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ISOTROPIC RANDOM WALKS
ON AFFINE BUILDINGS

by James PARKINSON

ABSTRACT. — In this paper we apply techniques of spherical harmonic analysis
to prove a local limit theorem, a rate of escape theorem, and a central limit theorem
for isotropic random walks on arbitrary thick regular affine buildings of irreducible

type. This generalises results of Car‘gwright and Woess where A, buildings are
studied, Lindlbauer and Voit where As buildings are studied, and Sawyer where
homogeneous trees are studied (these are A; buildings).

RESUME. — Dans cet article, nous utilisons les techniques de ’analyse har-
monique sphérique pour démontrer un théoréeme local limite, un théoréme sur la
vitesse de fuite et un théoréeme central limite pour les marches aléatoires isotropes
sur des immeubles affines épais arbitraires de type irréductible. Cela généralise des
résultats de Cartwright et Woess sur les immeubles de type A,,, de Lindlbauer et
Voit sur les immeubles de type Ay et de Sawyer sur les arbres homogenes (qui sont
des immeubles de type A;).

Introduction

Let 2 be a thick locally finite regular affine building of irreducible type.
By regular we mean that the number of chambers containing a panel de-
pends only on the cotype of the panel, and by thick we mean that this
number is always at least 3. The simplest example of such a building is
a homogeneous tree with degree ¢ + 1 > 3, where the chambers are the
edges of the graph. In this case, Sawyer [18] studied isotropic random
walks (Zx)r>0 on the vertices of 2", meaning that the transition prob-
abilities p(z,y) = P(Zr+1 = y | Zr = x) depend only on the graph distance
d(x,y) between x and y. To motivate our results, let us briefly describe
these random walks on trees.

Keywords: Affine buildings, random walks, Macdonald spherical functions.
Math. classification: 20E42, 60G50, 33D52.



380 James PARKINSON

Let V be the vertex set of the tree, and for each x € V and k € N =
{0,1,...}, write Vi () for the set of all y € V such that d(x,y) = k. It is
easily seen that the cardinalities |Vj(x)| are independent of the particular
x € V, and we write Ny for this value. For each k£ € N there is a natural
operator Ay acting on the space of all functions f : V' — C, where for each
x €V, (Aif)(z) is the average value of f over Vi (x). The operator Ay, may
be regarded as the transition operator of the isotropic random walk with
matrix (pg(2,y))eyev, where pp(x,y) = N%c if y € Vi(x) and pg(z,y) =0
otherwise. Indeed it is easily seen that a random walk on V is isotropic if
and only if it has a transition operator of the form

A= ZakAk

where ap > 0 for all k € Nand ), yar = 1.

The linear span over C of the operators {Aj }ren is a commutative alge-
bra 7 with a rich theory of harmonic analysis (see [7]). In particular, the
algebra homomorphisms h : &/ — C may be explicitly described, and local
limit theorems, central limit theorems, and rate of escape theorems can be
proved as applications.

Now consider a regular affine building 2" of irreducible type. Thus 2
may be regarded as a simplicial complex made by ‘gluing together’ many
copies of a given Coxeter complex, each Coxeter complex called an apart-
ment of £ (these are regular tessellations of Euclidean space by simplices).
There is an irreducible (but not necessarily reduced) root system R associ-
ated to 2, as described in Section 1.3, and the coweight lattice P of R is
a subset of the vertex set of the standard Coxeter complex 3. We consider
random walks on a related subset Vp of the vertices of 2", which in most
cases is the set of all special vertices of 2.

Let P be the set of dominant coweights of R (relative to some fixed
base). For each « € Vp there is a natural partition of Vp into subsets
Vi(z), A € PT, as described in Definition 1.4. Roughly speaking, y € V()
means that there exists an apartment 4 containing x and y and a ‘suitable’
isomorphism v : A — ¥ such that ¢ () = 0 and ¢(y) = A € P* (in other
words, y is in position A from x). It is shown in [15, Theorem 5.15] that for
all A € P the cardinality of the set V) (x) is independent of the particular
x € Vp, and we write N, for this value. Following the tree case, for each
A € PT let Ay be the operator acting on the space of functions f : Vp — C
with (Axf)(x) being the average value of f over V)(z). The linear span
of these operators over C is a commutative algebra <, which has been
studied extensively in [15]. As shown in [16], the algebra homomorphisms
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RANDOM WALKS ON BUILDINGS 381

h : o/ — C may be explicitly described both in terms of the Macdonald
spherical functions and in terms of an integral over the boundary of Z .

We call a random walk (Zg)rey on Vp with transition matrix
(p(2,y))zyeve isotropic if p(x,y) = p(2’,y’) whenever y € Vy(x) and
y' € Vy(2') for some A € PT. As in the tree case, the operators A, may be
regarded as the transition operators of isotropic random walks with ma-
trices (pa(x,Y))s,yevp, Where px(z,y) = Nik if y € Va(z) and pr(z,y) =0
otherwise. It is easily seen that a random walk on Vp is isotropic if and
only if it has a transition operator of the form

(01) A= Z a)\A)\
xep+
where ay > 0 for all A € P and ), py ax = 1.

In this paper we apply the spherical harmonic analysis associated to the
algebra o/ to prove a local limit theorem, a central limit theorem, and a
rate of escape theorem for isotropic random walks on Vp. These results
generalise the results in [5] where A,, buildings are studied (which in turn
generalise the corresponding results for homogeneous trees). Our results
may also be viewed as ‘building analogues’ of well known results concerning
random walks on semisimple Lie groups (see [1] for example).

Let us briefly outline the structure of this paper. In Section 1 we give
a summary of some background material, mostly from [15] and [16]. This
section includes a discussion of root systems, Coxeter complexes and build-
ings, the algebra <7, and the spherical harmonic analysis associated to this
algebra. The main sections of this paper are Sections 2, 3 and 4.

In Section 2 we give our local limit theorem for isotropic random walks
on Vp, describing the asymptotic behaviour of the k-step transition prob-
abilities p®) (z,y) = P(Zy = y | Zo = x). We also give necessary and
sufficient conditions for irreducibility and aperiodicity of the random walk,
and in Remark 2.19 we outline some applications of our local limit theorem
to random walks on groups acting on buildings.

In Section 3 we prove our rate of escape theorem. For each k£ € N, let
vy € PT be such that Zy € V,,(Zp). We show that, with probability 1,
the vector %I/k converges to a vector « in the underlying vector space of
the root system R. We apply our local limit theorem to show that each
component of v (relative to a set of fundamental coweights of P) is strictly
positive.

In Section 4 we prove our central limit theorem, showing that there is a
positive definite matrix I' such that, with ~ as above, the vector ﬁ(uk —k~)
tends in distribution to the normal distribution N(0,T).
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382 James PARKINSON

In Appendix A we determine the algebra homomorphisms h : &/ — C
which are bounded (generalising [10, Theorem 4.7.1]).

1. Affine Buildings and Spherical Harmonic Analysis
1.1. Root Systems and Weyl Groups

Root systems play a significant role in this work. We fix the following
notations and conventions, generally following [2, Chapter VI].

Let R be an irreducible, but not necessarily reduced, root system in
a real vector space E with inner product (-,-). The rank of R is n, the
dimension of E. Let Iy = {1,2,...,n} and I = {0,1,2,...,n}, and let
B = {a; | i € Iy} be a fixed base of R. Write R for the set of positive
roots (relative to B), and let RY = {a" | @ € R} be the dual root system
of R, where for each o € R we write a¥ = <§f’é¥>. Since R is irreducible, by

[2, VI, § 1, N° 8, Proposition 25] there is a unique highest root

(1.1) a=Y m;
ielp

with the property that if 5 = Zielo kio; € R then m; > k; for each i € Ij.

For each i € Iy define A\; € E by (\;,a;) = 6;; for all j € Iy. The
elements {\; };e1, are called the fundamental coweights of R. The coweight
lattice of Ris P =3, ; Z\;, and elements \ € P are called coweights of
R. A coweight )\ € P is said to be dominant if (A, a;) > 0 for all i € Iy, and
we write P* for the set of all dominant coweights. Let Q@ = > . r Za" be
the coroot lattice of R, and let QT =" _r+ Na¥. Note that Q C P, and
by [2, VI, § 1, N° 8, Proposition 25] we have &" € PT.

For each o € Rand k € Z let Hyy, = {x € E | (z,a) = k}. We call
these sets affine hyperplanes, or simply hyperplanes. For each o € R and

k € Z let sq denote the orthogonal reflection in Hy.,. Thus sqk(z) =
z — ((z,a) — k) for all z € E. Write s, in place of s4.0, $; in place of
Sq; (for i € Ip), and let sg = sa.;1. Let Wy = Wy(R) be the Weyl group
of R, and let W = W(R) be the affine Weyl group of R. Thus Wj is the
subgroup of GL(FE) generated by Sy = {s;}icr1,, and W is the subgroup of
Aff(E) generated by S = {s;}icr. Both (Wy,Sy) and (W, S) are Coxeter
systems, and clearly Wy < W. Given w € W, we define the length ¢(w) of
w to be smallest k£ € N such that w = s;, ...s;,, with 41,...,4; € I.

The extended affine Weyl group of R is W(R) =W = Wo x P. Since
W 2 Wy x Q (see [2, VI, § 2, N° 1, Proposition 1]) and @ C P, we may
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RANDOM WALKS ON BUILDINGS 383

regard W as a subgroup of . Note that W contains all translations by
elements of P, while W only contains those translations by elements of Q.

Remark 1.1. — We make the following comments for those readers not
so familiar with the non-reduced root systems. For each n > 1 there is
exactly one irreducible non-reduced root system (up to isomorphism) of
rank n, denoted by BC,,. To describe this root system we may take £ = R"
with the usual inner product, and let R consist of the vectors +e;, +2¢; and
fejtepforl<i<nandl<j<k<n Leta; =¢;—e;41forl<i<n
and o, = e,. Then B = {a;}ic, is a base of R, and R' consists of
the vectors e;,2e; and e; e, for 1 < i <nand 1< j <k < n The
fundamental coweights are \; = e; + --- 4+ ¢; for each 1 < ¢ < n. Note
that RV = R and @ = P. The subsystem Ry = {& € R | 2a ¢ R} is
a root system of type C,, and the subsystem Ry = {a € R | $a ¢ R}
is a root system of type B, (with the convention that Cy = By = A4;).
We have Q(R) = P(R) = Q(Ry) C P(Ry) (with strict inclusion), and so

W(R) = W(Ry) but W(R) # W (Ry).

1.2. The Coxeter Complex

There is a natural geometric realisation ¥ = X(R) of the Coxeter complex
of W = W(R). Let H denote the family of the hyperplanes Hy., & € R,
k € 7Z, and define chambers of ¥ to be open connected components of
E\Uypey H. Since R is irreducible each chamber is an open (geometric)
simplex [2, V, § 3, N° 9, Proposition 8]. We call the extreme points of the
closure of chambers vertices of ¥, and we write V(X) for the set of all
vertices of X.

The set P of coweights of R is a subset of V(X), and we call elements of
P the good vertices of .. When R is reduced, P is the set of more familiar
special vertices of ¥ [2, VI, § 2, N° 2, Proposition 3].

The choice of the base B = {a;}_; gives a natural choice of a funda-
mental chamber

(1.2) Co={z € E|{(z,a;) >0forallielyand (x,a) <1}.

In the notation of (1.1), the vertices of Cy are the points {0} U{\;/m; }ier,
[2, VI, § 2, N° 2]. There is a natural simplicial complex structure on ¥ with
maximal simplices being the vertex sets of chambers of ¥, and simplices
being subsets of the maximal simplices. We define 7 : V(X) — I to be
the unique labelling of 3 (as a simplicial complex) such that 7(0) = 0 and
T(Ai/m;) =i for each i € I.

TOME 57 (2007), FASCICULE 2
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We write Ip = {7(\) | A € P} C I. Let {m;}ic1, be as in (1.1), and
define mg = 1. We have Ip = {i € I | m; = 1}, which shows that 0 € Ip
for all root systems, and that Ip = {0} if R is non-reduced [15, Lemma 4.3].
This also shows that in the non-reduced case, and only in the non-reduced
case, there are special vertices which are not good vertices.

We define the fundamental sector of ¥ to be the open simplicial cone

(1.3) So={z € E|(x,a;) >0forallie Iy}

The sectors of 3 are then the sets A + wSy, where w € Wy and A € P
(equivalently, the sectors are the sets WSy, w € W)

An automorphism of ¥ is a bijection ¥ of F which maps chambers, and
only chambers, to chambers, with the property that chambers C and D
are adjacent if and only if ¢(C) is adjacent to (D). We write Aut(X)
for the automorphism group of 3. An automorphism 1 of . is called type
preserving if 7(v) = 7(¢(v)) for all v € V(X). By [17, Lemma 2.2] ¢ €
Aut(X) is type preserving if and only if ¢ € W. Generally we have Wy <
W < W < Aut(S) (with the possibility that W < W and W < Aut(Z)).

1.3. Buildings and Regularity

Recall ([3]) that a building of type W is a nonempty simplicial complex
Z" which contains a family of subcomplexes called apartments such that:

(i) each apartment is isomorphic to the (simplicial) Coxeter complex
of W,
(ii) given any two chambers of £  there is an apartment containing
both, and
(iii) given any two apartments A and A’ that contain a common cham-
ber, there exists an isomorphism ) : A — A’ fixing ANA’ pointwise.

Since W is an affine Weyl group, 2 is called an affine building.

It is a consequence of this definition that £  is a labellable simplicial
complex, and all the isomorphisms in the above definition may be taken
to be type preserving (this ensures that the labellings of 2 and ¥ are
compatible).

Let V and C be the vertex and chamber sets of 27, respectively (with
chambers being maximal simplices of 27). Chambers ¢ and d are declared
to be i-adjacent (written ¢ ~; d) if and only if either ¢ = d, or if all the
vertices of ¢ and d are the same except for those of type i.

Throughout this paper we assume that our buildings are:

ANNALES DE L’INSTITUT FOURIER



RANDOM WALKS ON BUILDINGS 385

(i) locally finite, meaning that |I| < co and [{d € C | d ~; c}| < oo for
eachceCandiel,
(ii) regular, meaning that |{d € C | d ~; ¢}| is independent of ¢ € C for
each ¢ € I, and
(iii) thick, meaning that |{d € C | d ~; ¢}| > 3 for each ¢ € C and each
1€ 1.

By [15, Theorem 2.4] we see that thickness and regularity are intimately
connected. Indeed, the only thick affine buildings of irreducible type which
may fail to be regular are those of dimension 1 (thus regularity is a very
weak hypothesis).

Since % is assumed to be regular, we may define numbers ¢;, i € I,
called the parameters of the building, by ¢; +1 = |{d € C | d ~; c}|.
These numbers satisfy ¢; = ¢; if s; = ws;w™! for some w € W (see [15,
Corollary 2.2]), and by thickness ¢; > 1 for all i € I. If w = s, --- 55, €
W is a reduced expression (that is, {(w) = k) we define ¢, = ¢, - - - qi,,
which is independent of the particular reduced expression for w (see [15,
Proposition 2.1(i)]).

To each locally finite regular affine building of irreducible type we asso-
ciate an irreducible root system R (depending on the parameter system of
the building) as follows (see [15, Appendix]):

(i) If 2 is a regular Ay building with gy = ¢1, then we take R = A,
(these buildings are homogeneous trees).
(ii) If 2 is a regular Ay building with go # ¢1, then we take R = BC,
(these buildings are semi-homogeneous trees).
(iii) If 2" is a regular C,, building with n > 2 and gy = ¢,,, then we take

R=0C,.
(iv) If & is a regular C,, building with n > 2 and ¢y # ¢y, then we take
R = BC,.

(v) If 2 is a regular building of type X,,, where X = A and n > 2, or
X=Bandn>3,or X=Dandn>4,or X = Fandn =6,7
or 8, or X = Fandn =4, or X = G and n = 2, then we take
R=X,.

The choices above are made to ensure that the coweight lattice P of R
preserves the parameter system of 2 in the sense that if v € V(X) then
Gr(v) = Qr(v+) for all A € P. Thus, for example, (iv) above is motivated by
the general parameter system of a C, building (embodied in the Coxeter
graph):

TOME 57 (2007), FASCICULE 2
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q 4 @1 q1 q1 q1 4 qn
Figure 1.1

(see [15, Appendix]). If we take R = C,,, then by the definition of the type
map (see Section 1.2) and the fact that m,, = 1 (see (1.1) and [2, Plate III})
we have 7(\,) = n. Thus in general we have ¢;(x,) = ¢n # Q0 = Gr(0). If
we instead choose R = BC),, then P = @, and so 7(v 4+ \) = 7(v) for all
ve V() and A € P (and hence ¢,(y) = ¢r(vtr))-

DEFINITION 1.2. — Let 2" be a regular affine building with associated
root system R and vertex set V. A vertex x € V is said to be good if and
only if 7(x) € Ip (recall that Ip = {T(\) | A € P}). Write Vp for the set of
all good vertices of 2.

It is clear that Vp is a subset of the more familiar special vertices of Z .
In fact if R is reduced then Vp equals the set of special vertices. If R is
non-reduced (so R is of type BC,, for some n > 1), then Vp is the set of all
type 0 vertices of 2~ (whereas the special vertices are those with types 0
or n).

1.4. The Algebra &/

In this section we describe a commutative algebra 7 of vertex set aver-
aging operators. This algebra has been studied in detail in [15], where it is
shown that &7 is isomorphic to the center of an appropriate affine Hecke
algebra.

DEFINITION 1.3. — Let A be an apartment of 2 . An isomorphism
¢+ A — X is called type rotating if and only if it is of the form ¢ = w oy,
where 1)y : A — ¥ is a type preserving isomorphism, and w € W.

DEFINITION 1.4. — Given x € Vp and A € P*, let Vy(x) be the set
of all y € Vp such that there exists an apartment A containing x and v,
and a type rotating isomorphism v : A — ¥ such that ¥(z) = 0 and
Y(y) = A. Equivalently, y € Vy(z) if and only if there exists an apartment
A containing © and y and a type rotating isomorphism v : A — ¥ such
that (x) = 0 and ¥(y) € Wo.

The requirement that v is type rotating in Definition 1.4 ensures that if
y € Va(z) NV, (z) then A = p. Indeed, in [15, Proposition 5.6] we showed
that for each x € Vp, {Va(2)}rep+ forms a partition of Vp.
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Remark 1.5. — To get a feel for Definition 1.4 in a special case, suppose
that 2 is a homogeneous tree with degree ¢+ 1. Thus R has type A;, and
we may take R = {a, —a} where a@ = e; — e5 (the underlying vector space
here is B = {£ € R? | § + & = 0}). Taking B = {a} we have A\; = § and
Pt ={k\ | k € N}. We have Vp = V (all vertices are ‘good’), and writing
Vie(z) in place of Vi, (x), we have

Vk(‘r) = {y ev ‘ d({E,y) = k}?

where d : V x V — N is the usual graph metric.

Note that in this example all isomorphisms @ : A — ¥ where A is
an apartment of 2 are type rotating. To understand why the type ro-
tating hypothesis becomes important, suppose that %2 is a regular A,
building, and take vertices z,y € Vp with y € V), (x). Thus there ex-
ists an apartment A containing x and y and a type rotating isomorphism
P : A — X with ¢(z) = 0 and ¢(y) = A;. The map ¢ : ¥ — ¥ given by
a1 A1+as s — agAi+ai s is an automorphism of 3, and so o) : A — X is
an isomorphism (however it is not type rotating). Notice that (¢o)(z) =0
and (¢ o9)(y) = Az, and so if we drop the type rotating hypothesis in Def-
inition 1.4 we would conclude that y € V, () N Vi, (z).

For A € P let \* = —wg\, where wy is the unique longest element of Wj.
In [15, Proposition 5.8] we showed that if A € P+ then A* € PT, and that
y € Vi(z) if and only if # € V«(y). Note that « is trivial unless wy # —1,
that is, unless R = A, Doy, 41 or Eg for some n > 2 (see [2, Plates I-IX]).
For example, the map ¢ from Remark 1.5 is A — A\*.

In [15, Theorem 5.15] we showed that |V (z)| = [Va(y)| for all z,y € Vp
and A € PT, and we denote this common value by Ny (see (1.5) for a
formula for Ny). For each A € PT define an operator Ay, acting on the
space of functions f : Vp — C, by

(AxN@) == > fly) forallzeVp

’UEV/\ (ZE

(thus (Ayf)(z) is the average value of f over the set V)(x)). The linear
span & of {Ay},ep+ over C is a commutative algebra [15, Theorem 5.24].

Remark 1.6. — (i) In the situation of the first example of Remark 1.5,
writing N}, in place of Ny, we have Ng = 1 and N = (g+1)¢g* L fork > 1
In this case the operators Ay = Ay, have been studied by many authors
(see [7, p.57], [18] or [20, § 111.19.C]). They satisfy the simple recurrence

q 1
ApA = ——A + ——A,_ fork>1
kA1 +1 k1 71 k—1

TOME 57 (2007), FASCICULE 2
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although for general affine buildings such a formula is not readily available.

(ii) Let <% denote the linear span (over C) of {4y | A € QN PT}. It
is easily seen that o7; is a subalgebra of 7. In the case when Z is the
Bruhat-Tits building of a group G of p-adic type with maximal compact
subgroup K (asin [10, § 2.4-2.7]), @/ is isomorphic to Z(G, K), the space
of continuous compactly supported bi-K-invariant functions on G.

1.5. Isotropic Random Walks

As mentioned in the introduction, we call a random walk on Vp with tran-
sition probability matrix A = (p(x,y))s,yev, isotropic if p(z,y) = p(z’,y")
whenever y € Vy(z) and y' € Vi(2') for some A € P*. In particular,
each operator Ay, A € PT, represents an isotropic random walk with
transition matrix (also called Ay) given by Ax = (pA(2,Y))e,yevy, Where
pa(z,y) = Ny ' if y € Vi(z) and py(z,y) = 0 otherwise.

It is easily seen that a random walk is isotropic if and only if its transition
matrix (operator) A is as in (0.1). To avoid triviality we always assume that
ay > 0 for at least one A # 0 (so that A is not the identity). In this paper
we will prove a local limit theorem, a rate of escape theorem, and a central
limit theorem for such random walks, generalising the work of [18] (where
homogeneous trees are studied) and [5] (where A, buildings are studied).
The main techniques we use are those of spherical harmonic analysis, as
recalled in the following sections. We note that isotropic random walks on
Aj buildings have also been studied by Lindlbauer and Voit [9] where more
hypergroup oriented techniques are used (see [15, §7] for a discussion of
the hypergroups that arise in the setting of general affine buildings).

In the case of Remark 1.6(ii), the theorems we prove in this paper can
be translated into theorems concerning probability measures on groups of
p-adic type. We briefly discuss this in Remark 2.19.

1.6. The Algebra Homomorphisms h: & — C

Our proofs of the local limit theorem, rate of escape theorem and central
limit theorem rely heavily on two formulae for the algebra homomorphisms
h : @/ — C. In this section we recall these formulae from [16]. The first
formula is in terms of the Macdonald spherical functions, and the second
is in terms of an integral over the boundary of 2 .
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RANDOM WALKS ON BUILDINGS 389

To simultaneously deal with the reduced and non-reduced cases we in-
troduce the following notation. Let Ry = {& € R | 2a ¢ R}, Ry = {« €
R | %Oz ¢ R} and Rg = RlﬂRg. Notice that R1 = R2 = R3 =Rif Ris
reduced. For a € Ry, write g, = ¢; if |a| = || (if |a] = || then neces-
sarily a € Ry). Since ¢; = ¢; whenever s; = ws;w™ ' for some w € W (see
[15, Corollary 2.2]), it follows that g¢; = g; whenever |a;| = |a;|, and so the
definition of ¢, is unambiguous. Note that R = R3 U (R1\R3) U (R2\R3)
where the union is disjoint. Define a set of numbers {7, },cr related to the
numbers {gq tacr, by

Qa if « € R3
Ta = { Qo if « € R1\R3
qaqo_1 if « € Ry\Rs.

It is convenient to define 7, = 1 if & ¢ R. Note that 7, = ¢, if R is reduced
(and many subsequent formulae will simplify in this case).

If u € Hom(P,C*) we write u* in place of u()\). The homomorphism
r € Hom(P,C*) defined by

(1.4) = H TO%O\’O‘) forall A\ e P

a€Rt

plays an important role. By [16, Proposition 1.5] and [16, Proposition A.1]
we have

Wo(g™") ax
(15) N)\ —N)\* = Wo)\(q_l)T
where Wox = {w € Wy | wh = A} and where X(¢7') = >, o qp," for
subsets X C Wj.

For w € Wy and u € Hom(P, C*) we write wu € Hom (P, C*) for the ho-
momorphism with (wu)* = u®* for all A € P. Following [10, Chapter IV],
for A € P™ and u € Hom(P,C*) we define the Macdonald spherical func-
tion Py(u) by

”
Py (u) = c(wu)u™  where
Wo(g™1) w;:[,o
(1~6) —1_—-1/2 _,v

provided that the denominators of the ¢(wu) functions do not vanish. Since
Py (u) is a Laurent polynomial (see [16, (1.8)]), these singular cases can
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be obtained from the general formula by taking an appropriate limit (see
Lemma 2.9 for one example).

For u € Hom(P,C*), let h,, : & — C be the linear map with h, (A4)) =
Py(u) for each A € P*. By [16, Proposition 2.1] every algebra homomor-
phism h : & — C is of the form h = h, for some u € Hom(P,C*), and
hy = hy if and only if v/ = wu for some w € Wy. We call the formula
hy(Ay) = Py(u) the Macdonald formula for the algebra homomorphisms
h:o — C.

Remark 1.7. — (i) In the situation of homogeneous trees from Re-
marks 1.5 and 1.6(i), if v € Hom(P,C*), then writing » = uM € C*

we have
—k/2 —1,-2 1,2
q 1—qg 2 E o l—q 2%
ho(Ag) =

u(Ar) 1—|—q1( 1— 272 S 1-22 °
provided that z # +1 (with the values at z = +1 found by taking ap-
propriate limits). More generally, in the A,, case the functions Py(u) are
essentially the Hall-Littlewood polynomials of [12] (see [4]).

(ii) At times the BC,, case (see Remark 1.1) requires separate treatment.
Recall the description of the parameter system from Figure 1.1. For u €
Hom(P,C*), by writing ¢; = u® for 1 < 7 < n (noting that in this case
e; € P for each 1 < i < n), we have

o(u) = {ﬁ(1—a—1t;1)(1+b—1t;1)}

1—t;2

y { n ar 'ty (1 - qlltjltkl)}

—1 —1,-1
1<j<k<n (1_tj tk)(l_tj ty )

where a = ,/qnqo and b = /¢, /qo (see [16, Section 5.2]).

We now recall the second formula for the homomorphisms h : & — C. A
sector of 2 is a subcomplex § C Z" such that there exists an apartment
A with § C A, and an isomorphism ¢ : 4 — ¥ such that ¢(S) is a sector
of ¥. The base vertex of S is ¥ ~1()\), where A € P is the base vertex of
P(8S). If S and S’ are sectors of 2" with &’ C S, then we say that S’ is a
subsector of §. The boundary 2 of 2" is the set of equivalence classes of
sectors, where we declare two sectors to be equivalent if and only if they
contain a common subsector. Given x € Vp and w € 2 there exists a unique
sector, denoted §%(w), in the class w with base vertex x [17, Lemma 9.7].
For each z € Vp, w € Q and A € PT, the intersection V) (z) N §%(w)
contains exactly one vertex, denoted v§(w). By [16, Theorem 3.4], for each
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w € Q and z,y € Vp there exists a coweight h(z,y;w) € P such that

(1.7) Up (W) =00y (@)

for 4 € P% with each (u,q;), i € Ip, sufficiently large. Indeed, if y €
Vi(x) then (1.7) holds, for all w € €, whenever u — I, C Pt (see [16,
Theorem 3.6]). Here II C P is the saturated set with highest coweight A

relative to the partial order on P given by u < X if and only if A\ — p € QF
(recall that @ is the N-span of {a¥ | « € RT}). We have

Oy ={wv|vePrv=\weW}

(see [8, Lemma 13.4B] for example). The vectors h(z,y;w) are generalisa-
tions of the so called horocycle numbers for homogeneous trees.

By [16, Proposition 3.5], for all w € Q and all z,y,z € Vp we have the
cocycle relation

(1.8) h(z,y;w) = h(x, z;w) + h(z, y;w).

Thus h(z,z;w) = 0 and h(z,y;w) = —h(y,z;w) for all w € Q and all
z,y € Vp.

There is a natural topology on Q (discussed in [16]) in which for each
x € Vp the sets Q,(y) = {w € Q | y € S¥(w)}, y € Vp, form a basis
of open and closed sets (this topology is independent of the particular
x € Vp chosen). For each x € Vp there is a unique regular Borel probability
measure v, on (2 such that v,(Q.(y)) = Ny ' if y € V\(z). For z,2' € Vp
the measures v, and v, are mutually absolutely continuous with Radon-
Nikodym derivative (dv, /dv,)(w) = r2"(@* %) (see [16, Theorem 3.17]).

The integral formula for the algebra homomorphisms h : o/ — C is

(1.9) Py(u) = hy(Ay) = /Q (ur) @99 du, (w)

for any x,y € Vp with y € V) (x). Equality of the Macdonald and integral
formulae is proved in [16, Corollary 3.23 and Theorem 6.2].

1.7. The Plancherel measure

The Plancherel measure of &7 is instrumental in our proof of the local
limit theorem. In this section we recall some details about the Plancherel
measure and the ¢?-spectrum of &7 from [10] (see also [16]).

It is easy to see that each A € o maps ¢*(Vp) into itself, and for A € P+
and f € £2(Vp) we have ||Axf|l2 < || f]l2 (see [4, Lemma 4.1] for a proof in
a similar context). So we may regard &7 as a subalgebra of the C*-algebra
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Z(£*(Vp)) of bounded linear operators on £2(Vp). The facts that y € V) (z)
if and only if € V)« (y), and Ny~ = N, imply that A5 = Ay, and so the
adjoint A* of any A € & is also in &7

Let o/ denote the completion of &/ with respect to || - ||, the #2-operator
norm. So % is a commutative C*-algebra. The algebra homomorphisms
h : oy — C are precisely the extensions h = h., of those algebra homomor-
phisms h, : @/ — C which are continuous with respect to the ¢2-operator
norm. Let us describe the latter homomorphisms.

The analysis here splits into two cases. Following [10, Chapter V] we call
the situation where 7, > 1 for all & € R the standard case, and the situation
where 7, < 1 for some a € R the exceptional case (the use of the word
“exceptional” here is unrelated to the so called exceptional root systems).
It is immediate from the definition of the numbers 7, that the exceptional
case occurs exactly when R = BC,, for some n > 1 and ¢, < qo (see [16,
Lemma 5.1]). In particular, if R is reduced then we are in the standard
case.

Let us consider the standard case first. Let

U = {u € Hom(P,C*) : |u*| = 1 for all X\ € P}.

In the standard case the algebra homomorphism h, : & — C is contin-
uous with respect to the ¢?-operator norm if and only if u € U (see [16,
Corollary 5.4)). If h = hy, u € U, we write A(u) = h(A) for A € . In
particular, A, (u) = Py(u) for v € U.

In the standard case, let m be the measure on U given by dm(u) =

Wo(g™h)
[Wol

in [16] we write 7 instead of 7). Then for A € < we have

le(u)|~2du, where du is normalised Haar measure on U (note that

(Ad,)(x) = / A(u)Py(u)dm(u)  whenever y € Vy(z)
U

where §,(z) = 1 if # = y and d,(x) = 0 otherwise (see [16, Theorem 5.2

and Corollary 5.5]). The measure 7 is essentially the Plancherel measure

of o/ (more precisely, the Plancherel measure is the image of the measure

7 under the homeomorphism @ : U/Wy — Hom(, C), u +— hy,).

Let us consider the exceptional case, and so R = BC,, for some n > 1
and ¢, < qo. For u € Hom(P,C*), recall the definition of the numbers ¢, =
ti(u), 1 <14 < n, from Remark 1.7(ii). We use the isomorphism U — T7,
w (t1,...,t,) to identify U with T" (here T = {t € C : |t| = 1}). Define
U = {—b} x T" !, and write U = UU U’ (recall from Remark 1.7(ii) that
b= \/gn/q). Let dt = dt; ---dt,, where dt; is normalised Haar measure

ANNALES DE L’INSTITUT FOURIER



RANDOM WALKS ON BUILDINGS 393

on T. Let ¢o(u) = c(u)c(u=?), and let

o . ¢0(U) /
¢1(u) = tlh—{rib = and dt' = do_p(t1)dta - - - dty.
Note that this limit exists since there is a factor 1 + b=t in c(u™!) (see
Remark 1.7(ii)).
In the exceptional case, let m be the measure on U = UU U’ given by

1 -1 /
dr(u) = W‘O‘E{}O‘ )¢Od(tu) on U and dr(u) = W\01556| )dﬁu) on U’, where W}

is the Coxeter group C,_; (with C; = A; and Cy = {1}). Then for all
A€ o,

(Ad,)(x) = /U A(u)Py(u)dm(u) whenever y € Vi (z)

(see [16, Theorem 5.7 and Corollary 5.8]).

To conveniently state formulae in both the standard and exceptional
cases simultaneously, we write U = U in the standard case and (as above)
U =UUU in the exceptional case. Thus (in all cases), for A € 5,

-~

(1.10) (Ady)(x) = /UA(u)PA(u)dw(u) whenever y € Vy(z).

Remark 1.8. — The form of the Plancherel measure in the exceptional
case requires that ¢1b > 1, which follows from a theorem of D. Higman
since the numbers ¢;, ¢ € I, are the parameters of a building (see [16,
Lemma 5.6]). We note that for the hypergroups associated to the BC,
case the Plancherel measure is supported on U = UUU'UU” U - - -, where
there are k components, with k defined by q’fflb =>1> qlffzb. See [10,
Theorem 5.2.10].

2. The Local Limit Theorem

The basic approach for the local limit theorem is as follows. Let A be the
transition operator for an isotropic random walk with matrix
(p(z,Y))z,yeve, as in (0.1). Then

(2.1) p") (z,y) = (A%6,) () for all z,y € Vp and k € N.

Since || A|| < 1, we may regard A as in % and so h,(A), u € U, is defined.
Writing A(u) = h,(A) for u € U, we have Ay(u) = P\(u) and so

(2.2) Aw) = > axP(u).

AeP+
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By (2.1) and (1.10) we have

~

(2.3) p®(z,y) = /U (A(u))k Py (u)dm(u) whenever y € V) (z),

and we will prove the local limit theorem by determining the asymptotic
behaviour of the integral in (2.3) as k — oo.

LEMMA 2.1. — Let A€ P, A #0, z € Vp, and y € V\(x). Then

(i) there exists z € Vy(x) N Vav (y), and
(i) with z as in (i), there exists w € Q such that h(y, z;w) = &".

Proof. — Note first that if ¢ and d are distinct i-adjacent chambers,
i € Ip, with type i vertices u and v respectively, then v € Vzv(u) (and
u € Vav(v)). To see this, let A be any apartment containing ¢ and d, and
let ¢ : A — ¥ be a type rotating isomorphism such that ¢(u) = 0 and
¥ (c) = Cy. Since 9(d) is 0-adjacent to 1(c) we have ¥(d) = s4,1(Co), and
s0 Y (v) = $4:1(0) = &". Thus v € Vav (u).

Part (i) now follows exactly as in [5, Lemma 5.1]; we include the proof
for completeness. Let A be an apartment containing x and y, and let
o, C1,--.,Cm be a gallery (that is, a sequence of adjacent chambers with
ci—1 # ¢; for 1 < i < m) with € ¢g and y € ¢, and m minimal. Let
7 be the panel ¢, \{y}, and let ¢ be the chamber of A with ¢ # ¢,, and
7 Cc (socd =c¢pmoqifm>1). Let H be the wall of A determined by T,
and let AT be the half apartment of A determined by H containing ¢'.
By thickness there exists a chamber d # ¢/, ¢, with ¥ C d, and writing z
for the vertex in d\7 we have z € Vv (y) by the above discussion. We now
show that z € V) (x). By the proof of [17, Lemma 9.4] there exists an apart-
ment B containing AT U d. Let pa, be the retraction of 2 onto A with
center ¢ (see [3, § IV.3]), and so the map ¢ = pa|p: B — Ais a type
preserving isomorphism with ¢(z) = x and ¢(z) = y (since p(d) = ¢n)-
Since y € V) (x) there exists a type rotating isomorphism ¢ : A — ¥ with
P(xz) = 0 and ¥(y) = A (see [15, Proposition 5.6(iii)]), and so the map
¢ =1voyp: B — Xis a type rotating isomorphism with ¢(z) = 0 and
¢(z) = A. Thus z € V) ().

Part (ii) is a consequence of the following fact. Let w,v € Vp with v €
Va(u). Then there exists w €  such that h(u,v;w) = A. To see this, let
A be any apartment containing u and v, and let ¢ : A — ¥ be a type
rotating isomorphism such that ¢(u) = 0 and ¥ (v) = A. Let w be the
class of 9 ~1(Sp). Since ¥v1(Sy) = S*(w) and Y=L\ + ) = SY(w), we
have ¢~ (u) = vji(w) = v},_,(w) for sufficiently large p € P*, and so
h(u,v;w) = A. O

ANNALES DE L’INSTITUT FOURIER



RANDOM WALKS ON BUILDINGS 395

Recall that U = {u € Hom(P,C*) : |u*| = 1 for all A € P}. Let
Ug = {u € Hom(P,C*) | u” =1 for all v € Q}.

Thus Ug is isomorphic to the dual of the finite abelian group P/, and so
Ug = P/Q. Hence Ug is finite, and Ug C U.

PROPOSITION 2.2. — The set Wya" spans @ over Z. Thus if
u € Hom(P,C*) and u*®" =1 for all w € Wy, then u € Ug.

Proof. — Let @’ denote the Z-span of Wya"V. We show that RV C @',
from which it follows that Q = @Q’, hence the result. Suppose first that
R is reduced, and let 5 € R. By [2, VI, § 1, N°3, Proposition 11] all
roots of a given length are conjugate under Wy, and so if || = |&| then
BY € Q'. Suppose that |3| # |&|. Since at most 2 root lengths occur in R
(see [8, Lemma 10.4.C]), and since R is irreducible, there exists v, v’ € W
such that (va, v’ () # 0 (for otherwise Wy U Wy is a partition of R into
nonempty pairwise orthogonal sets). Thus (wé, 3) # 0, where w = v'~tv,
and so by [2, VI, § 1, N° 8, Proposition 25(iv)] we have (wa¥,3) = 1
or (wa¥,3) = —1, depending on if w™'3 € RT or w3 € R™. Since
sg(wa”) = wa" — (wa", B)BY we have Y € Q'.

Finally, if R is non-reduced, then Q(R) = Q(R1) and Wy(R) = Wo(Ry).
Since & is also the highest root of the reduced root system Ry (with respect
to the natural base), we have Q'(R) = Q'(R1), and so @' = @ in all
cases. g

Remark 2.3. — Since & is a long root [8, Lemma 10.4.D] (with the
convention that all roots are called long if there is only one root length),
Proposition 2.2 is true whenever & is replaced with an arbitrary long root «
(for Wy = Wy@). However for general a € R the proposition fails, despite
the fact that Wy spans E (by [8, Lemma 10.4.B]). For example let R be
the standard B root system, and take oo = e3. Then the Z-span of WyaV
is 272, whereas @ = Z2.

As usual, if u,v € Hom(P,C*), define uv € Hom(P,C*) by (uv)* =
uv? for all X € P.

LEMMA 2.4. — Let uw € U and A € PT. Then |Py(u)| < P\(1), and
equality holds for A # 0 if and only if uw € Ug. Moreover, if ug € Ug then
Py (upu) = ud Py(u) for all u € Hom(P,C*).

Proof. — (cf. [5, Lemma 5.3]) Let x,y € Vp be any vertices with y €
Via(z). The inequality is clear from the integral formula (1.9). Suppose
equality holds for some A # 0. Write f(w) for the integrand in (1.9).
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Then f is a continuous function on Q and f(w) # 0 for all w € Q. So
| Jo fw)dvy(w)] = [, |f(w)|dvy(w) implies that f(w)/|f(w)| is constant,
since v,(0) > 0 for all non-empty open sets O C Q. Thus u*(®¥%) takes
the constant value Py(u)/Px(1) for all w € €. Let z be as in Lemma 2.1(i).
Since the value of the integral in (1.9) is unchanged if y is replaced by z,
it follows that u®¥w) = M#29) for all w € Q. Choosing w €  as in
Lemma 2.1(ii) and using the cocycle relations we have ud = yhEw) = 1,
Furthermore, since the value of the integral in (1.9) is unchanged if u is
replaced by wu for any w € Wy, then v =1 for all w € Wy. It follows
from Proposition 2.2 that u € Ug.

Conversely, if uy € Ug and y € Vi (z), then ug(x’y;w) =} for all w € Q,
because A — h(z,y;w) € Q (see [16, Theorem 3.4(ii)]). Thus it follows
from (1.9) that Py(uou) = ug Py (u) for all u € Hom(P,C*). In particular,
| Px(ug)| = Pr(1). O

In the following series of estimates we will write C for a positive constant,
whose value may vary from line to line.
For each w € Q, z,y € Vp and 1 < j < n, define

hj(z,y;w) = (h(z,y;w), aj).

LEMMA 2.5. — Let x € Vp and A\ € PT. Then |h(z,y;w)| < || and
|hj(z,y;w)| < C|A| for allw € Q, ally € V(z), and all j =1,...,n.

Proof. — Recall from [16, Theorem 3.4(ii)] that h(x,y;w) € Iy for all
w € Q and y € V)\(z). By [13, (2.6.2)] we have that IIy C conv(WyA) (the
usual convex hull in E here), and since |[wA| = |A| for all w € Wy, this
implies that |h(z,y;w)| < |A| for all w € Q and for all y € Vy(x). We have
[{(h(z,y;w), aj)| < |h(zx, y;w)||ey], proving the final claim. O

Remark 2.6. — There is a natural graph with vertex set Vp and vertices
x,y € Vp joined by an edge if and only if y € V), (x) for some i € Iy. In
this graph we have d(z,y) = > (A, ;) if y € Vi(z). Lemma 2.5 shows
that |h(z,y;w)| and |h;(x,y;w)| are bounded by Cd(z,y).

Notation. — Let 01,...,0, € R and write = 0101 + -+ + O, (s0

6 € E). Write € for the element of Hom(P,C*) with (e?)* = ¢! for
all A € P*. With this notation (1.9) gives

(2.4) PA(ei‘g) = / rh(w’y?w)ei<h(w’y;w)"9>dym(w) for all y € Vy(z),
Q
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and since Py(w™'e") = Py (e*) for all w € Wy, it follows that
(2.5)
Py(e¥) = /Qrh(z’y;“’)e“h(z’y;“’)’wwdux(w) for all w € Wy, y € V().
COROLLARY 2.7. — For all \ € PT, Py(e?) = P\(1)(1+ Ex(0)), where
[EX(0)] < [A]]6]-
Proof. — We have
|PA(e?) — P\(1)] < /Q7"h(”’7’y;“)|ei<h(’”"’“‘”)’6> — 1|dvg (w),

and the result follows from Lemma 2.5 since |e®* —1| < |z| for all z € R. [
Let A € PT and y € V) (x). For each 1 < 5,k < n define

1 .
! / By (s s o) (e, 5 )P 05 i (),
Q

A
(2.6) b =3

This is independent of the particular pair z,y € Vp with y € V) (z), for by
(2.4) we have

82 0

a0,00, ")

= —/ hj(x,y;w)hk(x,y;w)rh(”’y;“’)dyw(w).
0=0 Q

(Indeed any expression [, p(hi(z,y;w), ..., hn(z,y; w))rhEve) dy, (W),
where p is a polynomial, is independent of the particular pair z,y € Vp
with y € Vi (x)).

LEMMA 2.8. — Let A € P", and 01,...,0, € R, and as usual write
0 =01+ +6,0,. Then
(2.7) Pa(e") = Pa(1) = Y b)40;0k + RA(0)
Gok=1

where |Ry(0)] < C|A3|0]2P\(1). Furthermore, szzl b}'\,kejek > 0, and
when X\ # 0, equality holds if and only if 6 = 0.

Proof. — For ¢ € R we have ¢¥ =1 +ip — %@2 + R(p) where |R(p)| <
%|@|3_ Applying this to ¢ = (h(x,y;w),d) and using (2.4) we have
PA(ew) = Py(1) +z’/ <h(x,y;w),G)Th(x’y;“)dyz(w)
Q

1
~ 5 [y, 02 ) + R 6),
Q

where |Rx(0)| < 2|(h(z, y;w), 0)]* Pr(1) < g |h(z, y; w)|?|0]3 Px(1). The bound
for |Rx(0)] follows from Lemma 2.5.
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We claim that for all j =1,...,n and for all y € Vp,
/ hj(x,y;w)rh(””’y“”)duz(w) =0.
Q

To see this, let j € {1,...,n} and set § = 0;«a; (that is, 6 = 0 for all
k # j). By differentiating (2.5) with respect to 6;, and then evaluating at
0; = 0, firstly with w = 1 and secondly with w = s;, we see that

[ st @) = = [ (o) o),

Q Q

proving the claim. Thus (2.7) holds, and Z;‘L,kzlbj)'\7k0j0k > 0. If equality
holds, then

/(h(w,y;w),9>2rh($’y;”)duz(w) =0.
Q

Thus (h(z,y;w),0) = 0 for almost all w € Q, and thus for all w € Q. Thus,
since (h(x,y;w),t0) = 0 for all t € R and w € Q, we have Py (e!(*?)) = Py (1)
for all t € R by (2.4), and so €'(*) € Ug for all t € R by Lemma 2.4. Thus

8 = 0 since |Ug| < oo. O
LEMMA 2.9. — There exists a polynomial p(xy,...,x,) of degree at

most M such that

(28) P)\(l) :Ti)\p(<)"a1>a~-~v<)‘van>)

for all A € P*, where M > 0 is some integer depending only on the
underlying root system. Furthermore, (by thickness) there exists some q > 1
such that

(2.9) Py(1) < C(JA| + 1)Mg=IM.
Proof. — Assuming that ue’ # 1 for any o € Ry, by (1.6) and the

definition of the numbers 7, we have

(1- 7'2_17'_1/2u’av/2)(1 + 7’_1/2u70‘v/2)
2.10 = e a
(210) e =[] SO

()LGR;r

Write 0 = Ay + -+ - + Ay It follows from [2, VI, § 3, N° 3, Proposition 2]

that
H (1 B ufwav) _ (71)2(71;)“0774)0 H (1 I ufozv)
aERT a€RY
for all w € Wy, and so by (1.6) and (2.10) we have
F(A
(2.11) Py(u) =7 ()

HaER; (]‘ - u—av)
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where F()\) equals W*I) times

Z {(1)f(w)uw/\+waa H (17 7,2—0}7_;1/2“wav/2)(1+7_;1/2uwav/2)}.

weWo a€ERS

We know that Py(u) is a Laurent polynomial in wy,...,u,, and so (2.8)
follows from (2.11) by repeated applications of L’Hépital’s rule. The in-
equality (2.9) follows from Proposition 3.3(ii) and the proof of Proposi-
tion 3.3(iv) in Section 3. O

Let A be as in (0.1) and A(u) = hy(A) be as in (2.2). It follows from
Lemma 2.5 that \b;‘k| < C|A]2Py(1), and thus the inequality (2.9) implies
that Y\ cps @ ,\b;" i is absolutely convergent for each 1 < 7,k < n. We define

1
(212) bj,k = = Z G/)\b%\’k.
A(l) Aep+ ’
COROLLARY 2.10. — Let A be as in (0.1), and let 04, ...,0,, € R. Then
A =30 (1= 3 batyti+ () ),
k=1

where Z?,k:l bj x0;0; > 0 unless 0 = 0, and where |R(6)| < C|0]3.

Proof. — This follows from Lemma 2.8, using (2.9) to bound R(#). O

LEMMA 2.11. — Let 64,...,0, € R. Then

O{v 2
S o, ) (14 Ba(0))

[ G 0= PP (7 )
2

where |E,(0)| < C{a",0)? for each o € R .

Proof. — Observe that for x € R and p > 1

= Aoy 1+ Ei(2)),

where |E1(z)| < Cz?, and for p > 0
? 4
= Ty e (14 Ea(x))

where |Eq(2)| < Cx?. The result follows by using (2.10), (2.13) and (2.14).
|

(2.13)

’ 1_e—z’x

1-— pflefir

(2.14)

1 + efim
1+ pflefiw
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Let Uqg = {u € U: |A(u)] = A(1)}. This set will play a role in the local
limit theorem, and in the conditions for irreducibility and aperiodicity of
the random walk. The following lemma gives a description of Uy in terms
of the coefficients ay appearing in (0.1).

LEMMA 2.12. — We have
Us ={u€Ug |u" =u" for all u,v € Pt with a,,a, > 0}.

If ug € Uy then A(ugu) = uffA(u) for all u € Hom(P,C*) and all p € P*
such that a, > 0.

Proof. — For u € U we have

(2.15) A < Y aalPa(w)] < Y aaPa(1) = A(1).
AepP+ xepP+

Suppose that |A(u)] = A(1). If u = ug € Uy, then since equality must
hold in the second inequality in (2.15) we have |Py(ug)|=Px(1) whenever
ay > 0. Since we assume that ay >0 for at least one nonzero A € Pt we have
up € Ug by Lemma 2.4. Thus by Lemma 2.4 we have Py(ug) = ujyPy(1)
for all A € P*, and so since equality must hold in the first inequality in
(2.15) we have ufj = uf whenever a,,a, > 0, proving that

Us C{u€Ug |u" =u" for all u,v € P* with a,,a, > 0}.

Conversely, if ug € Ug and uff = uf for all y,v € P* with a,,a, > 0,
then by Lemma 2.4 we see that A\(uou) = ugzzl\(u) for all u € U and any
p € PT such that a, > 0, and so taking u = 1 we have |Aug)| = A(1), so
ug € Uy, O

For k € Nand X € Pt let
Tir = / (A(w)" Pr(u)dr(u).
U

If y € Vi(x), then by (2.3)

(2.16) p(k) (z.y) = {Ik,,\ in the standard case, and

Iy x+ 1, in the exceptional case,

where

(2.17) I, = / / (A(u)" Py (w)dr(u).

Thus to give an asymptotic formula for p(*) (z,y) we need to give estimates
for Ij, » and I]’W\.
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Given € >0 and ug € U, let N (ug)={u € U : [uM
Since |U4| < oo we may choose € > 0 sufficiently small so that

(2.18) Ne(uo) N Ne(ug) = whenever ug, uy € Uy are distinct.

Write N. = N.(1) and N.(Ua) = UuerA Ne(ug).
Define p1 =p1 (¢) =sup{|A(u)|/A(1) : u € U\N(Ua)}, and s0 0 < py < 1.
Let

Ig, = /N (A(w)" Prw)dr ().

€

LEMMA 2.13. — Fix p € P such that a, > 0, and let € > 0 satisfy
(2.18). If uf* = u for all ug € U, then

Iex = [UalIf 5 + O (pFA(D)").
Otherwise, I, = 0.

Proof. — 1t is clear from the formula for c¢(u) that c¢(uou) = c(u) for all
uo € Ug and v € U. Thus by Lemmas 2.4 and 2.12, if ug € U4 we have

(219) Iy = uk“ A/ (g(uo_lu))k PA(ualu)dﬂ'(ualu) = uo“ Alk A
U

This shows that I; x = 0 if there exists ug € U4 such that uk“ A # 1.

Suppose now that uk“ A =1 for all ug € Uy. It is clear that

(2.20) Ik7/\:/JV(U )(E(u))kP,\(u)dﬂ(u)+(9(plfﬁ\(1)k)7

and since N.(ug) = ugNe, the calculation in (2.19) shows that for each
ug € UA)

/ () Pt = [ (A Prarta) = I

€

since ué“ A — 1. The result follows from (2.20) by the choice of e. O

It is clear from Corollary 2.10 that if each [0;], j = 1,...,n, is sufficiently
small, then

~

A(e?) = A(1)e™ 2igm POt GO e

= O( zn: bi,j0i0j> .

,j=1

(2.21)

TOME 57 (2007), FASCICULE 2



402 James PARKINSON

Writing § = 2sin™'(¢/2) we have N, = {e¥ : |0;] < & for j =1,...,n},
and so we may choose € > 0 sufficiently small so that

1 n
(2.22) GO <5 > bi 0:0;
i,j=1
whenever ¢ € N, and || <7 for j=1,...,n

Define constants K1, Ko and K3 by Ky = Wy(q~1)|[Wo|~1(2m) 7",

Ky = H (1_7'2@17@1/2) (1—|— 71/2)

ozER;r

(2.23) K3 = 6_ Zi;jil bi,j‘,ﬁiipj H <av, SD>2d801 - dwn7
e a€ERY

where ¢ = p1a1 + - + Ppay,.
LEMMA 2.14. — Let € > 0 be such that (2.18) and (2.22) hold. Then
Ity = KPy(DA(1)r k175 1=/ (1 + o(k*W)) :
where K = K1 K> Ks3.

Proof. — Let § = 2sin~*(¢/2) as above. We have

1 10 kP)\( 729)
I, 7K1/ / (A" Ty 40+ don,

and so by making the change of variable ¢; = \/Eﬁj foreach j =1,...,n
we see that

(2.24)

k —1 \/E

B Py (e v/ )
I¢ . — K n/2/ / w/f ke ™) - dy,
o ik - ) |c(eie/VE)|2 dpy -+ - dpn,

where ¢ = 11 + - + Ppay,.
By Corollary 2.7 we have

Py(e” /) = Py(1)(1 + E1(p)) where |Eqi(p)| <

and it follows from Lemma 2.11 that

1 +
_ —|RT| VERY
\c(eiﬂp/‘/E)F = Kk (1+E2(Qp)) |I <a 790> )
aER;

where |Ea ()| < k7 1p(¢1,. .., pn) for some polynomial p(zy,...,2,). Us-
ing these estimates (along with (2.21)) in (2.24), we see that I} , equals
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K1 K>Py(1 )E( )kk RS 1=1/2 times

DD “%wﬁkG(W\/@)( H <av7¢>2)

aeR;’

x(1+ E1(p))(1 + Ea(p)) der - - - depy,

where X = [—Vk6, VES]". By (2.22), the above integrand is bounded by

6_% Zl,j1bi«j<Pi<Pj< H <av’(p>2> (1+ |):|/(£|>(1+p(3017~k;w30n)))

aER;

and the lemma follows by the Dominated Convergence Theorem. (|

LEMMA 2.15. — Let A € PT and k € N. In the exceptional case, there
exists 0 < pa < 1 such that

/ (A(w) Pr{wdr(u) = O(pA(1)").

Proof. — Let us sketch the proof of this result. The details are given
in [14, Appendix B.3]. Since we are in the exceptional case, we have R =
BC,, for some n > 1 and ¢, < go. Use the isomorphism Hom(P,C*) —
(C™ u +— (t1,...,t,), where t; = u®, to identify Hom(P,C*) with
(C*)™ (and so U is identified with T™). Recall that U’ consists of those
u € Hom(P C*) such that ti =—+v/gn/qo and t; € T for 2 < j < n. Write

(= @n/q0,t2,- -, tn), and set t; = €% for 2 < j < n.

We claim that |Py(&)] < Py (1) for all A # 0 and all to,...,t, € T, from
which the result follows (since A is continuous on U’ , and U’ is compact).
The first step is to explicitly compute Py, (u) for arbitrary v € Hom(P, C*).
By [14, Lemma B.3.2] we have

P () = Ny' (g0 = D+ qu+--+ ™) + vaodagd ™ D (4 +177)
j=1
for all v € Hom(P,C*). From this formula we deduce that |Py, (&) <
Py, (1) for all to,...,t, € T (see [14, Theorem B.3.3]). We now use this fact
to show that |Py(&:)] < Pa(1) for all A # 0 and all to,...,t, € T.
Recall from [15, Corollary 5.22] that the operators { Ay} cp+ satisfy

AAA/L = Z a)\,u;uAuv

veP+

where
N,

o @ N )] > 0,

ax,pp =
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and where z,y € Vp is any pair with y € V,(x). Since A\; = &@" here, an
analogous argument to that given in Lemma 2.1(i) shows that a x.x, >0
for all A # 0 (see [14, Lemma B.3.4]).

Since the algebra homomorphisms h¢, : &/ — C are continuous with
respect to the ¢?-operator norm, and since ||A | = P,(1) for all p € Pt
(see [16, Theorem 6.3]), we have | P, (&)| < P,(1) for all p € P*. Hence for
A#0,

IPA(E)I? = [he, (AR < D annul Pul€)l < D aaauPu(l) = Pa(1)%,

pept pept
where we have used the facts that | Py, (&) < Px, (1) and ayan, > 0. O

We now give our local limit theorem.

THEOREM 2.16. — Let y € Vy(z) and k € N, and suppose that a, > 0.
If uk“ =y for all ug € Uy, then

p®) (2, y) = [Ual K PA(D) AL k-1 1-7/2(1 4 O(k~1/2)),

where K is as in Lemma 2.14. If ul’* # wu}) for some uy € Uy, then
p¥(z,y) = 0.

Proof. — In the standard case the result follows from (2.16) and Lem-
mas 2.13 and 2.14. In the exceptional case, @ = P, and so Ug = {1}, and
so U4 = {1}. The result now follows from (2.16) and Lemmas 2.13, 2.14,
and 2.15. g

A random walk on a state-space X is called irreducible if for each pair
z,y € X there exists k = k(z,y) € N such that p(*)(x,y) > 0. The period
of an irreducible random walk is p = ged{k > 1 | p¥) (x, 2) > 0}, which is
independent of z € X by irreducibility (see [20]). An irreducible random
walk is called aperiodic if p = 1.

COROLLARY 2.17. — Let A be as in (0.1), and suppose that a, > 0.
Then
(i) A is irreducible if and on]y if for each A\ € P* there exists k =
k(M) € N such that u’g = uQ for all ug € Uy, and
(ii) A is irreducible and aperiodic if and only if [U4| = 1.

Proof. — First let us note that in the exeptional case it is easy to see that
any walk with a,, > 0 for some p # 0 is both aperiodic and irreducible, and
since @ = P we have U4 = {1}. So consider the standard case, and suppose
that a, > 0. Let y € Vy(x). If A is irreducible, then there exists k € N
such that p*)(x,y) > 0, and so ulg“ = u} for all ug € Uy, by (2.16) and
Lemma 2.13. Conversely, if for each A € P there exists kg € N such that
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ugo“ = u} for all ug € Uga, then writing 7 = |U| we have u
for all ug € Uy and all I > 0. As k — oo through the values kg + rl,
Theorem 2.16 implies irreducibility.
If [U4| = 1 then A is irreducible and aperiodic, by Theorem 2.16. Con-
versely, if A is irreducible and aperiodic, then

1=ged{k>1|p"™(2z,2) >0} =ged{k >1|ut" =1 for all up € Uy},
and so Uy = {1}. O

(ko+rp A
0 = Up

Remark 2.18. — It is possible to explicitly compute the constant K
from (2.23) (at least in most cases). We refer the reader to [14, Section 8.4]
for details. A key step in the calculation is to observe that there is a number
b > 0 such that b = (aj,a4)b for all 1 < j,k < n, and so K3 =
b=IBZ1=n/2 ] where

J= [ e 2iamalesontit IT (a".6)%db:...ds,

R’n
aER;

and 0 = 011 + - - - + O, The integral J depends only on the underlying
root system, and has been computed using Gram’s identity in the cases
when R = B,,,C,,, D,, or BC,, (there are other techniques using orthogonal
polynomials). We have

7n/227 (=D T (2i)! if R =B, or R = BC,
J = qn/2mn =l (2i)! if R=C,
777l/22—n2+7l—1n! H?:—ll (22)' if R=D,,.

When R = A,, the integral J may be written as

/ e*(ﬂ?%+---+mi+l) H (I’L — x])2 dl'l PP dajn

1<i<j<n+1
(up to some constant factors), where z,41 = —(21 + -+ + x,). We have

been unable to compute this integral. In principle the integrals for the E, F’
and G cases could be explicitly computed using a computer package.

Remark 2.19. — Let us briefly discuss some applications of our local
limit theorem to probability measures on groups acting on £°. An auto-
morphism v of Z is called type rotating if there exists a type rotating
automorphism o of the Coxeter graph of W (in the sense of [15, § 4.8])
such that 7(¢(x)) = o(r(x)) for all z € V. Suppose that G is a locally
compact group acting on V' such that G acts transitively on Vp and such
that for each z € Vp and g € G the automorphism z +— gz is type rotating.
Assume that K = {g € G | go = o} acts transitively on each set V)(o),
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A € Pt where o € Vp is some fixed vertex. Let ¢ be the density func-
tion of a bi-K-invariant probability measure on G. Then, exactly as in [5,
Lemma 8.1], setting p(go, ho) = ¢(g~th) for g,h € G defines an isotropic
random walk on Vp. Since the k-th convolution power ¢*¥)(g) is simply
]o(’“)(o7 go), Theorem 2.16 may immediately be interpreted as a local limit
theorem for bi- K-invariant probability measures on G (the assumption that
ax > 0 for some A # 0 simply means that ¢ is not the indicator function
on K).

As an important modification, suppose now that G is a group of type
preserving simplicial complex automorphisms acting strongly transitively
on %, meaning that G acts transitively on pairs (A, c) of apartments .4
and chambers ¢ C A. Fix an apartment A and a chamber ¢y C Ap.
The subgroups B = stabg(cp) and N = stabg(Ag) form a BN-pair in
G with associated Weyl group N/(B N N) isomorphic to W [17, Theo-
rem 5.2]. Indeed the set of left cosets {¢gB | g € G} defines an affine
building (as a chamber system) isomorphic to 2, where gB ~; hB if and
only if g7'h € B(s;)B (where wB means nB for any n € N with image
w € W). Let o be the type 0 vertex of ¢y. The subgroup K = stabg(0)
of G equals BWoB = (J,ew, BwB (see [17, Theorem 5.4(iii)]), and since
G acts strongly transitively and BN N is transitive on the chambers of Ay,
it follows that K is transitive on each set Vj(0), A € @ N P*.

Let ¢ be the density function of a bi-K-invariant probability measure
on G. To study convolution powers p(*¥)(g), g € G, it is natural to study
an associated random walk on Vg = {z € Vp | 7(x) = 0} C Vp, where we
define p(go, ho) = ¢(g~*h) for g,h € G. To apply our local limit theorem
we consider these random walks as reducible isotropic random walks on
Vp by setting p(z,y) = p(g~th) if y € Vi\(z) and go € Vy(ho) for some
A € PT (necessarily A € QN PT), and p(x,y) = 0 otherwise. These random
walks have the property that p(z,y) = 0 if 7(x) # 7(y), and it is simple to
see that they are indeed isotropic. Theorem 2.16 is now applicable, and in
particular, by taking 2" to be the Bruhat-Tits building of a group of p-adic
type (see Remark 1.6(ii)) we have a local limit theorem for these groups.

Finally we remark that the methods here can be extended to deal with
groups acting (in a type rotating fashion) on subsets V;, of Vp. Here L is
a lattice in E with @ C L C P, and Vp, = {x € Vp | 7(x) € I}, where
I ={r(\) | A€ L} C Ip. Thus Vo C Vi C Vp, and our discussion above
deals with the extreme cases of L = P and L = Q.
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3. The Rate of Escape Theorem

Let X be any set, and let P = (p(z,y))s,yex be a transition probability
matrix. Let X = J;c; X; be a partition of X. We call P factorisable over
1 if for each 4,5 € I, the sum

> plz,y)

yeX;

has the same value for all € X;. In this case we write p(¢, j) for this value,
and let P = (p(i,j))ijer- Clearly p(i,j) > 0 for all 4,5 € I, and for each

1el,
S op(5) = pla,y) =Y play) =1

JeI jel yeX; yeX
where x € X;. Thus P is a transition probability matrix (on I). Further-
more, if (Zy)ren is a Markov chain on X with transition probability matrix
P, then (Zy)ren, where Zy, = i if Z, € X;, defines a Markov chain on I
with transition probability matrix P.
In our setting, consider the partition (for fixed o € Vp and w € Q)
Ve = Ujep Vi, where

Va={z € Vp | h(o,z;w) = A}.

PROPOSITION 3.1. — The matrices (operators) Ay = (px(Z,Y))zyevp,
A\ € PT, are factorisable over P. Moreover, Dy (u,v) does not depend on o
or w, and Py (u,v) =Py (0,v — p).

Proof. — Let p,v € P and = € V,. By the cocycle relations we have
h(o,y;w) = h(z,y;w) + u for all y € Vp, and so

> ma(ew) = -y € @) | o) = v}
(3.1) veh

- N%l{y € Va(z) | bz, yiw) = v — p}].

It follows from [16, Lemma 3.19] that A) is factorisable, and that p, (u, )
does not depend on w € §2 or 0 € Vp. The transitional invariance is imme-
diate from (3.1). O

COROLLARY 3.2. — Let A = (p(x,y))s,yev, be as in (0.1). Then A
is factorisable over P. Moreover, for each p,v € P we have p(u,v) =
p(0,v — u), and this value does not depend on o or w. Finally, if (Zy)ren is
a Markov chain with transition probability matrix A, then Zj, = h(o, Zy;w),
so that p(u,v) = P(h(0, Zkt1;w) = v | h(o, Zy;w) = p).
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Proof. — The first statements follow from Proposition 3.1 and the ele-
mentary fact that a (finite or infinite) convex combination of factorisable
transition matrices is again factorisable. The final claim is immediate from

the definition of Z. O

Let {T}},cs be a partition of Ry according to root length (so |J| =1 or
|J| =2). For j € J, let TjJr = Ry NTj, and B; = BNT} (so B =U,e, By,
as B C Ry). For each j € J, let

1
aETf

Finally, for each j € J fix some 3; € Tj+.

ProproOSITION 3.3. — With the above definitions:
(i) Fori,j € J, if « € By, then (&, p;j) = 6; j. Thus, for each j € J,
Pj S So.

(ii) Let A € P. Then
7"/\ = H(Tﬁj 7-225]‘)<>‘7pj>
JjeJ
(note that this product has at most two factors).
(iif) 7@ == for all X € P (that is, r*" = r*).
(iv) If A € P and p = A, then v* < r*, with equality if and only if
w=A.
(v) For w € Wy, we have c(wr) = 6,1 Wo(q™1).
Proof. — (i) Since a € B, s, permutes Ry \{a}, and since the sets T},
j € J, are Wy-invariant, we have so(T;") = T;" if j € J\{i}. Thus for any
j € J we have
sa(p;) = pj — i o,
and so (", p;) = 6; ;. Then (", p;) = 0 for all @ € B, and so p; € Sy for
all j € J.
(ii) By (1.4) and the fact that R} \Rj = 2(R$ \R3) we calculate

LN a 1
A (T (T o)
a€RY BERI\R}

Since 73, = 1 if o € R7, and since 73 = 73, if 8 € T}, it follows that

1 .
r = H (7'67'223)2</\’5> = H(TﬁjTgﬁj)</\’p’>~
BERT jes
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(iii) Since wop; = —p; for j € J, by (ii) we have r*“o* = r=* for all
AeP.

(iv) Observe that 7,73, = qo if @ € R3, and 7,73, = qoqa if @ € R2\R3.
Thus, by thickness, 7,75, > 1 for all & € R,. Since p; € Sy for j € J, and
since ;1 < A implies that A — u € QV, it follows from (ii) that »*~* > 1,
with equality if and only if g = A (for if p # X, then (A — u, p;) > 0 for at
least one j € J).

(v) Observe that if w # 1, then wR3 N (—B) # 0. To see this, if a € R,
and if —a ¢ wRy, then —w™la ¢ RS, and so w™la € RS . Tt follows that
if wRy N(—=B) =0, then w™'B C R}, and so w 'Ry = Ry. Thus w =1
(for by [2, VI, § 1, N© 6, Corollary 2] we have £(w) = [{a € R} | wa € Ry }|
for all w € Wy).

Suppose that w # 1, and take o € R such that wa = —3 € —B. Then
by (i) and (ii),

\% \%
—wao 2 2
= 7"5 = TBTZﬁ = TOCTQQ’

r
and so 1 — 7'2_@17';1/27‘_1”0‘”2 = 0. Thus by (2.10) we see that c¢(wr) = 0
whenever w # 1. Since h,, : & — C is an algebra homomorphism we have

1

1=hy(4y) = —— c(wu)
’ WO (q_l) w;/()
for all nonsingular v € Hom (P, C*). Evaluating at v = r shows that ¢(r) =
Wo(g™). O

Remark 3.4. — Most of Proposition 3.3 can be found on page 61 of [10].
Notice in particular that Proposition 3.3(v) gives a nice factorisation of the
Poincaré polynomial of Wy, namely Wy(q~!) = ¢(r) (at least when the ¢’s
come from a building). See also [11].

For each j € Iy, let j* € Iy be defined by —wpa; = a;-. Note that
") =7
COROLLARY 3.5. — Let x € Vp, A € P*, and y € V)\(z).
(i) We have

P)\(Tew):/6i<h(z,y;w),w00>dyx(w)
Q

where wq is the longest element of W.
(ii) For each j € Iy the integral

A = /Q - (2 0) v ()

is independent of the particular pair z,y € Vp with y € Vy(z) (the
j* here makes the statements of the main theorems simpler).
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Proof. — By Proposition 3.3(iii) (and the fact that wy ' = wy) we have
Py (re??) = Py(wo(re?)) = Py(r~two(e?)) = / eth@yiw)wob) gy, (),
Q

proving (i).
Since wof) = — >°7_, ;- by (i) we have

3] i O
(3.2) a—ng,\(re ‘9)‘0:0 = ’L’)/J(- ),

proving (ii). O
The following proposition gives a symmetry property of the numbers
( ) generalising [5, Proposition 3.5(iii)]. We will not use this result in this
paper

PROPOSITION 3.6. — Let j € Iy and A\ € PT. We have ’y(/\ ) = 'yjo‘)

Proof. — Observe that for v € Hom(P,C*) and A € P*, Py\+(u) =
Py(u™1). It suffices to prove this for nonsingular u € Hom(P,C*). Using
Proposition 3.3(iii) we see that if u € Hom(P, C*) is nonsingular then

1_,7_71 —1/2 —woa” 1— —1_—1/2

T u T, T u®
a a2 a ‘a2 _
c(wou) = H —1/2, “woa¥ - H Z1/2 v =c(u™)
aERT L— a/2 0 acRt 1— a/2 u

(we have used the facts that woR* = R~ and 7, = 75 if § € Wya). Thus

A
Py«(u) = W/Z(q_l)wezwo clwu)u™
= L Z c(wwou)u" 0N
Wo(g™) weWo

= P(u),
and so by (3.2) we have

- —%wao(re—mw))!g:o

J

= - a% Py (ré’ )|w:0’

and so 7]()\*) = ’yj(-i‘). O
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LEMMA 3.7. — Let A € PJr and j € Iy. Then
¥V = (A ag) +0(1).
Proof. — Let us temporarily write pg in place of re'®. Then for w € Wy,
0 \ 0
C,)T,],C(wpe)pé“A = i(wA, a)c(wpg) i + p 20, ——c(wpy).

It follows from Proposition 3.3(v) that for w € Wy,

9 c(wps) N aoy)+0(1) fw=1
clw =
Wola ) 08, PP o(1) w1,
The result follows from (3.2). O
LEMMA 3.8. — If (Zk)ken is a Markov chain in Vp with Zy = x and

transition operator Ay, then for any w € Q, E(h;(Z1,z;w)) = 73(/\)

Proof. — Since Z; € V(x) with probability 1, we have [, h;(Z1,z;w)

dvg(w) = j(-A). As in [5, Proposition 3.5(11)] we see that we may take expec-
tations under the integral sign, and so ~y = [qE(hj(Z1, x;w))dv, (w). By
Corollary 3.2, the distribution of h;(Z1, z; w) and hence E(h;(Z1,z;w)), is
independent of w € 2. The result follows. O

We now prove our rate of escape theorem.

THEOREM 3.9. — Let A be as in (0.1), and suppose that
> Aax < oo
Aept
Let (Zk)ken be the corresponding Markov chain, and for each k € N let

v € PT be such that Zy € V,, (z), where x = Zy. Then for each j € Iy,
with probability 1
%<Vkaaj>*>7j aSk*)OC%
where vj = Y \cp+ axyj(-)‘). That is, %l/k = YA+ A
Proof. — Observe first that v; < oo by Lemma 2.5 and the finite first
moment assumption. By Lemma 3.7 we have (v, o) = k%”’“) +O(k™1),
and so it suffices to prove that
hi«(Z, x;w
/ %d% (w) — ¥
Q
with probability 1.
By Corollary 3.2 we see that for each fixed w € Q, hj«(Zj, z;w) is a ran-
dom variable distributed like a sum of k£ independent real random variables,
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each with the distribution of h;«(Z1, z;w). Now E(hj«(Z1, z;w)) = v;, and
so by the classical law of large numbers we have
(L,
i« ( Z,x,w) .

with probability 1.

By Remark 2.6 and the second part of [20, Proposition 8.8(a)] we see
that hj«(Zy, z;w)/k is bounded with probability 1. Thus by the Bounded
Convergence Theorem we have

lim / hye Zi 330) 4, (o) = / lim WM@):%
Q Q

k—oo k k—oo
with probability 1, completing the proof. g
COROLLARY 3.10. — The numbers v;, j =1,...,n, from Theorem 3.9

are nonnegative.

Proof. — This follows from the rate of escape theorem, since v, € PT
for each k£ € N. ]

We can strengthen Corollary 3.10 by applying the local limit theorem.

THEOREM 3.11. — For j = 1,...,n we have ; > 0. In particular, by
taking A = A, we have 7(/\) > 0 for all A # 0.

Proof. — We follow the outline given in [5, Remark 4.7]. By our local
limit theorem we may choose a pair (v, K) € P x N with K large and each
(v,05), 7 = 1,...,n, large, such that pK )(m y) > 0 whenever y € V,(z).
With A as in (0.1), write A% =3 54 aA ) Ay, and so a{) > 0. For each
j=1,...,nlet

(3.3) vk =y ay oy
AeP+
0
(34) = —'LﬁAK |9 —0

where we have used (3.2). Note that 7, g is simply the y; for the transition
matrix AX.

It follows from (3.4) and (3.2) that v, x = K+;, and from Corollary 3.10

and (3.3) we have v; ¢ > a(VK)'yj(-V). Now, by Lemma 3.7 we see that each

(V), j =1,...,n, is strictly positive (remember that each component of
)'y](-y) > 0. Thus v; =

+7jk >0 for each j =1,...,n. 0

v may be chosen to be large), and thus v; x > al
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Remark 3.12. — Fix a vertex o € Vp, and recall that S°(w) denotes the
unique sector in the class w based at o, and that for each A\ € Pt we write
v (w) for the unique vertex in S°(w) N Vi (o). Given vertices z,y € Vp,
there is a natural notion of the convex hull conv{z,y}, as studied in [16,
Appendix B|. We say that a sequence (xj)gen of vertices in Vp converges
tow € Q if for each A € P there exists ky € N such that v§(w) is in
conv{o, xx} whenever k > ky. This definition is independent of the o € Vp
chosen. Theorem 3.11 shows that for an isotropic random walk (Zy)ren we
have, with probability 1, Z, — w for some random element w € . The key
point to observe to show this is that if Z, € V,, (Zp), then by Theorems 3.9
and 3.11 (vx, ), j =1,...,n, becomes large as k — oo.

Remark 3.13. — We note that the random walk (Zj)ren on P from
Corollary 3.2 can be studied using classical methods, since P =2 Z". In the
notation of (A.1), by (3.1) and [16, Lemma 3.19 and Theorem 6.2] we have
Px(0,p) = r7Hay . Assuming that > p[u|P(0, 1) < oo, a calculation
using (A.1) and (3.2) shows that the mean m = 3 pup(0,p) of the
random walk (Zp)gen is m = Z;;l 7= Aj, where «; is as in Theorem 3.9.
A similar calculation shows that the characteristic function for the walk is

Zp (0, n)e Wn0) — A(rilew).

ner
By Corollary 3.2 this walk is transitionally invariant, and so the usual
Fourier inversion (as in [19, § IL.6, Proposition 3]) gives

(k)( / / 1 19 —i(,uﬂ) by - - db,,.

The asymptotic behav10ur may now be extracted using the methods in [20,
§ I11.13] and the calculations in Lemma 4.4.

4. The Central Limit Theorem

LEMMA 4.1. — Let A € P*. There exists a constant C, independent of
0 and A\, such that
|hpeio (Ay) — "0 < C6).

Proof. — Recall that r%* < r* and c(wr) = §,, 1 Wo(g™ 1) for all w € W
(see Proposition 3.3). Thus

|Peio (Ax) — ei<’\’9>| — ‘ — c(wr)].
WO 1 U)EZVVU
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The result follows since each c(w(re?)) is a smooth function in 61, ..., 0,.
g

LEMMA 4.2. — (See Theorem A.3) The homomorphisms h,.ie : &/ — C,
0 € E, are bounded.

Proof. — For each A € Pt we have |h,..ie(Ay)| < 1 by Corollary 3.5(i).
O

Let # € Vp. The spherical function (with respect to x) associated to h,,
is the function Ff : Vp — C which for each A\ € PT takes the constant
value h,(A)) on the set Vy(x).

LEMMA 4.3. — Let Zy = x, and suppose that v € Hom(P,C*) is such
that h, : & — C is bounded. Then E(F*(Z})) = (A(u))*.

Proof. — We have AF =37\ 1. af\k)A,\ where af\k) = P(Zy € Va(x)).
Since F*(Zy) = hy(Ay) if Zi, € Vi(z), we have

E(FX(Z1)) = Y a7 hu(AN) = hu(A®) = (A(u))*,
rept

where we have used the continuity of h, on the closure of &7 in the space of
bounded linear operators on ¢!(Vp) to justify the last two equalities. [

For 1 <j,k<mand X € P, let
A
(4.1) A0 = [ s (. 30)dva (o)

where z,y € Vp are any vertices with y € V) (z) (as in Corollary 3.5(ii) this
is independent of the particular pair z,y € Vp with y € Vy(z) chosen). If
we suppose a finite second moment assumption:

(4.2) > APax < o0,

AepPt

then for all 1 < j,k < n we have ), py a,\q/jol;) < 00, and we denote this
value by v; 1.

LEMMA 4.4. — Suppose that (4.2) holds. Then with ;, 1 < j < n as
defined in Theorem 3.9, and v, 1 < j,k < n as defined above,

o . n 1 n
A(ré®) =1+ szlfijj -5 %:1 v 100k + o(|0]).
J= JR=

2
Furthermore, if 6 # 0 then (Z;;l 'ijj) < Z?,k:l v;,k0;5 0k
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Proof. — Consider the case A = Ay, A # 0. Using Corollary 3.5(i), the
elementary result e’ =1+ ip — 2¢? + o(p?) implies that

Ay(rei?) =1 —HZ Mg, Z 10,0, + o(X[16]),
jk 1

where we have used Lemma 2.5. The first clalm follows.
To deduce the final claim, let By=3""_, 7V0; and Oy =7, 41))0,6:.
Then

BA—(/Zh (y, &3 w)dvy (w ) /(Zh y7xw)2dux(w):C>\,

and
n 2 2 N
(Z%‘ej) :( Z CLABA) < Z axB; < Z a Oy = Z Y 10;0%-
=1 Aept AeP+ AP+ gk=1

To see that the inequality is strict if 6 # 0, recall that by hypothesis
there exists A # 0 such that a) > 0. If equality holds in the inequality
B3 < Cjy, then for y € Vy(z),

<h($,y7 U}Oa Zh y?‘T w

is independent of w € Q, and thus by Corollary 3.5(ii) this quantity is
independent of the particular pair z,y € Vp with y € V) (x) too. Choosing
z € Va(x) N Vav (y) as in Lemma 2.1(i), we have

<h(yvz;w)7w00> = <h(x,z;w),w00> - <h(x,y;w),w09> =0.

By modifying the proof of Lemma 2.1(ii), it is easy to see that for each
w € Wy there exists w,, € Q such that h(y, z;w,) = wa", and thus by the
above (wa", wof) = 0 for all w € Wy. Thus 6 = 0, since Wya" spans E [8,
Lemma 10.4.B]. O

Let T'1(0) = >-7_, 705 and T'o(0) = =7, 7;,x0;0k, and write

() = T2(6) Z 95100k

7,k=1

By Lemma 4.4, T’ = (gj7k);?’k:1 is a positive definite matrix.

THEOREM 4.5. — Let A be as in (0.1) and suppose that (4.2) holds. As
in Theorem 3.9, for each k € N let v, € PT be such that Z, € V,, (z),
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where x = Zy. Then

<<Vk7a1>_’71k <Vk7an>_7nk>

T e T
converges in distribution to the normal distribution N(0,T'), with T as
above.

Proof. — Following the proof of the classical Central Limit Theorem (see
[19, Proposition I1.8] for example), it suffices to show that

(4.3) lim E(ei(<”k’9>*“1(9))/\/§) _ o—iT)
fmr oo
By Lemma 4.1 we have
eI = P (reIVE) oY) = B e (k) + o(k7H2),

and so by Lemmas 4.2 and 4.3 we have
E(e! 00/ YRy = (A(re®VEY)E 4 o(k= 1),

Thus using Lemma 4.4 we compute

k
) 1
E(e!((vn0)=kT1(0)/VEY - (1 — 550 (0) + o(k—l)) + o(k~Y/?)
_ e—él"(@) +O(l€_1/2>.
Thus (4.3) holds, completing the proof. a

Appendix A. Bounded Spherical Functions

It is straightforward to see that each A € & maps ¢}(Vp) into itself.
Let @ denote the closure of & in the space .Z(¢!}(Vp)) of bounded linear
operators on ¢!(Vp). Thus & is a commutative unital Banach *-algebra.
The algebra homomorphisms h : o/ — C are precisely the extensions of
those algebra homomorphisms h, : &/ — C which are bounded. In this
appendix we determine the u € Hom(P, C*) for which this holds.

In the notation of Remark 1.6(ii), it is shown in [10, Theorem 4.7.1] that
hy : g — C is bounded if and only |[u®*| < 7 for all A € Q N P* and all
w € Wy. The proof given in [10] requires some knowledge of the singular
cases (when the denominator of a ¢c(wu) function vanishes). While it should
be possible to generalise the proof in [10] to cover the more general setting
of homomorphisms h, : &/ — C, we will provide a different proof which
does not require any specific details of the singular cases (instead our proof
uses the Plancherel measure).
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We restrict our attention to the standard case (where 7, > 1 for all
a € R). In the exceptional case (where 7, < 1 for some o € R) we have
R = BC, for some n > 1 and so @ = P and 27y = &/. Thus Macdonald’s
analysis in [10] covers this specific case.

Remark A.1. — (i) In fact in [10, Theorem 4.7.1] Macdonald proves a
geometric analog of the result stated above. For v € Hom(Q,C*), iden-
tify log|u| € Hom(Q,R) with the unique element z, € E which satisfies
(\, ) = log|u?| for all A € Q. Let D = {z, | w € Wy}. Then [10, Theo-
rem 4.7.1] says that h,, : @y — C is bounded if and only if =, € conv(D).

(ii) Note that we have already seen in Lemma 4.2 that the homomor-
phisms h,.ie : &/ — C are bounded, and that this was enough information
to prove our central limit theorem. It is, of course, still desirable to have
the much more accurate Theorem A.3 below.

For A € P* and u € Hom(P,C*), define the monomial symmetric func-

tion my(u) by
my(u) = Z ut,
pneWoA
where WoA = {wA | w € Wy}. By [16, (6.1)] there are numbers ay , such
that

(A1) Py(u) = Z ay,ut = Z ax,my(u)

neP H=A

(where the second sum is over those p € Pt with A — u € QT), and it
follows (using [15, Theorem 6.11] for example) that for A\, u € PT there are
numbers by, such that

(A.2) ma(u) =Y by Pu(u).

B=A

LEMMA A.2. — Let A, € P and p < X. In the standard case there
exists a constant K > 0 independent of A\ and p such that |by .| < Kr*.
Thus there is a constant C > 0 independent of A\ € P+ such that

> banl < ClIL [

M=

Proof. — Since we assume that we are in the standard case, by [16,
Lemma 6.1] we have

bap = N, /U o (u) P () (1),
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Using (1.5) and the techmques used to derive [16, (5.2)] we see that

Wo(q~ / m (wu)u ™ e(wu)
bay= """+ du
" Wonla- |Wo 2 T Tewap
Wo(qg™1) u/ u H
=—>r m —du,

Woula 1) Sy ™ o)
and the first claim follows. The final claim follows from Proposition 3.3(iv).
O
Let T = {u € Hom(P,C*) : [u**| < r* for all A € P and all w € Wy}.

THEOREM A.3. — The algebra homomorphism h,, : ¢ — C is bounded
if and only ifu € Y.

Proof. — In the exceptional case this follows from [10, Theorem 4.7.1], as
remarked at the beginning of this appendix. Suppose we are in the standard
case. fu e T is nonsingular then by (1.6) we have

|ha(AN)| < Z lc(wu)| for all A € PT.
wGWo
Thus h,, : &/ — C is bounded, and so by [6, Theorem 1.2.5], |h,(Ax)] <1
for all A € PT.

If u € T is singular, it is clear that there exists a sequence (u(x))ren in
T such that each w) is nonsingular and w,) — u. By the above we have
|hug,,y (An)] < 1 for all X € P*, and since each hy,,, is a Laurent polynomial
(in the variables {u(} }ic1,) it follows that |h,(Ax)| < 1 for all A € P
Thus h,, is bounded for all ©w € Y.

Suppose now that h, : &/ — C is bounded (so |h,(Ax)| < 1 for all
A € PT). Then for all A € Pt by (A.2) and Lemma A.2,

ma(u) <Y [baul < CTIy [P,
n=A
Thus fixing A and considering myx(u) for k € N gives

Z (Tf)\uu)k

HEWOA

< p(k),

where p(k) is a polynomial. It is elementary that this implies that [r~*u#| <
1 for all 4 € Wy, hence the result. g
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