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Abstract. For G a complex reductive group and B Ď G a Borel subgroup, we provide a
reduction rule for certain weight multiplicities in Demazure modules V w

λ : given a weight µ
on a face of the associated weight polytope Pw

λ , we reduce the computation of the dimension
of the weight space V w

λ pµq to a similar problem of computing the weight space dimension
for a Demazure module of a Levi subgroup of G.

1. Introduction

1.1. Reduction Rules. For G a complex reductive algebraic group and G1 Ď G a complex
reductive subgroup, branching problems seek to understand how representations of G restrict
to representations of G1. Classical examples include the study of characters of representa-
tions (for the case G1 “ T a maximal torus) and the decomposition of tensor products of
irreducible, highest weight representations (for the case G “ G1 ˆ G1). Various formulations
of branching problems have been of central interest in representation theory, and a multi-
tude of algebraic, combinatorial, and geometric tools have been developed to understand
how these restrictions behave.

In this note, we focus on a particular subclass of branching problems, known as reduction
rules. Reduction rules are equalities in branching problems–reducing a computation of some
quantity (a dimension, a multiplicity, etc.) for G-representations to a related quantity in a
G1-representation. To develop reduction rules, two key insights are typically required: first,
how can one recognize (based on data from G) which specific quantities should satisfy a
reduction rule, and second, to what quantities (based on G1) they should correspond.

Many examples of reduction rules appear in the literature, with key motivating examples
being rules for Kostka numbers and weight multiplicities [1], Littlewood–Richardson coef-
ficients [8, 9], tensor product multiplicities [13] (and more general branching multiplicities
[12]), and dimensions of conformal blocks [14]. While proofs of each of these results vary, the
reduction rules themselves share many commonalities: first, each reduction is to a similar
quantity for a predictable smaller rank group (often a Levi subgroup of G), and second,
while not always phrased in this language, each quantity amenable to the reduction rule
corresponds to some extremal data for the group G; often these are related to faces of an
ample cone.

1.2. Ample cones and reduction rules. Let X be a projective variety with an action of
G, and L a G-linearized line bundle on X. To this data, one can associate the open locus of
semi-stable points of X with respect to L, XsspLq, defined by

Xss
pLq :“ tx P X|DN ě 1 Dσ P H0

pX,LbN
q : σpxq ‰ 0u.

Via the Hilbert–Mumford criterion, existence of semi-stable points can be characterized by
a set of inequalities coming from the G-linearization on L and cocharacters of G. This
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reinterprets detecting semi-stable points into a problem of convex geometry; by varying the
line bundle L P PicGpXq

`
Q across rational ample line bundles, we arrive at the G-ample cone

ACG
pXq :“ tL P PicGpXq

`
Q|Xss

pLq ‰ ∅u,

which is a pointed rational convex cone.
For the above reduction rules, where X is a flag variety (or related variety), the faces of

the ample cones ACG
pXq correspond to Levi subgroups of G, and the reductions correspond

to those L lying on faces of the ample cone. Translation back into representation theory is
then accomplished by classical results like the Borel–Weil theorem and its generalizations.

1.3. Reduction rules for Demazure modules. Taking inspiration from these examples,
we now introduce the focus of this note: namely, we seek a reduction rule for weight multi-
plicities in Demazure modules V w

λ , recalled in Section 2. The ultimate goal is to provide a
condition on pairs of weights pλ, µq satisfying dimV w

λ pµq ‰ 0 that yields an equality of the
form dimV w

λ pµq “ dimV wL
λL

pµq for a Demazure module V wL
λL

for a Borel subgroup BL Ď B
corresponding to a Levi subgroup L Ď G.

For the first task, we utilize our previous work on weight polytopes of Demazure modules
and their faces Fpv, ηq depending on a dominant coweight η and minimum-length represen-
tative v P W η (see Section 3). In [3], [4], we used GIT techniques to determine inequalities
governing the T -ample cones of Schubert varieties Xw; by fixing a dominant highest weight
λ, one obtains a compact convex polytope Pw

λ , the Demazure weight polytope. Consistent
with the current narrative, the faces of these polytopes are themselves Demazure weight
polytopes for a Levi subgroup. The location of the weight µ in Pw

λ relative to the faces
provides us with our desired condition for reduction.

For the second task, we derive a reduction rule for weights µ lying on a prescribed face
Fpv, ηq of a fixed Demazure weight polytope Pw

λ in two stages. We first use algebro-geometric
techniques, adapting Roth’s proof of the reduction rule for Littlewood–Richardson coeffi-
cients [13], to get an equality of weight multiplicities for the Levi Demazure module and
an “intermediate” Demazure module V q

λ . We then use convex-geometric arguments, along
with classical properties of the Demazure operators and the character formula, to show an
equality of weight multiplicities for the intermediate Demazure module V q

λ and V w
λ . Taken

together, these two results give the following desired reduction rule (cf. Theorem 3.8 in the
text):

Theorem 1.1. Let µ be a weight of the Demazure module V w
λ with µ lying on the face Fpv, ηq

of the associated polytope Pw
λ . Then

dimV w
λ pµq “ dimV wL

λL
pµq,

where L :“ 9vLη 9v´1 is the conjugate of the Levi Lη determined by η, wL :“ vπηpw´1 ˚vq´1v´1,
λL :“ vπηpw´1 ˚ vqλ, and V wL

λL
the Demazure module for the Borel subgroup BL Ď L.

1.4. Outline of the paper. In Section 2, we fix our basic notations and conventions for
algebraic groups, flag varieties and Schubert varieties, and representations. We give only a
brief sketch, and direct readers to [11] for a more comprehensive treatment and references.
In Section 3, we recall the weight polytopes for Demazure modules and their inequalities,
following [3, 4], and give a precise statement of the main result of this note, Theorem 3.8.
Sections 4 and 5 taken together construct the proof of this result.
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2. Notations and preliminaries on Demazure modules

2.1. Notation for reductive groups. We will let G denote a connected reductive algebraic
group over C, and we will choose a maximal torus T and a Borel subgroup B so that we
have T Ă B Ă G. We have weight and coweight lattices X˚pT q and X˚pT q, with associated
pairing x, y : X˚pT q ˆ X˚pT q Ñ Z. We write Φ and Φ_ for the root and coroot systems
associated to T Ă G, so pΦ, X˚pT q,Φ_, X˚pT qq is a root datum for G. The choice of Borel
subgroup determines positive roots Φ` as well as a base ∆ Ă Φ`; we write ∆ “ tα1, . . . αnu

where the αi are simple roots determined by B. We also have pΦ_q` determined by B, with
base p∆_q “ tα_

1 , . . . α
_
n u, and the coefficients xαi, α

_
j y yield the Cartan matrix associated

to the semisimple group pG,Gq.
In this paper we will often work with polytopes, so it will be useful to work over Q or

R, rather than work integrally. Thus we consider the rational weight and coweight lattices
X˚pT qQ “ X˚pT q bZ Q and X˚pT qQ “ X˚pT q bZ Q. The pairing x, y extends by linearity
to these Q vector spaces, so we have x, yQ : X˚pT qQ ˆ X˚pT qQ Ñ Q. We will make use of
fundamental weights ωi P X˚pT q

`
Q as well as fundamental coweights xi P X˚pT q

`
Q; these are

determined by

xωi, α
_
j yQ “ δi,j

and

xαi, xjyQ “ δi,j

respectively.
The dynamical method associates to any dominant coweight η a parabolic subgroup

Pη :“ tg P G| lim
tÑ0

ηptqgηptq´1 existsu

and a Levi subgroup

Lη :“ tg P G|@t, ηptqgηptq´1
“ gu.

The roots belonging to Pη and the root system of Lη are easy to describe; we have

ΦpPη, T q “ tα P ΦG|xα, ηy ě 0u

and

Φη :“ ΦpLη, T q “ tα P ΦG|xα, ηy “ 0u.

2.2. Weyl group combinatorics. Associated to G we have the Weyl group

W “ WG “ NGpT q{T

with Bruhat order ď. Given w P W , we write 9w for an element of NGpT q such so that
w “ 9wT . Our choice of B, and thus of simple roots αi P ∆, yields a system of simple
reflections S “ tsiu Ă W which generate W under the usual Coxeter relations. We have as
usual a length function ℓ : W Ñ Zě0 such that ℓpsiq “ 1. The Weyl group W acts on the
root system, and we write

Rpwq :“ tα P Φ`
|w.α P ´Φ`

u;

this is the inversion set of w.
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For dominant coweights η, we write Wη for the parabolic subgroup of W generated by
the reflections tsiu such that αi P Φη. The length function ℓ and Bruhat order descend to a
length function and Bruhat order on Wη. We write

W η :“ W {Wη

for the set of cosets. Each coset vWη has a distinguished representative, called minimum-
length representatives. These can be characterized in the following way: v P W is a minimum
length representative for vWη if

vpΦ`
η q Ă Φ`

G.

Given w P W and a parabolic Weyl subgroup Wη we write πηpwq for a minimum length
representative of wWη. There exists a unique element u of Wη such that w “ πηpwq ¨ u and
ℓpπηpwqq ` ℓpuq “ ℓpwq. We write πηpwq :“ u. So given Wη and w P W we can always write

w “ πη
pwq ¨ πηpwq

such that

ℓpwq “ ℓpπη
pwqq ` ℓpπηpwqq.

Finally, we recall the Demazure product. Given v, w P W , the collection of elements
txq|x ď v, q ď wu has an element which is maximal with respect to the Bruhat order.
We denote this element by v ˚ w. This element may equivalently be characterized as the
maximum element in the left translated interval vre, ws or as the maximum element in the
right translated interval re, vsw. For simple reflections si, these equivalent definitions yield

si ˚ w “

#

siw, ℓpsiwq “ ℓpwq ` 1

w, ℓpsiwq “ ℓpwq ´ 1

and the equivalent inductive construction of the Demazure product, as follows: if v “ v1si
with v1 ă v, then

v ˚ w “ v1
˚ psi ˚ wq.

2.3. Flag variety geometry. We let X denote the flag variety; due to our choice of B we
can write X “ G{B. From now on we assume G is simply connected. We may identify
PicpXq “ X˚pT q; all line bundles L on X are isomorphic to some Lλ, the sheaf of sections
of G ˆB C´λ. Here C´λ is the one-dimensional representation of B where T acts via λ
and U acts trivially and G ˆB C´λ is the associated bundle construction. Since we have
assumed G is simply connected, we have a unique G-linearization on each Lλ; in other
words PicGpXq » X˚pT q. In this work we usually consider T -linearizations; we have the
short exact sequence

0 Ñ X˚
pT q Ñ PicT pXq Ñ PicpXq Ñ 0.

In other words a T -linearization on Lλ may be specified by an additional character µ P

X˚pT q. An explicit description of the µ-linearization on Lλ is given by

t.rx, zs “ rtx, µptqzs

for rx, zs a point in G ˆB C´λ. Via the Borel-Weil theorem, and using the G-linearization
on Lλ, we have

H0
pX,Lλq

˚
» Vλ
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as G-representations, where Vλ denotes the irreducible algebraic representation of G with
highest weight λ. We write Vλpµq for the µ-weight space of Vλ. Twisting the T -linearization
on Lλ has the effect of shifting the T -weights on Vλ; if L “ Lλ b Cµ we have

pH0
pX,Lq

˚
q
T

» Vλpµq.

By twisting the T -linearizations we may study any individual weight space Vλpµq as a space
of T -invariants.

2.4. Schubert Geometry and Demazure modules. The Bruhat decomposition

G “
ď

wPW

B 9wB

yields a stratification of the flag variety

X “
ď

wPW

B 9wB{B

by B orbits which are also affine spaces: B 9wB{B » Alpwq. We write X̊w for this B orbit,
called a Schubert cell. The closure relations among the Schubert cells are given precisely by
the Bruhat order and we write Xw for the closure of X̊w, these are the Schubert varieties.
While in general not smooth, the Xw are known to be normal, Cohen-Macaulay, and have
rational singularities. We write

iw : Xw Ñ X

for the closed embedding.
Demazure modules are B modules which can be constructed as spaces of sections of

restrictions of line bundles. Let λ P X˚pT q`, we have the Demazure module associated
to pλ,wq:

V w
λ :“ H0

pXw, i
˚
wLλq

˚.

The characters of these modules can be straightforwardly computed via the Demazure
character formula. We have the representation ring RpT q “ ZrX˚pT qs and to each simple
reflection si we have a linear endomorphism

Dipxq “
x ´ e´αisipxq

1 ´ e´αi

for x P RpT q. The Demazure character formula then asserts that for any reduced word
w “ si1 . . . sik for w and λ P X˚pT q` we have

chpV w
λ q “ Di1 ˝ Di2 ˝ ¨ ¨ ¨ ˝ Dikpeλq.

In fact, si ÞÑ Di is a representation of the Demazure monoid pW, ˚q, with the Demazure
product. In particular, if ℓpsiwq “ ℓpwq ´ 1, then si ˚ w “ w and

Di pchpV w
λ qq “ chpV w

λ q.

There is also a universal enveloping algebra description of V w
λ . If vwλ is a nonzero extremal

weight vector in Vλpwλq, then we can describe V w
λ as the Upbq-submodule generated by vwλ,

where b is the Lie algebra of B:

V w
λ “ Upbq.vwλ Ă Vλ.
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The properties of the Demazure product above can be expressed in the following way. Let
sl2,αi

denote the embedding of sl2 into g such that ei ÞÑ eαi
, hi ÞÑ hαi

etc. Then for a reduced
word si1 . . . sik for w, such that si ˚ w “ w,

chpV w
λ q P RpT q

is in the image of

Repfdpsl2,αi
q Ñ Rfd

psl2,αi
q Ñ RpT q.

Said a little less pedantically, chpV w
λ q is an honest (not virtual) character of sl2,αi

.

3. Weight polytopes for Demazure modules

We recall in this section, keeping notations as introduced, the construction and properties
of the Demazure weight polytope Pw

λ associated to the Demazure module V w
λ . For a general

T -module M , with T a torus acting semi-simply, understanding the set of weights

wtpMq :“ tµ P X˚
pT q : Mpµq ‰ 0u

is a foundational question in representation theory and character theory. As this set is some
collection of points in the lattice X˚pT q, a rough approximation of this data can be obtained
by taking the associated weight polytope of M , which is the convex hull convQ pwtpMqq ,
which (for the purposes of this paper) we recognize as a compact, convex polytope inX˚pT qQ.
Applied to Demazure modules, we get the following objects of central interest:

Definition 3.1. Let V w
λ be a Demazure module. The Demazure weight polytope Pw

λ is given
by Pw

λ :“ convQ pwtpV w
λ qq.

The original interest for Demazure weight polytopes was how close of a “rough approxima-
tion” these were to the character data of the Demazure module V w

λ ; this question was posed
in the language of saturation of Demazure characters in [3], with the conjectural equivalence

V w
λ pµq ‰ 0 ðñ µ P Pw

λ X pλ ` Qq.

For irreducible, highest-weight G-modules (corresponding to the w “ w0 case), this equiv-
alence is a classical textbook result. For general Demazure modules, we proved that this
equivalence holds for G of classical type and exceptional types F4 or G2 [3, Theorem 1.1],
and the third author has checked that this equivalence holds for type E6. Types E7 and E8,
along with a more uniform proof, remain open.

3.1. Faces and Inequalities of Pw
λ . We recall now from [3] and [4] the relevant combi-

natorial and convex-geometric features of Pw
λ which will be of use for the reduction rule of

Theorem 3.8.
As compact convex polytopes can be defined both by their vertices as well as their inequali-

ties, a first pass at understanding the combinatorial structure of Pw
λ is given by the following

lemma, which appears in [3, Theorem 4.7] but is also implicit in the work of Dabrowski
[7, page 119].

Lemma 3.2. For any λ P X˚pT q` and w P W , we have

Pw
λ “ convQ ptxλ|x ď wuq .
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Lemma 3.2 gives that the vertices of the polytope Pw
λ are determined by a subset of

the extremal weights xλ P X˚pT q. This description simultaneously connects Demazure
weight polytopes with objects of interest in the literature including pseudo-Weyl polytopes,
generalized Coxeter permutohedra, and Bruhat interval polytopes. The relationship to the
latter will be of note, as the structure of the faces of Demazure weight polytopes shares key
properties with the more familiar Bruhat interval polytopes of the symmetric group.

One immediate consequence of Lemma 3.2 is the following corollary.

Corollary 3.3. Let s P W be a simple reflection with sw ă w. Then Pw
λ is stable under the

action of s: spPw
λ q “ Pw

λ .

Proof. Note that by the so-called “Z-property” or “diamond lemma” for the Bruhat order
[2, Lemma 2.5], if sw ă w then s ptx : x ď wuq “ tx : x ď wu, so the lower Bruhat interval
re, ws is stable under left-multiplication by s. Then clearly

spPw
λ q “ convQ ptsxλ : x ď wuq “ Pw

λ .

□

Alternatively, this follows from the fact that if s “ si is the simple reflection associated to
simple root αi, V

w
λ is an sl2,αi

-module.
On the other hand, the description of Pw

λ in terms of its inequalities was given in [3]
using methods of Geometric Invariant Theory (GIT), via the Hilbert–Mumford criterion for
semistability. Briefly, given any dominant cocharacter η P X˚pT q` and v P W η a minimum-
length coset representative, the Hilbert–Mumford criterion gives a numerical condition for
checking the semistability of a point x P Xw in the Schubert variety. This in turn yields a
set of inequalities for the possible weights of V w

λ :

µ P Pw
λ if and only if xλ, pw´1

˚ vqηy ď xµ, vηy

for all choices of η and v as above. In a natural way, we can reduce this list of inequalities
to those which parametrize the facets, by reducing to the case of fundamental coweights
[3, Theorem 6.9].

Theorem 3.4. Let λ be a dominant weight and w P W . Then µ P Pw
λ if and only if, for

every maximal parabolic P “ Pi associated to the fundamental coweight xi and v P W P , the
inequality

xλ, pw´1
˚ vqxiy ď xµ, vxiy

holds.

Note that, in the statement of Theorem 3.4 and in the preceding discussion, we could
without change have reduced to the minimum-length representative πηpw´1 ˚ vq P W η and
πP pw´1 ˚ vq P W P in place of pw´1 ˚ vq in the inequalities. This change, while not affecting
the inequalities, is useful in understanding the structure of the faces of Pw

λ . To this end, we
label arbitrary faces (not just facets) by v and η determining these inequalities.

Definition 3.5. Let η P X˚pT q` be a dominant coweight, v P W η a minimum-length coset
representative. We denote by Fpv, ηq the face of Pw

λ given by

Fpv, ηq :“ tµ P Pw
λ |xλ, πη

pw´1
˚ vqηy “ xµ, vηyu.
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The faces Fpv, ηq have a rich combinatorial structure, which can be used to identify them
with convex hulls of orbits for lower intervals in parabolic subgroups Wη Ď W [3, Proposition
7.4], [4, Theorem 10.8]; this also, as is expected by the similarity to the Bruhat interval
polytopes of Tsukerman and Williams [16], demonstrates the philosophy that faces of Bruhat
interval polytopes are themselves Bruhat interval polytopes.

At the representation-theoretic level, the combinatorial identification can be upgraded to
interpret these faces Fpv, ηq as Demazure weight polytopes themselves. Let Lη Ď G be the
standard Levi determined by the dominant coweight η and Bη :“ B X Lη Ď B its Borel
subgroup. We set L :“ 9vLη 9v´1 to be the conjugate of the Levi by v P W η, and note that its
Borel subgroup BL “ 9vBη 9v´1 Ď B as v P W η. Then V w

λ is canonically a BL-module. The
following proposition crucially lets us compare a Demazure module for BL and the Demazure
module V w

λ for B which recovers the relationship between the face Fpv, ηq and the polytope
Pw
λ . We sketch the proof given in [3] for the convenience of the reader.

Proposition 3.6. [3, Proposition 7.9]

Let wL :“ v pπηpw´1 ˚ vqq
´1

v´1, λL :“ v pπηpw´1 ˚ vqq
´1

λ, and let q P re, ws be the unique
element of the Weyl group such that w´1 ˚ v “ q´1v. Then every map in the following
commutative diagram is a BL-equivariant inclusion:

V wL
λL

V q
λ V w

λ

VλL
Vλ

where, in particular, we view V wL
λL

and VλL
as Demazure and irreducible highest weight mod-

ules for BL and L, respectively.

Proof. It is readily checked that λL is a highest weight for the (possibly reducible) L-module

Vλ, as BL stabilizes the line spanned by v pπηpw´1 ˚ vqq
´1

vλ. Thus there is an irreducible
L-submodule of Vλ isomorphic to VλL

; this must be the unique such submodule, as

dimVλpv
`

πη
pw´1

˚ vq
˘´1

λq “ 1

and L contains the full torus.
Then sitting inside of VλL

Ď Vλ we form the BL Demazure module V wL
λL

; note that

wLλL “ v
`

πηpw´1
˚ vq

˘´1
v´1v

`

πη
pw´1

˚ vq
˘´1

λ

“ vpw´1
˚ vq

´1λ

“ qλ

by choice of q ď w with q´1v “ w´1 ˚ v. Then V wL
λL

is the smallest BL-submodule containing
qλ, hence the smallest BL-submodule of Vλ containing qλ, so naturally sits inside the B-
submodule V q

λ . Finally, as q ď w, V q
λ Ď V w

λ . □

As a key takeaway from the previous proof, the lowest weight of the BL Demazure module
V wL
λL

is precisely qλ, and is the lowest weight of Pw
λ on the face Fpv, ηq. An immediate

corollary to this result is the following identification.

Corollary 3.7. [3, Corollary 7.7] Let PwL
λL

be the Demazure weight polytope for the BL-
module V wL

λL
. Then we have an equality of convex polytopes

PwL
λL

“ Fpv, ηq.
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Figure 1. Demazure polytopes for type B3, highest weight λ “ ρ “ ω1 `

ω2 ` ω3. The shaded region is for q “ s3s2s3s1s2s3; the wire frame extends
to the polytope for w “ s1s3s2s3s1s2s3. The face Fps1, x1q corresponding to
η “ x1, v “ s1 is common to both polytopes and has been highlighted. The
weight spaces on that face have been emphasized, where a single ‚ stands for
multiplicity one, and each concentric ring indicates an increase in multiplicity
from there.

With all of this in hand, we can now frame our desired reduction rule for Demazure weight
multiplicities. Fixing λ P X˚pT q` and w P W , let µ P X˚pT q be such that V w

λ pµq ‰ 0, so
that µ P Pw

λ . Suppose further that µ P Fpv, ηq for some dominant coweight η P X˚pT q` and
v P W η; in particular, µ P PwL

λL
. Our primary result compares the weight multiplicity of µ in

V w
λ and V wL

λL
in two stages, as follows.

Theorem 3.8. Retain all notation as in Proposition 3.6, and let µ be a weight of V w
λ with

µ P Fpv, ηq. Then

(1) dimV wL
λL

pµq “ dimV q
λ pµq, where we view V wL

λL
as a Demazure module for BL and V q

λ

as a Demazure submodule for B.
(2) dimV q

λ pµq “ dimV w
λ pµq, viewing both as Demazure modules for B.

We construct the proof of these two statements subsequently in the next two sections.

Example 1. Before proceeding with the proof, we fix an instructive example of Theorem
3.8. Let G be the simply-connected group of type B3 (“ Spinp7q) and λ “ ρ “ ω1 `ω2 `ω3.
We set w “ s1s3s2s3s1s2s3 in the Weyl group, and consider the face Fps1, x1q of Pw

λ where x1

is the first fundamental coweight. Then one can check that q “ s3s2s3s1s2s3. Figure 1 shows
the polytopes P q

λ and Pw
λ with their common face Fps1, x1q highlighted. Figure 2 isolates

this face as the Demazure weight polytope PwL
λL

for a Levi L whose semisimple component
is of type B2. With respect to this Levi, the highest weight λL and Weyl group element wL

correspond to 2ωL
1 `ωL

2 and t2t1t2 respectively, where t1 “ s1s2s1 and t2 “ s3 are the simple
reflections in the Weyl group of L.
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s2s1s2p2ω1 ` ω2q

2ω1 ` ω2

Figure 2. Demazure module of type B2 with highest weight 2ω1 ` ω2 and
Weyl group element s2s1s2.

4. Proof of Theorem 3.8(1)

The proof of Theorem 3.8(1) given in this section is greatly influenced by Roth [13], as will
be clear to any informed reader. We state, where possible, intermediate results in greater
generality than necessary; this is in part to lessen the notational burden and will be connected
precisely back to the setting at hand.

4.1. Embeddings of Schubert varieties. Let P be a (not necessarily standard) parabolic
in G with Levi L such that our fixed maximal torus T Ă G is a maximal torus of L. We
then have an inclusion

WL ãÑ W

realizing WL as a reflection subgroup of W . We have the flag variety L{BL, and for each

element y P WL, we have the L-Schubert varieties XL
y and L-Schubert cells X̊L

y .
We first study a family of closed immersions

iL,z : L{BL Ñ G{B

associated to certain elements z P W .

Lemma 4.1. Let L{BL be as above. Consider z P W such that 9z´1BL 9z Ď B for any lift
9z P L Ď G. Then the map

iL,z : L{BL Ñ G{B

defined by
lBL ÞÑ lzB

is a closed immersion which maps L´Schubert cells X̊L
y to closed linear subschemes of X̊yz “

X̊G
yz. In fact, iL,z induces an isomorphism X̊L

y – BLyzB{B “: Y̊ L
yz.

Proof. The algebraic map L Ñ G given by l ÞÑ lz induces a map L{BL Ñ G{B: indeed, if
l1 “ lb for b P BL, then l1z “ lbz “ lzz´1bz, and z´1bz P B by assumption.
The restriction of this map to each Schubert cell BLyBL{BL induces closed immersions

BLyBL{BL Ñ BLyzB{B with disjoint images (injectivity follows from the fact that if γ P

Rpy´1q then γ P Rpz´1y´1q by assumption on z).
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Therefore iL,z induces an isomorphism of BLyBL{BL onto BLyzB{B. □

As an immediate corollary, we have the following:

Corollary 4.2. Let x be an arbitrary element of W and let L, BL as above. Consider the
Zariski closure

Y L
x :“ BLxB{B

of a BL orbit through xB{B. Then there exists an L-Schubert variety XL
y and a z P W such

that
Y L
x “ iL,zpXL

y q » XL
y .

Proof. Write x´1 “ πLpx´1qπLpx´1q P WL ¨ WL, and set y :“ pπLpx´1qq´1 P WL and z :“
pπLpx´1qq´1 P W . Then indeed z´1 satisfies 9z´1BL 9z Ď B, and yz “ x as desired. □

4.2. Action on the Picard group. The map iL,z : L{BL Ñ G{B induces a map i˚
L,z on

the Picard groups. We wish to identify the image i˚
L,zpLλq starting with Lλ on G{B.

Recall the fibre-bundle construction of the total space of Lλ:

G ˆB C´λ

where pg, tq „ pgb, λpbqtq for all b P B.

Proposition 4.3. We can identify pullbacks of line bundles as follows: i˚
L,zpLλq “ L L

zλ.

Proof. Define a map
L ˆBL

C´zλ Ñ G ˆB C´λ

given on coset representatives by
pl, tq ÞÑ plz, tq.

This is well-defined due to plb, pzλqpbqtq ÞÑ plbz, pzλqpbqtq, the latter equal to

plzz´1bz, pzλqpbqtq “ plz, λpz´1bzq
´1

pzλqpbqtq “ plz, tq.

This identifies the total space of the pull-back i˚
L,zpLλq as L ˆBL

C´zλ. □

Let IL,z denote the ideal sheaf of iL,zpL{BLq in G{B. Tensoring with Lλ we have the
standard short exact sequence of sheaves on G{B:

0 Ñ IL,z b Lλ Ñ Lλ Ñ piL,zq˚OL{BL
b Lλ Ñ 0.

Upon taking cohomology we have the following

Proposition 4.4. We have a short exact sequence

0 Ñ H0
pG{B,IL,z b Lλq Ñ H0

pG{B,Lλq Ñ H0
pL{BL, i

˚
L,zLλq Ñ 0.

Proof. First, note that zλ is a dominant weight for L with respect to BL, as λ is dominant
for G with respect to B, pzλqpbq “ λpz´1bzq for any b P BL, and z´1bz P B by assumption
on z. Thus H0pL{BL, i

˚
L,zLλq ‰ 0.

The only other point which needs justification is the surjection. We may regard the
morphism H0pG{B,Lλq Ñ H0pL{BL, i

˚
L,zLλq as a morphism of L-modules, since Lλ and

i˚
L,zLλ carry compatible L-equivariant structures. Since the extremal weights (e.g. the lowest

weight) of H0pL{BL, i
˚
L,zLλq are in the image of the restriction map, we have a nonzero map

of L-modules. Moreover, by the Borel-Weil theorem, H0pL{BL, i
˚
L,zLλq is an irreducible

L-module, thus the restriction map must be surjective. □
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We thus have the following commutative diagram

H0pG{B,Lλq H0pL{BL, i
˚
L,zLλq

H0pXyz,Lλq H0pXL
y , i

˚
L,zLλq.

Corollary 4.5. All maps in the above commutative diagram are surjections.

Proof. That the vertical arrows are surjections is a classical result on Schubert varieties. The
top arrow is a surjection by the previous lemma, and this forces the bottom arrow to be a
surjection as well. □

4.3. Isomorphisms of T-equivariants. Let M be a representation of T . We write MT

for the T -invariants. More generally, for ξ a character of T , we write MT,ξ for the ξ-isotypic
component of M . The following lemma is elementary.

Lemma 4.6. The functor M ÞÑ MT is exact for M in the category of rational T - modules.
The functor M ÞÑ MT,ξ is also exact for any character ξ; taking isotypic components is also
exact on the category of rational T -modules.

In order to compare weight spaces of H0pXyz,Lλq with those in H0pXL
y , i

˚
L,zLλq, using

Lemma 4.6 and the surjection of Corollary 4.5 we consider, for judiciously chosen ξ, the
short exact sequence

0 Ñ H0
pXyz,I pY L

yz, Xyzq b Lλq
T,ξ

Ñ H0
pXyz,Lλq

T,ξ
Ñ H0

pXL
y , i

˚
L,zLλq

T,ξ
Ñ 0

where I pY L
yz, Xyzq is the ideal sheaf of iL,zpXL

y q “ Y L
yz in Xyz. As a preliminary step,

we consider a further restriction of these global sections to the dense open cells of the
corresponding Schubert varieties to more easily describe the T -weights which appear. We
collect the following standard lemmas; for reasons which will become clear, for the remainder
of this subsection we denote q :“ yz P W .

Lemma 4.7. We have T -equivariant isomorphisms BqB{B » SpecCrx´β1 . . . x´βℓpqq
s, where

βi P Φ` satisfy q´1.βi P Φ´, e.g. βi P Rpq´1q.

Proof. We have from [15, Lemma 8.3.6] that BqB{B » Aℓpqq; all that remains is to investi-
gate the T -weights. Moreover by [15, Lemma 8.3.5] we have a T -equivariant isomorphism
BqB{B » ΠαPRpq´1qUα. We have a T -equivariant isomorphism Uα » SpecCrx´αs, so we
obtain

BqB{B » ΠβPRpq´1qUβ

» ΠβPRpq´1qSpecCrx´βs

» Specp
â

βPRpq´1q

Crx´βsq

» SpecCrx´β1 , . . . x´βlpqq
sβiPRpq´1q.

□
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Lemma 4.8. Let S :“ tβ P Rpq´1q|β R Φ`
Lu.Via the isomorphism BqB{B » SpecCrx´β1 . . . xβℓpqq

s,
the ideal

I “ IpBLqB{B,BqB{Bq

whose vanishing locus is BLqB{B is generated by the x´β for β P S.

Proof. The same considerations as the previous lemma lead us to the T -equivariant iso-
morphism BLqB{B »

ś

βPRpq´1qXΦ`
L
Uβ. This is an affine subspace of Aℓpqq whose ideal is

generated by the x´β such that β R Rpq´1q X Φ`
L , that is, β P S. □

Lemma 4.9. We have a T -equivariant isomorphism

H0
pBqB{B,Lλq » Crx´β1 , . . . x´βℓpqq

s b C´qλ.

Proof. Since PicpAnq “ 0, Lλ|BqB{B is isomorphic to OAℓpqq , and what remains is to keep track
of the T -weights. Since we already have a description of the T -module H0pBqB{B,OBqB{Bq

from Lemma 4.7, it suffices to understand the T -weight of 1 P H0pBqB{B,Lλq. Recall that
Lλ “ SectionspG ˆB C´λq. From [6, 6.1.11] we have p : G Ñ G{B and for U an open
subvariety of G{B, a section s P H0pU,Lλq is a regular C-valued function s̃ on p´1pUq such
that

s̃pgbq “ λpbq ¨ s̃pgq.

Let qU denote the unipotent radical of qB, so that qUqB is dense in G. Let 1̃ be the pullback
p˚p1q, this is the unique (up to constants) function on qUqB satisfying

1̃puqbq “ λpbq1̃pqq.

for u P
qU . A computation nearly identical to that of [6, Lemma 6.1.15] yields

pt ¨ 1̃qpuqq “ 1̃pt´1uqq “ 1̃pt´1qq “ λpq´1t´1qq1̃pqq “ ´pq.λqptq ¨ 1̃puqq.

Thus the T -weight of 1 P H0p
qUqB{B,Lλq is ´qλ. It follows that the weight of 1 P

H0pBqB{B,Lλq is ´qλ; this is just restriction of functions to affine subschemes. □

Lemma 4.10. We have T -equivariant inclusions

0 Ñ H0
pXq,Lλq Ñ H0

pBqB{B,Lλq,

0 Ñ H0
pY L

q ,Lλq Ñ H0
pBLqB{B,Lλq,

and

0 Ñ H0
pXq,I pY L

q , Xqq b Lλq Ñ H0
pBqB{B, I b Lλq

Proof. We have a filtration of Xq by closed subschemes Xv, v ď q, the Schubert cells BvB{B
are affine, and the inclusions iv : BvB{B Ñ Xq are affine morphisms. These conditions
ensure that the cohomology of the global Grothendieck-Cousin complex Cousin‚

tXvupF q is
isomorphic to H˚pXq,F q, for F P CohpXqq, see for instance [10] or the Appendix of [11].
In particular we have

0 Ñ H0
pXq,Lλq Ñ Cousin0

tXvupLλq “ H0
pBqB{B,Lλq.

Mutatis mutandis for H0pY L
q ,Lλq, H0pXq,I pY L

q , Xqq b Lλq. □
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We summarize the above discussion with the following commutative diagram of rational
T -representations. For display reasons we write A “ Crx´β1 , . . . x´βlpqq

s where βi P Rpq´1q.

0 0 0

0 H0pXq,I pY L
q , Xqq b Lλq H0pXq,Lλq H0pY L

q ,Lλq 0

0 H0pBqB{B, I b Lλq H0pBqB{B,Lλq H0pBLqB{B,Lλq 0

0 ptx´βuβPSq b C´qλ A b C´qλ A{ptxβuβPSq b C´qλ 0.

(4.10)

4.4. Specialization to Theorem 3.8. We finally specialize the results of this section to
their application in proving Theorem 3.8(1). Our Levi L is as before L “ 9vLη 9v´1 for Lη the
Levi of the standard parabolic associated to the dominant coweight η and v P W η. Retaining
the notation as in Proposition 3.6, we make the following associations:

z “ vpπη
pw´1

˚ vqq
´1, y “ wL “ vpπηpw´1

˚ vqq
´1v´1.

This z satisfies 9z´1BL 9z Ď B, as

9z´1BL 9z “ πη
pw´1

˚ vqv´1
`

vBηv
´1

˘

vpπη
pw´1

˚ vqq
´1

“ πη
pw´1

˚ vqBηπ
η
pw´1

˚ vq
´1

Ď B

since πηpw´1 ˚ vq P W η. Further,

yz “ vpπηpw´1
˚ vqq

´1v´1
¨ vpπη

pw´1
˚ vqq

´1
“ vpw´1

˚ vq
´1

“ vpv´1qq “ q

where as before q ď w is the unique element such that w´1 ˚ v “ q´1v. Thus, we can apply
all of the results of this section to the fixed inclusion

i : XL
wL

ãÑ Xq.

Finally, by Proposition 4.3 we see that i˚Lλ – Lzλ “ LλL
. With this in hand, we aim to

prove the following theorem, which is a reformulation of Theorem 3.8(1) into the language
of this section.

Theorem 4.11. Let µ be a weight of V w
λ lying on the face Fpv, ηq of the Demazure weight

polytope Pw
λ . Then

H0
pXL

wL
,LλL

q
T,´µ

– H0
pXq,Lλq

T,´µ.

Before proving this theorem, we give the final preparatory technical lemma which is rele-
vant to this specific setup.

Lemma 4.12. Suppose that β P Rpq´1q. Then v´1β ą 0.

Proof. First, note that q´1 ˚ v “ q´1v, since q´1 ˚ v “ maxtuv|u ď q´1u by definition and we
know that w´1 ˚v “ q´1v and q ď w. Since by assumption β P Rpq´1q, we have q´1sβ ď q´1.
Thus by the definition of the Demazure product, necessarily

q´1sβv ď q´1v.
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We rewrite this as

q´1vpv´1sβvq ď q´1v.

But this means that the root q´1v pv´1βq has opposite sign from the root v´1β. Since
q´1β ă 0, the result follows. □

Lemma 4.13. Let ν P ZΦL. We then have pptx´βuβPSqbC´qλqT,´qλ`ZΦL “ 0. We thus have
isomorphisms of weight spaces

H0
pBqB,Lλq

T,´qλ`ZΦL » H0
pBLqB{B,Lλq

T,´qλ`ZΦL .

Proof. A nonzero weight vector in ptx´βuβPSq bC´qλq has weight ´qλ´
ř

βPRpq´1q
aββ, with

aβ P Zě0 such that at least some β P S has aβ ‰ 0. So we must show that weights
´

ř

βPRpq´1q
aββ such that aβ ‰ 0 for some β P S are not in ZΦL. After acting by v´1,

ΦL becomes the root system of the standard Levi Lη. By 4.12, acting by v´1 transforms
β P S into positive roots, which are not roots of the standard Levi Lη by definition of S.
In particular we have xη, v´1

ř

βPRpq´1q
aββy ą 0, as long as aβ ą 0 for some β P S, whereas

xη,ZΦLηy “ 0. □

Proof of Theorem 4.11. Consider the short exact sequence

0 Ñ H0
pXq,I pY L

q , Xqq b Lλq
T,´µ

Ñ H0
pXq,Lλq

T,´µ
Ñ H0

pXL
wL

,LλL
q
T,´µ

Ñ 0

as in the discussion following Lemma 4.6. We will show that

H0
pXq,I pY L

q , Xqq b Lλq
T,´µ

“ 0.

By Lemma 4.10, we have an injection

0 Ñ H0
pXq,I pY L

q , Xqq b Lλq
T,´µ

Ñ H0
pBqB{B, I b Lλq

T,´µ.

As ´µ P ´qλ ` ZΦL, by Lemma 4.13, the desired vanishing follows, and thus

H0
pXL

wL
,LλL

q
T,´µ

– H0
pXq,Lλq

T,´µ.

□

5. Proof of Theorem 3.8(2)

We now construct a proof of the second part of Theorem 3.8, to compare the multiplicities
V w
λ pµq and V q

λ pµq for µ P Fpv, ηq and the specific q ď w as constructed. Note that in many
cases, we can have that q “ w in which case this second equality is unnecessary. As a special
case of interest, this happens when v “ e P W η, as then w´1 ˚ v “ w´1. Thus, for the
remainder of this section, we assume that e ‰ v P W η, so that lpvq ě 1.
To this end, fix for the remainder of this section si a simple reflection such that siv ď v;

in particular, v´1αi ă 0. We record a few preparatory lemmas.

Lemma 5.1. xv´1αi, ηy ă 0.

Proof. Since v´1αi ă 0 and η is dominant, we must have xv´1αi, ηy ď 0.
If we had equality, then setting γ :“ v´1αi would give that γ belongs to the sub-root

system Φη of roots orthogonal to η. But the root γ is a negative root, so vp´γq would be a
positive root, as v P W η. But of course vp´γq “ ´αi is not a positive root. □

Lemma 5.2. If µ ` kαi belongs to Pw
λ , then k ď 0.
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Proof. If µ` kαi P Pw
λ , then we must have xλ, pw´1 ˚ vqηy ď xµ` kα, vηy. Since µ P Fpv, ηq,

xλ, pw´1 ˚ vqηy “ xµ, vηy, so that

0 ď kxv´1αi, ηy.

Lemma 5.1 now yields the result. □

For this same k, we also have the following lower bound, which follows from [3, Lemma
4.5] and [3, Corollary 4.6].

Lemma 5.3. If µ ` kαi P Pw
λ , then k ě ´xµ, α_

i y.

Proof. First we argue that xµ, α_
i y ě 0. Indeed, by [3, Lemma 4.5] we can write

µ “
ÿ

u ď w
u´1αi ą 0

buuλ,

where each bu ě 0. Then we have

xbuuλ, α
_
i y ě 0

on account of the positivity of u´1α_
i , the dominance of λ, and bu ě 0. Thus, xµ, α_

i y ě 0.
It is now equivalent to show that siµ ĺ µ ` kαi ĺ µ in dominance order. If siP

w
λ “ Pw

λ

then this is trivial, since the αi-string through µ contained in the polytope is preserved under
si, and siµ P Pw

λ must be the “other” end of this string opposite to µ.
Otherwise, we let µ2 to be the other end of this string–that is, µ2 “ µ ` k2αi with k2

minimal such that µ2 P Pw
λ . Then we have in this case that Pw

λ Ď P siw
λ , and by [3, Corollary

4.6] µ is still the maximal endpoint of the αi-string inside P siw
λ , we have siµ P P siw

λ and thus
siµ ĺ µ2 ĺ µ by the previous case. □

Proposition 5.4. The multiplicity of µ in chpV w
λ q coincides with the multiplicity of siµ in

Di pchpV w
λ qq “ chpV si˚w

λ q.

Proof. If siw ă w, then this is trivial since Di pchpV w
λ qq “ chpV w

λ q and si pchpV w
λ qq “ chpV w

λ q

by the sl2,αi
module structure.

Otherwise, we have w ă siw. Write chpV w
λ q “

ř

cνe
ν . As in the proof of Lemma 5.3,

note that xµ, α_
i y ě 0. By definition, the action of the Demazure operator Di on a term eν

is given by

Dipe
ν
q “

1 ´ e´αisi
1 ´ e´αi

eν “

$

’

&

’

%

eν ` eν´αi ¨ ¨ ¨ ` esiν , for xν, α_
i y ě 0,

0, for xν, α_
i y “ ´1,

´peν`αi ` ¨ ¨ ¨ ` esiν´αiq, for xν, α_
i y ă ´1.

Consider the string S “ pµ`Zαiq XPw
λ . By the Lemmas 5.2 and 5.3, its maximal element

is µ, and its lowest element is µ ´ k0αi for some k0 ě ´xµ, α_
i y. Let T “ pµ ` Zαiq X P siw

λ .
Note that T is the set tsiµ, siµ ` αi, . . . , µ ´ αi, µu. It is straightforward to check that the
result of the action of Di as above on the part of the character supported on S satisfies that
only Dipe

µq can produce any terms of the form esiµ and there are no further cancellations.
From this we see that the coefficient of siµ (and also still of µ) in chpV siw

λ q is cµ, as
desired. □

Lemma 5.5. In P si˚w
λ , siµ lies on the face Fpsiv, ηq.
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Figure 3. Demazure polytope for type B3, highest weight λ “ ρ “ ω1 `

ω2 `ω3 and w “ s1s3s2s3s1s2s3. Note that s1 ˚w “ w. The face corresponding
to η “ x1, v “ s1 is highlighted in orange, while the face corresponding to
η “ x1, v “ e is highlighted in blue. The two faces and their weight spaces are
in bijection via s1.

Proof. We need just check that

xλ, ppsi ˚ wq
´1

˚ psivqqηy “ xsiµ, psivqηy

The Weyl group element on the left side simplifies to w´1 ˚ si ˚ psivq “ w´1 ˚ v. The
right simplifies to xµ, vηy; this is just the original equality for µ P Fpv, ηq which holds by
assumption. □

Theorem 5.6. Let µ P Fpv, ηq in Pw
λ . Then the multiplicity of µ in chpV w

λ q coincides with

the multiplicity of v´1µ in chpV v´1˚w
λ q. Moreover, v´1µ lies on the face Fpe, ηq of P v´1˚w

λ .

Proof. We proceed by induction on ℓpvq. The case ℓpvq “ 1 is given by Propsition 5.4.
Write v “ siu, so siv “ u ď v. Again by Proposition 5.4 we have that the coefficient

of eµ in chpV w
λ q coincides with the weight of esiµ in chpV si˚w

λ q; and, siµ belongs to the face
corresponding to Fpu, ηq on P si˚w

λ by Lemma 5.5.
Applying the induction hypothesis to siµ P Fpu, ηq in P si˚w

λ , we get that the multiplicity

of siµ in chpV si˚w
λ q coincides with the multiplicity of u´1siµ “ v´1µ in chpV u´1˚si˚w

λ q “

chpV v´1˚w
λ q, and u´1siµ “ v´1µ belongs to the face Fpe, ηq on P u´1˚si˚w

λ “ P v´1˚w
λ . □

Example 2. Continuing with the example in type B3 with λ “ ρ, w “ s1s3s2s3s1s2s3,
v “ s1, and η “ x1, Figure 3 illustrates that the portion of the character of V w

λ on the face

Fpv, ηq is identified, via multiplication by v´1, with the portion of the character of V v´1˚w
λ

on the face Fpe, ηq. This illustrates Theorem 5.6.
Although not shown in the diagram, the same is true for the portion of the character of

V q
λ on that same face. Hence the multiplicities along the face are the same for V w

λ and V q
λ ,

which is the final argument in the proof of Theorem 3.8(2).

The proof of the second part of Theorem 3.8 is now an easy observation following from
Theorem 5.6.
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Proof of Theorem 3.8(2). Recall that q is the unique Weyl group element in the Bruhat
interval re, ws such that w´1 ˚ v “ q´1v. Fix µ a weight on the shared face Fpv, ηq of P q

λ

and Pw
λ . Since v´1 ˚ q “ v´1 ˚ w by this judicious choice of q, Theorem 5.6 gives that the

multiplicity of v´1µ in chpV v´1˚w
λ q “ chpV v´1˚q

λ q coincides respectively with the multiplicity
of µ in chpV w

λ q and chpV q
λ q; the latter multiplicities are thus equal, as desired. □
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