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Abstract This paper has two main purposes. Firstly, we generalise Ram’s com-
binatorial construction of calibrated representations of the affine Hecke algebra to
the multi-parameter case (including the non-reduced BC,, case). We then derive the
Plancherel formulae for all rank 1 and rank 2 affine Hecke algebras, using our cali-
brated representations to construct all representations involved.
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1 Introduction

In this paper, we extend Ram’s combinatorial construction of calibrated representa-
tions of affine Hecke algebras to the multi-parameter case (including the non-reduced
case), and we use these representations to derive explicit Plancherel formulae for all
rank 1 and rank 2 affine Hecke algebras, following the work of Opdam (see [18, 19]).

Let us discuss the relevance and significance of each of these objectives. Affine
Hecke algebras arise in the study of representation theory of groups G of Lie type
defined over local fields such as IF,((t)) or Q. If I is an Iwahori subgroup of G
then complex representations of G with vectors fixed by I can be studied via corre-
sponding representations of the associated affine Hecke algebra 5 = C.(I\G/I) of
continuous compactly supported / bi-invariant complex valued functions on G (see
[2, 16]). On the one hand, the representation theory of affine Hecke algebras is well
behaved (for example, the irreducible representations of these infinite dimensional
algebras are all finite dimensional), while, on the other hand, the representation the-
ory is rather delicate (for instance, see the remarkable geometric classification of the
irreducibles given in [12] using the K-theory of the flag variety).
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Affine Hecke algebras have a basis {7y, | w € W} indexed by elements of an affine
Weyl group W, and depend on parameters qy, ..., g, (one parameter for each Cox-
eter generator so, ..., S, of W). The most studied case is the 1-parameter case, where
qi = q for all i. It is to this case that the geometric classification mentioned above ap-
plies. In [23], Ram introduced an explicit combinatorial construction of the class of
calibrated representations of 1-parameter affine Hecke algebras. These are the mod-
ules which have a basis of simultaneous eigenvectors for all the elements of a natural
large commutative subalgebra of the Hecke algebra. While not all representations of
an affine Hecke algebra are calibrated, the calibrated representations are of particular
interest to combinatorialists since they are the generalisation of the classical combi-
natorial constructions for Weyl groups to (one parameter) Hecke algebras. Our first
aim in this paper is to extend the construction of calibrated representations to the
multi-parameter case (see Theorem 3.6). We suspect that a full classification of cali-
brated representations, along the lines of the one parameter case, is possible, although
we defer this investigation to later work and instead the focus here is on constructing
calibrated representations. In Sect. 3.3, we give some explicit examples of our cali-
brated representations, and, in Sect. 3.4, we develop the character theory of calibrated
representations in preparation for the Plancherel Theorems.

In the second part of this paper, we derive the Plancherel Theorem for rank 1 and 2
affine Hecke algebras. The Plancherel Theorem is the spectral decomposition of the
canonical trace functional Tr : 5 — C with Tr(T,,) = &1 for w in the affine Weyl
group W. It is the analogue of the formula

Tr@)= Y maxz(a)

nelrep(7)

for finite dimensional Hecke algebras, where m, are the generic degrees (see [8,
Chap. 11]). For affine Hecke algebras the sum becomes an integral over representa-
tions of a C*-algebra completion of .#, and the weights m, become the Plancherel
measure.

The Plancherel Theorem has been proven in general by Heckman and Opdam
[10] and Opdam [19] in a veritable tour-de-force parallelling Harish—Chandra’s
work [9] on the Plancherel Theorem for real and p-adic Lie groups (see also Reeder
[26]). The Plancherel Theorem has been further developed by Delorme—Opdam, Op-
dam, Opdam—Solleveld, and Ciubotaru—Kato—Kato (see [4, 6, 20, 21]). Therefore,we
should explain the value of our direct calculations in ranks 1 and 2.

Firstly, while the general formulation of the Plancherel Theorem in [19] is essen-
tially complete, there are some constants that are not explicitly computed (they are
conjectured in [19, Conjecture 2.27] to be rational numbers). Thus it is desirable to
have a complete and direct calculation in ranks 1 and 2 which evaluate all constants
involved. (We note that in the case of the affine Hecke algebra of the general linear
group over a non-Archimedean local field, the Plancherel Formula is entirely known,
see [1, Remark 5.6]).

Secondly, for concrete applications of the Plancherel Theorem (for example, prob-
abilistic calculations like in [22]) one may need explicit constructions of the represen-
tations involved in the Plancherel formula. For the non-expert this may be a difficult
task to fulfil, and so we believe that the combination of both parts of this paper, with
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a very concrete matching up of representations and terms in the Plancherel Theorem,
is of value. In particular, the use of calibrated representations makes the Plancherel
Theorem accessible at a combinatorial level.

Finally, we hope that the explicit calculations may in some ways serve as an intro-
duction to the general theory, and illustrate the complexity involved in the sophisti-
cated work [4, 19]. The starting point and general philosophy for our derivation of the
Plancherel Theorems is similar to that in [19], but since we restrict to the rank 1 and 2
cases the calculations can be carried out by hand. In fact, our calculations form an ex-
tension of Matsumoto’s influential rank 1 calculations [16, §2.6], and hence provides
a companion piece to [16] (see also Kutzko and Morris [13]).

2 Definitions and setup
2.1 Root systems and Weyl groups

Let R be an irreducible (not necessarily reduced) finite crystallographic root system
with simple roots ¢, .. ., @, in an n-dimensional real vector space V with inner prod-
uct (-, -). Let R™ be the set of positive roots relative to the simple roots a1, . . ., o, Let
Wo be the Weyl group; the subgroup of GL(V) generated by the reflections s, @ € R,
where s, (M) = A — (A, a)a” with o¥ =2a/(a, a). Thus Wy is a Coxeter group with
distinguished generators s1, ..., s, (Where s; = sq,). Let wg be the (unique) longest
element of Wy. The dual root systemis RV = {a" | a € R}. The coroot lattice Q and
the coweight lattice P are

Q=7Z-span of RY and P=7Zw @ - ® Zw,,

where w1, ..., w, are the fundamental coweights defined by (c;, w;) = J;;. The cone
of dominant coweights is P+ = Z>ow1 @ - ® Z>owy,. Then Q € P, and Wy acts on
lattices L with Q C L C P. The affine Weyl group associated to R and L is

Wi =L x Wy,

where we identify A € L with the translation #, (x) = x + A. Let ¢ be the highest root
of R, and let s9 = t,vsy. Let S = {so, ..., s,}. Then Wp = (S) is a Coxeter group,
and

Wi =Wg x(L/Q), where L/Q is finite and abelian.

The length £(w) of w € Wy is the minimum ¢ > 0 such that w can be written as
a product of ¢ generators in S. The length of w € Wy, is defined by £(w) = £(w’),
where w = w'y with w’ € Wg and y € L/Q. Thus elements of L/Q have length
Zero.

Write R = R; U Ry U R3 with

Ri={xeR|a/2¢ R and 2« ¢ R}, Ry ={o € R|2x € R},
R3y={c € R|ua/2 € R}
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These sets are pairwise disjoint, and if R is reduced then Ry = R and R, = R3 = 0.
Define

Ry = R;UR,.

The inversion set of w € W is R(w) = {o € R |w™'a € =R }. By [3, VL, §1],
we have

R(w) = {a;,, $i; iy, ..., Siy =+ Si,_,&;,} whenever w =s;, ---s;, is reduced. (2.1)

For each rank n > 1 there is exactly one irreducible non-reduced root system (up
to isomorphism). This is the BC,, system, and it can be realised in R” by

R=d2{e; —ej,eitej,ep,2e|1<i<j<nandl=<k=<n},

where the simple roots are o; = ¢; —e; 4| for 1 <i < n and &, = ¢,,. The coroot lattice

is spanned by «’, ..., ;,a, /2, and we have P = Q. Then Ry is a root system
of type B, with simple roots ¢, ..., «,. We will always use the above conventions

for indexing the simple roots of BC,, root systems, and more generally we will adopt
standard Bourbaki conventions [3] for the irreducible root systems.

2.2 Parameter systems

Letqo, q1, ..., qn € C* be such that g; = g; whenever s; and s; are conjugate in Wy.
We call the sequence (g;) a parameter system. By [3, IV, §5, No. 5, Prop. 5], the
product

qw =qi, -+ qi, (where w=s;, ---s;, € Wg is reduced)

does not depend on the particular reduced expression for w. If & € Woo; N Woerj then
s; and s; are conjugate in Wy, and hence for o € Ry we define

ge =¢qi ifoe Wya;.

Let C[L] = C-span {x* | A € L} be the group algebra of L, with the group oper-
ation written multiplicatively as x*x* = x**#_ In the field of fractions of C[L], let
(for @ € Rp)

1—g 1x—e"’ )
lq“ij;v ifa € Ry,
—X
Cot(x) = (]7(171/2(171/2){70‘”2)(1+q1/2q,1/2x,av/2) ]
0 L o ifx € R.

l—x—¢

(Note that if & € R, then 2o € R, and so (2a)¥ = /2 is in L.) Choose relatively
prime elements n4(x) and dy (x) in C[L] so that

N (x)
dy (x) )

co(x) =

For example, @ € R, and q,}/z = qé/z then ny(x) =1 — q,,_lx_"‘v/z and d,(x) =
1—x—o'/2,
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Similarly, let

-1
P ifa e Ry,
C, (x) . 1—x
o - S U Vo Vo R Vo N
e ifa e Ry
Then, with d, (x) as above,
n’ (x
ch(x) = o)
dy (x)
for some n,,(x) € C[L] with n/,(x) and dq (x) relatively prime.

Let

c) =[] @, n@=]]nt), dxy=]] da.

+ + +
aERy aER) a€R;

The expression c(x) = n(x)/d(x) is the Macdonald c-function. We write c¢; (x), clf (x),
ni(x), nj(x), and d; (x) for n;(x) for cq, (x), cg, (X), ng; (x), ng, (x), and dy, (x), re-
spectively.

2.3 Affine Hecke algebras

Standard references for affine Hecke algebras include [14, 15] and [17]. With the
above notation, the affine Hecke algebra 71, with parameters qq, . . ., g is the alge-
bra over C with vector space basis {7y, | w € W} and relations

T.T, =T,y if L(uv) =L(u) + £(v),

1

1
TP=1+ (¢’ —q; °)T; foralli=0,1,....n,
where we write T; =T,

The above presentation is the Coxeter presentation of /7. There is a second im-
portant presentation which exploits the semidirect product structure Wy = L x Wj.
This is the Bernstein presentation, given by (2.2)—(2.5) below. Each A € L can be
written as A =y — v with i, v € L N P*, and we define

A -1
X = TtM’Ttv .

It is not hard to see that this is well defined, and in particular x* = T;, if A is dominant.
It can be shown [15] that .77 has vector space basis {Twx* |1 eL,we Wy} and
relations

1 _1
TP=1+(q7 —q; *)T; fori=1,...,n, (2.2)
LT;T;---=T;T;Tj--- (m;; factors) forl<i<j<n, 2.3)
xtxh = ru forall A, u €L, 2.4)
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1
Tix» — x5 T, = qizc;(x)(x)‘ —xs")‘) forl<i<nandAclL. (2.5)

Thus we see a copy of the group algebra C[L] of the lattice L inside of .5¢7. The
relation (2.5) is the Bernstein relation. Since s;A = A — (A,ai)aiv and (A, ;) € Z
the “fraction” c,’. (xX)(x* — x%*) that appears in the Bernstein relation is actually an
element of C[L].

It is well known (see, for example, [15, (4.2.10)]) that the centre of 77 is

CILIM ={feC[L]|w- f = f forall w € Wo}.

This has powerful implications for the representation theory of .77 . For example, it
forces the irreducible representations to be finite dimensional (since the centre acts on
irreducible representations by scalars, and it is evident that 77 is finite dimensional
over C[L]").

It is natural to seek modifications t,, of T, which satisfy a “simplified Bernstein
relation”

Tpx* =x" 1, forallwe Wyand A€ L. (2.6)
Define elements 11, ..., 7, € 57 by

1
T =di()T; — g7 nj(x).

A A

The Bernstein relation gives t;x* = x**1;, and it can be shown (see [23, Proposi-
tion 2.7], for example) that for w € Wy the product

Ty =T;, -+ T, 1s independent of the choice of reduced expression w = s;, - - - §;,.

Thus the elements 1,,, w € Wy, satisfy (2.6), and a direct calculation gives the useful
formula

t? =gini(n;(x') e C[L]. 2.7
2.4 Harmonic analysis for the affine Hecke algebra

Suppose now that gg, g1, . .., g, > 1. Define an involution * on .77 and the canonical
trace functional Tr : 77, — C by

3
( Z chw> = Z cwl,-1 and Tr< Z chw) =ci.
weWp weWp weWp
An induction on £(v) shows that Tr(7,, 7,}) = 8., for all u, v € Wy, and so
Tr(hihy) =Tr(hohy) forall hy, hy € 7.

Thus (hy, hy) = Tr(hlha‘) defines an Hermitian inner product on 77 . Let ||h]> =
/(h, h). The algebra 777, acts on itself by left multiplication, and the corresponding
operator norm is

7] = sup{llAxll2 : x € 57, llxll2 < 1}.
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Let .77 denote the completion of .7 with respect to this norm. Thus .77 is a non-
commutative C*-algebra. This algebra is ‘liminal’. Even better, all irreducible repre-
sentations of % are finite dimensional, and so by [7, §8.8] there exists a probability
measure i such that

Tr(h) = /  xx(h)du(r) forallh e 7. (2.8)
spec(H1.)

The measure u is the Plancherel measure. Only those representations of .77 which
extend to the completion .77 appear in the Plancherel Theorem. It is known [19,
Corollary 6.2] that these are the tempered representations of .77, (see [19, §2.7] for
the definition).

If t e Hom(L, C*) we write t* = t()). The Weyl group Wy acts on Hom(L, C*)
by the formula (wt)* =t '*. Following [18], define a function G, : 7, — C by

Gi(hy="Y "t "Tr(x"h) (2.9)

nel

whenever the series converges. From [18] we have the following (see also [19, (3.9)]).

Thgorem 2.1 The series G;(h) is absolutely convergent for all h € 71 whenever
1% | < g;" for (R, i) # (BCy,n) and |t%| < g5 'q; " for (R,i) = (BCy, n). More-
over,

g:(h)
Guoc()c@=Nd (1)’

where for each fixed h the function g;(h) has a analytic continuation in the t-variable
to Hom(L, C*). Moreover, g;(h) satisfies

1. g:(h) is a polynomial in {t" | A € L} (for fixed h € ),
2. g/(1) =d(t) forall t € Hom(L,C*), and
3. g (x*hxt)y =t*Trg,(h) forall A, u € L and all h € 77

Gt(h) =

(2.10)

Remark 2.2 (a) Note that t*g,(7,) = g; (twx*) = g; (x¥* 1) = 1" g;(1), and so if
wt # t then

8 (rwx)‘) = (Sw,ltX da(t).

Then, by condition 1 in the theorem, this formula holds for all ¥ € Hom(L, C*).
(b) The three conditions in the theorem completely determine g, (k). For example,
consider the A; case. It is sufﬁcient to Calculate g:(Ty,) for each w € W, because

gt(wa)‘) = t)‘gt(T ). Write Q = q2 —q -3, Applying g; to the Bernstein relation
Tix* V= T+ 0 +x ) gives

g(T)=0(1— t‘“lv)_ld(t) =0(1- t_azv)(l — i o),
Similarly, g (T2) = Q(1 — 1~*1)(1 — 171 "), g(T1T) = g(TyT) = Q*(1 —
17 7)), and g (T T2 T1) = Q3+ Q(1—1~*)(1—17*), making (2.10) completely
explicit in type A;.

@ Springer



338 J Algebr Comb (2014) 40:331-371

Let

g1 (h)
dt)’

Jir(h) = (2.11)

Note that f;(h) may have poles at points where 1*" =1 for some « € Ry. Fix a
Z-basis A1, ..., A, of L. From (2.9) and (2.10) we have

Si(h)
Tr(h)_ / /aﬂ e 1) t---dty, 2.12)

where t; = t*, dt; is Haar measure on the circle group T, and where ay, ...,a, >0
are chosen such that if # € Hom(L, C*) with |t*| = a; for each i then |t°‘iv| < qfl
(if (R,i) # (BCy,n)) and [1% | < cf1 ~1 (if (R,i) = (BC,,n)). Formula (2.12)
appears in [19, Theorem 3.7], and is the startlng point of the Plancherel Theorem.

3 Representations of affine Hecke algebras
Let M be a finite dimensional .7#7 -module. For each t € Hom(L, C*) let
M, ={v eM|x* v=r'v forall A € L},
ME™" = {v € M | for each A € L there is a k > 0 such that (x)‘ — t)‘)k I 0}

be the t-weight space and the generalised t-weight space, respectively. Each finite
dimensional .7¢7 -module M decomposes into a direct sum of generalised ¢-weight

spaces
@ w
tesupp(M)

where supp(M) = {t € Hom(L, C*) | M¥" # 0} is the support of M.
A finite dimensional #7 -module M is calibrated if

ME" =M, forallt € supp(M).

(In the literature, this is also refereed to as tame). The main purpose of the first half
of this paper is to construct calibrated irreducible representations of general affine
Hecke algebras. We suspect that a complete classification of calibrated representa-
tions along the lines of the 1-parameter case is possible (perhaps with some restric-
tions like W; = W), although such a classification requires detailed information
about the representation theory of rank 2 (multi-parameter) affine Hecke algebras,
and this would take us beyond the scope of the present paper (the rank 2 representa-
tion theory for the 1-parameter case is treated in [25]). Thus the focus of this paper is
on construction, and the question of classification will be pursued in later work.

The elements t; € J¢7, considered as operators on a representation, are often
called intertwining operators because of the following fundamental and important
fact.
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Lemma 3.1 Let 1 <i <n. Let M be a finite dimensional 77 -module, and suppose
that t € supp(M). Then as operators,

o MEN S MEY and s ME o ME
Moreover, n; (t)n; (t~1) # 0 if and only if each operator is bijective.

Proof Let m € M*". By (2.6), we compute
(x* — (s,-t)k)kr,' m =7 (x5 — ts"’\)k -m=0
for sufficiently large k. Thus t; -m e M fﬁn. For the final claim, note that by (2.7) the
operator tl.z : Mtgen — M,gen is given by riz -m = gin; (On; (¢~ Hm. O
By Schur’s Lemma (see [29]), the centre C[L]™0 of 5 acts on an irreducible
module M by scalars. It follows that there exists t € Hom(L, C*) such that
px)-v=p@)v forall p(x) € CILI™ and all v € M.

The element ¢ is only defined up to Wy orbits. The orbit Wyt is called the central
character of M, although as is customary we will usually refer to any ' € Wyt as
‘the’ central character of M. A central character t € Hom(L, C*) is called regular if
t*" #1 forall @ € Ry.

3.1 Principal series representations

The large commutative subalgebra C[L] of 7 can be used to construct finite di-
mensional representations of 7. The principal series representation with central
character t € Hom(L,C*) is

M(t) = Ind/h, (Cvp) = 74, R)(Cy),
C[L]

where Cu; is the 1-dimensional representation of C[L] with x* v, = t*y, for all
A € L. Itis clear that this representation is | Wy|-dimensional, and that {T;, ® v; | w €
Wo} is a basis of M (7).

For t € Hom(L, C*) define

N(0) = {o € Ry | na()n_a(r) =0},
D(t)={a € R | do(t) =0}.

Note that N(¢) and D(¢) are closely related to the zeros of the numerator and denom-
inator of the Macdonald c-function, respectively.
For t e Hom(L, C*), let

W, ={w e Wy | wt =t},

Wiy = ({5« |« € D)}).
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Note that W is a normal subgroup of W; (since wsegw ™! = sy ). Moreover, if
L = P then necessarily W) = W, (see [28, §4.2, 5.3]).
The following theorem of Kato [11, Theorem 2.2] is fundamental.

Theorem 3.2 The module M (t) is irreducible if and only if N(t) = 0 and W; = W(y).

The fundamental importance of the principal series representations is highlighted
by the following fact (see, for example, [23, Proposition 2.6]).

Proposition 3.3 If M is an irreducible representation of 57 with central character
t then M is a quotient of M (t). In particular, dim(M) < |Wy|.

3.2 A combinatorial construction of irreducible calibrated .77 -modules

Following [23], the calibration graph of t € Hom(L, C*) is the graph I"(¢) with

vertex set {wz | w € Wy}, and

edges {wt, sjwt} if and only if «; ¢ N (wt).
For each J C N(t) define
Fit)={weWo|R(w " )NN(@)=J and R(w™") N D(r) =7}.

By the argument in [23, Theorem 2.14], if W; = W(;) then the connected components
of I'(t) are precisely the sets

{wt |we Fy(t)} suchthat J € N (1) and Fy (1) # 0. 3.1
Remark 3.4 We note that if W; = W(;) then the geometric argument in [23, The-
orem 2.14] also shows that if w,v € F;(¢), and if wv™! = iy ---8i, 1s a reduced
expression, then each element

W, SjiW, SipSiiW, ..., S8, - Sipsw=0v isin Fy(t).
(Because the “smaller regions” in the proof of [23, Theorem 2.14] which correspond
to the connected components of the calibration graph are convex in the sense that they
are intersections of half spaces, and hence by [27, Proposition 2.8] all minimal length

paths between w and v are contained in this region). Thus F;(¢) is ‘geodesically
closed’ in the (dual of the) underlying Coxeter complex.

Proposition 3.5 If M is a finite dimensional 71, -module then
dim(MF") = dim(M5™")
whenever t and t' are in the same connected component of the calibration graph I' (¢).
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Proof If o; ¢ N(t) then Lemma 3.1 gives dim(Mtgen) = dim(MSgsn). Hence the re-
sult. O

Let R;; be the rank 2 subsystem of R generated by the simple roots «; and «;.
That is, R;; is the intersection of R with the Z-span of {;, a;}. We say that a weight

t € Hom(L,C*) is (i, j)-regular if (wt)"‘iV # 1 and (wt)o‘JY #1forall we W;; =
(si,sj), and (i, j)-calibratable if one of the following conditions holds:
(1) The weight ¢ is (i, j)-regular.
(ii) R;j is of type C2 (assume «; short and «; long) with
(@) i =q; and (¢ ,1"1) = (g1, q; ") or (g7, i), or

(b) g =q% and (1% ,1%7) = (¢; . ;) or (g3, q).
(iii) R;; is of type G2 (assume «; short and «; long) with

Vv Vv _ _ — —
@ gi=q;jand (t% 1) = (q; ", qi). (qi.q; V). (a?.a; D). (q; %, q0). or

(®) gi =g} and ¢, 1) = (q3,q4;), (¢ 4/, (@7 4D, (@3, 957
(iv) R;j is of type BC; (assume q; middle—length and «; short) with

v Y/2 —1/2 -1 — 1/2 1/2
@ g; =qoq; and (1% ,1%"%) = (qoq;. qq "/ /) (qolqj 'y q,/) or
- - v Y/2 1/2 —1/2 —
(b) gi = qogq; " or q5'q; and (1% (%) = (qo 'gj.~a0"a; ). (qoq; .
—1/2 1/2
—49 ), or

1/2 1/2 v v — _
(©) qi = qo/ q/ and (1%, 1% %) = (¢;" q1). (i g;7 ). or

1 2 172 172 —-1/2 v V2 - —

@A) g =aqq *q;"* orqy*q; " and ¢ 1) = (g7 —q0). (@i —q; ).
Conditions (i), (11)(a) and (iii)(a) are equivalent to Ram’s definition of calibratable
in the 1-parameter case. Note that if R;; is of type BC; then the underlying root
system R is necessarily non-reduced, and hence is of type BC,,,andso 1 <i <n—1
and j = n (since «; is assumed to be short).

In the following theorem, we construct a class of irreducible calibrated .77 -
modules.

Theorem 3.6 Let t € Hom(L,C*), and let J € N (t). Suppose that F;(t) # @ and
that each wt with w € F;(¢t) is (i, j)-calibratable for each pair (a;, ;) of simple
roots of R. Let Mj(t) be the vector space over C with basis {ey; | w € Fy(t)}, and
define linear operators Ty (i =1, ...,n), ¥* (A € L), on M;(t) by linearly extending
the formulae

Pew = (wi) ey, reL, (3.2)

~ 1 1
Tiew: =qi2cl/-(wt)ewt +qi2Ci (wheguw: 1=<i=<n, (3.3)

with thNe convention that ey, =0 if v & F;(t). Then the map 51 — End(M (t)) with
T; — T; and x* — X* defines an irreducible calibrated representation of #7,.

Proof (a) We check that the operators T; and %% satisfy the Bernstein relation. We
have
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(f}i)‘ — 35T, )sz ((wt)A - is")‘)f}ewt
1 1
= ((wt))L - xsik)(qiz C,{ (wt)ey + 611-2 Ci(u}t)esiwt)

1 1 4
= ((wnH* — (w1 ™*) g2 cj(wh)ew = g} (X) (F* — F*) ey

(b) We now check that the operators T; satisfy the quadratic relation 7:,.2 =1+
1

_1
(6112 —q; T;.

~ ~ 1 1
Tizewt =T (Q'Z C/'(U)t)ewt + in Ci(wt)es,-wt)

(cj wn)? + ¢ (woei (siwt)) ewr + gici (wt) (c] (W) + ¢ (s;wt)) e

1 1

ai
1 —2 =
= (14 (g7 =, )aicl@n)eu + (a7 —a; Pt ciwdequn

1
:(1+(qi2 —q; *)Ti)ew:

(c) We verify the braid relation f)f,f} = ~~-ij}f‘j (m;; factors). Fix w €
F;(t). Suppose first that wt is (i, j)-regular. Let v € W;;. If ey, # O then (3.3) gives

1
( 6], ¢ (UWI))euwt inCi (vwi)es,vwe 34

and, by Remark 3.4, this formula is also true when ey, = 0 and £(s;v) > £(v).
Consider the product (Well defined by (i, j)-regularity)

Ajj(wt) =-~~(T ql [of (sjslwt))( q 2¢, (s,wt))( q 2! (wt))
(m;; factors).
Let vo be the longest element of W;;. Repeatedly using (3.4) and cy(vwt) =
Cy-14 (W) gives
1

Aij(U)t)ewt = ql)20 [C(x,- (wr)cs,-aj (wt)cs,-sja,- (wr)cs,-sjs,-ozj (wt) - - ]evowt~
By (2.1), we have {a;, siaj, sisjo, ...} = {oj, sja;, sjsiaj, ...} and so A j; (wt)ey; =
Ajj(wt)ey;. Each v € W;;\{vo} has a unique expression as a product of 51mple gen-

erators, and so for v < vy we may unambiguously define operators T = Tll le . T, .
where v = s;,s;, - --5;, is the unique reduced expression for v € W;;. Expanding

Ajj(wt) and Aj;(wt) and using the already verified quadratic relation for f’, and
f”j, we see that there are rational functions p, (wt) and g, (wt) in wt such that

Aijwhew = T;TjTiew + Y pywt)Tyew.

v<vg

Aji(Wt)ewt =-- fjﬁfjewt + Z QU(Wt)Tvewt-

v<vg

One now shows that p,(wt) = g, (wt) for all v < vg. This is achieved exactly as
in [23, Proposition 2.7] by using the action of the t-operators on principal series
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representations, and we omit the details. Thus the braid relation, in the (i, j)-regular
case, holds.

We now verify the braid relation in the case where wt is (i, j)-calibratable but
not (i, j)-regular. Consider the R;; = C, case with ¢; = ¢; and (wt)"‘iv =g¢g; and
(wt)O‘JY = qi_l. By (3.1), we have F;(t) = {wt}, and so the braid relation is trivially
satisfied (as M () is 1-dimensional). All other C; cases are similar. In the G, case
with g; = q;.’ and (11)t)°‘z‘V = q;’ and (wt)wfY = qj_z, by (3.1) we compute Fj(t) =
{w, sjw}, and a direct calculation gives

~ 1 ~ 1 1 1

Tiewlzqizewta Tjewtij_’_l(_qj' zewt+q]'2€sjwl)7
; -} ) (1o !
Ties/-wt:_q,‘ €sjwi> Tjesj-wt:q./' <1_qj_zewt+ 1+qj_lesj-wt>-

The braid relation follows by direct calculation. The remaining G, cases are similar
(or trivial). Finally, in all BC; cases we have F;(t) = {wt} and so the braid relation
is trivially satisfied.

To conclude the proof, we show that the module M (¢) is irreducible and cali-
brated. By the construction, the generalised weight spaces of M;(t) are M (t)yy,
with w € F;(t), and each generalised weight space has dimension 1. So M (¢) is
calibrated. Furthermore, it follows that if M is a proper submodule of M (¢) then
there is w, w’ € Fy(¢t) with wr # w’t such that My, # 0 and M/, = 0, contradicting
Proposition 3.5. Thus M (¢) is irreducible. O

We note the following subtle point: In Theorem 3.6, the basis of M (¢) is indexed
by the set {wt | w € F;(¢)}, while in the construction [24, Theorem 3.5] the basis is
indexed by F;(#). The reason for this refinement is that we work with general lattices
Q C L C P, while in [23, 24] the lattice L = P is specified. See Examples 1 and 2
below.

Remark 3.7 Recently [5], Ram’s construction has been applied to study the repre-
sentation theory of 1-parameter rank 2 affine Hecke algebras with g a root of the
Poincaré polynomial, and analogously the above construction could be applied to the
study of such representations in the multi-parameter case.

3.3 Examples

Let us give some concrete examples of the construction from Theorem 3.6. Most of
these examples will arise in the Plancherel Theorems in the later parts of this paper
(see Sect. 4). Of interest, we see in the third and fourth examples that some non-
calibrated modules (in the single parameter case) can be constructed from calibrated
modules (of multi-parameter algebras) by making an appropriate change of basis and
taking a limit.

Example 1 Let 7 be a C, Hecke algebra with L = P and with parameters g
and g (see Sect. 4.5). Let t € Hom(P, C*) be the character with r®! = —qfl and

@ Springer



344 J Algebr Comb (2014) 40:331-371

Sol &—@ ¢ t=sot ®
S189t syt s1t = s189t
52815215 SQSlt 528125 = 82518275
51525152t *———o 8182$1t 518251)5 = 31323231t L]
(a) Example 1: L =P (b) Example 2: L =Q

Fig. 1 Calibration graphs for Examples 1 and 2

192 = ql_l/z, so that 1% = qf and 12 = —1. Thus N(t)" = {o, ) 4+ 25} and
D(t) = . Thus there are 4 choices for subsets J C N (). Let J)' =@, J,' = {a)},

= {a) +20'}, and J, = {a), &) + 20y }. We compute Fy, (1) = {1, 52}, Fp, (1) =
{s1, 5281}, Fyy(t) = {5152, 525152}, and Fy,(t) = {s15251, 51525152}, and so the cali-
bration graph is as in Fig. 1(a). Thus by Theorem 3.6 and Proposition 3.3, there
are 4 irreducible modules with central character ¢, each with dimension 2. For ex-
ample, the matrices for the module M, (t) with respect to the basis {e;, e} are

2(Ty) = —q; 1, n(x*) = —¢7'1, and

Ve R
q q +q . _ _
7 (Ty) =12 2 ) m() =diag(q; 2 —q; ).
2 1 +4q, | —q, !

Note that n(x“lv) =q, 7 and 71()6‘)‘2v ) = —1, and it follows that the restriction |7,
is not irreducible (indeed, 7|, is the direct sum of the representations 7% and 70
from Sect. 4.4). This does not contradict the irreducibility statement of Theorem 3.6,
because the calibration graph changes if we use the lattice Q instead of P (see Ex-
ample 2).

Example 2 Now let 7 be a C, Hecke algebra with L = Q. Let t € Hom(Q, C*)
be the character with 11 = q; Uand 12 = —1 (note the similarity to Example 1).
Then N (¢) and D(t) are as in Example 1. Let J1, J2, J3, J4 be as in Example 1, and
then the sets F,(¢) are as computed in Example 1. However, now s>t = ¢, and so
the calibration graph is as shown in Fig. 1(b). Thus Theorem 3.6 constructs 2 irre-
ducible 1-dimensional modules, and 1 irreducible 2-dimensional module with central
character r.

Example 3 Let s be a G, Hecke algebra with L = Q = P and with parameters
g1 and gy (see Sect. 4.6). Let t € Hom(Q, (CX) be the character with % = q1
and 1% = q, -1/ 1/ L If g ;é q2 and q1 # q2 then this character is regular, and
we compute N(t)v {oz1 ,al + 2a }. Thus there are 4 choices for J C N(¢), and
the connected components of the cahbration graph are given by {wt | w € Fj(t)}
for these choices of J. Consider the case JV = {o) + 2ay'}. We compute F; () =
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{$28515281, S152515251, 525152515251 }. The matrices for 7 = M (t) are

1—q; -9, “¢;
I _3 _1 3 0
1 l_qlqu 2 1 9, 2q22
— 2 D ]
w(T)) =q| 1—q 2q; g 0 ,
13 _1 3
1_q12q2 2 l_ql 2q22
0 0 —q;!
—q;" 0 0
q,
1 3
1 2.2
| 0 1‘Q2 1_‘11 4>
1=} e S
7'[( 2 _q2 l—ql 4y l_ql 495 ’
4 1
0 l_qll qzl 1_(1% 1
17q12q2 2 lfq] 2q22

_1 3 1 3 _1 1 1 _1
7 (x) =diag(q, *¢; .47y *.ay '), w(x*) =diag(q; ' q; 29541 0).

The construction breaks down when g; = g2 or when g1 = qg. These cases can be
dealt with by a suitable change of basis in the module M (¢). Let

1 _3
1 0 0 1 —qlzqz2 0
1 _1
A=10 1 —g¢iq,° |- B=|-1 1 0
1 _3
0 -1 1 0 0 1-qlq,°’

After conjugating each representing matrix by A (resp., B) it is observed that the
resulting matrices are defined at g = g2 (resp., g1 = q23). Setting g1 = g2 = ¢q
(resp., g1 = q°> with g = ¢) gives a (non-calibrated) irreducible representation of
the algebra . (q, q) (resp., the algebra .77 (¢, ¢°)). For example, the matrices in the
g1 = g2 = q case become

3 3
L S
1 +1 2g+1 3
rMy=q* | %~ v &1 |
_gtl 3 _ 4=
q g—1 q(g—1)
—g~! 0 0
0 —2q_1 —q_l
) 0 0 " 00
r(x*1)=1|0 —2¢7' 3471, r(x2)=| 0 3 2
0 3q—1 4q—1 0 -2 -1
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Example 4 Let 7 be a C, affine Hecke algebra with either L = Q or L = P and
with parameters g and g, (see Sects. 4.4 and 4.5). Lett € Hom(L, C*) be a character
with 11 = q; Uand 1% = q2. If g1 # g2 and g # q22 then the character ¢ is regular,
since 11T = g1 'q> and 1o 20 = g1 'q3. Thus we compute N (1) = {a1, @2} and
D(t) = . There are 4 choices for J € N(¢), namely J; =@, Jo = {a1}, J3 = {2},
and Jq = {1, p}. We compute

Fy (1) = {1},

Fp,(t) = {s2, 5152, 825152},

Fy, (1) = {s1, 5251, 515251},

Fy, (1) = {s1525182}.

The sets {wt | w € Fy,(¢)} with i =1,2,3,4 are the connected components of the
calibration graph of 7. Thus there are 4 irreducible modules M, (¢) (i =1,2,3,4)
with central character ¢, with dimensions 1, 3, 3, 1, respectively.

Consider the module My, (¢) (this module will appear in the Plancherel Theorem
for C»). The matrices of Ty, T, x% and x* relative to the basis €51+ Cs syt s Csys 5ot
are

-1 -2 2
1—q; 5 1-q; ]‘12 0
B R R a3
2 2 -1
(1)) =q; 1 qz_z ! ‘il] . 0
1—q14, =gy g5
0 0 —q
—g;! 0 0
q,
1 l—q_1 l—q_1
n(T2) =q; I-q1g;"  1-q;'@2
2 _
0 1-q14; 1-¢;"
I-q19;"  1-q;'@2

n () =diag(qy g3 1937 qr ). () =diaglg; gy g2 10 7).

If L =P then w; =) + ay and wy = &) /2 + «y. Thus there are 2 characters
t € Hom(P, C*) with 14 = ql_1 and 1% = q2, specifically t*! = ql_lqz and 1“2 =

—1/2

+q, '“q2. The corresponding matrices for x®! and x*2 are

7 (x) = diag(q; 'q2.9; a3 ). w(x®2) = £diag(q; gy % 0 a5 ).

In the cases g1 = ¢» or g1 = q22 an analogous computation to that in Example 2
can be used to construct (non-calibrated) irreducible representations of .7(q, ¢) and
H(q.q7).

3.4 Characters

We conclude this section with some observations about characters that will be used
for the Plancherel Theorems. Let f;(h) be as in (2.11).
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Lemma 3.8 Let w be an irreducible representation of 71 with central character t,
and suppose that the character x of @ satisfies

X (th)‘) =0du.1 Z kv(vt))‘ forallw e Woand L € L,

veWy

for some numbers k, € C. Then, with f; as in (2.11), if t is regular we have

X(h)=" kyfu(h) forallhe .

veWy

Proof Since t is regular, each f,;(h) with v € Wy and h € 577 is defined. From
Remark 2.2 and the hypothesis, we have x (h) = ZveWO ky for (h) for all h € 377,
where %ﬁ" is the subalgebra of 777 with basis {twx* |we Wy, A e L}. Let A(x) =
HQGRO(I — x“"v) =d(x)d(x~1). An induction using the formula (1 — x_“iv)Ti =
7; + a; (x) shows that A(x)‘™)T,, € 5] for all w € Wy. Thus A(x)*@W Tyx* € 2]
for all w € Wy and A € L. Since A(x) € C[L]W0 is central and x is irreducible, we
have

A x (Tux*) = x (AW W Tyat) = D ko fur (A Tyx*)

veWy

= A(t)t®™ Z ko for (Twx™).

veWy

We can divide through by A(1)¢™) since ¢ is regular. O

Proposition 3.9 Let x; be the character of the principal series representation M (t)
of F¢1, with central character t. Then

Xi(hy="Y" fui(h) forallhe i, (3.5)

weWy

where the right hand side has an analytic continuation (for fixed h € 5¢1) to all
t € Hom(L, C*).

Proof Suppose first that D(¢) = @ and that M(t) is irreducible (see Theorem 3.2).
Since D(t) = ¢ the module M (¢) has basis {1, ® v; | w € Wp}. To see this note that
if w=s;, ---s;, is reduced then the Bernstein relation gives

Ty QU = [ 1_[ (1 — t“v)i|(Tw ® v;) + lower terms,
acR(w™1)

where ‘lower terms’ is a linear combination of terms 7, ® v; with v < w in Bruhat
order. Thus if D(¢) = ¢ then each basis element Ty, ® v; of M(t) can be written in
terms of the elements {7, @ v; | w € Wp}.
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From (2.7) we see that the diagonal entries of the matrix for t,, are all 0. The
matrix for x* is diagonal with entries (wt)* (w € Wy) on the diagonal. Therefore,

Xt (th)‘) =8w.1 Z (vt))‘ forallwe Wopand A € L.

veWy

Hence Lemma 3.8 gives (3.5).

The cases where D(t) # ¢ or M(¢t) is not irreducible are obtained as follows.
For fixed h € S the character yx;(h) is, by construction, a linear combination of
{t* | » € L} and is defined for all € Hom(L, C*). The right hand side of (3.5) is a
rational function in ¢. Thus the singularities of this rational function are removable
singularities (even though each individual summand may have singularities). g

Proposition 3.10 Suppose that t is a regular character. Let J < N(t), and let M j(t)
be the module constructed in Theorem 3.6. Then

Xx()y= Y fulh) forallhe.

weFy(t)

Proof Since 1; - ey = ql.l/ zni (t) e5;wr, We see that the diagonal entries of the matrix
for 7, are 0. Since the matrix representing x* is diagonal, it follows that

x (tox?) =8u.1 Z (wt)* forallve Wyand A € L,

weF;(t)

and the result follows from Lemma 3.8. O

Lemma 3.11 Let 7w be a 1-dimensional representation of 1 with regular central
character t. Then

x(h) = fi(h) forallhe 57,

unless 1 is of type C, with n(x“ry) = —1. In this case there is a 1-dimensional
representation ' defined by 7' (x*) = w(x*) for all » € L, n'(T;) = n(T}) for all
. 1/2 —-1/2 . —1/2 1/2

i #n,and 7' (Ty) = g, (resp., —qn ) if 1(Ty) = —qn '/ (resp., qu’®). Then

x(h) + x'(h)

> = fy(h) forallh e 5.

Proof By direct analysis of the defining relations (2.2)—(2.5), one sees that the central
character ¢ of a 1-dimensional representation necessarily has n; (f)n; =0, except
in the C,, case with 7 (x"‘fY ) = —1. Excluding this case for the moment, it follows from
(2.7) that 7 (z;) = 0 and hence 7 (t,,x*) = 8, 1¢* for all w € Wy and A € L. Since ¢
is assumed to be regular, Lemma 3.8 gives x (h) = f;(h) for all h € J77 .

Now consider the C; case with 77 (x% ) = —1. Let 7’ be the companion represen-
tation defined in the statement of the lemma. The proof of Lemma 3.8 applied to the
representation 7w @ 7’ proves the result. The fact that 7 @ 7’ is not irreducible does
not effect the proof of Lemma 3.8 because the centre C[L1Wo of .23 acts by the same
scalar on each of 7 and 7’. O
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Remark 3.12 In Proposition 3.10 and Lemma 3.11, we assumed that ¢ is a regular
central character. In general, these results are false for non-regular central charac-
ters, even if each term f;(h) is defined. For example, consider the Gz case with
t € Hom(Q, C*) given by 4 = q1, 1% = qz_l. If g1 # g7 and q| # q22 and ‘112 + qg’
and g # qg then this central character is regular, and, by Lemma 3.11, we have
fi(h) = X4(h) for all h € 57, where X4 is the 1-dimensional representation of
¢ listed in Sect. 4.6. Suppose that g1 = g2 = ¢g. A calculation similar to Re-
mark 2.2 shows that f;(k) is defined for all & € 2, and that f,(T1T>T;) = q'/2.
But x*(T1 T>T1) = —¢'/%.

4 The Plancherel Theorem

In this section, we state and prove the Plancherel Theorem for each irreducible affine
Hecke algebra of rank 1 or rank 2. In each case, we give the generators and rela-
tions for the algebra, and construct the representations that appear in the Plancherel
Theorem (see the Appendix for some explicit matrices). We then state the Plancherel
Theorem, and give a proof starting from the trace generating function formula (2.12).
The proof consists of performing a series of contour shifts and Proposition 3.9 to
write (2.12) as

1 h
Tr(h) = / i )2 dt + lower terms, “.1)
IWolqu, Jn |c(@)]

where the lower order terms are integrals over lower dimensional tori. Then the lower
terms are matched up with lower dimensional representations of the Hecke algebra
using Proposition 3.10 and Lemma 3.11.

Throughout this section, we assume that go, g1, ..., g, > 1. The possible pairs
(R, L) with R an irreducible rank 2 root system and L a Z-lattice with Q C L C P
are (R, L) = (A2, Q), (A2, P), (C2, Q), (C2, P), (G2, Q), and (BC, Q).

4.1 The rank 1 algebras
(i) The Al(q), L = Q, algebra has generators T =T} and x = x* with relations
T>=1+(q>—g )T, Tx=x"'"T+(q>—q ?)(1+x).

Let 7, = Indéi[g Q]((Cvt) be the principal series representation with central char-
acter t € C*, where x - v, = tv;. Let 7w be the 1-dimensional representation of

I with

7(T)=—q 2 and m(x) :q_l.
Let x; be the character of 7r; and let x be the character of 7.
(i) The A1(q), L = P, algebra has generators 7 = T1 and x = x®! with relations

1

T2=1+(q7—q

%)T, Tx:x_lT—i—(q%—q_i)x.
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Let m; = Ind‘gf P (Cv;) be the principal series representation with central char-
acter t € C*, where x - v; = tv;. Let 7! and 72 be the 1-dimensional represen-
tations of 77 with

_1

7' (T)=—¢"2, rlx)y=¢72, and 7*(T)=-—¢q" 2,

Nl

BI—

() =—q 2.

Let x;, x 1 and x2 be the characters of 7;, 7!, and 72, respectively.
~ Vv
(iii) The BC1(qo,q1), L = Q, algebra has generators T = T, x = x“ /2
tions

with rela-

1 1

1 _ 1

4 5 2 -3 —2
T>=1+(qf —q;)T.  Tx=x"'T+(qf —a; " )x+ (a5 — 40 ).

Let 7, = Indgf 01 (Cv,) be the principal series representation with central char-
acter t € C*, where x - v; = tv;. Let !, 72 and 73 be the 1-dimensional repre-
sentations of 7 with

_1 _ 1
o (Ty=—q,%  7*T)=-q,>, 7T)=gq],

o=

(ST

1 1 _1 _1 1
') =q,%q, ' T =—qiq . T @ =-qq;
Let x;, Xl, XZ, and X3 be the characters of 7, 7!, 712, and 713, respectively.

Theorem 4.1 Let h € JZ. In the cases (i), (ii) and (iii) above, we have, respectively:

_ L qg—1
Tr(h) = 2 /T O dt + q+]x(h),

Tr(h)=L/ xi(h) dr + g1 (X](h)—f-)(z(h)),

2 Jr el T 2q+ 1)

1 x:(h) qoq1 — 1 1 lgo — q1l
Tr(h) = — h _
k) 26]1/11‘|C(l)|2 s na 0 P G D@+

[xz(h) ifqo <qi,
X
x>(h) ifq1 < qo,

where the c-functions are respectively

1—g 1! 1—g 112
)= ——7—, )= —————
c(e) 1—¢1 e 1—12

)

11 11
(1—gy°q "t +q5q, °t7)
1—¢t2 '

c(t) =
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Proof Let us prove the BC, (g0, q1) case. If go = ¢ there is some simplification, so
suppose that gg # g1. Write g(t) = g;(h) and f(¢) = f;(h). From (2.12) we have

Tr(h)_l/ f@

q1 9 ql aT c()e@™ 1)
where 0 < a < 1. Note that the integrand has at most removable smgularltles onteT,

and that the poles of the 1ntegrand that lie between the contours qo ql aT and T
1

are att = qo ‘11 , 1= —qo q, -3 (in the case that gg < ¢g1) and t = —qo ‘11 (in the
case that g1 < gp). Computing residues (using dt = Lde =542 gives

~2n 2ni 2
L[./® qoq1 — 1 11
Tr(h J -
0= | For G )

L1
l90 — q1] fl=agaq,*) ifqo<q,
(qo+D(gi+1) N
oM f=ay%a) ifq1 < qo.
Using Proposition 3.9, we have

-1
1 AQ) di = f(t)+f(t )dt 1 Xt (h)

a1 Jrle@]? 2611 le()[? 2q1 Jr le@)2

_1 o1 11
and Lemma 3.11 gives f(q,°q,°) = x1(h), fl=a5q9,%) = x2(h), and
_1 1
f(=ay ai)=x>). O
4.2 The A, (q) algebras with L = Q

This case is treated in [22], and so we will just state the result here. The coroot system
is R = +{a), o), @) + ). The affine Hecke algebra has generators 71, T2, x| =
x“lv, Xy = x% and relations

1 1 _ 1 1
TP =1+(¢2 —¢ )T, Tixi=x7'Ti + (g2 —q72) (1 +x1),
1 1
h' T =TT, Th=1+(q2 —q 2T,
_ ol
T =x'To+ (g7 =g 2)(1+x2),  xixp=xx1,
Tix; leszl_l, Thxy :xlszz_l

Letm, = Indg’[ﬂ 01 (Cv,) be the principal series representation of the affine Hecke al-

gebra S with central character t = (¢, 1p) € (C*)2, where Cu;, is the 1-dimensional
representation of C[Q] with x1 - v; = f1v; and x - vy =t v;.

Let 571 be the subalgebra of # generated by T, x; and x;. Let s € C* and let
Cuy be the 1-dimensional representation of 7] with

1 1
1 -1 1
T -usg=—q Zus, X|-Us=q U, X2 Uy =q2Suy.
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Let nsl = Ind% (Cuy) be the induced representation of J7.

Let 772 be the 1-dimensional representation of .7 with
_1 _1 — _
(M) =—¢"%, 7M=-¢ 2 ) =q¢ ' 7)=q"

Let x;, Xsl, and x2 be the characters of 7y, nsl, and 72, respectively.

Theorem 4.2 For all h € 7 we have

1 Xt (h) (g —1)? X5 (h) q@-17° ,
Tr(h) = —/ dt+ . ds + x~(h),
63 Jr2 |c(1)|? q*(q* = 1) Jr le1()? -1
where
1—g 'Y =g ' ha —g e 1 —g 3!
C(I) = ( a 1 _)f 9 _12 )( _ql _11 2 ), C](S) = 7q ] 5 .
(l_tl )(l_tz )(l_tl Iy ) 1—q7S_1

4.3 The Az(q) algebras with L = P
The root system is as in Sect. 4.2. The fundamental coweights are w = %alv + %azv
and oy = %a}/ + %azv , and the coweight lattice is P = Zw; + Zaw,. The affine Hecke

algebra is generated by 71, 75, x; = x®! and x; = x*? with relations

T12=1+(C]%—6]7%)T1, T1x1:x1_IX2T1+(q%_q7%)xl’

1 1
NN =00,  Ti=1+(q2 —q 2)D,
_ 11
T2X2=X1x21T2+(612 —q72)x, X1X2 = X2X1,
Tixo =x2T1, Toxi =x11;.

Letm, = Indéi[a p1(Cvy) be the principal series representation of the affine Hecke al-
gebra . with central character t = (t1, 1) € (C*)?, where Cu; is the 1-dimensional
representation of C[P] with x; - v, = fjv; and x2 - v, = HHvy.

Let 4 be the subalgebra generated by Tj,x; and xo. Let s € C*, and let
nsl =HQ S (Cuy) be the 3-dimensional representation of .7 induced from the
1-dimensional representation Cu, of .77 given by

_1 _1
Ti-us=—q 2ug,  X1-Us=q 2sug,  X2-Us=SUs.

The module 7TS1 has basis {1 ® ug, Tr ® us, T1'Tr» ® us} and support supp:rs1 =

{t, sot, s15ot}, where t € Hom(P, C*) is the character with (#*!, 12) = (q_l/zs, s2).
It is not hard to show (see the proof of Lemma 4.4) that the character of nsl satisfies

Xxs(h) = fi(h) + for(h) + fo,50¢(h) foralls e C* and all h € 2. 4.2)
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Let 72, 73 and 7* be the 1-dimensional representations of .7 given by (where
_ 27i/3
w=e )

1 1
(M) =—q"2, 7 (T)=—-q¢"2, #*)=q"', 7?)=q ",

_1 _1 _ 1 _
B (M) =—q¢"2, M) =—¢2, 7e)=wg!, )=0"l¢7

_1 _1 1 — _
Tty =—q¢72, ') =-q¢72, r*Gn=0l¢7!, r*)=w¢ .

Let x;, Xsl, Xz, X3 and X4 be the characters of m;, nsl, 72, 713, and rr4, respectively.

Theorem 4.3 For all h € 5 we have

1 Xt (h) G=1> [ x
h) = — d
T 6q° ./1;2 le@®)|? ' @D JriaE”
(q—1°
m(xz(h)+x3(h)+x4(h)),
where
—g! g —q! ~1,-1 3 3
C(t)_(l 1720 t1t2 (1 't )’ Cl(s):1 q 12S .
(I—1 tz)(l—t1t2 )(l—t1 ty h 1 —g2s3

. Vv N _ .
Proof The series G,(h) converges whenever |t%1 |, [t%2 | < ¢ ™!, and hence the series

converges whenever ||, |t2] < ¢~ !, where f; =t and t, = t2. Fix h € ., and
write f;(h) = f(¢). Therefore,

1 Q)
Tr(h) = q° /qlaT /qlmr c(t)e(r=l) dndio,

where 0 < a,b < 1. Fix a number 0 < ¢ < 1 very close to 1. Consider the inner
integral. The #; poles of the integrand lying between the contours ¢ ~'aT and ¢T are

at the points where t1 =g~ 't,. We compute the residues (using dt; = 271” dz ) to be

f() Lqq—1? fEgin )

es N 172 172,
=122 €OcE™ 2@ =D e (F,P)e1(F,

)
Using § [ (f (") + f(=1V2)dt = [, o £(2) dt it follows that

f® (g—1)7° f(q~2s,52)
0 =35 [ Jo o6 190 = st e

Interchange the order of integration in the double integral. The #,-poles of the inte-
grand between the contours ¢ ~'aT to T are at the points where t22 =q, '#| and where

Hh=q! f I Computing residues gives

i0) (g —1)?
Tr(h — (I I I
. ffmc(mz "t pg—phthth:
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where

’

_1 2 2 1
11:/ . flg 2s,sl) ds. n={, f(s%.q 2s1)d
g ZazT c1(s)ci(s™) car c1(s)ci(s™)
; _/ fla~ts,q73s7h
3T q%cT CI(S)CI(S_I)

. Lo, .
and we have set 5 = 111/2 in I and s = ¢2#; in I3. The t;-contour in the double

integral can be shifted to T without encountering any poles.

The plan is to shift each of the contours in /1, /> and /3 to the unit contour T.
However, we need to be careful with the possible singularities of f (¢). Therefore, we
write f(t) = g(t)/d(t), with g(¢) analytic. Then the integrands of the integrals 1, I»
and I3 are

flg3s.5) (1-q253)g(g™2s,s2)
@™ (1 =521~ gis (1 — g 31— g 3sh)
f(szvf]i%s) _ (1 —q%s3)g(sz,q*%s)

A®aG™) (1521 - g1 —g i1 —g3sY)

flg is.q 7357 (1—g*s (1 —g>s)g(g 25,4727
A®aG™h - =g 21 =g i1 —gTsTH (1 — g5

In particular, the integrands of /1 and I have singularities on T. So instead we shift
all contours to c¢T. For the integrals I and I3, we encounter no poles, and so the shift

. . . . . . _3
is for free. For the integral I1, we pick up simple residues at the points s> = ¢~ 2, and
computing residues gives

f(g2s,5%) S q* (g —D(g*-1)
erci(s)er(s™h) 3(¢3 -1

x (g7 g™+ flog™ ol + fo g7  wg™")).

Therefore,
1 f@®
Tr(h d
M= /T el '
(q—1) / RN R L I R U ML
2(q -1 ci($)er(s™h :
(g —1)° -1 -1 -1 - -1 —1 -1
3(q3_1)(f(q 4 )+f(wq » @ )+f( , Wq ))

By (4.2), the numerator of the single integral is x; (%), and is therefore defined on T
and so the contour of the single integral can be shifted to T. Proposition 3.9 deals
with the double integral, and Lemma 3.11 deals with the 3 constant terms. O
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4.4 The Ca(q1, q») algebras with L = Q

The dual root system is R = £{a ), o0y, ) + ), ) + 20 }. Writing x1 = x* and
Xy = X% , the Hecke algebra has generators 77, 7>, x1, xo with relations

1

1 1
1, T1X1=Xf171+(q12—q1 2)(1+x1),

IR
T =1+(q; —q,

1 1

T\ T =TT To Ty, T =1+(q3 —q, )T,
. I
Thxy=x; T+ (95 —q, *)(1 +x2), X1X2 = X2X1,
Tix2 :xleTl_l, Toxy lex%Tz_l - (q

Let m; = Indéi[ﬂQ] (Cv;) be the principal series representation of 7 with cen-

tral character t = (t1, 1) € (CX)Z, where Cu; is the 1-dimensional representation
of C[Q] with x1 - v; =1f1v; and x3 - v, = BHvy.

Let 7 be the subalgebra generated by 77, x1, x, and let % be the subalgebra
generated by T2, x1, x2. Let s € C*, and let 7! = Ind;’;1 (Culyand 72 = Ind:;’g (Cu?)
be the 4-dimensional representations induced from the 1-dimensional representation
Cu! of 7 and the 1-dimensional representation Cu? of /% given by

1 1

1 1 1 1.1 1 2,1
Ll TUg = —qy Uy, X1 -Ug =gy Ug, X2 Uy :qlzsus’

[N}

1
2 -2 2 2 2 2 -1 2
I - Us =—4q, zus’xl TUg =qaSUG, X2 - Ug =() U

Let 7/ (j =3,4,5,6,7) be the 1-dimensional representations of .7#” with

(1) =—q, °, 7T3(T2)=—q2_%, ) =q7',  TO)=g",
n“(Tl):—qf%, 774(T2)=—612_%, ) =q7", ) =-1,
n5<T1)=—qf%, n5<Tz)=q§, ) =q;", 7)) =-1,
7r6(T1)=611%, () =—q,2,  wen=q, 71)=¢",
7(Ty) = —qf%, 7' (T) =q§, ) =q;', 7)) =g

Suppose that g1 # g2 and g1 # q22. Let 78 = M (¢) be the representation with
(1) = (¢7", q2), JV =y}, Fy(t) = {s2, 5152, 25152}
(since g1 # ¢» and g1 # q3, we compute N(1)" = {a), &y} and D(t)V = @). The

matrices for 78 are given in Example 3 of Sect. 3.3.

Let x;, XS], st’ and xj be the characters of ;, nsl, nf, and 7/, respectively
(j=3,...,8).
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v \4 l \2 \4
Lemma 4.4 Ler t,u € Hom(Q, C*) be (t*1,t%) = (ql_l,qlzs) and (u*1 ,u*2) =
(g2s, qz_l) where s € C*. Forall h € 77 and all s € C*, we have

Xs (B) = fr(h) + fit (B) + Fiyst () + fipssnr (), 4.3)
XS ()= fu(h) + forul) + Foysiu(B) + foysysiu (). 4.4

Proof Let us prove (4.3) ((4.4) is snmlar) Suppose that s € C* is not one of the
isolated points of C* which give 1*" =1 for some o € RJr Then JT is irreducible
(for example, it can be constructed using Theorem 3.6 in these cases) and each f,;(h)
is defined (for v € Wy and h € 5#°). Moreover, nsl has basis {1 ® usl, e ug, 172 ®
u sl UL QU sl} (this is proved in a similar way to the corresponding statement in the
proof of Proposition 3.9).

The diagonal entries of each matrix nsl (ty) relative to this basis are 0. This is eas-
ily seen once it is observed that 71 @ u g = 0 (which can be seen by direct calculation,
or by (2.7)). Since

7! (x*) = diag(t*, (s20)*, (s1520)*, (s251520)*)  forall & € Q,
it follows that
X, (twx™) = 8w 1 (t* + (2™ + (s1520)* + (s251521)")  forallw € Wo and A € Q.

Thus Lemma 3.8 gives (4.3), provided s is not one of the isolated points of C* that
gives t* =1 for some o € Ra' . But by construction, Xsl (h) is a polynomial in s and

s~! (for fixed h € ) and the right-hand side of (4.3) is a rational function in s.
Hence the result. O

Theorem 4.5 For all h € 77 we have
Tr(h) = // Xt (h) q1—1 x! (h)
8g3q3 J J12 cor 2q1q§(q1 +1) e

g — 1 / (h)
241%(612 +1 |C2(S)|2

X8 ifq < g,
+AXP )+ B(x () + x> W) +1CI < { x3h)  ifgo <q1 <43,
x"(h) ifq3 <aq,

where ¢(t), c1(s), c2(s), A, B, and C are as in Appendix A.1. If g1 =q2 or g1 = c]22
then the final term in the Plancherel Theorem is 0.

Proof The trace functional is given by

1 f@)
Tr(h —————F—dndt, 4.5
= a3 /quaqr /qglbqr cwea 2N @
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where 0 < a, b < 1 and where f(¢) = f;(h). Choose a with a < qlqz_l.

Step I: Shifting the tr-contour. Let 0 < ¢ < 1 with ¢? > ql_l, c> qz_l, c> q1q2_1 af
q1 <q2)and ¢ > ql_lqz (if g2 < q1). We will shift the #-contour from qz_lb']I‘ to cT.
The integrand has exactly one #,-pole between these contours, at t; = g, ! Thus

1 f@
Tr(h) = —-— ————~dnhdn +1;, where
q1495 Jq7'aT JeT c()e@™)
1

t
Il = —ﬂ/ Res L)—l
919> q;laT tzzqz_l C(t)C(t )

Step 2: Shifting the ti-contour. Interchange the order of integration in the double
integral. We will shift the ¢;-contour from g, 14T to T. By the conditions on a and c,

the #1-poles of the integrand between these contours are at 1] =g, 1, th=gq; ltz_ 2,
andy =¢q, 1tz_ I Therefore,

1 t
Tr(h) = — 2/ / A )_1 dudty+ 11+ L+ 1+ 14,
q1q3 Jer JT c@)e™)

where

; 1 R f@) ;
== es —————dty for j=2,3,4,
qiq;y Jer =2 c®)c™)

with 7o = ql_l, 3= ql_ltz_z, and z4 = qz_ltz_l. In the double integral, we may now
revert back to the original order of integration, and shift the f,-contour to T without
encountering any poles.

Step 3: Shifting the contours in the integrals I ;. Straightforward calculations give

PR, f@s4)
a2q2(q3 — 1) Jgr g5 ar c2(s)ea(s™h)
L
o @D’ flar'.4is)
2 Bl A TR T2
n193(qf — 1) Jg 2er er(s)er(s™h
_1
I (g1 —1)* fs72.q, %)
= 1 N
n93(q; — 1) Jo2er er(s)eis™h
(q2—1)? f(qy's™s)
Iy = ,

T P —1) Jer ()T

_1 1
where we have set s = q{ltl inl,s=gq, ’thin b, s = qlz tHin I3, and s =1, in I4.
We now shift each contour to T. As in the Az case, we need to be a little care-
ful with possible singularities of f(¢). Thus we write f(¢) = g(¢)/d(¢). Then the
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integrands of I, I, Iz and 14 are

f@s, g5 _ 2251 = 5)8(gos. )
c()ea(s™) (g2 — Dna(s)na(s™h)’

flai'a’s) _ais( =58 q7's)
c1(s)er(s™h (g1 — Dni(s)n1(s71)

)

f672a ) (A=sDg72q, %)
ci(s)cr(sh (1 —gpni()ni(s=) ’
flay's™'s) _ (—5)g@y's™"s)
ca($)eas™) (1 =gna(s)na(s~h)’

where n1(s) and ny(s) are the numerators of ¢ (s) and c>(s). Each integrand is non-
singular on T (with removable singularities in the cases g = ¢» or g1 = q22).

The poles of the integrand of /; which lie between the contours g, 1c12_ laTand T
areat s = ql_lqz_l, s= ql_lqz (ifg2 <g1)and ats = qlqz_1 (if g1 < q2). Calculating
residues gives

; (g2 — 1)? flas. g )
=

= ds+Af(q; " q;"
qiq2(q3 — D Jr  lea(s)? (@ a)

fr'ddayh ifq<aqi,
C x

—flai,qs ") ifq <.

_1
The poles of the integrand of I which lie between the contours ¢, *5T and T are

_1 1 _1
ats=—q, >, s =q; q2_1 (if 2 < q1 <¢3), and s = q, 2 (if g3 < q1). Calculating
residues gives

1
(g1 —1)? gt qls)
I, =

- ds+2Bf(q7", -1
q193(q} — 1) Jr ci()er(s™h) (a1 )

-1 1 .
e fart qieyh if g <q1 <43,
X
—flqrh ) itk <aqr.

1
The poles of the integrand of I3 which lie between the contours ¢; ¢T and T are

_1 1
ats=q, *q» (if @2 <q1 <¢3)and s = q2q5 " (if ¢3 < q1). Noting that T is inside
1
g cT gives
_1 -2 1 .
@ -1 [ fis72,q, %) f@a5%.97 @) ifgr<q1 <aq3,
A

b= 22— 1) Jr cai®)ers™h X — @ g% 7Y ifg2
91954 flay a5.9, ) ifgy <qi.
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The integrand of /4 has no poles between c¢T and T. Therefore,

(OR (g1 —1)? fart gis)+ fs72, 2s>
Tr(h) = 2 oy -
CI1‘I2 T2 |c(@)| q1q2(ql - Jr lc1(s)]

e -1 —1.-1
(@2—1) /f(%&‘]z )+ flay s ’s)ds—l-Af(Ch_lqu_l)

aiax(q3 — 1) lea(s)?
+2Bf(q; ", —1) +IC]|
flqi.ayh if g1 < qo,
< far'a e+ far aasH+ fqas a2 it <qi <4,
f(ql_ »q2) ifq22<q1.

Step 4: Matching with the representations. By Proposition 3.9, the double integral in

the above formula is
t 1 h
/ f()zdtz_/ )
12 |c(2)] 8 Jr2 |c(r)]

The first single integral is

1 _1 1 _1
;/ farhai)+ 1672 a0+ @b ais T+ 767 a P Th

c1(5)2
1 [ xl
- s ds,
2/T|c1(s>|2 ’

where we have used Lemma 4.4. A similar analysis applies to the second single inte-
gral. Using Lemma 3.11, we have f(ql_l, qz_l) = x3(h) and 2f(q1_1, —D=x*h)+
x> (h). Furthermore, for parameters g < g the central character (t1, ©2) = (q1,q, l)

is regular (for ot = qlqgl <1 and 14 +2% = qlqu < 1), and so Lemma 3.11
gives f(q1,q, 1) = xO(h). Similarly, we have f(q, l,qz) = x'(h) for parameters
q22 < q1. Finally, by Proposition 3.10, we have

flar'ad e ")+ flar aay ") + faas * ay ' a2) = xB(h)

for all parameters in the range ¢» < g1 < q22 (as the central character is regular). O

4.5 The C’z(ql, q») algebras with L = P

The root system is as in Sect. 4.4, and the fundamental coweights are given by w; =
o) +oy and wy = %a}/ + ;. Writing x| = x®! and x, = x“2, the Hecke algebra has
presentation given by generators 77, Tz, x1, x with relations

1 1 1 _

TE=1+ (¢ —q, >)T1, Tix =x7'53T + (gf —q; *)x.

B —

1 _1
TN Ty = T, T T4, Th=1+(q3 —q, )T,
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1 1
—1 bl -3
Txy=x1x; T2+ (g5 —q, *)x2, X1X2 = XX,

Tixp =x2Tq, Thxy=x117.

The representation theory of .77 is closely related to the representation theory of the
Hecke algebra from Sect. 4.4.

Let m; = Indgfp](Cv,) be the principal series representation of .72 with central
character t = (11, 12) € (C*)2, where Cuy is the 1-dimensional representation of C[ P]
with x1 - v, = fjv; and x3 - vy =t ;.

Let 74 be the subalgebra generated by 77, x1, xp. Let s € C*, and let nsi =
Indﬁz ((Cu;t) be the 4-dimensional representations of .7 induced from the repre-
sentations Cu of 7 with

, xl-ufqu_zsusi, X7 - u —:i:su

NI—

+ ot
Tl'”s__ql us

Let % be the subalgebra generated by T5,xq,x2. Let s € C*, and let 713 =
Ind% ((Cuf) be the 4-dimensional representation of .77 induced from the representa-
tion Cu? of /% with

1
2 u2 2_ 2,2 2_ 72,2
Tz‘us——q2 o X1 -uy =8"uy, X2 U =q, “SUy.

Let ni (j =3,4,5) be the 1-dimensional representations

ATy =—q 7, miT)=-q¢y’. i) =q7 e
73 (x2) = iql_%qil, (1) = ql%, () = —qz_%,
Ao =qay. i =+gier).  alTy=—q; .
ATy =gl lGn=g 'y i) =g

Let 7= M; (t) be the 2-dimensional representation with

_1
(1, 1*?) = (—q; s511 ?). TV =0 Fyt) =115}

(wehave N (1)" = {a), @) + 20/} and D(1)" = ). Coincidentally, 7° Indﬁg (Cu)

where 77 is the algebra from Sect. 4.4 and where Cu is the 1-dimensional repre-

sentation of J¢p with Tj - u = — qfl/ —-1/2

\2
L)

Vv —
u, I -u=—gq, "“u, x" ~u=q11u,and

x%2 - u = —u. The matrices for % are given in Example 1 of Sect. 3.3.

Suppose that g1 # g2 and g1 # q%. Let rrl = M (t+) be the 3-dimensional repre-
sentations with

1
(1, 17) = (‘11_142’:&]1 2q2), JV =y}, Fy(t+) = {52, 5152, $25152}

(we calculate N (t+)" = {a', @y} and D(1)" = ¥)).
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Theorem 4.6 For all h € 57 we have

Tr(h) f/ x (g1 —1)? x5 () + Xy (h) s
8¢2q3 J J12 O 4q1q§(q%—1) T leis)?
(g2 —1)? x2(h)

2¢%q2(q3 — 1) Jr lea(s)?

A
+ E(X}r(h) +x2m) + BxSh)

Xt +x* () ifq < go,
IC] 7 7 ; 2
T X M+ e <q1<q;,

X+ 3 ifg} <qi,

where c(t), c1(s), c2(s) are as in Appendix A.2 and A, B, C are as in Appendix A.1.
Ifqr=qorq = q22 then the final term in the Plancherel Theorem is 0.

. v _ v — .
Proof The series G,(h) converges for [t*1| < g, Uand [1*2] < 9, ! Since a) =
2a)1 — 2w, and 012v = —wi + 2w>, the series converges whenever |t12t; 2| <q, ! and

—1/2

1, t2| <q, ~!. Thus, writing |t1| =g q2 'q and 2l =q, ""q, ~1b, the series con-

verges for b2 <a<b<1,andso

1 t
T = / /1/2 1 LY dnan.
R R ;b (D)

From here one can either perform the contour shifts as in the L = Q case, or change
variables #; = uju, and t22 = ulu% to transform the above integral into % times the
L = Q integral (4.5) with the numerator of its integrand replaced by f'(u1,u;) =
fuius, ui/zuz) + f(uiuo, —ui/zug). ‘We omit the details. O

4.6 The Gz(é]l , q2) algebras with L = Q

The coroot system is RY = :l:{alv, 20/ + 3y 70‘1 + 3012 ,a2 ) + 2012 caf + o),
and the reflections s1 and s are given by s (a2 )= 0‘1 +a2 and sz(oz1 )= ozlv + 30{2v .
Writing x1 = x% and Xy = X% , the Hecke algebra 7 has generators 71, T», x| and
xo with relations

1

1

TP=1+(¢f —q )T, Tx=xy Ti+ (g —gq; 7)1+,
11 1
T3 =1+(q; =4, )T, szz=x{sz+(q22—6122)(1+xz>,
!
nnLhhhT=TTTHThThT, Toxi=x15510, " — (97 —aq )Xlxz(l + x2),
X1X2 = X2X1, Tixy = x1x21)"
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Let ; = Indé‘fQJ (Cv;) be the principal series representation of 7 with cen-
tral character t = (1, 2) € (C*)2, where Cu, is the 1-dimensional representation
of C[Q] with x1 - v; =tf1v; and x3 - v, = B vy.

Let 4 be the subalgebra of 7# generated by T1, x1, x2, and let 7% be the sub-
algebra generated by T3, x1, x2. Let s € C*, and let rrxl = Indﬁz ((Cui) and nsz =
Ind% (Cu?) be the 6-dimensional representations induced from the 1-dimensional
representation Cu! of 7 and the 1-dimensional representation Cu? of %% given by

1

NI—

1 ul 1 —1.1 1 |

Tl-uxz—ql ug, X] Uy =q; Uy, Xp Uy =qySug,
3

2 2 2 2.2 2 —-1.2

I;- Ug = _q2 uv X1 Uy =(gy SUg, X2 Uy =(, Ug.

Let 73, 7% and 7> be the 1-dimensional representations of .7 with

_1 _1
(M) =—q, . wT)=-q,°, ©@)=q;". 7T)=q;",
1 _1
My =qf, TD)=-¢,°. ren=q. t)=q",
_1 1
B(M)=—q, >, ©T)=q;, 7C@n=q;', 7(0)=q.

Suppose that g1 # g2, q1 # q22, ql2 #* qg, q1 # q23. Let 7% = M (¢) the 5-dimen-
sional representation with

vooay -1 Vv v
(1, 12) =(q; " 2), TV =1y},
Fy(t) = {s2,5152, 525152, 51525152, $251525152}.
Let nl = M (t+) be the 3-dimensional representations with
‘xlvo‘zv_ :I:i%% VoY L2V
(t:t’t:t)—(CIl, q1 ‘b)v J —{051+ 052}’
Fy(ty) = {s2515251, S152515251, $25152515251},

where we assume that g1 # g2 and g1 # qg’ for Mj(t+). When g1 =gz or g1 = qg,
we define ”Z— differently, as explained in Example 2 of Sect. 3.3.
Let 78 = M (¢) be the 2-dimensional representation with

() = (qrw). IV ={e) +30y],
Fj(t) = {s152515251, $25152515251}.

Let x;, xsl, xsz, x3, x4, X5, X6, xl, and x8 be the characters of the above repre-
sentations.

Theorem 4.7 For all h € 7€ we have

_ 2 1
Tr(h) = /f x®) 4, @D DI
1261142 12 [c(t)] 2q1q2(q1—1) T lci(s)]
(q2—1)* / x5
S
24343 (q3 — 1) Jr lea()?
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+ Ax>(h) + ByxL(h) + B_x_(h) + Cx®(h)
X ifgr<a”

+IDIx {1 x5 ifey”* <q1 <43,
X3 ifg3 <qi,

where c(t), c1(s), c2(s), A, B+, C, D are as in Appendix A.3. If q1 = q;/z orq) = q22
then the final term in the Plancherel Theorem is 0.

Proof Writing f(t) = f;(h), the trace functional is given by

f @)
Tr(h ————dnhd
W= /q aqr/ r ee ) 2N

with 0 < a,b < 1. Choose 0 < a, b < 1 both very close to 0. Let 0 < ¢ < 1 be very
close to 1. Consider the inner integral. The integrand has exactly one f,-pole between
the contours g, '5T and cT,attp =¢q, ! Thus we can shift the tr-contour to ¢T at
the cost of including this residue contribution. Now interchange the order of integra-
tion in the double integral Since |2]| = ¢, we see that the #1-poles of the integrand
between the contours ‘11 a']I‘ and T are at the points where t| = q1 th=gq; t2_ 3,
th=gq, t2 s =q, t2 and tl =q, t2 . After shifting the #{-contour to T, we
interchange the order of integration again, and since there are no f;-poles between ¢ T
and T we shift the #,-contour to T. Thus

t
Tr(h) = ff A0 dt+h+ L+ L+ L+Is+1 + 1,
Q1QQ T2

le(0)]?
where
1 t 1 t
11=—ﬂ/ Res f;)_]dtl, Igzz—ﬂ/ Res L)_ldtz,
B3 Jgrrar =2 c()ct=T) 4795 Jer 1= c(t)e(t™)
1 t
Ij:_—/ RGSLCZZ‘Z (j:2s37475)7
733 Jer =z e

—1 -1 -1,-3 —1,-2 —1,—-1
where z1=¢q, , 22=¢q, ,3=q; 1, ,24=¢q, t, ,25=¢, t, ,and z56 =
1

a2,
Use 1 [ (f@Y2) + f(=t'2))dt = [ 1pp f(£)dt to write I} + I = I as a
single integral. Straightforward calculations give

3
_12 2 , —1
I = (@2—1) fay 8.4, )ds’

3
43q3(q3 — 1) Jg7'g; 2ar c2(s)ca(s ™)
1
(g1 —1)? gt qts)

12—7 ;
QIC]z(ql_l) q1 CTCI(S)CI(S )

’
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NI'—‘

12
L= (q31 21) /1 f(q1 5.9, )ds,
71957 — 1) JgZer  c1()er(s™h

1

(g2 — 1? / f(s72,q, %)

= 1
qlqz(QQ 1) g2 cT c2(s)ca(s™h)

)

3 1
_1)2 "3l g2
[52% o f(qz—_qf)ds,
q195(q; — 1) g, 2cT ca(s)ca(s™)
_1
(-1 flqy 2s73,5%)
q143(q7 — 1) JexT ci(s)ei(s™)

]

_3 _1 1 1 _1
where we have put s =g, “11,q9, “12.4{ 2,45 2.9, “t2, and 12 in Iy, I, I3, I4, Is,

and I, respectively.

One now shifts each contour to T. As we discuss below, some complications arise
when g1 =g or q; = qg, and so suppose for now that g1 # ¢» and g1 # q23. As in the
C~’2, L = Q, case the integrands of I, ..., I¢ are all nonsingular on T. Moreover, as-
suming that g1 # ¢ and g # qg’, all singularities are simple poles, and at the special
values ql2 = qg or q = q22 there are some removable singularities. Write ', ..., I¢
for the integrals over the contour T. A lengthy analysis (using the fact that a is close
to 0 and c is close to 1) gives

e
+C(flar @)+ flar ™))

_ . 3/2
flgigyh ifq <q2/ ,

t 1
Tr(h) = // A, dt+ 1+ + 1+ Af (g7 95 ") + Byoy + B_o_
qlqz T?

+IDIx o if 3 < q1 <43,
fartq) ifqd <q,

1/2 3/2

12 —1/2 127
where op = f(xq, vy h + f(q / /) + f(xq, / 2,

ﬂ:qfl/z 1/2) and

o=fla ' e )+ flay s ) + flatay > ay 'a2) + f a2 a3. a19; )

+ flq195° a7 '43).

As in the previous sections, it is easy to show that

(g1 —1)? X5 (h) p (g2 —1)? /x?(h)

I+ 1" = s
1 ° 2145 (g7 — 1) J1 ler(s)1? 2¢3q3(q3 — 1) Jr lea(s)?
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Proposition 3.10 gives f(q; ", @) + f(g; ', @) = 78(h) and o = 7°(h) (note that
7% only occurs for parameters q;/ 2 < q1 < q22, and in this range 7% is defined and has
regular central character). We also have o4 = JTZ_L (h). For 711 it is important that g1 #
g2 and g1 # q; , for otherwise 7'@7r does not have a regular central character and things
become complicated (see below). Lemma 3.11 gives f(q, 1, q; 1) = X3 (h). Since we
exclude g; = ¢, the representation 7* has regular central character for parameters
q1 < qgﬂ, and so Lemma 3.11 gives f(qi, qz_l) = x*(h). Similarly, f(ql_l, q2) =
x> (h) for all q22 < g1 with q1 # qg.

It remains to discuss the cases g = ¢ and g = qS. Let us briefly outline the work
involved. Consider the g; = ¢» case (the g; = qg’ case is similar). The integrands of
I, ..., Is are still nonsingular on T, and the contours in the integrals /3, I and I
can all be shifted to T without encountering any poles. This leaves 1, I and I5 to
consider. Writing f () = g(¢)/d(t) the integrands of Iy, I and I5 are respectively

5201 —sDg(gs. g~ )
1 1 5 1 1 5 ’
(I—)d—g 25 H2(1+¢ 251 —¢g 25 H(1 =g 25)2(1 + g 2s)(1 — g~ 2s)
41— sDglq~" . q2s)
(=) —g 2531 —g 1521 =g 35 )1 —q 33 (1 — g~ 1s2)(1 — g 3s)

_1 2 _3 4 1

q 2s(1—s%)g(g 25~ ",q2s)
_1 _1 _35 _1 _1 _5 -
(@—DU—g 25721 4+¢72s7HA —g72s7H(1 =g 25)2(1 + ¢~ 2s)(1 — g 25)

The relevant poles are at s = q_% (a double pole for Iy, I>, and I5), s = q_% (a single
pole for Iy, I, and I5), s = a)ﬂq’% (single poles for I; only), and s = q’% (a single
pole for 1 only). The residue contributions from s = —q’% make up the x” (h) term,
the contributions from s = a)ﬂq’% give the x3(h) term, and the contribution from
s = q_% gives the x3(h) term. All that remains is to analyse the contribution from

the double poles of each integral at s =g~ 2.

We claim that the combined residue contribution from the point s = ¢~ 2 is

q(qg—1)?°

7 4
6@ 1 D27 =1 KM 20 M), (4.6)

Ri+Ry+Rs=

We do not have a conceptual proof of this fact, but it can be obtained by direct cal-
culation as follows. As in Remark 2.2, the functions g(¢) = g;(h) can be explic-
itly computed (since one only needs to know the values g;(T;,) for w € Wy, as
8:(Tyx*) = t*g;(Ty)). Then the residue contributions can be explicitly calculated
(making 12 separate calculations, one for each h = T,,x* with w € Wp). On the other
hand, using the explicit matrices (Example 2 of Sect. 3.3) for the representations nl
and 7% one can compute the expression Xl(wa)") + 2X4(wa)‘) and compare. This

completes the proof. O
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4.7 The B~C2(q0, q1,q>) algebras with L = Q

The root system is R = +{a, a2, a1 + a2, a1 + 202, 202, 2(0¢ + @2)}, giving dual
root system RY = t{a), o), o) + a2v,2alvv+ 012V,012V/2,Vozlv + «y/2}. The affine
Hecke algebra has generators T, T>, x| = x“1 and x; = x*2 /2 with relations

1 _1 1 1
le =1+ (qlz — 4 2)Tls Tixi =x1_1Tl + (Q12 — 4 2)(1 +x1),

1

1 _1 1 _1 _1
TP =1+(33 —q, )T, Taxa=x;'Ta+ (a5 —q, *)x2+ (a5 — 4 )

1 _1
hnhh=nhhh, Do =x3T5 ' = (g5 — g0 )12,
X1X2 = X2X1, Tix2 =x1x2T1_1.

Let m; = Indé’fQ] (Cv;) be the principal series representation of 7 with cen-
tral character t = (11, ;) € (C*)?, where Cu, is the 1-dimensional representation
of C[Q] with x1 - v; =t1v; and x3 - v, = By vy.

Let .7 be the subalgebra generated by 77, x1, x2 and let % be the subalgebra
generated by T», x1, x2. Lets € C*, and let ! = Ind% (Culyand 7} = Ind%2 (Cul)
(j = 2,3,4) be the 4-dimensional representations induced from the 1-dimensional
representation Cu Al of 4 and the 1-dimensional representations Cu] (j =2, 3, 4) of
6 given by

1 1

Tyu},:—ql_iul, xyui:qflul, xyui:qfsul,
2 -3 2 2_ 3 32 -3 =32
T -u; =—q, “uj, Xy Uy =qyq;su;, X2 Uy =qy ~q, Uy,
3 -3 3 -3 3.3 3 =33
Tz'us:_qZ us, X1 -Ug =gy " gy SUg, A2 Ug = =4y 4y U,
1 1 1 1 1
Tg-u?: ziu? X1 us—qozqz_isu?, )cz-uS:—qO_quiué1
Let 7w/ ( j=5,...,11) be the 1-dimensional representations of .7# with
S S S S N SR S RN g
7= (=g, % =a, 7 a1 14947 7= (=g, > ~4, 7 a4y =454, ")
ST S U S N TRIE S SURNIE SO
n'=(af.—a 7919070 7). =]~ .~ 7).
o (o b A 0_(_goh b o1 oh S
T z(_ql 4y >4 vqo‘lz)’ T z(_‘ll 4491 > 40 qz),

[ 11
w'l=(af a5, 91,49 *45);
where in each case we list the quadruples (77/(Ty), 7/ (T2), 7/ (x1), 7/ (x2)).
Let 712 = My (s), B3 =M, (1), and =M, (1) be the 3-dimensional repre-
sentations with
1 1 1
v Vv -1 5 7 Y 2 —1 —= =
(7522 = (g7 v agar). (7 12) = (a7 ~qp *a5),

e, u?) = (g7, g3z ),
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and J = {a7}. We assume that g1 # gog» and ql2 # qogo for 12, that g1 # qo_lqz and
‘112 #+ qo_lqg for 713, and that g; # qoqz_l and q12 #+ q0q2_1 for !4, so that N(s) =
N(@)=N@u)={oy,a} and D(s) = D(t) = D(u) =, and hence F;(s) = F;(t) =
Fy(u) = {s2, s152, s25152}-

Finally, let 75 = M () and 7'® = M (1) be the 2-dimensional representations
with

8=
I—

v _ _ 1 1
(9,22 = (—q0,q0 2, ), (@) =(—q0.q °a, ), T =0,

Theorem 4.8 For all h € 7 we have

xuh / x4 (h) / xZ(h)
Tr(h ds + C d
= 84143 //T e T o YT Lawr ®

x(h) 5
C d C h
8/1;|c3<s)|2 $+Cix7 (k)

7'(h) ifq1 <qq qf ,
X1 ifqo<q,

+ICA X Y 712 i 3 7< < +
(M) ifay9; <4q1 <qoq2, X2 ifar <.

72(h)  ifqoq2 < qu

where x (h) = x; (h) if g0 < g2 and x(h) = x;} (h) if q2 < qo, and where

11
xXBh)  ifqi<aqy ta;z.
_ 15 6 | N
X1 =1Cs1x* () +1Calx® W) +1Cs1 X {3 B3y ipq 22 < g1 < g5 o,
700y ifqy ' < a1,

1
') ifqr<qgq, .
X2 =C31x"°(h) +|Cs|m 'O (h) +1Cal x | 714

Bl—

tfqoqz_2 <q1 <q04; "

7S ifqoa; ' <,
with ¢(t), c1(s), ca2(s), c3(s), C1, ..., Cg as in Appendix A.4.
1

_1 _1
Proof The series G, (h) converges for |t| < g, Vand || < 4y °4q, *» and so writing
f () = fi(h) we have

Tr(h) = ! / f A0 dnydt
22 Jortar Jo 2 g 2o e

whenever 0 < a, b < 1. We choose a and b both very close to 0, and choose 0 < ¢ < 1

L1
very close to 1. The f;-poles of the integrand between the contour g, g, *bT and
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1 1 11
cT are at ) = q, 2q, >, at tr = —qo 9, - (if go < g2) and at 1o = —q, *¢q, (if g2 <
q1)- Thus we can shift the t-contour to ¢T at the cost of residue contributions from
the above points. Now interchange the order of integration in the double integral.
The #;-poles of the integrand between ql_la’]I‘ and T are at 7 ]= ql_l, = ql_ltz_Z,

11 L1 _11
n=qy’q, ;' 1 =—qiq, 'ty (if qo < q2) and 11 = —qy 27 15" (if g2 < qo).
Computing the associated residues gives

RS @ Is+1Is ifgo<q2,
Tr(h) = sdt+ L+ L+ B+ 1L+
qiq3 Jr2 e L+1, ifg < qo,
where
11 11
_ qoq2 — 1 [ f(qozqfs,qozqzz)ds
= 1 ’
atar(qo+ D@2+ 1) Jg, 2g7'q, a1 c2(s)ea(s™h)

11
where s =g, *q, *11,

1
1 3
f(ql ,qlzs) -3

-1
26214/_1 s, where s =g, 12,
9195 (q1 +1) Jg, 2eT c1(s)cr(s™)
_1
-1 f(s™=, 1
B / ql l)ds, where s = g 13,
fZICIZ(CI1+1) Zer c1(s)er(s™)
1
—1 -3 257l
Iy=— q092 f 4y ", _ )ds, wher s = fy,
q7q2(qo + D(g2+ 1) Jer  c2(s)ea(s™h)
1l 11
Is= a2 — qo 1 1 f(qozqfs,—qozqzz)ds
ata2(qo+ D@+ 1) Joggrq, 2ar e3()e3(s™h) ’
11
where s = g5 q, 1,
11 11
7 q0 — 92 / f(qozqzzs,—qozqf)d
(g0 + D@2+ 1) Jg 2g1gZar c3(s)es(s™h) ’
11
where s = g, *g, 11,
1 1
_ L B
_— q2 — 4o / F (g4 9, 1 )ds’ where s — —1».
q792(qo + (g2 + 1) c3(s)e3(s™)
1 1
_ “Igae-l ¢
Ig= 90— 92 ACTICE )ds, where s = —15.

aiq2(qo+ D@2+ D Jer  e3()es(s™h)

Now shift the contours in all integrals I;, I j’ to T. We omit the details of this long
calculation. O
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Appendix: Constants and c-functions
We write o1 (x) = 1 +x and 02(x) = 1 + x + x2.

A.l C‘z(ql, q») algebras with L = Q

=gy H( =g 7 )0 =g (=g 7 g Y

c(l‘): — — — —1 _ )
A—Ha -5 HA -5 A -7 'y h
_1 _1 1
(+q, 2 DU —q; gy s HU —qiqy's™)
C1(S)= 1 1 2 - 142 ,
(1—s2)(1—gfs™)
ers) = 2 —a1'ay 'sTH(A gy g5
2 A—sD(1—gas™h)
4 @2 —D@e -1 B 2¢2(q1 — 1)
o1(q1)o1(g2)%01(q192)" 01(g2)%01(q19; Ho1(q1g2)’
-1 -2
Co (g9, — DA —q1g9,7)

oi(gnoi(gy D 2oi(qigy )

A2 éz(ql, q») algebras with L = P

(=774 A — g7 50 — g ' DA — g5 'Y

c(t) = — — - - ,
(1 —172)A - 6590 -t H(A — 17
_1 _1 1
1oy = (L4 s —q, %qy s —qqy s
= l 9
(I—s2)(1—gis)
ey 2 Lo 0 —a ™)

(1=s72)(1—gas7)

A3 G(q1, qo) algebras with L = Q
e = (1 =g7'H0 =g )0 - g7 A~ a5
x (=g 7' 5D =g 5 h) (= Ha =2 - ')
-1
x (1= = lyha-'gh)

@ Springer



370 J Algebr Comb (2014) 40:331-371

1 1 1 ]
er(s) = g o0 — g Tl =g i — g e e Tha — ey ',
(1=~ 2><lf | —1)(1742 -3)
(A—q;'s DU —q;'q, %s 1)(1_q q] S—l)
c2(s) = 1 12

(1—s72)(1 - gis~H(1 - gZs~)
_ (QIQQ - 1)(‘11Q2 -1
01(q1)01(42)02(q2)02(q192)
_ q1(qg1 — (g2 —1)
201(91)01(q2)02(£/q1/92)02(£/0192)
a2(q1 — (g} — 1) b (U-@a)@ier’ -
— 02(g2)02(q197 Hoa(q1g2)| ~ o1(gnoi(gy Hoa(gy Hoagigy

A4 BCa(qo, q1, q2) algebras with L = Q

=g 'y Ha =g DA —a s ha+ o~ iy ha—a gy has s h

c(t) =
® (1—tl_l)(l—tl_ltz_z)(l—t1_2t2_2)(1—t_2)
11 1 111 11 _1
c1(s) = (I1—qy2q; 2qy 25" DU +4g2q; 2qy s~ Hl — g, 2qlzq2 “ha +qo ql 4, 2s7h
(I1—=s72)(1—g1s72) ’
I Sl I
(I+q5q, *s )0 —qy°qy g, °s VA —qyq; 455 )
o(s) = I :
(1—=s2)(1—gjg;s™H
N Lo N
(I+qy°qy *s A —q5qy g, °s ) —qy°q; g;57)
c3(s) = — ;

(I—s2)(1—qy’g3s™h
11 _1 1
where a =g q, andb=gq, *q; .

(90192 — D(gogiqr — 1)

~ 01(q0)o1(q1)01(92)01(q091)01(q192)
(g2 — q0)(gog2 — 1)

o1(q0q; o1 (q; ' a2)01(q0g1)01 (g192)”

C3 =

and C; =—Ci(q; ", q1.95 "), Ca = C1(qy ', 91, 42) and Cs = —C1(qo. q1. 95 ). Fi-
nally,
q—1 qoq2 — 1
= v Cr=5~ ’
2q195(q1 + 1) 2q7q2(q0 + D(g2 + 1)
_ lg2 — qol
2¢2q2(q0+ (g2 + 1)
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