4.2. Action on the Picard group. The map i, : L/By — G/B induces a map i} , on
the Picard groups. We wish to identify the image i} (%)) starting with £} on G/B.

Recall the fibre-bundle construction of the total space of %:

G XB (C_A
where (g,t) ~ (gb, A(b)t) for all b e B.
Proposition 4.3. We can identify pullbacks of line bundles as follows: ij (L) = £5.
Proof. Define a map
L xp, C_,y - GxpC_,
given on coset representatives by
(I,t) = (Iz,1).
This is well-defined due to (Ib, (zA)(b)t) — (Ibz, (2A)(b)t), the latter equal to
(Izz 'bz, (2A) (b)) = (12, \(z71b2) "1 (2N (D)t) = (12, 1).
This identifies the total space of the pull-back i}  (£)) as L xp, C_.,. O

Let .1 . denote the ideal sheaf of iy, ,(L/By) in G/B. Tensoring with %) we have the
standard short exact sequence of sheaves on G/B:

0— I..0 L4 — L — (i) O, @ L\ — 0.
Upon taking cohomology we have the following

Proposition 4.4. We have a short exact sequence

0— HO(G/B,fLZ@g)\) — HO(G/B,X,O - HO(L/BL,Z'ZZX,O — 0.

Proof. First, note that z\ is a dominant weight for L with respect to By, as A is dominant
for G with respect to B, (2A)(b) = A(z7'bz) for any b € By, and z~'bz € B by assumption
on z. Thus HY(L/By,ii . 24\) # 0.

The only other point7 which needs justification is the surjection. We may regard the
morphism H(G/B,%\) — H°(L/Bg, i} ,4£,) as a morphism of L-modules, since £y and
i} .-Z) carry compatible L-equivariant structures. Since the extremal weights (e.g. the lowest
weight) of H(L/By, i} %)) are in the image of the restriction map, we have a nonzero map
of L-modules. Moreover, by the Borel-Weil theorem, H(L/By,i} .-%)) is an irreducible
L-module, thus the restriction map must be surjective. O
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We thus have the following commutative diagram

H°(G/B, £\) —— H°(L/By,i} . 2))

! !

HO(XyZ, g)\) _— HO(XyL, Z;zg)\)

Corollary 4.5. All maps in the above commutative diagram are surjections.

Proof. That the vertical arrows are surjections is a classical result on Schubert varieties. The
top arrow is a surjection by the previous lemma, and this forces the bottom arrow to be a
surjection as well. ]

4.3. Isomorphisms of T-equivariants. Let M be a representation of 7. We write M7T
for the T-invariants. More generally, for £ a character of T', we write M7 for the &-isotypic
component of M. The following lemma is elementary.

Lemma 4.6. The functor M — M7 is exact for M in the category of rational T- modules.
The functor M — M™% is also exact for any character &; taking isotypic components is also
exact on the category of rational T-modules.

In order to compare weight spaces of H°(X,., £) with those in H°(X],i} ,.£)), using
Lemma 4.6 and the surjection of Corollary 4.5 we consider, for judiciously chosen &, the
short exact sequence

0— H(X,., Z (V) X)) @ L) — HY (X, A)° — HUX),if )" —0

Yz
where 7 (Y}, X,.) is the ideal sheaf of iy (X)) = Y} in X,.. As a preliminary step,
we consider a further restriction of these global sections to the dense open cells of the

corresponding Schubert varieties to more easily describe the T-weights which appear. We
collect the following standard lemmas; for reasons which will become clear, for the remainder
of this subsection we denote ¢ := yz € W.

Lemma 4.7. We have T-equivariant isomorphisms BqB/B ~ SpecClz_g, ... 7 g, |, where
B; € ®F satisfy ¢ 1.8 € P, e.g. Bie R(qY).

Proof. We have from [15, Lemma 8.3.6] that BqB/B ~ A®@: all that remains is to investi-
gate the T-weights. Moreover by [15, Lemma 8.3.5] we have a T-equivariant isomorphism
BgB/B =~ Il,erg-1Ua. We have a T-equivariant isomorphism U, =~ SpecClz_,], so we
obtain
BqB/B ~ gerg—)Us
~ Tlgepg—1)SpecClz_3]
~ Spec( (X) Clz_g])
BeR(q1)
~ SpecClz_g,, ... T, |pier(a)-
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Lemma4.8. Let S := {f € R(q")|8 ¢ ®}}. Via the isomorphism BqB/B ~ SpecClz_g, ... x4, ],
the ideal

I =I1(BLgB/B, BqB/B)
whose vanishing locus is BLgB/B is generated by the x_g for f € S.

Proof. The same considerations as the previous lemma lead us to the T-equivariant iso-
morphism BpgB/B ~ HﬂeR(q,l)m(bz Us. This is an affine subspace of A“9 whose ideal is

generated by the x_z such that 8 ¢ R(¢™') n ®}, that is, € S. O
Lemma 4.9. We have a T'-equivariant isomorphism
H()(BQB/B, g)\) ~ C[.?Z,gl, Ce .CU,m(q)] ® (C,q)\.

Proof. Since Pic(A™) = 0, £\|pgs/p is isomorphic to Oy« , and what remains is to keep track
of the T-weights. Since we already have a description of the T-module H*(Bg¢B/B, Op,p/5)
from Lemma 4.7, it suffices to understand the T-weight of 1 € H°(BqB/B,.%)). Recall that
2\ = Sections(G xg C_,). From [6, 6.1.11] we have p : G — G/B and for U an open
subvariety of G/B, a section s € H*(U, %)) is a regular C-valued function 5 on p~!(U) such
that

3(gb) = A(b) - 5(g).

Let U denote the unipotent radical of B, so that U¢B is dense in G. Let 1 be the pullback
p*(1), this is the unique (up to constants) function on UqB satisfying

1(ugb) = A(0)1(g).
for uw e U. A computation nearly identical to that of [6, Lemma 6.1.15] yields
(t-1)(ug) = 1t ug) = 1(t7'q) = Mgt q)1(q) = —(g-\)(¢) - L(ug).

Thus the T-weight of 1 € H°(%UqB/B,%\) is —q\. It follows that the weight of 1 €
H°(BqB/B,.%)) is —q)\; this is just restriction of functions to affine subschemes. O

Lemma 4.10. We have T'-equivariant inclusions

0 — H'(X,,.4) — H(BqB/B, £),

0— H(Y,), £4) — H(BLgB/B, %)),
and
0— H'(X,, 7 (Y}, X,) ® A) - H'(BgB/B,1 ® £)

Proof. We have a filtration of X, by closed subschemes X,, v < ¢, the Schubert cells BuB/B
are affine, and the inclusions i, : BuvB/B — X, are affine morphisms. These conditions
ensure that the cohomology of the global Grothendieck-Cousin complex Cousin{y (%) is
isomorphic to H*(X,,.#), for # € Coh(X,), see for instance [10] or the Appendix of [11].
In particular we have

0 — H°(X,, £,) — Cousin{x ,(£) = H'(B¢B/B, £)).
Mutatis mutandis for H°(Y;", .23), H(X,, 7 (Y}, Xy) ® £)). O
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We summarize the above discussion with the following commutative diagram of rational
T-representations. For display reasons we write A = C[z_g,,...2_g, ] where f; € R(q™").

0 0 0

| | |

0 —— HYX,, 7 (V) X)) ® A) —— HUX,, B) ——— H(VE L) ——— 0

| ! |

0 — HYBqB/B,]® %) — H°(BqB/B, £\) —— H°(B.qB/B, X)) —— 0

0 ——— ({25pes) ®C_p —————— ARC_n ———— A/({z5}pes) ®C_p —— 0.

(4.10)

4.4. Specialization to Theorem 3.8. We finally specialize the results of this section to
their application in proving Theorem 3.8(1). Our Levi L is as before L = 0L, 0! for L, the
Levi of the standard parabolic associated to the dominant coweight n and v € W". Retaining
the notation as in Proposition 3.6, we make the following associations:
z=v(m(w x0)) y=wp =v(m(w T xv)) e

This z satisfies 27 !Bz < B, as

2Bz =aw o)t (vBp ) v(r(w x0) T = 7w xv)Byr(w s v) T € B
since (w1 = v) € W". Further,

-1 -1

=v(v'q) = ¢
+v = ¢ 'v. Thus, we can apply

yz = v(my(w = v)) o o(r (w2 v)) T = v(w

where as before ¢ < w is the unique element such that w™
all of the results of this section to the fixed inclusion

v XiL — X,
Finally, by Proposition 4.3 we see that i*.%\ =~ .Z.\ = %,,. With this in hand, we aim to

prove the following theorem, which is a reformulation of Theorem 3.8(1) into the language
of this section.

Theorem 4.11. Let p be a weight of V' lying on the face F(v,n) of the Demazure weight
polytope P\’. Then
HO(XE A )"~ HY (X, A

wy,?

Before proving this theorem, we give the final preparatory technical lemma which is rele-
vant to this specific setup.

Lemma 4.12. Suppose that 3 € R(q~'). Then v~ > 0.

Proof. First, note that ¢7' v = ¢~ v, since ¢~! * v = max{uv|u < ¢~'} by definition and we
know that w™' v = ¢~'v and ¢ < w. Since by assumption 8 € R(q™'), we have ¢ 'ss < ¢~ '
Thus by the definition of the Demazure product, necessarily

q_lsgv < q_lv.
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We rewrite this as

g to(vlsg) < g M.
But this means that the root ¢~'v (v™'3) has opposite sign from the root v='3. Since
g'B < 0, the result follows. O

Lemma 4.13. Let v € Z®;. We then have ({z_p}pes) @C_gn )T~ 2PL = 0. We thus have
1somorphisms of weight spaces

HO(B(]B7$>\)T,—Q)\+Z‘I’L ~ HO(BLQB/B,,,%)\)T’_(]AJFZ@L,

Proof. A nonzero weight vector in ({z_g}ges) ® C_qx) has weight —gA —> 5 g1y a8, with

ag € Z7° such that at least some 3 € S has ag # 0. So we must show that weights
—ZBER(q_1)aﬁﬁ such that ag # 0 for some 3 € S are not in Z®;. After acting by v,
®;, becomes the root system of the standard Levi L,. By 4.12, acting by v~! transforms
B € S into positive roots, which are not roots of the standard Levi L, by definition of S.
In particular we have (n,v™! ZﬁeR(q,l) agf)y > 0, as long as ag > 0 for some [ € S, whereas

n, 2, ) = 0. 0J
Proof of Theorem 4.11. Consider the short exact sequence

0 — HO(X, 7 (Y, X0) @ )0 — HO(X,, 2) 0 — HO(XE,, 2,)7" =0

wy
as in the discussion following Lemma 4.6. We will show that
HY(X,, (Y}, X) @ L)+ =0.
By Lemma 4.10, we have an injection
0— H(X,, (Y}, X)) @ )" " — H(BqB/B,I @ )" .
As —p € —q\ + Z®Py, by Lemma 4.13, the desired vanishing follows, and thus
HOXE AN~ H (X, A)

wr,?

5. PROOF OF THEOREM 3.8(2)

We now construct a proof of the second part of Theorem 3.8, to compare the multiplicities
V¥(p) and Vi (u) for p e F(v,n) and the specific ¢ < w as constructed. Note that in many
cases, we can have that ¢ = w in which case this second equality is unnecessary. As a special
case of interest, this happens when v = e € W", as then w™! * v = w~!. Thus, for the
remainder of this section, we assume that e # v € W, so that [(v) > 1.

To this end, fix for the remainder of this section s; a simple reflection such that s;v < v;
in particular, v"ta; < 0. We record a few preparatory lemmas.

Lemma 5.1. (v"'a;,n) < 0.

Proof. Since v~'a; < 0 and 7 is dominant, we must have (v"'a;,n) < 0.

If we had equality, then setting v := v~!a; would give that + belongs to the sub-root
system @, of roots orthogonal to 1. But the root v is a negative root, so v(—y) would be a
positive root, as v € W". But of course v(—7v) = —q; is not a positive root. U

Lemma 5.2. If u + ka; belongs to Py, then k < 0.
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Proof. If pu+ ka; € PP, then we must have (\, (w™ = v)n) < (u+ ka,vn). Since p € F(v,n),
A, (w™h s v)m) = {p, vm), so that
0< k<vilai7 77>

Lemma 5.1 now yields the result. 0

For this same k, we also have the following lower bound, which follows from [3, Lemma
4.5] and [3, Corollary 4.6].

Lemma 5.3. If u+ ko € Py, then k > —(u, o).

Proof. First we argue that (i, o) > 0. Indeed, by [3, Lemma 4.5] we can write

W= Z buuA,

u<w
ula; >0

where each b, > 0. Then we have
(byuX, o))y =0

on account of the positivity of ™', the dominance of A, and b, = 0. Thus, (i, ;) = 0.

It is now equivalent to show that s;u < p + ko < p in dominance order. If s; Py = Py
then this is trivial, since the a;-string through p contained in the polytope is preserved under
si, and s;p € Py’ must be the “other” end of this string opposite to .

Otherwise, we let 1" to be the other end of this string—that is, y” = p + k", with k”
minimal such that p” € P{”. Then we have in this case that Py” < Py, and by [3, Corollary
4.6] p is still the maximal endpoint of the a;-string inside Py, we have s;u € Py™ and thus
sijt < p” < p by the previous case. O

Proposition 5.4. The multiplicity of v in ch(Vy) coincides with the multiplicity of s;u in
D (ch(Vy?)) = ch (V™).

Proof. If s;w < w, then this is trivial since D; (ch(V")) = ch(V}*) and s; (ch(Vy")) = ch(V})
by the sl, ,, module structure.

Otherwise, we have w < s;w. Write ch(V}”) = > ¢,e”. As in the proof of Lemma 5.3,
note that {u, ) = 0. By definition, the action of the Demazure operator D; on a term e”
is given by

N el 4+ eV % ... 4 esi'/, for <7/, 05;/> = 07
v 1_ e O[ZS’L v ;
DU) = G ¢ =0 for ;o) = -1,
_(ey+ai_|_..._|_esi’/_ai), for <V7a7,y>< -1

Consider the string S = (u+ Za;) N P{. By the Lemmas 5.2 and 5.3, its maximal element
is p, and its lowest element is p — kooy for some ko > —(p, o). Let T = (p + Za;) n Py
Note that T is the set {s;u, s;pt + v, ..., — oy, u}. It is straightforward to check that the
result of the action of D; as above on the part of the character supported on § satisfies that
only D;(e*) can produce any terms of the form e*# and there are no further cancellations.

From this we see that the coefficient of s;u (and also still of p) in ch(Vy™) is ¢,, as
desired. U

Lemma 5.5. In Py, s;u lies on the face F(sv,n).
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FI1GURE 3. Demazure polytope for type Bs, highest weight A\ = p = w; +
wy + w3 and w = $1535953515253. Note that s;=w = w. The face corresponding
to n = x1,v = s1 is highlighted in orange, while the face corresponding to
1n = x1,v = e is highlighted in blue. The two faces and their weight spaces are
in bijection via s;.

Proof. We need just check that
N ((sixw) ™ = (s0))m) = (sip, (si0)1)

The Weyl group element on the left side simplifies to w™" * s; * (s;v) = w™' = v. The

right simplifies to {u,vn); this is just the original equality for p € F(v,n) which holds by
assumption. U

Theorem 5.6. Let p€ F(v,n) in PY. Then the multiplicity of u in ch(Vy") coincides with
the multiplicity of v="'p in ch(Vy¥™ *¥). Moreover, vy lies on the face F(e,n) of Py *v.

Proof. We proceed by induction on ¢(v). The case £(v) = 1 is given by Propsition 5.4.
Write v = s;u, so s;v = u < v. Again by Proposition 5.4 we have that the coefficient
of e# in ch(V}") coincides with the weight of e®# in ch(V"*"); and, s;u belongs to the face
corresponding to F(u,n) on Py by Lemma 5.5.
Applying the induction hypothesis to s;u € F(u,n) in Py, we get that the multiplicity
of s in ch(V7*™) coincides with the multiplicity of u=ls; = v~ in ch(Vy* *#*) =
ch(Vy™'*) and u~ls;u = v~ 1p1 belongs to the face F(e,n) on P *0 — pylsw, O

Example 2. Continuing with the example in type Bs with A = p, w = 5153525351253,
v = 51, and 1 = x1, Figure 3 illustrates that the portion of the character of V" on the face
F(v,n) is identified, via multiplication by v~!, with the portion of the character of Vf_l*w
on the face F(e,n). This illustrates Theorem 5.6.

Although not shown in the diagram, the same is true for the portion of the character of
VI on that same face. Hence the multiplicities along the face are the same for Vi and VY,
which is the final argument in the proof of Theorem 3.8(2).

The proof of the second part of Theorem 3.8 is now an easy observation following from
Theorem 5.6.
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Proof of Theorem 3.8(2). Recall that ¢ is the unique Weyl group element in the Bruhat

interval [e,w] such that w™ «v = ¢~

'v. Fix pu a weight on the shared face F(v,n) of Py

and P{. Since v~ ¢ = v~! « w by this judicious choice of g, Theorem 5.6 gives that the

multiplicity of v in ch(Vy**) = ch(V}’ 71*‘]) coincides respectively with the multiplicity

of pin ch(Vy") and ch(VY); the latter multiplicities are thus equal, as desired. O
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