Automorphisms and opposition in spheri-
cal buildings of exceptional type, I
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Abstract. To each automorphism of a spherical building there is naturally associated
an opposition diagram, which encodes the types of the simplices of the building that
are mapped onto opposite simplices. If no chamber (that is, no maximal simplex) of the
building is mapped onto an opposite chamber then the automorphism is called domestic.
In this paper we give the complete classification of domestic automorphisms of split
spherical buildings of types Eg, F4, and Gao. Moreover, for all split spherical buildings
of exceptional type we classify (i) the domestic homologies, (ii) the opposition diagrams
arising from elements of the standard unipotent subgroup of the Chevalley group, and
(iii) the automorphisms with opposition diagrams with at most 2 distinguished orbits
encircled. Our results provide unexpected characterisations of long root elations and
products of perpendicular long root elations in long root geometries, and analogues of
the density theorem for connected linear algebraic groups in the setting of Chevalley
groups over arbitrary fields.

Introduction

The study of the geometry of fixed elements of automorphisms of spherical
buildings is a well-established and beautiful topic (see [19]). Over the past
decade a complementary theory concerning the “opposite geometry”, consist-
ing of those elements mapped to opposite elements by an automorphism of a
spherical building, has been developed. A starting point for this theory is the
fundamental result of Abramenko and Brown [2, Proposition 4.2], stating that
if  is a nontrivial automorphism of a thick spherical building then the oppo-
site geometry Opp(0) is necessarily nonempty. Indeed the generic situation
is that Opp(#) is rather large, and typically contains many chambers of the
building (chambers are the simplices of maximal dimension). The more spe-
cial situation is when Opp(#) contains no chamber, in which case 6 is called
domestic.

Domestic automorphisms have recently enjoyed extensive investigation, see
[14, 15, 16, 24, 25, 26, 31, 32]. Cumulatively these papers begin to illuminate
an as yet not fully understood connection between domesticity of an auto-
morphism, and a large rich fixed element structure of the automorphism. For
example, by [31] the domestic dualities of large Eg buildings are precisely the
polarities that fix a split building of type F4, and by [32] the domestic trial-
ities of D4 buildings are precisely the automorphisms fixing a split building
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2 J. Parkinson and H. Van Maldeghem

of type Gs. These remarkable connections underscore the importance of both
the opposite geometry and the notion of domesticity in the theory of spherical
buildings.

A systematic study of the opposite geometry was initiated in [15, 16], where
we developed the notion of an opposition diagram of an automorphism, encod-
ing the types of the simplices of the building that are mapped onto opposite
simplices by the automorphism. This concept gives a useful framework for
the study of the opposite geometry and domesticity. Indeed, a striking con-
sequence of the theory is that there are surprisingly few opposition diagrams
possible. The purpose of this paper (along with [17, 18]) is to classify, as much
as possible, the class of automorphisms having each opposition diagram, with
the focus of this paper being on split spherical buildings of exceptional type.

Let us briefly expand on the above concepts, before summarising our main
results. Suppose that A is an irreducible split spherical building with Dynkin
diagram I'. The opposition diagram Diag(6) of an automorphism 6 of A is
drawn by encircling the nodes of ' corresponding to the types of the minimal
simplices of A that are mapped onto opposite simplices by 6.

For example, the diagram

@—’—I—‘—@@@

represents an automorphism of an Eg building mapping vertices of types
1,6,7,8, and no vertices of other types, to opposite vertices (we adopt Bour-
baki labelling [4]). A priori, there could be 2% possible opposition diagrams
for automorphisms of Eg buildings, however it is a remarkable fact that there
are only 5 diagrams possible. The idea behind the proof of this fact, from
[15, 16], is as follows. Suppose first that A is a large spherical building of rank
at least 3 (meaning that A has no Fano plane residues). In [15, Theorem 1] we
showed that every automorphism 6 of A satisfies the following closure prop-
erty: If there exist type J; and J; simplices in Opp(8), then there exists a
type J1 U Jy simplex in Opp(6). Such automorphisms are called capped, and
this highly nontrivial property imposes severe constraints on the structure
of opposition diagrams. For small spherical buildings it turns out that auto-
morphisms are not necessarily capped, however the same constraints on the
opposition diagrams exist for other reasons (see [16]).

We call a diagram satisfying the constraints imposed by cappedness an
admissible diagram. The precise constraints are not required here (see [15,
§2.1] for details), as it is sufficient for our purpose to simply give the complete
list of admissible Dynkin diagrams of exceptional type:
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Automorphisms and opposition in exceptional spherical buildings, 1 3

Figure 1: The admissible Dynkin diagrams of exceptional type.

To summarise, if 6 is an automorphism of a split spherical building of excep-
tional type, then the opposition diagram of 6 is one of the diagrams listed in
Figure 1. Uncapped automorphisms are studied in [16], and so for the remain-
der of this introduction we consider capped automorphisms (for example, if
A is large then all automorphisms are capped). In this case, automorphisms
with “full” opposition diagrams (in which all nodes are encircled) are neces-
sarily not domestic, and hence are not discussed further here. Moreover, the
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“empty” diagrams with no nodes encircled correspond precisely to the triv-
ial automorphisms (because as mentioned above, Opp(6) is nonempty for a
nontrivial automorphism), and hence are also of little interest here. Further-
more, automorphisms with diagram Eg.o have been completely classified in
[32] (for large buildings) and [16] (for small buildings). This leaves us with 14
remaining diagrams.

The following terms will be defined more systematically in later sections,
however for the purpose of this introduction, and in order to state our main
results, we define:

(1) The polar diagrams to be the diagrams 2E6;1,E7;1,E8;1,F}1;1,G§;1;

(2) The polar-copolar diagrams to be the diagrams 2E6;2, E7.2, Eg.2, Fy;0;
(3) The polar closed diagrams to be all diagrams except Eg.2, Es.6, Fji;l, G%;l.
We consider split spherical buildings arising from a Chevalley group G =
Go(F) associated to a crystallographic root system @, with F a field. For the
purpose of this introduction, unless stated explicitly otherwise we will assume
that the characteristic of F is not “special” (meaning char(F) # 2 for Fy, and
char(F) # 3 for Gs). By a root elation we mean an element, in Chevalley
generators, conjugate to x4 (a) for some root @ € ® and some a # 0. In the
non-simply laced case we talk of long and short root elations, and in the simply
laced case all roots are considered long. Root elations x,(a) and xg(b) are
perpendicular if @ and B are perpendicular roots. A positive root elation is an
element x,(a) with @ € ®*, where ®* is a fixed choice of positive roots of @.
By a homology we mean an element conjugate to an element of the torus H.

With these definitions and conventions, a summary of the main results of
this paper is as follows. We first give a complete classification of automor-
phisms with polar opposition diagram.

Theorem 1  An automorphism of a split spherical building of exceptional type
has polar opposition diagram if and only if it is a long oot elation.

In fact, some aspects of our analysis of long root elations applies to all
Moufang spherical buildings, and leads to various corollaries, including the
following.

Corollary 2 FEvery irreducible Moufang spherical building, other than a
projective plane, admits a nontrivial domestic collineation.

Corollary 3 Let G be the collineation group of a Moufang spherical building
A of type other than A, . There exists a nontrivial conjugacy class € in G
which is not transitive on the set of vertices of A of type s, for any s € S.

In the case of Ree-Tits octagons, Corollary 2 corrects a misunderstanding

from [11] (see Remark 2.3), and Corollary 3 answers a question asked to us
by Barbara Baumeister.
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Automorphisms and opposition in exceptional spherical buildings, 1 5

The classification of automorphisms with polar opposition diagram can be
extended to the polar-copolar diagrams in certain cases. We prove:

Theorem 4 A collineation of a large split spherical building of type E7, Eg,
or F4 has polar-copolar opposition diagram if and only if it is a product of
two perpendicular long root elations. Moreover, for the E; and Eg cases the
collineations with polar-copolar diagram form a single conjugacy class.

See Theorem 7 below for more details on the conjugacy classes in type
F4. Also we note that the “if” part of Theorem 4 holds for the Eg case too,
however the “only if” part fails, as there exist homologies with diagram 2Eg.o
(see Theorems 6 and 8 below).

Our next main theorem classifies the opposition diagrams of elements of
the unipotent subgroup U* generated by the positive root elations.

Theorem 5 Let A be a split spherical building with root system ® of excep-
tional type. An admissible Dynkin diagram X of type ® can be obtained as the
opposition diagram of a product of positive root elations of A if and only if X
is polar closed.

Moreover we provide an algorithm to write down, for each polar closed
diagram X, an element § € U* with opposition diagram X. In fact it turns out
that every polar closed diagram can be obtained as the opposition diagram of
a product of mutually perpendicular positive root elations.

Next we give a complete classification of domestic homologies for split
exceptional buildings. This classification is in terms of the type of the thick
frame of the fixed subbuilding of the automorphism (c.f. [20]). We summarise
the statement below (see Section 4 for explicit conjugacy class representatives
for each case).

Theorem 6 Let 0 be a nontrivial homology of a split spherical building of

exceptional type @, and let O’ be the type of the thick frame of the subbuilding

fixed by 0. Then 0 is domestic if and only if

(1) ® =Eg¢ and @’ = D5, in which case Diag(6) = 2E6;2;

(2) = E7 and ®' = E6, DG’ D6 X Al, in which case Dl&g(@) = E7;3, E7;4, E7;4
(respectively);

(3) ® =Eg and ®" = E7,E7 X Ay, in which case Diag(6) = Eg4;

(4) ® =F4 and @’ = By, in which case Diag(0) = Fil;

(5) ® =Gy and @’ = As, in which case Diag(d) = G%;r

We also completely classify domestic automorphisms of split buildings of
types Eg, F4, and Gs. For this introduction, let us state the result for F4 over
quadratically closed fields and finite fields, both of characteristic not 2 (see
Subsection 6.1 for statements applying to all fields).
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6 J. Parkinson and H. Van Maldeghem

Theorem 7 Let A be the split spherical building of G = F4(F) with char(F) #

2. If F is quadratically closed (respectively finite) then there are precisely 3

(respectively 4) conjugacy classes of domestic collineations, consisting of

(1) the class of long root elations, with opposition diagram Fi;p'

(2) the class of homologies fixing a subbuilding with thick frame of type By,
with opposition diagram Fil;

(3) one (respectively two) class(es) of products of two perpendicular long root
elations, with opposition diagram Fu.s.

For the Eg case, domestic automorphisms of small buildings are already
classified in [16, Theorems 4.5 and 4.6], and domestic dualities of large
buildings are classified in [32]. Thus by Theorem 1 and the classification of
admissible diagrams the remaining task is to classify the collineations of large
Eg buildings with diagram 2E6;2. It turns out that the only examples are those
described by Theorems 5 and 6, and thus we have:

Theorem 8 Let A be a large building of type Eg.

(1) A duality of A is domestic if and only if it is a symplectic polarity (that is,
a duality fixing a split building of type Fy), in which case it has opposition
diagram Eg.s.

(2) A collineation of A is domestic if and only if it is either
(@) a root elation, with opposition diagram *Eg.1,

(b) a product of two perpendicular root elations, with opposition diagram
QEG;Q, or

(¢) a homology fizing a subbuilding with thick frame of type Ds, with
opposition diagram 2E6;2.

We complete the analysis by classifying domestic automorphisms of split Go
buildings. Since no duality of a Gy building is domestic [14, Theorem 2.7] it
suffices to consider collineations.

Theorem 9 Let A be the building of Go(IF). There exists a unique conjugacy
class €1 of collineations with opposition diagram Gg;l, and a unique conjugacy
class 65 of collineations with opposition diagram G%;l. The elements of €1 are
long root elations, and the elements of €»

(1) are short root elations if char(F) = 3;

(2) are homologies fizing a large full subhexagon if char(F) # 3 and 22 +z+1

splits over F;
(3) fix a distance 3-ovoid if z2 + z + 1 is irreducible over F.

Consequently, the results of this paper (along with [32] for the Eg,2 diagram)
culminate in the classification of automorphisms of split spherical buildings
of exceptional type having each non-full opposition diagram, with the excep-
tion of the 3 diagrams E7.3, E7,4, and Eg.4. In these remaining cases we have
provided examples of both unipotent elements and homologies with the given
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Automorphisms and opposition in exceptional spherical buildings, 1 7

diagram (in Theorems 5 and 6). It turns out that for certain fields there also
exist automorphisms with these opposition diagrams fixing no chamber of
the building (hence these automorphisms are neither unipotent elements nor
homologies). The description and classification of these automorphisms will
be continued in future work [18§].

We note that the results of this paper, combined with those of [17] for the
classical cases, show that every admissible Dynkin diagram can be obtained as
the opposition diagram of an automorphism of a split spherical building. As
discussed in [17], this statement is false for certain non-split buildings. More
precisely, we have the following corollary.

Corollary 10 Let A be a split spherical building of type ®. Fvery admissible
Dynkin diagram of type ® is the opposition diagram of some automorphism of
A. Moreover, with only one exception, such an automorphism can be chosen
such that it fires a chamber of the building. This exception is the diagram Gé;l
in the case that the polynomial z? + z + 1 is irreducible over the underlying

field F.

Finally, our results translate into group theoretic statements concerning
conjugacy classes in Chevalley groups of exceptional type. To put these results
into context, recall that by the Density Theorem (see [10, Section 22.2]), if
G is a connected linear algebraic group over an algebraically closed field then
the union of all conjugates of a Borel subgroup B is equal to G. Equivalently,
if € is a conjugacy class in G then € N B # 0. This theorem is a cornerstone
in the theory of algebraic groups, for example simple corollaries include the
important facts that the centres of G and B coincide, and that the Cartan
subgroups of G are precisely the centralisers of maximal tori.

The statement of the Density Theorem is clearly false in the general setting
of a Chevalley group G over an arbitrary field, as there typically exist elements
6 € G fixing no chamber of the building A = G/B. However our classification
theorems allow us to provide analogues in this setting, showing that every
conjugacy class in G intersects a union of a very small number of B-double
cosets. For the purpose of this introduction we provide two examples; see
Subsection 6.4 for further related statements.

Corollary 11 Let G be the Chevalley group of type Eg or Fy over a field F,
and let € be a conjugacy class in G. Then € N (B U BwyB) # 0.

The statement of Corollary 11 fails for buildings of types E; and Eg (see
Remark 6.16). Moreover, it is not true that € N BwoB # 0 for all nontrivial
conjugacy classes. In fact, we have the following very general corollary of our
results.
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Corollary 12 Let G be the group of type preserving automorphisms of a
Moufang spherical building not of type As. There exists a nontrivial conjugacy
class € with € N BwgB = 0.

Let us conclude this introduction with an outline of the structure of the
paper. In Section 1 we provide background on buildings, Chevalley groups,
admissible diagrams, and prove some basic lemmas for later use. In Section 2
we give the classification of automorphisms of split buildings with polar oppo-
sition diagram, proving Theorem 1 and Corollaries 2 and 3. Most of the
arguments of this section are built around commutator relations in the Cheval-
ley group, and we also discuss geometric characterisations of the polar diagram
in the Eg; and E7 7 Lie incidence geometries, and analyse short root elations
in the non-simply laced case.

In Section 3 we define polar closed diagrams, and present an algorithm
for constructing unipotent elements with each polar closed diagram (proving
Theorem 5). Most of the arguments here are algebraic, however to complete
the proof it is necessary to show that automorphisms with diagram Fil are
necessarily homologies (for char(F) # 2), and we achieve this by arguing
geometrically in the Lie incidence geometry Fy 4(F).

Section 4 gives the complete classification of domestic homologies for split
exceptional buildings (proving Theorem 6), making use of Scharlau’s classifi-
cation [20] of non-thick spherical buildings. In Section 5 we prove Theorem 4
using geometric arguments involving various Lie incidence geometries.

Finally, in Section 6 we provide the complete classification of domestic
collineations for split buildings of types Eg, F4, and Gg, proving Theorems 7,
8, and 9, and Corollaries 10, 11, and 12. We conclude with an appendix listing
some relevant root system data for exceptional types. This data is useful
at various stages of this paper, for example when performing commutator
relations, or in Section 4 when classifying domestic homologies.

Background and definitions

In this section we give a brief account of root systems, Chevalley groups and
split spherical buildings, with our main references being [4, 5, 23] (for root
systems and Chevalley groups), and [1, 28| (for buildings). We also recall the
notions of admissible diagrams and opposition diagrams from [15, 16], and
record some basic lemmas for later use.

Root systems and Chevalley groups

Let ® be a reduced irreducible crystallographic root system in an n-
dimensional real vector space V with inner product (- -), with a1,...,a, a
choice of simple roots and ®* the associated positive roots. We will adopt the
standard Bourbaki labelling [4] of the simple roots. Let @¥ = 2a/{a, @). Let
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w1, ...,w, be the fundamental coweights, defined by (w;, ;) = J; ;. Let
O=2Za)+ --+Za) and P=Zw,+ - +Zw,

be the coroot lattice and coweight lattice, respectively, and note that Q C P.

Let T = T'(®) denote the Dynkin diagram of ® (with the arrow pointing
towards the short root in the case of double and triple bonds). The Coxeter
diagram of @ is obtained by removing all arrows from I'. The height of a root
a =kia1 + -+ kyay is ht(@) = k1 + - -+ + k;,. There is a unique root ¢ € ®
of maximal height (the highest root of ®). The polar type of @ is the subset
9 C{L1,2,...,n} given by

p={1<i<n|{a;,p)#0}

See Appendix A for the list of polar types. In particular, note that if ® # A,
then p = {p} is a singleton set, and in this case we often refer to the element
p as the polar node.

Let W = (54 | @ € @) be the subgroup of GL(V) generated by the reflections
Sa, Where

sq(D) =1—-(a)a’ fordeV.

Let S = {s1,...,5,}, where s; = 54,. Then (W, S) is a spherical Coxeter system.
Writing € : W — Zs( for the usual length function on W, it is a well known
fact that in the simply laced case, €(s4) = 2ht(a) — 1.

Let wg denote the longest element of (W,S), and let 7y : {1,...,n} —
{1,...,n} be the opposition relation given by woa; = —ax,u) for 1 <i < n. We
typically regard my as an automorphism of the Dynkin diagram I', and we say
that “opposition is type preserving” if g is the identity. If J C S let w; be the
longest element of the parabolic subgroup W, generated by J.

The inversion set of w € W is ®(w) = {@ € ®* | wla € —®*}. We note that
the inversion set of the highest root ¢ is

D(sy) = {a € O | (@, w;) > 0 for some i € p}, (1.1)

which follows directly from the equation s, (@) = @ — (@, ¢")¢.

Let F be a field, and let Gy = Go(®, F) be the associated adjoint Chevalley
group. Thus Gy is generated by elements x,(a) with @ € ® and a € F, and
writing (for @ € ® and ¢ € F¥)

50 () = Xa (O)x_a (= Hxa(c) and  hgv(c) = sq(c)sq (1)
the following relations hold (for a,b € F, @, 8 € ® with 8 # +a, and ¢, d € F¥)
Xq(a)xq(b) = xo(a + b)
hov (c)hyv(d) = hev(cd)
%o (@)x5(h) = x5 (b)xa (@) | | Xiarjp(Chlsa’ b)),

where the product is taken over i,j > 1 with ia + j§ € ® in any fixed
order, and the elements C{ll]ﬁ, are integers (depending on the order chosen
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in the product). For example, in the simply laced case these commuta-
tor relations take the form x,(a)xg(b) = xg(b)xo(a) (if @ + B ¢ @) or
xq(a)xg(b) = xg(b)xo(a)xq+p(Co pab) for some integer Cop (if @ + B € D),
and it turns out that in this case Co 5 = £1.

The above relations imply the following useful formula (for @, 8 € ® and
a €F)

sa(Dxp(a)se (1) = x;,5(€apa)

where €45 = 1 depend on some initial choices made in the Lie algebra (see [5,
Proposition 4.2.2]). For many calculations it is sufficient to simply know that
€qap € {—1,1}, however when more precise knowledge is required we will adopt
the sign conventions from the Groups of Lie Type package in Magma [3, 6].

Let G = G(®,F) be the subgroup of Aut(Gg) generated by the inner auto-
morphisms Gy and the diagonal automorphisms, as in [22, 8]. Thus G is
generated by Gy and elements h,(c) with 2 € P and ¢ € F*, and the following
relations hold (for a € F, ¢,d € F*, @, B € ®, and A, u € P)

ha(e)hu(d) = hyu(c)ha(d) ha()ha(d) = hy(cd)
ha()xa(@)hy(e)™ = xa(actt™)  so(Dha(d)sa(D)7! = hy, 2 (d).
For each a € ® we write U, = {x,(a) | a € Fy and U* = (U, | @ € ®*). Let
N ={(sq4(c) | @ € D,c € F)
H={(hi(c)| A€P,ceF
B=(U" Hy=HU".

The subgroup B is often called the (standard) Borel subgroup. We have H =
BN N, and (B,N) is a BN-pair in G with Weyl group N/H = W, where

sq(0)H s, for all ¢ € F*.

We often write wH (or wB) in place of nH (or nB) whenever n € N with

nH — w. In fact we will frequently write s, in place of s, (1) when there is

no risk of confusion, however note that s, € G is typically not an involution.
The Bruhat decomposition gives

G = |_| BwB.

weWw

For subsets A € ®* we write U} = (xq(a) | @ € A, a € F). A subset A C
®* is closed if @, € A and @ + B € ® implies that « + 8 € A. It is a
fundamental fact that if A € @ is closed, and if (B4, ..., Br) is a fixed choice
of ordering of the elements of A, then each u € U} has a unique expression
as u = xg,(a1) - xp, (ar) for some ai,...,ar € F (see |23, Lemma 17]). In
particular, since the set A = ®(w) is closed the B cosets in BwB are precisely

xg, (a1) - xg, (ax)wB, ,withay,...,ar €F, (1.2)
where ®(w) = {B1,..., Br}-
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We also note that

BwsB if (ws) =€(w) +1

. (1.3)
BwB U BwsB if {(ws) = €(w) — 1,

BwB - BsB = {
see [5, Proposition 8.1.5].
Let U™ = (U, | @ € —®*). Throughout this paper we often need to convert
an element in U~ to an expression in BwB for some w. To do so, we make
frequent use of the relation (for a # 0)

X_a(@) = xq (@ Hsa(=a Hxe(a™) = xo(@ ) saxe (@) hev(—a) (1.4)

(which follows from the definition of s4(a)). We call this the folding relation,
due to connections with path models in algebraic combinatorics (see [13]).
We say that F has “special characteristic” if char(F) = 2 for ® = B,,,C,,, Fy4,
or char(F) = 3 for ® = Gs. Often these cases behave differently due to
additional symmetries being present.
We record some basic lemmas for later use.

Lemma 1.1 Let By,..., By € @ be mutually perpendicular roots. Then

x_g,(a1) - x_py(an) € Bsg, ---sgyB forallay,...,an #0.

Proof Let Ul:' =(Ug,,...,Ug,) for 1 < k < N. We show, by induction, that
X-B,y (ai) -- *X-Bn (an) € UIJ\r]SBl s S'BNU;\L]H.

The case N =1 is the folding relation (1.4). By the induction hypothesis, and
the folding relation, for k > 1 we have

xpy(ar) - xp (ak) = usg, -+~ sp_u'h - xp (a)sp g, (a0 hgy (—ar)

for some u,u’ € U;"_,, h € H. Since hxp, (a,:l)sﬁkxﬁk (ar) = xp, (a)sg, xp, (D)h
for some a,b € F and sg, ---sp,_,u'xp, (a) = xp, (xa)sg, ---sp,_,u’ (as Bi is

orthogonal to B, ..., Bk—1) we have
xp,(a1) -+ xg, (ax) = uxg, (xa)sg, - 'sﬁ,ﬁlu' 8B XBy (b)hhﬁx(—ak).

Similarly, u’sg, = sg,u’, and hence the result. ]

Lemma 1.2 Let ® have rank n, and suppose that the opposition relation
is type preserving. If B1,..., By € ®F are mutually perpendicular roots then

Sp1 " S, = Wo-

Proof Since Bi,..., B, are mutually perpendicular the product sg, ---sg,
acts by —1 on the vector space V. Since opposition is type preserving, the
longest element wq also acts by —1 (mapping «@; to —a; for all simple roots),
hence the result. [ ]
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Lemma 1.3 Let ® be a root system of type Eg in a vector space V, and let
oV = V be the involution with o(a;) = az,i) for 1 < i < 6. Suppose
that B1, B2, B3, Bs € ®F are mutually perpendicular roots with o (B;) = Bi for
i=1,234. Then sg,58,58,58, = Wo-

Proof Let w = sg,sg,58,58,- Let V' = {v € V | oo(v) = v}. Then V' is 4-
dimensional, and since 1, B2, 83, B4 € V' are mutually perpendicular we have
sg, - Sg,lvv = —1. In particular, as,as € ®d(w™1). Moreover, since wag =
wo (1) = oc(wai) (because o commutes with each reflection sg with g € V’)
we have way € ®* if and only if wag € ®*. But a; + ag € V', and so
w(a1 + ag) = —a1 — ag. It follows that aq, ag € D(w™!), and similarly a3, a5 €
®d(w™). Thus ay,...,a¢ € P(w™), and so w = wy. ]

Split spherical buildings

We assume that the reader is already familiar with the basic theory of build-
ings, and our main reference for the general theory is [1]. By a split spherical
building we shall mean a building associated to a Chevalley group via the stan-
dard BN-pair construction. It is easiest to define this building as a W-metric
space (c.f. [1, Chapter 5]), as follows.

Definition 1.4 The split spherical building A = Ag(F) associated to G =
Go(F) has chamber set A = G/B and Weyl distance function given by

5(gB,hB) =w if and only if g 'h € BwB.

Chambers ¢, d € A are s-adjacent (with s € S) if §(¢,d) = s, and are adjacent
if they are s-adjacent for some s € S.

In particular, if ¢ = gB is a chamber of A, then by (1.2) the set of chambers
d € A with 6(c,d) = w is precisely

g {xg,(a1) - xg (ax)wB | a1,...,ar € F} where ®(w) = {B1,..., Bx}.

An automorphism of A is an adjacency preserving bijection 6 : A — A. Each
automorphism 6 of A induces an automorphism my of the Coxeter diagram by
6(c,d) = s if and only if 6(8(c),8(d)) = me(s). We say that 6 is a collineation
(or type preserving) if mg = id, and a duality if my has order 2.

By [28, Corollaries 5.9 and 5.10] (and using [8, 22]), every automorphism
6 of A is of the form 6 = g o o o, where g € G, m = my is a Dynkin diagram
automorphism, and o is a field automorphism (in the special characteristic
case 7 is a Coxeter diagram automorphism). Note that the “diagonal automor-
phisms” are already built into G. By the Bruhat decomposition, each element
g € G can be written as g = uwb with u € U*, w € W, and b € B, and so each
automorphism of A can be written as 6 = uwb o o o. If o is trivial, we say
that 6 is linear.

By a root elation we shall mean an automorphism 6 conjugate to x4 (a)
for some @ € ® and a € F*, and we call 6 a long (respectively short) root
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elation if « is a long (respectively short) root. By a homology we shall mean
an automorphism 6 conjugate to a nontrivial element h,(c) with 1 € P and
c e F~.

We often regard A as a simplicial complex in the standard way (c.f. [1,
Chapter 4]). Let us briefly describe this conversion in a group theoretic way
in the split context. For subsets J C S let

Py = U BwB

weWy

be the standard parabolic subgroup of G of type J. For each nonempty J C S
the set of “type J-simplices” of the building is the set of cosets G/Ps\;, and
the simplicial complex structure is given by reverse containment of cosets.
For example, in the simplicial complex language the chamber B “contains”
the simplices Psy\; for all nonempty J C S, whereas on the level of cosets it is
in fact the parabolic subgroups Ps\; that contain the Borel subgroup B.

If J = {s} is a singleton we often write

Wy =Wsyy and Ps=Wsy (1.5)

for the standard parabolic subgroups of W and G of type S\J. Moreover, if
s = s; we will often write W, = W; and Py, = P;.

Let 7(x) € S denote the type of the simplex x of A. Thus vertices are
simplices x with 7(x) = {s} for some s € S, and chambers are the simplices x
with 7(x) = S. A panel is a codimension 1 simplex; that is, 7(x) = S\{s} for
some § € S.

Note that we use the same symbol A for the building regarded as either
a set of chambers with a Weyl distance function (as in Definition 1.4) or as
a simplicial complex (as outlined above). No confusion will arise from this
convention.

Opposition diagrams and admissible diagrams

Chambers ¢,d € A are opposite one another if and only if 6(c,d) = wg. If
x,y are simplices, with types J, K respectively, then x and y are opposite one
another if and only if K = mg(J) and there exist opposite chambers ¢, d with
x C c and y C d. That is, simplices are opposite one another if they have
opposite types, and are contained in opposite chambers. In terms of double
cosets, chambers ¢ = gB and d = hB are opposite if and only if g7'h € BwyB,
and simplices x = gPs\y and y = hPs\g are opposite if and only if K = mo(J)
and g_lh € PS\]W()PS\K.

Let 6 be an automorphism of A. Recall, from the introduction, that Opp(8)
denotes the set of all simplices x such that x? is opposite x. The type Typ(6)
of 6 is the union of all subsets J C § such that there exists a type J simplex
mapped to an opposite simplex by 8. The opposition diagram of 0 is the triple
(I', Typ(8), 7).

Less formally, the opposition diagram of 6 is depicted by drawing I' and
encircling the nodes of Typ(#), where we encircle nodes in minimal subsets
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invariant under g o mg. We draw the diagram “bent” (in the standard way) if
7 o g # id. For example, consider the diagrams

x=o« ] wma v-OepO

Diagram X represents a collineation 6 of an Eg building with Typ(8) = {1, 2, 6},
and diagram Y represents a duality of an Eg building with Typ(8) = {1, 6}.

An automorphism 6 is domestic if Opp(6) contains no chamber (that is, 0
maps no chamber to an opposite chamber). More generally, if J C S then 6 is
J-domestic if no type J simplex is mapped onto an opposite simplex by 6. To
avoid trivialities, the definition of J-domesticity is restricted to subsets J with
no(J) = mg(J) (for if J does not satisfy this, then 6 is J-domestic for trivial
reasons).

An automorphism 6 is called capped if the following closure property holds:
If there exist type J; and Jo simplices in Opp(#), then there exists a type
J1 U Jy simplex in Opp(@). Equivalently, 8 is capped if and only if there exists
a type Typ(6) simplex in Opp(6). By [15, Theorem 1] every automorphism
of a “large” spherical building of rank at least 3 is capped, where a building
is called large if it contains no Fano plane residues (for split buildings this
simply means |F| > 2).

In [15, 16] we showed that the opposition diagrams of automorphisms of
spherical buildings satisfy various restrictive properties, and we used these
properties to determine a list of all possible opposition diagrams. We call
the diagrams (T, J, ) in this list admissible Dynkin diagrams (more precisely,
in [15, 16] we considered Coxeter diagrams rather than Dynkin diagrams,
however the arguments are nearly identical).

The complete list of admissible Dynkin diagrams of exceptional type is
given in Figure 1 (taken from [15]). Each admissible diagram (T, J,7) of
exceptional type is denoted by a symbol

"Xn,i or 'X’:l;i
where
(1) X € {E,F,G} is the type of I', and n is the rank;
(2) t € {1,2} is the order of the graph automorphism my o 7 (the “twisting”);
(3) i is the number of distinguished orbits contained in J; and
(4) k is an additional index occurring only for F4 and Gy in the case that a

single node is encircled, in which case k is the type of this node.

In the case t = 1 (that is, when mg o 7 = id) we usually omit the 7 from the
notation, writing simply 'X,,; = X,,;. For example, the diagrams X and Y
given above are X = 2Eg.2 and Y = Eg.2. Similar notation is introduced in [17]
for the classical types (except with a different meaning for the index k).
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In special characteristic one often ignores the arrows on Dynkin diagrams,
thus giving the additional admissible (Coxeter) diagrams in Figure 2.

Figure 2: Additional admissible diagrams for special characteristic.

Summarising the above discussion, we have the following from [15, 16].

Theorem 1.5 If 0 is an automorphism of a spherical building of exceptional
type, then the opposition diagram of 0 is listed in Figures 1 or 2.

A striking feature of Theorem 1.5 is that there are very few possible oppo-
sition diagrams. We note that the analysis in [15, 16] does not prove the
converse to Theorem 1.5. That is, a priori there may be redundancies in the
list of admissible diagrams, in the sense that some admissible diagrams may
not actually be the opposition diagram of any automorphism of any spherical
building. It is a consequence of the work of this paper, combined with [17],
that no such redundancies exist — more precisely, Corollary 10 holds.

We call an admissible diagram empty if no nodes are encircled, and full if
all nodes are encircled. We call an admissible diagram (T, J, ) type preserving
if 7 = id. By inspection of the list in Figure 1 we note that for each Dynkin
diagram T the type preserving diagram (T, p,id) (with g the polar type) is
admissible. This diagram is called the polar diagram.

The polar-copolar diagram is the type preserving admissible diagram with
J = p U p*, where p* is the polar type of the type S\ residue (we call p*
the copolar type; again, by inspection of Figure 1 the triple (T, p U ¢% id)
is always an admissible diagram). See Appendix A for the list of polar and
copolar types. Alternatively, the polar-copolar diagrams of exceptional type
are characterised as the type preserving diagrams in which exactly two orbits
of nodes are encircled. Specifically, the polar diagrams of exceptional type are
2E6;1, E7.1, Es;1, F}l;17 and Gg;p and the polar-copolar diagrams are 2E6;27 E7.0,
Eg;g, F4;2, and G2;2.

Every duality of a thick Gy (respectively F4) building has opposition dia-
gram 2Ga.; (respectively ?Fy.), and no such dualities are domestic (see |14,
Theorem 2.7] and [15, Lemma 4.1]). We note that dualities of split F4 and Go
buildings only exist for perfect fields of special characteristic.

Basic techniques

It is generally rather difficult to prove that a given automorphism is domestic,
and more challenging to compute its opposition diagram. In this section we
describe some of the techniques that we will use in this paper.
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16 J. Parkinson and H. Van Maldeghem

The displacement of an automorphism 6 is
disp(8) = max{€((c,c?)) | ¢ € A}.

Thus 6 is domestic if and only if disp(6) < €(wg). Moreover, by [16,
Corollary 2.29] we have, with J = Typ(6),

. £(ws\ywo) if 6 is capped
disp(0) = e
t(ws\ywp) —1 if 6 is uncapped.

Uncapped automorphisms will not play a significant role here, so assume that
6 is capped. By the above comments, and the classification of admissible
diagrams, the list of possible displacements of 6 is very restricted. For example,
for a capped automorphism of an E; building, the displacements for the non-
full non-empty opposition diagrams are:

33 for E7;, 50 for E7, 51 for E7;3, 60 for E74.

Thus, for example, to show that a capped automorphism 6 of an E; building;:

(1) is not domestic, it is sufficient to show that disp(8) > 60;

(2) has opposition diagram Er;3 it is sufficient to show that disp(6) < 60 and
that there is a type {1, 6, 7} simplex mapped to an opposite (in fact, from
the classification of diagrams, it would be sufficient to show that there is
a type 7 vertex mapped to an opposite).

Such arguments will be used on multiple occasions throughout the paper.
The following lemma is useful to compute displacement, and Corollary 1.7
is useful to prove J-domesticity.

Lemma 1.6 Let 0 be an automorphism of a thick spherical building A, and
let N = disp(0). Let ¢ be any chamber. Suppose that either

(1) each panel of A has at least 4 chambers, or

(2) 6 is an involution, or

(3) 6 induces opposition and N = {(wq).

Then 0 is necessarily capped, and there exists a chamber d with §(c,d) = wy
and €(6(d, d%)) = N. In particular,

disp(0) = max{£(d(d, d®)) | d € A with §(c,d) = wo).

Proof To see that 6 is capped: If each panel has at least 4 chambers then 6
is capped by [15, Theorem 1], if 6 is an involution then 6 is capped by [16,
Corollary 2.22|, and if disp(#) = £(wg) then 6 maps a chamber to an opposite,
and hence is capped. The rest of the lemma is contained in [16, Lemma 4.1]. m

Corollary 1.7 Let 6 be an automorphism of a thick spherical building A, and
suppose that the hypothesis of Lemma 1.6 is satisfied. Let ¢ be any chamber.
For each subset J C S, the automorphism 6 is J-domestic if and only if it is
J-domestic when restricted to the sphere of chambers opposite c¢. That is, for
every chamber d with §(c,d) = wg, the type J-simplex of d is not mapped onto
an opposite simplex.
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Proof Clearly if 6 is J-domestic then it is also J-domestic when restricted to
the set of chambers opposite c¢. Conversely, suppose that 6 is not J-domestic.
Let J7 = Typ(#), and so J C J’. By Lemma 1.6 6 is capped and there is
a chamber d with 6(c,d) = wo such that €(6(d,d?)) = disp(#). Since 6 is
capped, by [15, Theorem 2.6] we have §(d,d?) = wg\;wo. In particular, the
type J’-simplex of d is mapped to an opposite simplex, and hence the type
J C J’ simplex of d is mapped to an opposite simplex (note that necessarily
mo(J) = me(J) because there exists a type J-simplex mapped to an opposite
simplex by hypothesis). Hence 6 is not J-domestic when restricted to the set
of chambers opposite c. |

The following proposition gives a useful technique for proving domesticity.
We refer to this technique as the “standard technique”.

Proposition 1.8 Let A = Agp(F) be split, and let 8 € G = Go(F). Suppose that
the hypothesis of Lemma 1.6 is satisfied for the automorphism 0. If there is
wi € W with

w;lwalu_leuwowl €B forallueU*

then disp(8) < 2€(wy) — 1. Thus, in particular, if €(wy) < €(wg)/2 then 0 is
domestic.

Proof Each chamber gB of the building G/B can be written uniquely as uwB
for some w € W and some u € (U, | @ € ®(w)). Then 6(gB, 8gB) is the unique
element v € W such that w™u='6uw € BvB. If the hypothesis of Lemma 1.6 is
satisfied, then the displacement of 0 is achieved for some chamber gB opposite
the base chamber B. These chambers are of the form uwyB with u € U*. By
the hypothesis we have

wglu_10uw0 € wleI1 C Bw1B - Bw;lB.
In particular, if w = 6(uwoB, QuwoB) then BwB C Bw,B - Bwi'B. Thus
disp(0) < max{f(w) | BwB C Bw;B - Bw;'B}. (1.6)
Writing wy = was with €(was) = €(w2) + 1, by (1.3) we have
BwiB - Bw;'B = (BwysB - Bw,'B) U (BwoB - Bwy'B),

and it follows from (1.3) that disp(8) < 2£(wy) — 1. [

In the case that 6 € U* the following lemma is helpful in finding an ele-
ment w; € W as in Proposition 1.8. If A € ® let A, = {8 € | >
a for some « € A}, where @ < B if and only if 8 — @ is a nonnegative lin-
ear combination of positive roots. Let my be the automorphism of ® given
by mo(a) = —woa (thus mp is the automorphism induced by the opposition
diagram automorphism).
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Lemma 1.9 If0 € (U, | @ € A) for some A C ®F then u™'0u € (Uy | @ € As)
for all u € U*. Moreover, if wi € W is such that ny(As) € D(wy) then
witwytu Ouwow, € B for allu € U*.

Proof Let F = (U, | @ € As). If B € ®* and @ € As then by commutator
relations we have, for all a € F, xg (a)’lU(,xﬁ(a) CUyUs1gUsgrp-- C F (with
the convention that U, = {1} if y ¢ ®@). It follows that x,g(a)_lFxﬁ(a) C F.
Thus, by induction, ™! Fu C F for allu € U, and since § € F we have u™'0u € F
as required. Thus if w; € W is such that np(As) € ®(wq) then

wo 't Buwy € (Uog | @ € m(Az)) = wi(U_y1, | @ € mo(As))wi

which is contained in wy Bw;l, hence the result. ]

Parapolar spaces and Lie incidence geometries

At certain points of this paper (in particular in Section 5) we will work with Lie
incidence geometries X, j(F). For example, the long root geometries Eg 2(F),
E771(F), E&g(F), F4,1(F), and the geometries E6,1(F), E7’7(F) and F4’4(P). We
note the similarity of notation with that used for opposition diagrams, however
no confusion should arise.

In general, the Lie incidence geometry X, j(F), with J € §, is defined from
the building A = Ag(F), with ® the root system of type X,,, as the point-line
geometry with point set the set of simplices (or flags) of type J of A, and a
typical line is the set of flags of type J incident with a flag of type S\{j} for
some j € J. If J = g, then we call the geometry X, ;s (F) a long root geometry.

The geometries listed in the first paragraph of this subsection are all exam-
ples of parapolar spaces (see [21, Chapter 13| for the basic terminology and
definition). In particular, these point-line geometries & = (P, L) contain sym-
plecta (or symps for short), being convex subsets that are non-degenerate
polar spaces of rank at least 2. If all symplecta have the same rank r > 2
then ¢ is said to have symplectic rank r. Recall that in any incidence geome-
try, x* denotes the set of all points collinear to the point x. Also, each symp
¢ is, by convexity, determined by any pair {x, y} of non-collinear points and
we denote & = &é(x,y). If X, = Eg, E7, Eg, Fy, then X,, ,,(F) has symplectic rank
4,5,7, 3, respectively. Moreover, the symps precisely correspond to the residues
of vertices of type p*.

In the parapolar spaces Eg 2(F), E71(F), Eg s(F), F4.1(F) and Fy 4(F) there
are precisely 5 possible “distances” between two points x, y. Either (1) x =y,
(2) x and y are collinear, (3) {x, y} lies in a symplecton, (4) |x* Ny*| =1, or
(5) |x* Ny*| = 0. In case (3) we say that x, y are symplectic (or at symplectic
distance) and we denote by x the set of points at symplectic distance from x.
In case (4) we say that x, y are special (or a special pair, or at special distance),
and we denote by x™ the set of points at special distance from x. Finally, in
case (5) the points x, y are opposite each other (in the building theoretic sense).

The parapolar spaces Fy1(F) and Fy4(F) are also called metasymplectic
spaces. In the parapolar spaces Eg 1 (F) and E7 7(F) there are no special pairs,

2021/06/15 06:39



2.1

Automorphisms and opposition in exceptional spherical buildings, 1 19

and so in these spaces there are only 4 possible distances between two points
(these spaces are called strong parapolar spaces).

An imaginary line of a long root geometry ¢ is a set of the form x” U {y},
where x, y are opposite points, and T is the full collineation group of central
elations with centre y. Note that if 4 is a polar space of rank at least 3, or if
4 is a Moufang quadrangle, then x” U{y} = ({x, y}*)* for opposite points x, y.

Let us briefly describe the long root geometry parapolar spaces in more
algebraic terms. Let X,, = E,, (n = 6,7,8) or Fy, and let p € S be the polar
node. Recall the notation (1.5). Let M), denote the set of minimal length coset
representatives of cosets in W/W,,, and let R, denote the set of minimal length
representatives for the double cosets in W,\W/W,,. The points of the long root
geometry X, (F) are the cosets in G/P,,. We have G = | J,yer, PpwPp, and
the Weyl-distance 6(g1Pp, g2P,) between points g1 P, and go P, is defined to
be the unique element 6(g1Pp, g2Pp) =w € R, with g;lgg € P,wP,.

In each case R, contains precisely 5 elements e, s,, w1, wa, So, arranged in
increasing length, corresponding to the 5 possible distances between points.
Explicitly, the points x = g1 P, and y = gaP,, are collinear (respectively sym-
plectic, at special distance, opposite) if 6(x,y) = s, (respectively wi, wa, s,).
Similar remarks hold for the metasymplectic space F4 4(F), and also the strong
parapolar spaces Eg 1 (F) and E7 7(F) (where only 4 distances are possible, and
hence wo is omitted).

Root elations and the polar type

In this section we prove Theorem 1 for exceptional types (see Theorems 2.1
and 2.4). In fact we focus on types Eg, E7,Eg and F4, with the case of Go
following from the classification in Theorem 9 (see Subsection 6.3). We also
provide a geometric characterisation of root elations for buildings of type Eg
and E; in Theorem 2.6, and we discuss short root elations in the non-simply
laced case in Theorem 2.10. The proofs of Corollaries 2 and 3 are given in
Subsections 2.1 and 2.3, respectively (see also Corollary 2.11).

Long root elations

To prove Theorem 1 we must first show that long root elations have polar
opposition diagram, and conversely that every automorphism with polar oppo-
sition diagram is necessarily a long root elation. We prove the first statement
in Theorem 2.1 in a more general context of Moufang spherical buildings, and
the second statement is proved in Theorem 2.4.

Let A be an irreducible Moufang spherical building. Recall (for example,
from [27]) that if A is not a generalised octagon, then one can associate a
crystallographic (not necessarily reduced) root system ® to A in such a way
that the root subgroup U,, with ¢ the highest root of ®, is contained in the
centre of the positive root subgroup Ut = (U, | @ € ®*). In the case that ®
has only one root length we call all roots long. Let ¢ C S denote the polar
type of the Dynkin diagram of ®. If A is a generalised octagon then by [29]
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one may associate a non-crystallographic (and non-reduced) root system O,
and again there is a “highest root” ¢ such that U, is contained in the centre
of U* (the root ¢ is @ in [29], and the polar type corresponds to “points” of
the octagon). In all cases, let W be the Weyl group of @ (so W is a dihedral
group of order 16 in the octagon case).

Theorem 2.1 Let A be an irreducible Moufang spherical building with asso-
ciated root system ® and Weyl group W as above. Let @ € ® be a long root,
and let 6 € Uy \{1}. Then the collineation 6 of A = G/B has polar opposition
diagram. Moreover,

(6(c,c?) | ce Ay = {1} U {sq | @ € Wo). (2.1)

Proof Since a is a long root it is in the W-orbit of the highest root, and it fol-
lows from standard RGD properties (see [1, Section 7.8]) that 6 is conjugate to
an element of U, \{1}. Thus, after conjugation, we may assume that 6 is central
in U*. A chamber gB is opposite its image 6gB if and only if §(gB, 8gB) = wy,
if and only if g7*fg € BwoB. By the Bruhat decomposition each chamber gB
can be written as gB = uwB for some u € UT and w € W. Since 6 is cen-
tral in U* we have w™u™"0uw = w™'60w € U,,-1,. Thus if wp € ®* we have
8(gB,0gB) =1, and if w g € —®* then w 0w € Uy-14 € Bsy-1,B, and so
5(gB,0gB) = s,,-1,. Equation (2.1) follows.

Since 6 is a nontrivial collineation there is some simplex mapped onto an
opposite simplex. Let J C § be the type of such a simplex x, and write
J’ = S\J. Thus for each chamber ¢ € A containing x we have §(c,c?) €
W woW,.. Since J, and hence also J’, are stable under opposition we have
WywoWyr = woWy. It follows from (2.1) that there is a root @ € Wy¢ with
Sq¢ = wow for some w € Wy,. Since Wy is a proper parabolic subgroup of W,
each w € Wy, maps the highest root ¢ to a positive root, and since wy maps
all positive roots to negative roots we have sq ¢ € —®*. Since ¢ is the highest
root of @ this forces a@ = ¢, and so wals(p € Wy. For all t € S we have

Wy sp(@r) = =ryr) + (@ @)

(where mo(t) = wotwyt), and since w(®;) € @y for all w € Wy we deduce
that {a;, ¢¥) =0 for all t € J’ = S\J. It follows that J = p. [

We now prove Corollary 2, which is restated below for convenience.

Corollary 2.2 FEwvery irreducible Moufang spherical building distinct from a
projective plane admits a nontrivial domestic collineation.

Proof This follows immediately from Theorem 2.1 and that fact that g is a

strict subset of S in all cases except for ® = Ay (which is the case of projective
planes). [
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Remark 2.3 Theorem 2.1 implies that every Ree-Tits octagon admits non-
trivial line-domestic collineations. We note that it is erroneously stated in
[11] that these octagons do not admit line-domestic collineations. The error
appears to be as follows. If a thick generalised octagon admits a line-domestic
colllineation 6 then by [14, Theorem 2.8 and Proposition 4.1] the fixed ele-
ment structure of 6 is either a large full suboctagon, a distance 4-ovoid, or
a ball of radius 4 in the incidence graph centred at a point. For finite Ree-
Tits octagons we proved in [14, Proposition 4.4] that large full suboctagons
do not exist, and in [11] it is shown that distance 4-ovoids do not exist. Thus
any line-domestic collineation of a finite Ree-Tits octagon necessarily fixes
a ball of radius 4 centred at a point (and is thus a central collineation, the
example given by Theorem 2.1). It follows from [14, Proposition 4.5] that no
collineation of a finite Ree-Tits octagon fixes a ball of radius 4 centred at
a line, and we believe that this may be the source of the misunderstanding
in [11] (with s = > misread as s = ¢ in [14, Proposition 4.5]).

We now prove the converse to Theorem 2.1 for split buildings of types E,
and Fy. Let @ be a root system of type E, for n = 6,7, 8, or of type Fy. Let ¢
be the highest root. Let iy be the polar node. Let ®; be the polar subsystem,
generated by the simple roots {a; | i # ip}, and let W; be the parabolic
subgroup generated by {s; | i # ip}. Let wg be the longest element, and let
w1 be the longest element of Wi. Let jo be the unique node joined to the
polar node in the Dynkin diagram. Write n = @;, and n’ = «;,. Explicitly,
(m, ") = (ag, aq), (a1, a3), (as, a7), and (a1, az) for types Eg, E7, Eg, and Fy,
respectively. Let w = w;, be the fundamental coweight corresponding to the
polar node (thus (w, @;) = 6;;,). We note the following facts:

(1) w=¢" (because (¢",a;) = 6;,)-

(2) ¢ is the unique root whose coefficient of 7 is 2 (since 2 = (¢, ") = (@, )).
(3) ¢ —a; € @ if and only if i = ip (by (2)).

(4) The elements ¢—n and ¢—m—n’ are roots, but ¢p—n’ is not a root (by (2)).
(5) s, = wiwg (as both have inversion set ®*\®; = {@ € ®* | (o, w) € {1,2}}).

Theorem 2.4 Let A be a split building of type E, or F4, and let 8 be an
automorphism of A. If Typ(0) = ¢ then 6 is a long root elation.

Proof By the classification of admissible diagrams, if Typ(8) = ¢ then 6 is
necessarily type preserving, and capped. Thus disp(f) = £(s,), and since 6
is capped £(6(gB,0gB)) = {(s,) if and only if 6(gB,0gB) = s,. Moreover,
after replacing 6 by a conjugate, we may assume that the base chamber B is
mapped to Weyl distance s, = wiwp. Since the stabiliser of B is transitive on
each w-sphere centred at B we may assume that B is mapped to the chamber
x,(1)s,B. By the folding relation we have x,(1)s,B = x_,(1)B. The condition
0(B) = x_,(1)B gives

0 = x_y(L)uho  for some u € U*, h € H, and o € Aut(F).
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We will now determine u, h and o. The primary strategy is to show that if
these elements do not take certain particular forms, then one can find elements
g € G such that g7'6g € BwBo with £(w) > £(wiwp), which contradicts the
fact that Typ(0) = p. A useful observation is that if w = s,v with v € W; then
L(w) = £(sp) + £(v) (because s, = wiwg = wowi). We now proceed with the
analysis.

Claim 1: We have u € U}

o\, Write u = uquo with u; € UcIJ;1 and us € U}
Then

O\Dy

wil 0wy = x_p(Dujuyh’o with uy = wiluywy € Uy, uj € Up\o,» W' € H.

Since u; € BW1B we have u; € BvB for some v € Wy. But since {(s,v) =
t(s,) + £(v) we have

w[lﬂwl € BsyB - BvBo = Bs,vBo,
and sov =1 (as disp(8) = €(s,)). Souj € BNUy and sou] =1, hence u; = 1.

Claim 2: We have h = h,(c) for some ¢ € F*. Write h = hy,, (c1) - - - he, (cn).
Let i # ig. Then

Xeay (1)0x_g; (1) = x_p (1) x_g; (~Dux_q, (c; Y ho = x_y (1)x_q, (c;* = D’ hor,

with u” € U* (here we have used the fact, from Claim 1, that x4, (a) does not
appear as a factor in u). Thus, if ¢; # 1 the folding relation gives

X_q;(=1)0x_o,(1) € Bsy,B - Bs;Bo = Bs,s;Bo,
a contradiction as before. Hence ¢; = 1 for all i # iy, hence the claim.

Claim 3: We have o = id. Suppose not. Let i # iy and let a € F with a” # a.
Then

hey (a)’lahaly (a) = x_(p(l)uhwi(c)hdiv(a‘ra’l)a.
Claim 2 now gives a contradiction.

Claim 4: We have u € U,. Suppose not, and write 6 = x_,(1)uh,(c) with
u = xg, (ax)---xp,(a1) in decreasing root height. By assumption, f; # ¢. If
B1 # m (the polar simple root) then there exists @ € ®] with g;—a € ®*. Then

X (=b)ux_o (b) = u'xp, o (+a1b),

with u’ a product of roots in ®*\®; of height at least ht(B1 — @). Continuing
in this way, there exists an element g € Ug, with

g tug = ' xpem (b)xz(a) with a #0 and b €F,

where u’ is a product of elements xg(:) with g € ®*\(®, U{x, 7+7’}). We have
g x_y(1)g = x_p(1) (as —p+ @ ¢ @ for all @ € @1), and he,(c)ghy(c) ™! =g
(as (w, @) = 0 for all @ € ®y), and hence

g1 0g = g x_ o (Duhy (€)g = x_y (1)g  ughe, (¢) = x_y (DU X i (D)X (@) 1y (€).
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Let d € F with d # 0, and write g1 = x_z_/(d). Then
Bgi'e7'0881B = Bx_gn ()X ()t X (D) X (@) iy () X (d) B
= Bx_¢(1)x_,r_,r/(—d)u'xn+ﬂf(b)xn(a)x_n_ﬂ/(dc_l)B
= Bx—g ()X —gor (=)t X7 (D) X (™) X (£adc™ ) B,
where we have used the commutator relation
X (@)X - (de™") = Xogg (de™ ) (£ade™ ) 2z (a).
Note that
W X (D)X (d™Y) = Xgpimr (D)X (dc™ D" where u” € U*

(this follows from the fact that u’ is a product of elements xg(-) with 8 €
O\ (O U {7, m + ’}), and for such B, if B—n—n’ € ® then B— 7 — 7' € OY).
Therefore

Bgi'g '0881B = Bx_ ()X gy (=) Xpsr (D)X _p—pr(d™ )" X _pr (xadc™ ) B
= BsypXyp (D)X g (=d) Xy (D)X g (dc™ "' X (xadc™)B.
From the commutator relations we have
X (D)X _gp (=d) X (D)X g (dc™)
X (=) X (D) X (A€ ™) X g (@)% (B)
for some a’, b’ € F, and hence
Bgl_lg_lé?gng = Bs¢x_n_n/(—d)x,mr/(b)x_,r_,r/(dc_l)u"’x_n/(iadc_l)B

for some u””’ € U*.
There are now two cases to consider. If b = 0 then, since s, (-7 —7") € O,
we have

Bgi'g '0gg1B = BSpX_n_p(—d + de ™ Yu" x_p (xadcM)B
= Bs¢u"'x,,r/(iadc_1)B
C Bs,B - Bsy B
= Bs, s B,

a contradiction. If b # 0 then, again using s,(-7 — 7') € ®*, we have
Bspx_p_n(=d) = Bs«,)c_,,_,r/(dc’l)7 and so

Bgi'e7'0881B = BsyX g (dc™ )i (D)X g (de™ )" X (£adc ™) B.

Choosing d = —b~'¢ gives Bs(px_,,_,,/(dc‘l)x,,+,,/(b)x_,,_,,/(dc‘l) = BSySpins
and hence

Bgi'g'0gg1B = Bs‘/,s,H,,ru'”x_,,r(iadcil)B C BSySg+n' B - BsyB.

We have O(sySren) = (P(sp)\@, o—m})U{n’}, and it follows that £(s,Sr4n) =
t(sy) — 1 and €(SySnin Sar) = £(s,). Thus

Bg{lg’lggng = BsySxin S B.

2021/06/15 06:39



24 J. Parkinson and H. Van Maldeghem

Thus the chamber gg; B is mapped to distance £(s,) by 6, contradicting the
second sentence of the proof (as sy Szix Sz # S¢). This completes the proof of
the claim.

Claim 5: We have 0 = x_,(1)x, (=(c=1)?)he,(c) for some ¢ € F¥. From Claims
1-4 we have

0 = x_p(1)xy(a)hy,(c) for some a € F and ¢ € F*.
We will now make a careful commutator relation calculation, using the
consistent sign conventions:
xtp(a)x—cpﬂr(b) = x—(p+7r(b)x<p(a)xﬂ(ab)
Xp (@)X _g_gr (D) = X_g_p(b) Xz (a)X_p (—ab)
Xo (@)X _gn(b) = x—n—n/(b)xcp (a)xnp—n—n’(_ab)
Xp-n-n'(a)X—gir (D) = X7 (D)X p—p—p (@) X_n (ab).

Let g = x_p4x(1)X_z_n(1). Then

Bg_legB = B-x—ﬂ—ﬂ'(_l)x—(p+7r(_1)x—<p(l)xt,ﬂ (a)hw(C)x—<p+7r(1)x—7r—7r’(1)B
= Bx—g (D)X (1) X (= 1) X (@) X (€)X gor (¢ B
= Bscpxw(l)xﬁrfﬂ’(_l)xﬂpﬂr(C_l - 1)x</1 (a)xﬂ(ac_l)xﬂrﬂr’(c_l)B-

We have

X (@) Xg(ac™)x g (B = xp (@)X g (¢ x_p(-ac™®)B
= X (¢ X (@) X g (—ac™ ) x_p (—ac™) B
= X_pow (¢ xp(@)x_pw (—ac™®)B
= X g (€ )x_p(-ac™®)B,
aan hence
Bg '6gB
= Bsp Xy (DX (D)X —gin (¢ = Dxggr (¢ Hx_gr(—ac™)B
= BsyXp ()Xo (¢! = DX pin(c™ = Dx_p(~ac™®)B
= BsyX_gew (¢ = Dy (D)X pgerr(1 = ¢ D x_gir(¢™h = Dx_p(—ac™)B
= BsyXp(1)X_pir (¢ = Dxgore (1 = ¢ D (= (¢ = DHx_p(—ac™®)B
= BsyXp (D) X_pir(c™h = Dx_p(—ac™? - (¢ = 1)*)B
= BsyX_pin (¢t = Dxp(Dxg(c™ = Dx_p(—ac™? - (¢ = 1)*)B
= Bsy X (D) xo(c™! = Dx_p(—ac™ - (¢t = 1H?B.
Thus, if ac™® + (¢! = 1)2 # 0 we have
Bg'0gB = Bsy,B - Bs;yB = BsysnB,

a contradiction. Thus a = —(c — 1)2, completing the proof of the claim.
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Claim 6: 0 is a long root elation. Let g = x,(=c)x_,(1)s,. Then, from Claim
5, we have

808" = xp ()X (D)5 x_p (D) xy (—(c = 1)) hey ()5, x_p (DX ().

Using the relations sy x4, (a)s,' = Xz, (=a) and s,hy, (¢)s," = he(c™') we have

glg ™! = Xp(=0)x_p(1)xy (1) x_,((c - 1)2)hw(c_1)x,¢(—1)x¢(c)
= X (=) X ()X (= 1)x_g (¢ = D)X (=cH)xp (¢ Dy (c7)
= X (—0)[X_p (DX (= 1)x_ (1)]x_0 (—2) x4 (¢ Aoy (7).
Now, x_,(D)x,(=1)x_, (1) = 5,(=1) = hy,(=1)s,, and so

808" = xp (=)o (—1)5p X (=20)xp (¢ gy (¢7h)
= X (=C) ey (1) xp (20) X (—¢ ™M) S hey (1)
= Xy (c)x,¢(—c_1)s¢hw(—c_1)

We have xq;(c)x_q;(—c‘l) = 5o(C)xp(=C) = hy(C)spxp(—c) = x_¢(c‘1)hw(c)s<p,
and since si = hy,(—=1) we have

808" = X (¢ )y (o (—Dho (=) = x_y (7).

Thus 6 is conjugate to the long root elation x_,(c™*), completing the proof. m

A geometric characterisation of root elations for E; and E; buildings

Theorems 2.1 and 2.4 imply an interesting geometric characterisation of root
elations for types Eg and E; (see Theorem 2.6 below). In the following lemma,
and again in the following subsection, we make use of [9, §10.3 Lemma B],
which says that if A € P is dominant (that is, 1 € Zsowy + -+ + Zsowy ), and
if we W with wd = A, then w € W; where J ={s € S| sd1=A1}.

Lemma 2.5 Leti=11if ®=Eg andi =7 if ® =E;. Then sq € W; UW;s5;W;
for all @ € @, where W; denotes the parabolic subgroup of the Weyl group
generated by S\{s;}.

Proof Consider the ® = E; case. Since s_, = s, we may assume that a €
O*. Let @7 = {@ € @ | (a,w7) = 0} be the Eg subsystem. If @ € @I then,
since Wy is transitive on ®7, we have @ = way for some w € Wy, and hence
Sq = wsiwt € Wr. If @ € @\ then we claim that @ € W5 - a7, from which
it follows that s, € W7s7W+~. To see this, note that a7y = —wg + 2w7, and hence
for w € Wy we have wa7 = a7 if and only if wwg = wg (as wwr = w7). Since wg
is dominant (in the space of Eg coweights) it follows from [9, §10.3 Lemma B]
that w € Wp, (the subgroup of W7 generated by s1, ..., s5). Thus the stabiliser
of a7 in Wy is Wp,, and so by counting |W; - 7| = |W;|/|Wp,| = 27. Clearly
each root waz with w € Wy is in @"\®7 (as the coefficient of a7 is 1), and
since |®T\®7| = 63 — 36 = 27 we conclude that W7 is transitive on ®*\®-, and
hence the result. The argument for the Eg case is similar. [ ]
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Theorem 2.6 Let 6 be a type preserving automorphism of a thick building A.
If A has type Eg (respectively E7) then 0 is a root elation if and only if each
point of the Lie incidence geometry Eg 1 (F) (respectively E7 7(F)) is either fixved
or mapped to a collinear point by 6.

Proof If 6 is a root elation, then by Theorem 2.1 we have that 6(c,c?) is a
reflection (or the identity) for all chambers ¢ € A. It follows from Lemma 2.5
that 6(c,c?) € W; UW;s;W; (with i = 1 in the Eg case and i = 7 in the E;
case). In geometric terms, this says that points of the geometries Eg 1 (F) and
E7,7(F) are either fixed, or are mapped to collinear points (see Lemma 5.2 for
another proof, applying to geometries including the E7 7(F) case).

To prove the converse for E;, note that if each point of E7 7 (F) is either
fixed or mapped to a collinear point, then no line of the E; 7(F) geometry is
mapped to an opposite line. Thus 6 is {6}-domestic, and from the classification
of admissible diagrams this forces 6 to have the polar diagram. Thus 6 is a
root elation by Theorem 2.4.

We now prove the converse for Eg. If nontrivial 6 is not a root elation, then 6
does not have polar diagram (by Theorem 2.4), and hence by the classification
of admissible diagrams 6 maps a (point,symp)-pair (p, &) of Eg1(F) to an
opposite (here points are type 1 vertices, and symps are type 6 vertices).
Then, since no point of &? is collinear to p, the point p? is at distance 2
from p, completing the proof. ]

Distances attained by long root elations

Here we prove Corollary 3. Let A be an irreducible Moufang spherical build-
ing other than a generalised octagon, and recall (as in Subsection 2.1) that
one may associate a crystallographic root system @ to A. Let @, denote the
associated reduced root system (thus @, = @ if @ is reduced, and @, is the C,
subsystem consisting of the middle and long length roots in the non-reduced
BC,, case). Consider the long root geometry ¢. Let P = Ps\, be the stan-
dard parabolic subgroup of G of type S\g, and let W’ = Wg\,. The points of
¢ are the cosets in G/P, and we have G = | |,,eg(p) PWP, where R(gp) is the
set of minimal length double coset representatives for W/ \W/W’. The Weyl-
distance 6(g1 P, goP) between points g1 P and goP is defined to be the unique
element §(g1P, g2P) = w € R(p) with g1‘1g2 € PwP. Points g1 P and goP are
(i) collinear if 6(g1P,g2P) = s for some s € ¢ (thus in type A there are two
“flavours” of collinearity), and (ii) opposite if 6(g1P, g2P) = ws\pwo. Note that
Ws\pWo is the minimal length representative of WwoW’, and that ws\,wo = s
(by comparing inversion sets).
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Theorem 2.7 Let 0 be a long root elation of a Moufang spherical building A.
(1) Suppose that 0 is not a generalised octagon. Let ®, be the reduced root
system of A, and let 4 be the long root geometry.
(a) If ®, =C,, withn > 2, or if ®, = By, then every point of 4 is either
fized, or is mapped onto an opposite point by 6.
(b) In all other cases, every point of & is either fized, mapped onto a
collinear point, or mapped onto an opposite point by 6.
(2) Suppose that A is a Ree-Tits octagon. Then every point of A is mapped
by 6 onto a point at distance 0, 4, or 8 in the incidence graph.
In particular, for each type there exists at least one element w € R(p) such
that no point is mapped onto a point at distance w by 6.

Proof Let W' = Wg\,, and let D(0) = {6(gP,0gP) | gP € G/P} C R(p) be
the set of distances realised by 6. From Theorem 2.1 we see that D(6) consists
precisely of the identity, along with the minimal length representatives of the
double cosets W’s, W’ with a a long root.

Consider the A, case. We claim that

ot = (DE\W UW -a))u (W -a,)U{pl. (2.2)

The result follows from this claim, because if @ € d)g\g, then s, € W/, if

« € W-a; then s, = wsiw™! for some w € W and so W’s, W’ = W s, W', ifa €

W’ - a, then Ws, W' = W’s,W’, and if @ = ¢ then W’s, W' = Wwg\owoW’.
To prove (2.2), we first claim that

W -a; ={aed® | {a,w) =1 and {(a,w,) = 0}.

Denote the right hand side by X. If @« = wa; with w € W’ then {(a,w;) =
(a1, wtwy) = (@1, w1) = 1, because wlw; = wy for all w € W’. Tt follows
that @ € ®*, and similarly we have (@, w,) = 0, and so W' - @; C X. By the
orbit-stabiliser theorem we have

W’ an| = [W'|/Istabw: (@1)] = [Wa, ,1/IWa, ;| =n—-1

where the stabiliser computation follows from the fact that if w € W’ then
wai = @ if and only if wwy = wy (as a1 = 2w; — we and ww; = wy), if and
only if w € Wsy\j1,2,n) (by [9, §10.3 Lemma B|). Since |X| = n — 1 we have
W’ - a1 = X, and hence the claim.

Dually we have W-«@,, = {& € ®* | (@, w1) = 0 and (@, w,) = 1}. Since every
positive root a either has (@, w1) = (@, w,) = 0 (in which case a € (I)g\p)7 or
(¢,w1) = 1 and (@, w,) = 0 (in which case @ € W’ - a1), or the dual situation
(with @ € W-a,,), or (@, w1) = {@, w,) = 1 (in which case @ = ¢) the claim (2.2)
follows.

Consider the B, case with n > 3, and let @ be the set of long roots. Let
Y ={a € ®] | {a,w2) =0} and X = ®7\(Y U {¢}). Thus ®] = X UY U {¢}. If
a €Y then W’s, W’ = W’. By inspection of the root system we have

X ={a € @] |{(a,w2) =1 and (@, w,) € {0,2}}.
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From this description it is clear that W’-as C X, and a similar orbit-stabiliser

calculation as in the A, case gives X = W’ - @2. Hence the result in this case.
The By and C,, cases are immediate, as the polar node corresponds to a

short root in these cases, and the D,, case is very similar to the B, case.

Consider the cases E, (n = 6,7,8) and Fy. Let 9 = {p}, ¥ = {@ € @] |
(,wp) = 0}, and X = ®7\(Y U {¢}). Then s, € W’ for all @ € Y, and by
inspection of the root systems we have X = {@ € ®] | (a,wp) = 1}, from
which it follows that W’-«, € X. Then |W’ - a,| = |W’|/|stabw- (@), and we
compute [stabw(ap)l = [Wasxa, |, IWagl, IWEl, IWa,| in the cases Eg, E7, Esg,
F4 (respectively). For example, in the Eg case if w € W’ then one has was = @4
if and only if wws = wy (as @2 = 2ws — Wy and wwy = ws for all w € W), if
and only if w € Wg\(2,4). Thus |[W’ - a,| = 20,32,56,8 in the cases Eg, E7, Eg,
F4, and thus W’ - @), = X in all cases.

The cases G2 and Ree-Tits octagons are elementary from the geometry of
these generalised polygons, because the fixed elements of 6 form a ball centred
at a point with radius 3 (for G3) or 4 (for octagons) in the incidence graph.

Finally, we note that in all cases |D(0)| < |R(p)|, and so there exists at
least one w € R(g) such that no point is mapped onto distance w by 6. For
example, in type A, we have |R(p)| = 7 and |D(6)| = 4, and in the cases E,
and F4 we have |R(p)| =5 and |D(0)| = 3. ]

The following corollary stems from a question asked to us by Barbara
Baumeister.

Corollary 2.8 Let G be the group of type preserving automorphisms of a
Moufang spherical building A of type other than A,. There exists a nontrivial
conjugacy class € in G which is not transitive on any vertex type.

Proof Let & be the conjugacy class of long root elations. Consider first the
case that opposition is type preserving, and let i be a vertex type. Let x be
a type i vertex. If i is not the polar node then from Theorem 2.1 no element
of ¥ maps x to an opposite vertex, and hence % is not transitive on type i
vertices. If i is the polar node then by Theorem 2.7 there is a distance in the
long root geometry such that no element of ¥ maps a point of the long root
geometry to this distance, and hence the result in this case.

Now suppose that opposition is not type preserving. Thus A is of type
Ds,41 or Eg. Consider the Do, case. By Theorem 2.1 no vertex of type
1,3,4,...,2n — 1 is mapped to an opposite vertex, and so % is not transitive
on these vertex types, and by Theorem 2.7 % is not transitive on the vertices
of polar type 2. It is easy to see, as in Theorem 2.7, that in the Daoy11 2,41 (F)
geometry points are either fixed or mapped to collinear points by long root
elations, and similarly in the Dg, 41 2, (F) geometry. Thus € is not transitive
on the vertices of types 2n or 2n + 1 either.

Consider the Eg case. As above, % is not transitive on the vertices of types 2
or 4. Moreover, since points of the Eg ; (F) geometry are either fixed or mapped
to collinear points by long root elations (see Theorem 2.6) we see that ¢ is not

2021/06/15 06:39



24

Automorphisms and opposition in exceptional spherical buildings, 1 29

transitive on vertices of type 1, or dually type 6. Similar calculations show
that in the Eg 3(F) geometry, a long root elation either fixes points, maps
them to collinear points, or maps them to distance sq,_ (with the D5 system
generated by a1, ...,@s5). Thus ¢ is not transitive on any vertex type. |

Remark 2.9 In the A, case the class ¥ of long root elations is transitive on
vertices of types 1 and n, and is not transitive on any other vertex types.

Short root elations

We now record the situation for short root elations of split buildings. In this
case there is some dependence on the characteristic of the underlying field. The
proof for the F4 case is postponed to Section 6. For i < n let B}l, ; (respectively

C}l_i) denote the admissible B, (respectively C,) diagram (T, {1,...,i},id).

Theorem 2.10 Let 6 € U, \{1} for some short root «.
(1) If ® = By, then 6 has opposition diagram B! , if char(F) # 2, and B, | if

char(F) = 2.

(2) If ® =C,, then 6 has opposition diagram C}l;g if char(F) # 2, and Ci;l if
char(F) = 2.

(3) If ® = F4 then 6 has opposition diagram Fuo if char(F) # 2, and Fil if
char(F) = 2.

(4) If ® = Gy then 6 has opposition diagram Ga,o if char(F) # 3, and G%u if
char(F) = 3.

In particular, with the exception of the cases ® = By and ® = Cy with char(F) #
2, and ® = Gy with char(F) # 3, the collineation 6 is domestic.

Proof The statements for the polar spaces B, and C,, are easily proved using
the matrix descriptions of these groups, and we omit the details.

Consider the case ® = F4. If char(F) = 2 then the F44(F) geometry iso-
metrically embeds into the Fy 1 (F) geometry (surjectively if F is perfect), with
short root elations becoming long root elations, and so Theorem 2.1 implies
that the opposition diagram of 0 is Fi; 1- The proof for the case char(F) # 2 is
postponed until Corollary 6.7.

Consider the case ® = G,. If char(F) = 3 then, as in the F4 case, we have
opposition diagram Gé’l. Thus suppose that char(F) # 3. A direct calculation
shows that

Bwy Xaytay (1) X0 (@)X, 4ar (W B = BwoB,

and so 6 is not domestic, completing the proof. |

One can also show that the class € of short root elations in split type Fy
gives another class not transitive on any vertex type (cf. Corollary 2.8).

Corollary 2.11 The class € of short root elations of F4(F) does not act
transitively on the set of type i vertices, for each i =1,2,3,4.
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Proof If char(F) = 2 then the F4 4(F) geometry isometrically embeds into the
F4 1(F) geometry, with short root elations becoming long root elations, and
hence the result. Suppose that char(F) # 2. As in the proof of Corollary 2.8, it
is sufficient to show that for each i = 1, 2, 3, 4 there exists at least one distance
such that no point of the geometry F, ;(F) is mapped to this distance by a
short root elation . By Theorem 2.10 no vertices of types 2 or 3 are mapped
onto opposite vertices, and so it remains to consider vertices of types 1 and 4.

After conjugating, we may assume that 6 = x, (1), where ¢’ is the highest
short root. As in Subsection 1.5, let M; denote the set of minimal length coset
representatives of cosets in W/W; (recall the notation (1.5)), and let Ry denote
the set of minimal length representatives for the double cosets in W1 \W/Wj.
Each vertex of type 1 is of the form x = uvP;, v € My, and u € UCIJ;(V),
and the distance between x and x? is the unique element w € R; such that
v iu10uv € PywP;y.

For any u € U" we have, by commutator relations,

u ' 0u = u " xp (D = xo(a)xp(b)xy(c)xs(d)

for some a, b, ¢, d € F, where «, 8,7, 0 are the unique roots of heights 8,9, 10, 11.
Explicitly these roots are ¢’, ¢’ + a3, ¢’ + as + a3, and ¢, and since the
corresponding root subgroups commute with each other the order in the above
product is irrelevant.

It follows that

v uy = xy-10/(@)x,-15(B) X1, (€)X -16(d)

for some a, b, c,d € F. If either v-la € ®* or via € @ (where @ is generated
by @3, a3, @4) then x,-1,(a) € Py, and hence can be ignored as we are interested
in P;-double cosets. Similarly for the other terms (as they pairwise commute).
By a direct calculation (using MAGMA), for all v € M; it turns out that

e, v g v iy, vis) N (@7\®) C {—(1000), —(1100), —(1110), —(2342)}.
It therefore suffices to consider PygP;, where
& = x_2342)(@)x_(1110) (D) X_(1100) (€)X —(1000)(d) With a,b,c,d € F.
A straightforward calculation, using the folding relation, gives

Bs@sanB ifa#0
BsaiipB ifa=0and b#0

BgB ={Bsu100)B ifa=b=0and c#0
BsaoonyB ifa=b=c=0andd#0
B ifa=b=c=d=0.

Since P1S(1100)P1 = P1.§‘(1000)P1 = P151P1, and §(1110) = 51525385251, it follows
that

P1gPy € {P1, P51 P1, P15152535251P1, P15, P1}
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In the language of parapolar spaces, this means that every point of Fy 1 (F)
is either fixed, mapped to a collinear point, mapped to a symplectic point,
or mapped to an opposite point by 6. In particular, no point is mapped to
a point at special distance s1s2535254535251 (see Subsection 1.5), and hence
% is not transitive on type 1 vertices. The arguments for type 4 vertices are
entirely analogous. [

Unipotent elements

Let A be a split irreducible spherical building of exceptional type with root
system @. In this section we give an extension of Theorem 2.1, showing that
every “polar closed” (see below) type preserving admissible Dynkin diagram
of type @ can be realised as the opposition diagram of a unipotent element
u € U". In fact, we show that these are precisely the diagrams that arise as
opposition diagrams of elements in U* (for non-special characteristic).

Let X be a type preserving admissible Dynkin diagram, and let X =
Xo, X1, ... be sub-diagrams such that, for j > 1, the diagram X; is obtained
from X;_; by removing an encircled polar type from one of the connected
components of X;_;. Suppose that this process terminates at step j = k (that
is, Xk has no polar nodes encircled). We say that a type preserving diagram
X is polar closed if Xi is an empty diagram (that is, has no nodes encircled).

For example, the following diagrams are polar closed

o) - o - o o -
E7;4= P—)@—?—b—@—ll—)@—?—h){.
X e X e > e X e X e

= ® X e

Es;4 = @—’—I—’—@—@—@ i @—’—I—’—@—@ i ‘—I—’—@@
- »—I—a X ® - o—I—4
whereas the diagrams Fjl and G; , are not polar closed (as the polar node is
not encircled). Indeed, by direct inspection of the list of admissible diagrams
these two diagrams are the only non-polar closed diagrams of exceptional type.
Suppose that X is polar closed. Thus one may define diagrams X, . .., Xy by

successively removing encircled polar types, until no polar nodes are encircled,
and Xy is an empty diagram. Let ¢1, ..., o € ®F be the highest roots removed
at each stage. For example, the highest roots corresponding to the three polar
closed diagrams above are:

9B, = (122321) > g, = (101111) > pp, = (001110) > @5, = (000100)

¢E, = (2234321) - ¢p, = (0112221) ~ ¢p, = (0112100) ~ @A, = (0010000)

9E, = (23465432) - ¢E, = (22343210) ~ ¢p, = (01122210) ~ @A, = (00000010).
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In general the sequence of diagrams X, ..., X is not unique (for example,
starting with the diagram E7.7 we have E7.7 = Dg.,6 = D55 X Ay.1, from which
point one may choose to either remove the polar node of the D5 component,
or the A; component). However it is clear that the set {¢1,...,¢x} of high-
est roots obtained is independent of the choices made. Moreover, note that
these roots are mutually perpendicular (by definition of the polar type), and
hence the subgroup U(X) of G generated by the root subgroups Ug,,...,Ug,
is abelian. We call an element g € U(X) generic if

g =Xp,(a1) - xy, (ar) with ay,...,ar # 0.

Let the dual polar node of a Dynkin diagram be the subset ¢’ C S corre-
sponding to the polar node of the dual diagram. Thus ¢’ = ¢ in the simply
laced case, and ¢’ = {1},{2}, {4}, {1} in the cases ® = B,,C,, F4, Go, respec-
tively. We call a type preserving admissible diagram X dual polar closed if
the above algorithm, with each occurrence of “polar node” replaced by “dual
polar node” terminates in an empty diagram. Let ¢, ..., ¢} € ®* denote the
sequence of highest short roots obtained in an analogous way. In the case of
special characteristic the subgroup U(X)’ of G¢(F) generated by U;’,l e U;’,[

is commutative. We define a generic element of U(X)’ in an analogous way.
By inspection, note that if X is type preserving and is not polar closed, then
X is necessarily dual polar closed.

In this section we prove the following theorem.

Theorem 3.1 Let X = (I,J,7) be a type preserving admissible Dynkin
diagram of exceptional type @, and let G = G¢(F).

(1) Suppose that char(F) is not special. Then X is the opposition diagram of
an element of U* if and only if X is polar closed. Moreover, if X is polar
closed then each generic element 6 € U(X) has opposition diagram X.

(2) Suppose that char(F) is special. Then X is the opposition diagram of an
element of U*. Moreover, if X is polar closed then each generic element
0 € U(X) has opposition diagram X, and if X is dual polar closed, then
each generic element 6 € U(X)’ has opposition diagram X.

The proof of Theorem 3.1 is given in this section, however one ingredient —
showing that in non-special characteristic the diagrams Fj;l and G%’l are not
the opposition diagrams of any element 8 € U* — will be postponed until later
in the paper (see Theorems 6.1 and 6.10).

Lemma 3.2 Let ® be of type Er with highest root ¢. Then (Bsy,B - Bs,B) N
Bwowg,B = 0.

Proof Write v = wp,wg, (where Ds is generated by {sa, 53, 54, 55, S6}). Since

vlp = a7 we have vtsyv = 5,1, = 57, and thus s, = vs7v™!. Note that
v € Wy (the parabolic subgroup generated by S\{s7}). Thus if w € W is such
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that
BwB C Bs,B - Bsy,B = Bvs;v 'B- Bvs;v'B

then by (1.3) and the deletion condition there exists a reduced expression for
w containing at most 2 occurrences of the generator s7. However every reduced
expression for y = wowg, contains at least 3 occurrences of the generator s;.
To see this, note that every reduced expression for y must start and end with
s7 (as it is minimal length in its W7-double coset). It is thus sufficient to show
that s7ys7 is not in W7. But we have

-1
(57Y57) 7 (¥Dg) = STWEGWE, PDg = —STWE;¥PDg = —S7¥Dg = —¢Dg»

and so ¢p, € O(s7ys7), and so indeed s7ys7 ¢ Wr. ]

Remark 3.3 Geometrically Lemma 3.2 boils down to the following statement
in the E7 7(F) geometry (with point set G/P7; recall the notation introduced in
Subsection 1.5): If x, y, z are points of E7 7(F) with x and y collinear, and y and
z collinear, then x and z are not opposite in E7 7(F). To make this translation,
note that if (Bs,B - Bs,B) N Bwowg, B = 0 then, following the above proof, we
have (P7S7P7 . P7S7P7) N P7WOP7 = (. Then note that (P7S7P7 . P7S7P7)/P7 can
be interpreted as the set of points collinear to some point collinear to the base
point P7, and (P;wqP7)/P7 is the set of points opposite the base point P;.

Recall that for roots a, 8 € ® we write @« < B if and only if -« is a
nonnegative linear combination of simple roots.

Lemma 3.4 Let A be an irreducible split spherical building with root system @,
and suppose that either |E| > 2, or that 6 is an involution.
(1) Suppose that ® = Eg. If 6 € (U, | @ = a1) then disp(6) < 30.
(2) Suppose that ® = E7, and let 92 = ¢p, = (0112221).
(a) If 0 € (Uy | @ = ¢2) then disp(6) < 50.
(b) If 0 e (U, | @ = ary) then disp(0) < 51.
(¢) If 0 € (Uy | @ = a1) then disp(8) < 60.
(3) Suppose that ® = Eg.
(a) If 0 € (U, | ht(a@) = 23) then disp(6) < 90.
(b) If 0 €U, | @ = ag) then disp(0) < 108.

then (a,w1) > 0 and so @ € ®*\Ds = ®(wowp,). Thus, with w; = wowp,,
Proposition 1.8 gives disp(f) < 2f(wy) — 1 = 31. By the classification of
admissible diagrams this implies that disp(8) < 30.

(2)(a) We claim that {a | @ > @2} C ®(sywowg,). Let @ > ¢3. Then
(¢, wgy = 2 and (@, w7y = 1 (by inspecting ¢ and ¢3), and since {(@;, a7) = 0
for i # 6,7 and {(ag, a7) = —1 and (a7, a7) = 2 it follows that (@, a7) = 0. Thus
s7a = a. Writing a = ¢ + B we have B € Eg (because (@2, w7) =1 = {p, wr)),
and thus, since wg,¢2 = @2, we have

Proof (1) Consider the D5 subsystem generated by {a; | j # 1}. If @ >

-1
(STWOWEy) ™~ @ = WE,Wo@ = —WE, @& = —WE, @2 — WE; B = —@2 — WE, B.
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Since —wg,8 € Eg we have (—¢2 — wg,B,w7) = —(p2,w7) = -1, and thus
(s7wowg,) la € —OF.

Thus, by (1.6) we have disp(f) < max{f(w) | BwB C BwyB-Bw]' B}, where
wy = s7wowg,. Note that £(w;) = 63 — 37 = 26, and so Proposition 1.8 gives
disp(#) < 51. It remains to eliminate the possibility of disp(6) = 51. By the last
sentence in the proof of Proposition 1.8, if disp(8) = 51 then {’(wstgl) =51,
where wy = was with €(wes) = €(ws) + 1. Since €(wys7) = €(w1) — 1, (as
wiar € —®*) we can take wy = wys7 and s = s7. But then

-1 -1
WaSTW5 = W1STW]" = STWOoWE,STWE W0ST = S¢,

which only has length 2ht(¢) — 1 = 33, a contradiction.

(2)(b) If @ = a7 then @ € ®*\Eg = ®(wowg,). Thus by Proposition 1.8 we
have disp(6) < 26(wowg,) —1 = 2(63 —36) —1 = 53. This in turn implies, from
the classification of admissible diagrams, that disp(8) < 51.

(2)(c) If @ > @ then a € ®"\Dg = ®(wowp,). Now note that wowp, = s,.
By Lemma 3.2 Bs,B - Bs,B does not intersect BwgB, and so from the proof
of Proposition 1.8 we see that 6 is domestic. Thus disp(8) < 60.

(3)(a) We claim that {a | ht(a) > 23} C ®(w;), where wi = 54555657585,
(this element has length £(s,) — 5 = 52). Direct calculation shows that each of
the elements sy, s5, S6, 57, 53 preserve the set of 6 roots {@ € ®* | ht(a) > 23}.
Thus if ht(a) > 23 then wIla = 5,58575655854@ = S, 8 for some B with ht(8) >
23, and thus (w;lar,wg) = (B,ws) — 2B, p) = —(B,ws) < 0 (using {(@;, ) =
di8) and so w[la € —®*, hence the claim. It follows from Proposition 1.8
that disp(6) < 103, and hence by the classification of admissible diagrams
disp(6) < 90.

(3)(b) Note that if @ > ag then (sya,ws) = —(@, ws) and thus @ € D(s,).
Since £(s,) = 2ht(p) — 1 = 57 it follows from Proposition 1.8 that disp(8) <
113, and thus by the classification of admissible diagrams disp(f) < 108. m

Lemma 3.5 Let X = (T, J, ) be polar closed, and let ¢, ..., ¢x be the highest
roots obtained by the above algorithm. Then €(sy, -+ S, ) = 25:1 {(sp;) and
Sgy* " Sgr = WS\IWo-

Proof Let ¢1,...,9x be the polar types. Let Sy = S, and define S; = §;_1\p;

and ®; = Og, for j =1,...,k. By (1.1) we have ®(s,,) = O\ P, and it follows

by induction that D(syp;) = (I);.’_l\(I)j for 1 < j < k. In particular, the inversion
sets O(sy,), ..., D(sy, ) are disjoint, and thus

k
O(sg, + 5g,) = | @(sp,) = O \Dp = D \D(wsy ).
j=1

But also clearly ®(wgs\ywo) = ®@*\®(ws\s), and hence the result. [ ]

We are now ready to prove Theorem 3.1.
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Proof As noted above, we postpone the proof of the fact that for F4(F)
and Go(F), if characteristic is not special, and X is not polar closed, then X
is not the opposition diagram of any element of U* until Theorem 6.1 and
Theorem 6.10.

Thus suppose that X is polar closed, and let ¢1,...,¢r be the highest
roots obtained from the above algorithm. If £ = 1 then the result follows
from Theorem 2.1 (as ¢; is a long root). So suppose that k > 1. Write 0 =
Xp, (a1) -+ xp, (ax) with ay, ..., a; # 0. By Lemma 3.5 and Lemma 1.1 we have

walewo =Xx_g,(£a1) -+ x_y (£ar) € Bsy, -+ 54, B = Bwg\ywoB

(we have used the fact that wge; = —¢; for all j, which follows from the
defining property of the highest root). Thus the chamber woB is mapped to
Weyl distance wgyywo. Thus the type J-simplex of the chamber wo B is mapped
onto an opposite simplex, and so J C Typ(6). Hence it remains to show that
Typ(#) € J. We achieve this by bounding the displacement by an appropriate
bound, and appealing to the classification of admissible diagrams. Note that
if F = Fy then 6 is an involution, and so Lemma 3.4 holds in all cases. Also, if
J = S (the full opposition diagram) then there is nothing remaining to prove
(as the above shows that 8 is not domestic in this case).
We consider each diagram.

The case ® = Eg: Consider the diagram 2E6;2. Then ¢ = ¢1 = ¢g, and
Y2 = @a,. Since 6 € (U, | @ > ¢2) and since @2 > @, we have disp(6) < 30
by Lemma 3.4. By the classification of admissible diagrams this implies that
Typ(0) C {1, 2,6} = J, hence the result.

The case ® = E7: Consider the diagram E7.. Then ¢ = ¢g, and ¢2 = ¢p,.
By Lemma 3.4 we have disp(6) < 50, hence the result (again using the classi-
fication of admissible diagrams). Consider the diagram E7,3. Then ¢1 = ¢g,,
Y2 = ¢p,, and @3 = a7. Lemma 3.4 gives disp(f) < 51, and hence the result.
Consider the diagram E7.4. Then ¢1 = ¢g,, ¢2 = ¢p,, ¢3 = ¢p,, and @4 = as.
Replace 6 by the conjugate 6’ = s;lé’sl. Since s1¢1, S1¢02, 103, S194 = @1
Lemma 3.4 gives disp(6) = disp(6’) < 60, and again the result follows.

The case ® = Eg: Consider the diagram Eg.. Then ¢, = ¢g, and ¢2 = ¢p,.
We claim that disp(@) < 90. To see this, let 8§ = (00111111) be the highest
root of an Ag subsystem. Then sgp; = (23354321) and sgs = (22454321) are
the two roots of Eg with height 23. Thus the conjugate 6" = s/‘glﬁsﬁ satisfies
0’ € (Uy | ht(a) = 23), and so by Lemma 3.4 we have disp(6) = disp(6’) < 90.
Consider the diagram Eg.s. Then ¢1 = ¢, ¢2 = ¢E,, ¢3 = ¢p,, and ¢4 =
ar. By direct calculation the roots sgp1, ssps, sg¢s3, and sgay are all elements
of ®*\®g._. Therefore the conjugate 9’ = sgless satisfies 08" € (U, | @ > ag),
and so by Lemma 3.4 we have disp(0) = disp(8’) < 108, completing the proof
for Eg.
The case ® = F4: Consider the diagram F4,5. Then ¢; = ¢, and ¢2 = ¢c,. Let
v = 515251. Then vy = ¢’—a3 and vys = ¢’ +ag3, where ¢’ = (1232) is the high-
est short root. Replace 6 by the conjugate 8’ = vov™! = Xy (@) Xpryay (D).
Let X = {(0100), (0010), (1100), (0120), (1120)}. Then x,(c)0’ = 6’x,(c) for all
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vy € ®"\X. Each u € U* can be written as u = ujus with u; € UE;\X and
up € Uy, Write

uz = x(0010) (21)X(0120) (22) X (1120) (23) X(0100) (24) X (1100) (Z5) -
Since u;le’ul = 0’, a calculation using commutator relations gives
U 0'u = x(1222) (@)X (1232) (—21@) X (1242) (€) X (1342) (—24€ + 22@) X (2342) (= 2Z5€ + Z30),
where ¢ = zfa + b, and hence
wolu™t 6 uwy
= x_(1222) (—a)X_(1232) (214) X_(1242) (=€) X_(1342) (24C — 22a) X _(2342)(Z5C — Z3a).

Using the folding and commutator relations we obtain that Bwg Ly 10uwy B
equals

Bsyc,SoB = Bwp,woB if zsc—z3a#0

Bs0110)S¢' B if zsc—zz3a =0 and z4c —z0a #0
Bs0010)S¢' B if zsc—zza=0and z4c —z0a=0and ¢ #0
Bs, B if zs¢ — zz3a = 0 and z4¢ — z90a = 0 and ¢ =0,

and so by the standard technique 6 is domestic with opposition diagram Fg;s.

Finally, in special characteristic, in type F4 the element x,/(a) (a # 0) has
opposition diagram F}l;4 and in type Gy the element x,/(a) (a # 0) has oppo-
sition diagram G%;l (by Theorem 2.10). Moreover, very similar calculations to
those above shows that in type F,4, for all fields, xw'(a)x‘p;33 (b) with a,b # 0
has opposition diagram Fy,5, completing the proof. |

Classification of domestic homologies

In this section we classify the domestic homologies of split buildings of excep-
tional types. Throughout this section we may assume that A is a large building,
for over the field Fs there are no nontrivial homologies. In Lemma 4.1 we recall
the basic fact that the fixed element structure of a homology 6 is a (typi-
cally non-thick) building Ag of the same type as A. Following Scharlau [20],
the thick frame Aj of Ag is a thick building naturally associated to Ag, and
the type Wy of this building is a reflection subgroup of W (see below for
some further details). Our classification of domestic homologies is in terms of
these reflection subgroups. The data provided in Appendix A is useful for this
section.

If P is a panel of A, we write C(P) for the set of chambers containing P.
The proof of the following lemma is straightforward.

Lemma 4.1 Let A be a split spherical building of type (W,S) and let 6 be
a homology of A. Let Ag be the set of fized chambers of 6. Then Ag is a
(typically non-thick) building of type (W, S). Moreover, if P is an s-panel of A
with C(P) N Ag # 0 then either C(P) C Ag or |C(P) N Ag| = 2.
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If Ag is the fixed subbuilding of a homology 6, we refer to the thick (if
C(P) C Ag) and thin (if |C(P) N Ag| = 2) panels of Ag. If A is an apartment
of Ag, then we refer to the thin and thick walls of A.

The thick frame A} of Ag is a building whose chambers are the thin-classes
of chambers of Ay, with adjacency given by adjacency of representatives of
these classes in Ag (see [20]; here thin-classes are the classes of the finest
equivalence relation containing the thin panels). The building Aj has type Wy,
where Wy is the reflection subgroup of W generated by the reflections about
the thick walls of any apartment of Ag.

The embedding Wy < W is only defined up to conjugacy, however in prac-
tice if @ € H we fix this embedding by taking reflections in the base apartment.
If 6 € H then the thick walls of the base apartment A, are easily computed
as follows. Writing 6 = h,, (c1) - - - hyy (cn) We have

0xa(@)07" = x(ac™ V) cPON),

and so the a-wall of the base apartment is thick if and only if

(a,w1) (@, wN) _
ey =1.

For homologies 8 € H, we define the root system of 6 by
Dg={ae®|0x,(1)07 ! = xo (D)} ={a € ®| the a-wall of Ay is thick}.

It is easy to check that @y is indeed a crystallographic root system, and note
that Wy is generated by the reflections in the hyperplanes perpendicular to
the roots in ®y.

Example 4.2 Consider the homology 6 = hws(c)hw6(0‘2) with ¢2 # 1 of
an Eg building. Then @ € @y if and only if ¢(®@s)=2@w@e) = 1 and since
c? # 1, inspection of the root system shows that @} consists precisely the
roots of the form (x* %% 00) (there are 10 such roots) or (x =% 21) (there are
5 such roots). Hence |®p| = 15. Scharlau’s classification [20, Proposition 2]
(see below) forces Aj to have type As, lying inside of a maximal reflection
subgroup of type As X Aj. To see this, note that As X As X Ay has only
9 reflections, eliminating this case. Then D5 has 20 reflections, however the
maximal reflection subgroups of D5 have types D3 x D2 (6+2 = 8 reflections),
Dy (12 reflections), or Ay (10 reflections), eliminating these possibilities.

Let us now outline our strategy for classifying domestic homologies. Let
6 be a homology, and after conjugating we assume that 6 € H, and so the
base apartment Ay of A is fixed by 6. Let Wy be the reflection subgroup of W
generated by the thick walls of Ay. This subgroup in turn lies in a maximal
reflection subgroup W of W. By [20, Proposition 2] each maximal reflection
subgroup is determined up to conjugation by its type, and hence we may
assume the root system of W, has simple roots as listed below for the cases
that we will require (where Do = A; X Aj, and D3 = A3 in the natural way):
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(1) The maximal reflection subgroups of B4 are
(a) Bz x Ay, with simple roots (as, a3, @4) X (@1 + @s + a3 + @y4).
(b) By X By, with simple roots (a3, @4) X (a1, @z + a3 + @y4).
(¢) Dy, with simple roots (a1, @s, as, as + 2ay).
(2) The maximal reflection subgroups of F4 are
(a) By, with simple roots (¢c,, @1, @2, @3) where ¢c, = a2 + 2a3 + 2a4.
(b) C3 x Ay, with simple roots (a4, a3, as) X (¢).
(¢) Az X Ay, with simple roots (a3, @y) X (a1, — @1).
(3) The maximal reflection subgroups of D5 are
(a) D3 x Ds, with simple roots (a3, a4, a5) X (a1, ).
(b) Dy, with simple roots (s, as, a4, @s5).
(¢) Ay, with simple roots (ay, @s, a3, @4).
(4) The maximal reflection subgroups of Dg are
(a) D4 x Dsg, with simple roots (a3, a4, as, @g) X (@1, ¢).
(b) D3 x D3, with simple roots (a4, as, ag) X (a1, @2, ¢ — @1 — @2).
(¢) Dsg, with simple roots (s, s, a4, as, @g).
(d) As, with simple roots (a1, as, a3, a4, as).
(5) The maximal reflection subgroups of Eg are
(a) As x Ay, with simple roots (a1, as, a4, as, ag) X ().
(b) Ay X As X Ay, with simple roots (a1, @3) X (a5, ag) X (@2, ¢ — as2).
(¢) Dsg, with simple roots (a1, as, a4, @, as).
(6) The maximal reflection subgroups of E; are
(a) Ar, with simple roots (a1, a3, 4, a5, s, @7, O, )-
(b) Dg x A1, with simple roots (a7, ag, @5, @4, @2, @3) X (¢).
(¢) As X Ay, with simple roots (s, a4, as, ag, @7) X (@1, ¢ —ay).
(d) Eg, with simple roots (a1, as, as, a4, as, ag).
(7) The maximal reflection subgroups of Eg are
(a) Dg, with simple roots (¢g,, as, @7, ag, a5, @4, @2, @3).
(b) Ag, with simple roots (¢ — @a,, @1, @3, @4, a5, @, @7, Q8).
() AgxAy, with simple roots (a1, a3, a4, ¥2)X(9—as—a7—as, g, a7, @g).
(d) Eg x Ao, with simple roots (a1, @s, @3, a4, as, ag) X (as, ¢ — ag).
(e) E7 x Ay, with simple roots (a1, @s, a3, a4, as, @g, @7) X ().
In cases (2)—(7) the root system of the reflection subgroup is simply the inter-
section of the Z-span of the simple roots with the ambient root system. In case
(1) the intersection of the Z-span of the simple roots with the ambient root
system is larger than the stated type, and thus one must restrict coefficients
in the linear combinations appropriately to obtain the correct type.
Our strategy is as follows.
(A) We first identify a list of reflection subgroups W’ of W such that every
homology with Wy = W’ is domestic (we will then call W’ domestic).
(B) We then show that if W’ is a reflection subgroup of W not in our list
from (A), then every homology with Wy = W’ is not domestic (we will
then call W’ non-domestic).
We prove (A) using the standard technique (Proposition 1.8), with some more
refined arguments required in the E; and F,4 cases. Our strategy for proving
(B) is via the following lemma.
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Lemma 4.3 Let 6 € H be a homology with root system ®g. Suppose there
exist mutually perpendicular roots By, ..., Bx € @ \®y. Then

disp(8) > M, where M = {(sg, -+ Sg,)-

Moreover if 8’ € H is a homology with root system ®g C @y then disp(6’) > M.

Proof Consider the chamber gB = uwoB with u = xg, (1) ---xg, (1). Since
Bi,..., Bk & @y we have ud™ = xg,(c1) - xp, (ck) with c1,...,cx # 1. More-
over, the elements xg, (a1),...,xg, (ax), with ay,...,ar € F, commute with
each other (as the roots are mutually perpendicular), and hence

Bg~'0gB = Bwy'u'0uwoB = Bx_g,(c1 — 1) -~ x_p, (ck — 1)B.

Thus by Lemma 1.1 we have Bg7'0gB = Bsg, - -~ sp, B, and hence disp(6) >
C(sp, -+ sp,). The final statement follows as B, ..., B € D"\ Dy, ]

Note that if Lemma 4.3 is used to prove non-domesticity for a homol-
ogy 8 (by finding mutually perpendicular roots Bi,...,Br € ®"\®y with
{(sp, - - sp, ) sufficiently large), then every homology 6’ with Wy a reflection
subgroup of Wy is also non-domestic, as @y C @y. Thus to prove (B) it suffices
to prove non-domesticity for the maximal reflection subgroups in the poset of
reflection subgroups of W excluding those in the list from (A).

We now proceed with our classification of domestic homologies of split
exceptional buildings.

Theorem 4.4 A nontrivial homology 6 of E¢(F) is domestic if and only if A,
is of type D5. Moreover, all such homologies have opposition diagram 2E6;2,
and are conjugate to an element of the form he,,(c) with ¢ € F\{0,1}.

Proof Let 6 € H. Suppose that Aj is of type Ds. After conjugation,
we may assume that @y has simple roots (a1, @s, @4, @2, @5). The condition
0xq(a)07! = x4(a) for these simple roots forces 8 = hy,(c) for some ¢ # 1. We
show that 6 is domestic, with diagram 2E6;2. Let ®f = {a € * | (@, we) = 1},
and let wy = wowp,. Let u € U", and write u = ujuy with uy € U55 and
Uy € U('EG. Since u;léul =0 and u§19u2 € U('EGH, we have

1, -1 -1 -1,-1 “1y+
Wo U Buwowy = W, Uy Ouawp, € Wp, U%WD59 C B,

w1
where we have used the fact that ®(wp,) = ®*\®g. Since £(w1) = 36—-20 = 16
the standard technique (Proposition 1.8) gives disp() < 31. Moreover, since
0 = h,(c) is not conjugate to a root elation, it must have opposition diagram
2Eg,2 (by Theorem 2.4 and the classification of admissible diagrams).

We now use Lemma 4.3 to show that if 6 € H is a nontrivial homology
with Ay not of type D5 then 6 is not domestic. As noted above, it is sufficient
to consider the maximal elements in the poset of reflection subgroups of W
excluding those of type Ds. Thus we may assume that Wjy is either a maximal
reflection subgroup of W of type As X A; or Ay X Ay X As, or a maximal

2021/06/15 06:39



40 J. Parkinson and H. Van Maldeghem

reflection subgroup of the standard Ds subgroup of W. Up to conjugation we

may suppose that either:

(1) @y = A5 x A1 with simple roots (a1, as, a4, @5, @g) X (¢). The 16 positive
roots of @ are precisely the roots a € ®* with (@, w2) € 2Z.

(2) @y = Ay X Ay X Ay with simple roots (a1, @3) X (a5, ag) X (@2, ¢ — @3).
The 9 positive roots are precisely the roots a € ®* with (@, w4) € 3Z.

(3) ®y = D3x Dy with simple roots (a4, @, a5) X (a1, @1 +as+2a3+2a4+as).
The 8 positive roots are precisely the roots @ € ®* with both (@, w3) € 2Z
and (@, wg) = 0.

(4) ®y = D4 with simple roots are (as, @4, @2, @5). The 12 positive roots are
precisely the roots @ € ®* with both (@, w1) = 0 and (@, wg) = 0.

(5) ®y = A4 with simple roots are (@, @3, @4, @3). The 10 positive roots are
precisely the roots a € ®* with both (@, ws) = 0 and (@, wg) = 0.

In cases (1), (2), (3), and (5) we have @, B,y € ®*\Dy, where @, B,y are the

mutually perpendicular roots @ = (112221), = (111211) and y = (011210).

Thus by Lemma 4.3 we have disp(f) > {(soSgs,). Moreover, note that the

roots a, B, v, as are mutually perpendicular and invariant under the diagram

automorphism of Eg, and so by Lemma 1.3 we have sq,sgs,s2 = wg. Thus

disp(#) > 35, and so 6 is not domestic.

In case (4) we have o/, B,y’ € ®*\®y, where «’, 8/,y’ are the mutually
perpendicular roots @’ = ¢, B’ = (001111), and v’ = (101110). Thus disp(6) >
£(w), where w = so/5p/5,. It is easy to see that ®(w) = ®\{a1, @4, @6}, and
hence €(w) = 33. It follows that 6 is not domestic. ]

Lemma 4.5 Let ¢ € F\{0,1}. The homology 6 = h,,, (¢) of E7(F) is domestic,
with opposition diagram Erz.4.

Proof We first prove directly that 6 is {7}-domestic. Consider the E7 - (F)
geometry, with point set G/P7. By Corollary 1.7 it is sufficient to show that no
point opposite the base point P; in this geometry is mapped onto an opposite
point by 6. The points opposite P7 are of the form uyP7, where y = wg, wg,,
and u € Ug(y). We are required to show that

P;y 'ut0uyP; # P,yP; forallue Ug(y).

Let ®@; be the subsystem with simple roots (a7, ag, as, @4, @2, @3). Then
@, C Dy (equality occurs if ¢ # —1, while if ¢ = =1 then ®y = ®; U {£¢}). In
particular, 8xq(a)8™ " = xq(a) for all @ € ®;. Write u = ujus with uy € U:I;1
and us € U£\®1. Then

P7y_1u_10uyP7 = P7y_1u§19u2yP7.

By the commutator relations we have ug = u;lﬁuge’l e Ut and since

O\D,
yP7 = WOP7 we have

P7y_1u_10uyP7 = P7w61u3w0P7 = PuP-,
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where u € Ud’)\qh. Since ®(s,) = P*\D] we have
Pzy Yut0uyP; = P7s¢(s;1ﬁs¢)s;1P7 C P7syPr - PrsyPr. (4.1)

It follows from Lemma 3.2 that P7s,Pr - Prs,Pr N PryP7; = 0. Thus we have
shown that 0 is {7}-domestic, and hence domestic. Since 6 is neither a root
elation nor a product of perpendicular root elations it does not have opposition
diagram Er7,; or E7.2, and since 6 is {7}-domestic it does not have opposition
diagram E7,;3. Thus 6 has opposition diagram E7.4. |

Theorem 4.6 A nontrivial homology 6 of E7(F) is domestic if and only if A,

s of type:

(1) Es, in which case 6 has opposition diagram Er.3 and is conjugate to an
element of the form hy,,(c) with ¢ € F\{0, 1};

(2) Dg, in which case 6 has opposition diagram Er.4 and is conjugate to an
element of the form h,, (c) with c € F\{0,1, -1};

(3) Dg x A1, in which case char(F) # 2 and 0 has opposition diagram Er7,4
and is conjugate to hg,, (=1).

Proof We begin by showing that if Aj has type Eg, Dg, or Dg X A1 then 6 is
domestic, with the stated diagram and conjugacy class.

Suppose that @y is of type Eg. The 36 positive roots of this system are
precisely those @ € ®* with (@, wr) = 0, and thus 6 = A, (c) for some ¢ # 1.
Let ®F = {a € ®* | (@, w7) = 1}, and note that ®* = &g L ®F. Arguing as in
the Eg case (Theorem 4.4), and using the standard technique with wy = wowg,
we see that disp(9) < 53 (as €(w1) = 27). Since 0 is neither conjugate to a
root elation nor to a product of two perpendicular root elations it does not
have opposition diagram E7,; or E7,2, and since disp(#) < 60 it does not have
opposition diagram E7.4. Thus it follows from the classification of opposition
diagrams that 6 has diagram Er7;3.

Now suppose that @y is of type Dg or Dg x A1. The positive roots of @y are

@BG ={a € ®' | (a,wi) =0}, q)BsxAl ={a e ® |(a,w) € 2Z} = (DBG U {¢}.

In particular, 8 = h,, (c) where ¢ € F\{0,1,-1} in the Dg case, and ¢ =
—1 in the Dg X Ay case. Thus by Lemma 4.5 6 is domestic with opposition
diagram E7.4 (note that the standard technique does not apply in this case,
as {(wowp,) = 33 > €(wp)/2).

We now use Lemma 4.3 to show that if & € H is a nontrivial homology
with Aj not of type Eg, Dg, or Dg X A1 then 6 is not domestic. It is sufficient
to consider the maximal elements in the poset of reflection subgroups of W
excluding those of types Eg, Dg, and Dg X A;. Thus we may assume that Wy is
either a maximal reflection subgroup of W of type A7 or A5 X As, or a maximal
reflection subgroup of the standard Dg x A; of Eg subgroups of W (excluding
the domestic Dg subgroup). Thus, using the explicit choices of simple roots
listed earlier, we may suppose that either:
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(1) ®g = A7, with @f = {a € O | (@, w2) € 2Z}.
(2) (Dg = A5 XAQ, with (Dg = {a € @t | ((l,a)3> (S BZ}
(3) ®g = (Dy xD2) X Ay,

with @ = {@ € ®* | (@, w1) = 0 and (@, we) € 2Z} U {¢}.
(4) @9 = (D3 xD3) x Ay,

with @ = {@ € ®* | (@, w1) = 0 and (@, ws) € 2Z} U {¢}.
(5) @y = D5 XAl, with (I); ={a € o | {@, w1 — 2w7) = 0}.
(6) @y = A5 X Ay (contained in Dg X Al),

with @ = {@ € O | 3{a, w1) = 2, w3)}.
(7) ®g = A5 x Ay (contained in Eg),

with @) = {@ € " | (@, w2) € 2Z and (@, w7) = 0}.
(8) By = Az X Ag X Ay, with @ = {@ € " | (@, w4) € 3Z and (@, w7) = 0}.
(9) @y = D5, with @} = {a € * | (o, ws) = 0 and (@, w7) = 0}.
In case (1) note that Bi,..., B7 € @y, where B; = (1111100), B2 = (0112100),
B3 = (0111110), B4 = (0101111), B5 = (1112110), B¢ = (1122111), B7; =
(1123321). These roots are mutually perpendicular, and so by Lemma 1.2 we
have sg, - --sg, = wg. Thus by Lemma 4.3 the homology 6 is not domestic.

In cases (2)—(6) note that yi,...,y5 ¢ ®y, where y; = (1111000), y2 =
(1011111), y3 = (0112111), y4 = (1123210), y5 = (1223321). The roots
Y1, -, Y5 a3, @ are mutually perpendicular, and so s,, - - - 55, = wgszss. Thus
disp(6) > 61, and so 6 is not domestic.

In cases (7)—(9) note that &1,...,05 ¢ @y, where 6; = (0000011), 65 =
(0101110), 63 = (1122110), 64 = (1223211), 65 = (1123321). The roots
01,...,05 a1, a4 are mutually perpendicular, and so as above disp(8) > 61
and so 6 is not domestic. [ |

Theorem 4.7 A nontrivial homology 6 of Eg(F) is domestic if and only if A,
is of type:

(1) E7, in which case 0 is conjugate to an element hy,, (c) with ¢ € F\{0,1, -1};
(2) Er X Ay, in which case char(F) # 2 and 0 is conjugate to hy,(—1).

In both cases 6 has opposition diagram Eg..

Proof Let 6 € H. Suppose that Aj has type E7 or E7 x A;. After conjugating
we may suppose that @, € @y, where O, is the standard E7 subsystem of
®. Thus 6 = hg,(c) for some ¢ € F\{0,1}. As in the Eg case (Theorem 4.4),
using the standard technique with wy = wowg, we see that disp(6) < 113 (as
¢(w1) = 57). Since 6 is neither conjugate to a root elation nor to a product of
two perpendicular root elations it does not have opposition diagram Eg,; or
Es.2, and hence 6 has opposition diagram Eg.4.

We now use Lemma 4.3 to show that if 6 € H is a nontrivial homology with
A, not of type Bz or Ez X A then 6 is not domestic. It is sufficient to consider
the maximal elements in the poset of reflection subgroups of W excluding those
of types E7 and E; X A;. Thus we may assume that Wy is either a maximal
reflection subgroup of W of type Dg, Ag, Ay X Ay, or Eg X Ay, or a maximal
reflection subgroup of the E; x A; subgroup of W (excluding the domestic E;
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subgroup). Thus, using the explicit choices of simple roots listed earlier, we
may suppose that either:
(1) ®g = Dg, with @} = {a € * | (a, w1) € 2Z}.
(2) ®g = Ag, with O} = {a € O | (a, w2) € 3Z}.
(3) ®g = Ay x Ay, with @) = {a € DT | (@, ws) € 5Z}.
(4) Oy = Eg X Ag, with (D; ={a € ot | {a, w7) € 3Z}.
(5) g =A7x Ay,
with @ = {@ € ®* | (@, w2) = 2(a, w7) and (@, wg) = 0} U {¢}.
(6) ®g = (Dg x A1) X Ay,
with @ = {@ € ®* | (@, w1) € 2Z and (@, wg) = 0} U {¢}.
(7) Dg = (A5 x Ag) X Ay,
with @ = {@ € " | (@, w3) € 3Z and (@, wg) = 0} U {¢}.
(8) @y = E6 XAl, with (D; ={a € ot | {@, w7) = {a,wg) =0} U {(p}
In case (1) we have B,..., Bs € @y, where 81 = (10110000), B2 = (11122100),
B3 = (11222210), B4 = (11222111), B5 = (12232110), Bg = (11122221), B7 =
(12232211), Bs = (12354321). These roots are mutually perpendicular, and so
by Lemmas 1.2 and 4.3 we see that 6 is not domestic.

In cases (2)—(4) we have y1,...,y7s € ®g, where y; = (11121110), y»
(11221111), y3 = (01122221), y4 = (12343210), ys = (12243211), s
(22344321). The roots yi,...,¥s, @2, @g are mutually perpendicular, and so
disp(6) > €(wg) — 2 = 118. Hence 6 is not domestic.

Similarly, in cases (5)—(8) we have 61, ..., ¢ @y, where §; = (00000011),
09 = (11111110), 63 = (11232110), 64 = (11233321), 65 = (22343211), 6 =
(13354321). The roots d1,...,0¢, a3, a5 are mutually perpendicular, and so
again 6 is not domestic. |

Lemma 4.8 Let char(F) # 2. The homology 6 = h,,,(=1) of F4(F) is domestic,
with opposition diagram Fjl.

Proof It is sufficient to prove that 6 is 1-domestic. Recall that G/P; is the set
of points of the Lie incidence geometry Fy 1 (F). By Corollary 1.7 it is sufficient
to show that no point opposite P; is mapped to an opposite point by 6. Since
wowe, = Se (by comparing inversion sets) we have PiywoP1 = Pis,Pr, and
hence the points opposite P; are of the form us,P; with u € U&;(SW). Thus we
are required to prove that

Pls;lu_19us¢P1 # P1s,P1 forallue U$(s¢)‘

We have @y = {@ € © | {@,wy) € 27Z}. Write u = ujus with u; € U&;qu)(s(p)

and us € U(;)(Y N\ Dp’ and so Pls;lu_19us¢P1 = Pls;lugleugswPl. Now, ®(s,) =
v

{a € ®F | (@, w1) = 1}, and hence by inspection of the root system we have

D(s,)\Dg = {a, B,7,6} where a = (1111), g = (1121), y = (1221), 6 = (1231).

Writing up = xq (a)xg(b)x,(c)x5(d), a commutator relation calculation gives

Uy Ous = x5(—d)xy (—¢)xg(—b)xo(—a)xq (—a)xp(~b)x, (—c)xs5(—d)6
= Xo(=2a)xg(=2b)xy (—2¢)xs5(-2d)x,(—4ad + 4bc)6.
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Thus Pls;,lu’lt?us‘pPl = Pix_s5(=2a)x_,(2b)x_g(—2c)x_o (2d)x_,(4ad -
4bc)P,. Easy calculations, using the folding relation and commutator rela-
tions, show that x_s(-2a)x_, (2b)x_g(—2¢)x_q (2d)x_,(4ad—4bc) is an element
of

BssB ifa#0

BsyB ifa=0and b#0

BsgB ifa=b=0andc#0
BsoB ifa=b=c=0andd#+0
B ifa=b=c=d=0.

Since B = sza, ¥ = sas3a, and § = s3s5253, we have sg = §35,53, 5, =
§28535¢ 5352 and S5 = $3525354 535253, and hence Pysq Py = P1sgP1 = P15, Py =
PissPy. Thus

Pisq Py if (a,b,d,c) #(0,0,0,0)

PistutOus, Py =
e gl {Pl if (a,b,¢,d) = (0,0,0,0).

We have PisqP1 # PisyPi. To see this, note that s, = s1525354535251 (as
@ = 5152534), and so both s, and s, are minimal length in their respective
Wi-double cosets (we noted above that s, = wowc,). But of course sq # 5.

Hence 0 is {1}-domestic. ]

Theorem 4.9 Let 6 be a nontrivial homology of F4(F). If char(F) = 2 then
6 is not domestic. If char(F) # 2 then 6 is domestic if and only if Ay has
type By4. Moreover, all such homologies have opposition diagram Fil and are
conjugate to he,,(=1).

Proof Let # € H, and suppose that Aj has type B4. The simple roots of @y
are (B, a1, @z, @3) where B = @3 + 2a3 + 2e4. Thus 6 = h,,,(-1) (in particular
char(F) # 2). By Lemma 4.8 0 is domestic with diagram Fil.
We now use Lemma 4.3 to show that if 6 € H is a nontrivial homology with
Ay not of type By then 6 is not domestic. It is sufficient to consider the cases:
(1) @y = C3 x Ay, with simple roots (a4, @3, @2) X (¢),
and ®f = {a € O | (a, w1) € 2Z}.
(2) ®y = Ay X Ag, with simple roots (as, as) X (a1, ¢ — 1),
and ®f = {a € O | (@, w2) € 3Z}.
(3) @y = B3 X Ay, with simple roots (a1, @9, @3) X (¢’),
and @ = {a € T | (@, wy) = 0} U {¢'}.
(4) @y = By X By, with simple roots (@, @3) X (B,7y), where 8 = @z +2a3+2ay
and y = @1 + a2 + a3, and (Dg = {as, as, as + as, as + 2as, B, v, ¢, ¢}.
(5) @y = Dy, with simple roots (ag + 2a3 + 24, @1, @2, @2 + 2a3),
and ®f = {a € O | (@, w4) € 2Z and (@, w3) € 2Z}.
In cases (1) and (2) we have B1, B2, B3 € @y, where 1 = (1220), B2 = (1222),
and B3 = (1242). The roots Bi, B2, B3, @1 are mutually perpendicular, and
hence sg, 55,58, = wos1 by Lemma 1.2, and so by Lemma, 4.3 6 is not domestic.
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In cases (3), (4) and (5) we have y1,y2, 3,74 ¢ @y, where y; = (0011),
vo = (0111), y3 = (1111), and y4 = (1231). Thus again 6 is not domestic. =

For the Gy results see Theorem 6.10.

The polar-copolar type for E7, Eg, and F,

In this section we prove Theorem 4, classifying the automorphisms with polar-
copolar diagram in types E7, Eg, and F4. The arguments here are of a more
geometric flavour, working in long root geometries and the metasymplectic
space Fy 4(F). See Subsection 1.5 for some relevant terminology, and see [21,
Chapter 13] for further details.

Recall, from [15], that if x is a simplex of a spherical building mapped
onto an opposite simplex by an automorphism 6, then we write 8, for the
automorphism of the residue Res(x) given by 6, = proj, o 8, where proj, is
the projection from Res(x?) onto Res(x). If £ is a simplex of Res(x), then &
and &9 are opposite in A if and only if & and &% are opposite in the building
Res(x) (see [28, Proposition 3.29]).

Note also that a long root elation fixes all points collinear and symplectic
to a certain (unique) point ¢ of the long root geometry, and c is called the
centre of the elation.

Our first task is to prove the following theorem (giving the ‘only if” direction
of Theorem 4).

Theorem 5.1 A collineation belonging to a polar-copolar opposition diagram
of a split exceptional building A not of type Eg if A is large, and not of type E7
or Eg if A is small, is the product of two orthogonal root elations. That is, the
centres of the elations form a symplectic pair of points in the corresponding
long root geometry.

Large buildings of type Eg are true exceptions to the theorem, for there
exist homologies with the diagram 2Eg,s (see Theorem 4.4). For the small
buildings of type E;, i = 7,8, we believe that the theorem still holds, however
the geometric arguments break down.

The theorem follows from a series of lemmas. First we need some properties
of long root elations in the long root geometries E7 1 (IF), Dg 2(F), As (1,5, (F)
and Cgz 1 (F). In these Lie incidence geometries, a vertex of the correspond-
ing building of type 7, 6, 3 and 3, respectively, defines a (residual) sub-Lie
incidence geometry, which we shall call a para, of type Eg 1(F), As2(F),
As 1 X Ag1(F), Ag1(F), respectively. The paras are also the points of the
Lie incidence geometry E7 7(F), Dgs(F), As3(F) and Cs3(F), respectively.
We call two paras adjacent if the corresponding points in the latter Lie inci-
dence geometries are collinear. A pencil of paras corresponds to a line of that
geometry.
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Lemma 5.2 A long root elation 6 of E71(F), D¢ 2(F), As (1.5)(F) and Cs 1(F)
maps each non-fired para P to an adjacent one, preserving the pencil defined
by P and P? and fizing exactly one para of that pencil.

Proof A central elation in one of the Lie incidence geometries E7 7(F),
Deg.6(F), As 3(F) or Cs3(F) fixes all points of a “central” symp (which corre-
sponds to the centre of the elation), all points collinear to a maximal singular
subspace of that symp, and all lines intersecting that symp in a point. Since
every point that is not fixed is on exactly one such line, the lemma follows. =

Let 0 be a collineation with an exceptional polar-copolar opposition dia-
gram of a large building. Let ¢ be the corresponding long root geometry and
let (p,w) be an incident point-symp pair which is mapped onto an opposite
by 6.

Let E(p, p?) be the equator geometry of the pair (p, p?), that is, the geom-
etry induced by the points which are symplectic to both p and p?. For ¢4
of type Es s, E7 1, Eg 2 and Fy 1, note that E(p, p?) is isomorphic to the long
root geometry ¥4’ of type E7 1, Dg 2, A5 j1,5) and Cs,1, respectively. Moreover,
symps, planes and lines of ¢ through p correspond to points, symps and paras,
respectively, of ¢’. The case (F41,Cs,1) is special in that the lines of Cs 1 (FF)
correspond to points of a symp in E(p,p?) (in this case, E(p,p?) does not
contain lines; only symplectic and opposite pairs of points).

Lemma 5.3 Let 6 and p be as above. Then 6 preserves E(p, p?) and induces
a long root elation in it, say with centre the point c.

Proof Recall that the symbol 1L means “symplectic to”, and = “special to”.
Let 7 be a plane through p fixed by 6,. We claim that the line 7N (P> is
mapped onto the line 7% N p™. Indeed, first assume that every line L through
p in m is fixed under 6,, the alternative being that exactly one such line is
fixed (by Lemma 5.2). Let M be the line in & such that MY = =% N p™. If
M = 7 n (p?)™, then there is nothing to prove, so suppose M and 7w N (p?)™
intersect in a unique point z. Then, since (pz)gl’ = pz, we see that 2% 1z
Now let L be a line in 7 through p, but not through z. Since [F| > 2, we can
select a point ¢ € L\ ({p} UM U p?™). Let K be a line in 7 through ¢, and
set KNM = {u}, pun (p?)™ = {v} and K N (p?)™ = {w}. Since (pv)?r = pv, we
have v L u?. Hence (qu)? = (qgw)%s = gv. This now yields the equivalence

(@)% =gwev=weou=zorucpq.

Consequently the central elation 6, fixes 7 and exactly two lines through ¢ in
m, which contradicts Lemma 5.2, recalling that the lines through ¢ correspond
to the paras in that lemma.

Next assume that exactly one line L through p in 7 is fixed under 6,,. Since
every such fixed line is contained in a fixed plane all of whose lines through p
are fixed, we know by the previous paragraph that z := L N (p?)™ is mapped
onto z¢ = LY N p™, and these two points are collinear. Let M again be the line
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of m defined by M? = 7% N p™. Let, for each x € M, x” be the unique point of
n collinear to x?, then, as a product of a linear collineation and a projection,
the correspondence x + x’ is a projectivity from M to M’ := = n (p?)™. Since
z =M N M’ is fixed under this correspondence, it is a perspectivity. Let ¢ be
the centre of this perspectivity, then ¢ ¢ M UM’ is opposite ¢?, and clearly 6.
is the identity restricted to m. By the first case, this implies that M’ = M.

Now let ¢ be an arbitrary symp through p. Every point of ¢ at distance 2
from p? is collinear to the unique point eg of ¢ symplectic to p?, which is also
the unique point of ¢ belonging to E(p, p?). Hence the previous claim can be
formulated as: # maps p* ﬂeg to (pP)*+ ﬁegg. If & is hyperbolic, or parabolic in
uneven characteristic, then p? and ezo are the only two points of &9 collinear
to all points of (p?)* N e;‘g; it follows that eg = eg0.

Now suppose that & is parabolic in characteristic 2. The foregoing implies
that @ stabilises the extended equator geometry & := E(p, p?) (by definition,
this is the union of all equator geometries E(x,y) for x,y opposite points in
E(p,p?)). Our assumption on p readily implies that 6 acts plane-domestically
but not line-domestically on &. Since & is a symplectic polar space of rank 4,
the fixed point set of 8 in & is of the form u'* NvL for two points u,v of &. If
u 1L v (in A), then @ is involutive on & and so preserves E(p, p?). Otherwise
6 pointwise fixes E(u,v) C E (p, p?). Tt follows that the fixed point set of the
symp ¢ determined by two symplectic points x,y of E(u,v) is exactly the
imaginary line E(u,v) N ¢. This yields a plane 7 of ¢ disjoint from 7%. But
then every plane disjoint from 7 and contained in a common symp with = is
mapped onto an opposite plane, a contradiction.

Hence we have shown that E(p, p?) is preserved under the action of 6 and
the lemma now follows from Theorem 1 for E;(K), Dg(K) and C3(K). ]

Let 6, p and w be as above, and let p’ € E(p, p?) correspond to w. Then p’ is
opposite p’? and hence E(p’, p’?) is preserved by 6. Since p’ € w, we can apply
Lemma 5.3 and obtain that 6 induces a long root elation in E(p’, p’?), say with
centre ¢’. Now set 8" = 6||0|c|, with 6| the central elation with centre ¢ (and
similar for 6}.}). Then 86" fixes every point of E(p, p?) U E(p’,p’?) (use the
fact that, in E(p, p?), (Oc))p fixes p'tn (p’H)L, which precisely coincides with
E(p,p) N Ep',p"")).

Now Theorem 5.1 follows from the following general proposition.

Proposition 5.4  No nontrivial collineation of the long root geometry of (split)
type B, m>4),C, m>23),D, n=5),E, 8 2n = 6) orFy fizes two

perpendicular equator geometries pointwise.

Proof For the classical types B/C/D this follows from the easy fact that an
equator geometry spans a subspace of dimension n—4/n—2/n—4 of the ambient
projective space PG(n,F), n > 8/5/9, respectively; hence if a collineation 6
pointwise fixes two perpendicular equator geometries, then it fixes all points
of two subspaces of dimension n—4/n—-2/n—4 of PG(n,F), spanning PG(n, F),
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n > 8/5/9, and hence intersecting in at least one point, and so forcing 6 to be
the identity.

Now consider the long root geometries of type E. Let Ej, E5 be two per-
pendicular equator geometries, that is, E; is the equator geometry E(p2, g2)
for po,qo € Es and E; = E(p1, q1) with p1,q1 € Eq. Since E5 is fixed pointwise,
Res(py) is fixed pointwise. Hence every symp & through p; is fixed, and every
line in ¢ through p; is fixed. Moreover, the point & N Es, which is opposite p
in ¢, is fixed. Since ¢ is hyperbolic, ¢ is fixed pointwise as soon as some line
in & through p; is fixed pointwise. By connectivity and the arbitrariness of &,
it suffices that some line through p; is fixed pointwise, which is the case as E
contains a line through p; and is fixed pointwise. Hence all points collinear
or symplectic to p; are fixed and so we have a central elation with centre p;.
But the same thing holds for ¢; and hence we have the identity.

At last assume we have the long root geometry of type F4. The same argu-
ment as in the previous paragraph shows that it suffices to find one line
through p; that is pointwise fixed. To that aim, let p] € E; be such that
p1 AL pj. Then the symp & := &(p1,p;) corresponds to planes 7, and ny
through the points p, and gs, respectively. Then the lines L := 7, N ¢5' and
M := m, N py are fixed and the points of L+ N M* belong to E;. Hence
(prNp;HHU(LNM?') is fixed pointwise, which implies that £ is fixed pointwise
(note that pi,p] € L* N M*).

The proposition is proved. |

The proof of Theorem 5.1 is complete, and the following theorem proves
the ‘if’ direction of Theorem 4.

Theorem 5.5 FEvery product of two perpendicular long root elations in
F4(F) (respectively E7(F), Es(F)) is domestic with opposition diagram Fu.
(respectively E7.2, Eg.2).

Proof Consider the Fy case. We claim that all pairs (e, 8) of perpendicular
long roots are conjugate under W. Since W is transitive on long roots it suffices
to show that the stabiliser W, of ¢ in W is transitive on the set of long
roots perpendicular to ¢. These roots are precisely the long roots of the Cj
subsystem, and since W, = (s2, 53, s4) = Wc, the result follows. Hence we may
assume that 6 = x, (@)X, (), and then the result follows from Theorem 3.1.
The arguments for E; and Eg are similar. [ ]

Domestic automorphisms in split types Eg, F4, and G2

In this section we give the complete classification of domestic automorphisms
of split buildings of types Eg, F4, and Gs.
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Classification of domestic automorphisms of split F4

In this section we classify domestic automorphisms of split F4 buildings. By
[15, Lemma 4.1] no duality of a thick F4 building is domestic, and so we may
restrict to collineations. The complete list of domestic collineations of the
small building F4(Fs) is given in [16, Theorem 4.3], and so we may assume that
|F| > 2, and so all automorphisms are capped. Thus the possible opposition
diagrams of nontrivial domestic collineations are F}l;l’ Fil, and Fyg5. The
automorphisms with diagram F}H are the long root elations (see Theorem 1),
and the collineations with diagfam F4.5 are products of perpendicular root
elations (see Theorem 4). Thus our main task is to consider the diagram Fi 1
We will prove the following theorem:

Theorem 6.1 Let 6 be an automorphism of Ag,(F) with opposition diagram
Fil. If char(F) = 2 then 0 is a short root elation, and if char(F) # 2 then 0 is
a homology.

Let ¢ = F44(F) be the short root geometry of the building A of F4(F).
Then ¢ is a metasymplectic space with symps isomorphic to a symplectic
polar space of rank 3 (see [21, Chapter 18] for details). If 6 is a domestic
collineation with opposition diagram Fil then the only objects mapped to
opposite objects are points.

Recall from [7, §5.2] that two opposite points p, g in ¢ define a geometry
E (p, q) of type By as follows: Let E(p, q) denote the equator geometry of p, g (as
in Section 5), and take E (p, @) to be the union of all equator geometries E(x, y)
for x, y opposite points in E(p, g). The lines of E(p, q) are the intersections of
E(p, q) with the symps &(u, v), with {u, v} symplectic pairs in E(p, q). These
intersections are imaginary lines of symplectic polar spaces. Note that two lines
of E(p,q) are opposite (as polar space lines) if and only if the corresponding
symps are opposite in ¥.

Lemma 6.2 Let p be a point of & mapped onto an opposite point. Then 6
pointwise fizes a geometric hyperplane of E(p, p?).

Proof Let p be a point of 4 mapped onto an opposite. Then ), is the identity.
Since the identity automatically and trivially satisfies the properties of central
elations mentioned in Lemma 5.2, it follows from the proof of Lemma 5.3 that
6 pointwise fixes E(p, p?). Hence 6 stabilises E(p, p?). Since (opposite) lines
of E (p,p?) correspond to (opposite) symps in ¢, 6 induces a line-domestic
collineation in E (p, p?). The assertion now follows from [25, Theorem 5.1]. m

In the case that char(F) = 2 we need a more precise version of the above
lemma.
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Lemma 6.3 Let p be a point mapped onto an opposzte If char(F) = 2 _then 6
pointwise fizes either the perp of a point in E(p,p ), or a subspace of E(p, ?)
mducmg a non-degenerate polar space of Witt index 3 in E(p, 9). In both
cases, p?” = p.

Proof In this case, E(p, p?) may be identified with the polar space (of type
B4) obtained from the standard symplectic polar space in PG(7, F) with alter-
nating form xpy; + x1y0 + - - - xgy7 + x7ye by only considering the points whose
coordinates (xo, . . ., x7) satisfy xox1+xox3+x4x5+x6x7 € F2, where the latter is
the subfield of squares of F. Without loss we may assume that p = (0,0,...,1,0)
is mapped onto (0,...,0,1). By Lemma 6.2 and its proof, 8 fixes pointwise a
hyperplane of PG(7,F) containing the subspace with equations Xg = X7 = 0.
Hence some point ¢ = (0, ...,0,k%,1) is fixed, with k € F, along with all points
having coordinates (xg, X1, ..., X5 k, 1). If k € F?, then t € E(p, p?) and 0 fixes
the perp of t. Then 6 is an elatlon in PG(7,F) and hence an involution on

E(p, p°).
Now assume k ¢ F2. Let a, b, c € F be defined by

0: (xg,...,%5 Xg,x7) > (X0,...,Xx5 ax7, bxg + cx7).

Expressing that (0,...,0,1,k,k, 1) is fixed, we obtain @ = k and ¢ = kb + 1.
Expressmg that the image of an arbitrary point of E(p, %) stays inside of
E(p,p ), we get bk = 1 and so 6 is involutive on E(p, p?). Moreover, we can now
project the fixed point set from (0,...,0, %, 1) onto the subspace Xg = X7 =0
and obtain the polar space whose points have coordinates (xg, x1, ..., x5) with
XoX1 + Xox3 + x4x5 € F2 + kF2. That is a polar space of Witt index 3. [ ]

Lemma 6.4 Assume that char(F) = 2, and suppose that whenever a point
p_is mapped onto an opposite point, 8 pointwise fixes the perp of a point in
E(p,p?). Then 0 is a central elation.

Proof Let p be a point mapped onto an oppos1te and suppose 0 fixes all
points of E(p, %) symplectic to x € E (p, p?). Arguments similar to the ones
in the proof of Proposition 5.4 show that all vertices of A incident with x are
fixed by 6. Let y be opposite x in E(p, p?). Then E(x,y) is fixed pointwise.
Let ¥’ L y be also opposite x. Then we have a unique path y, yy’, b, ab, a, ax, x
of consecutively incident points and lines connecting y with x using the line
yy’. Since x,y,y? are on the same imaginary line, and since ax is fixed, we
see that (ab)? = ab (this also follows from the fact that the line ab defines a
unique plane of E(p, p?),which is fixed; see [7, Proposition 5.3.9]). Hence the
unique point x” on ax and on the imaginary line determined by y’ and y’? is
fixed. If x # x’, then, since 6 acts linearly (as it poinwise fixes E(p, p?)), it
fixes all points of ax and the arguments in the proof of Lemma 5.4 then imply
that all points collinear to x are fixed. Otherwise, x = x” and E(x, y’) is fixed
pointwise, again implying that at least one line through x is fixed pointwise,
and hence, as before, all of them are. Also as before in the proof of Lemma 5.4,
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it follows now that all points collinear or symplectic to x are fixed and so 6 is
a central elation with centre x. [ ]

Lemma 6.5 If a point p is mapped onto a collinear point p® # p, then the
line pp? is fixed under 6.

Proof In Resa(p?) we find a line L opposite both pp? and (pp?)?. Then any
point x on L% distinct from p is mapped onto an opposite. Then E(x,x%)
is fixed pointwise. If char(F) # 2, the points x and x? are the only points
of E(x,x?) symplectic to all points of E(x,x?). It follows that (x?)? = «x.
If char(F) = 2, the latter follows directly from Lemma 6.3. Also, each line
through x is mapped onto its projection on x?, so xp is mapped onto x?p?
and vice versa, and so (p?)? = p and the line pp? is fixed. [

Lemma 6.6 Suppose char(F) # 2, or that char(F) = 2 and that for at least
one_point x mapped onto an opposite the fized point structure induced by 0
in E(x,x%) is a non-degenerate polar space. Then necessarily char(F) # 2 and
there exists an apartment £ of A fized pointwise by 6. Also, 8 fixes some panel
pointwise and hence is a homology.

Proof Let p, g be two fixed (by 8) opposite points such that @ fixes pointwise
a geometric hyperplane H of E (p,q), see Lemma 6.2. If char(F) = 2, we may
assume that H is a nondegenerate polar space of Witt index 3. If char(F) # 2,
the hyperplane is not singular (if a collineation fixes all points collinear to a
given point of a parabolic polar space, then it is the identity). Hence H is
a subquadric either of Witt index 4 (of type Dy), or of Witt index 3. Now
assume for a contradiction that H has Witt index 3 (in either characteristic).

Let 7 be a plane of E(p, q). Then by [7, Corollary 5.3.7] there is a unique
point py collinear to each 3-space U of E (p, q) containing n. Moreover, Propo-
sition 5.3.9 of [7] implies that the set of all such points py, for U running
through all 3-spaces of E (p. q) containing x, forms a line L of A. Since r is
fixed, the line L, is also fixed by 6. Note that, since no 3-space of E(p, q) is
fixed, no point on L, is fixed. Select any point x € n. Then also the plane
spanned by L, and x is fixed by 6. Hence an arbitrary point z € 7\ ({x} U L)
is either fixed or mapped to a collinear point. In the former case the point
L Nxz is fixed, in the latter case the point L, Nzz? is fixed (use Lemma 6.5),
twice the same contradiction.

Hence H has Witt index 4 (and char(F) # 2). Select two opposite points
X0, X1 in E(p, q), fixed by 6. Select two opposite points yg, y1 € {xo, x1}*, again
fixed by 6. Set &; := £(x;,y;),i = 1,2. Then & is opposite x;. Select lines Lg, L1
and planes mg, 71 in E(xq, x1) such that y; € L; c i, i =0,1, Ly is opposite
L1, whereas 7 is opposite 1 in the polar space E(p, q), and Lo, L1, mp, 71 are
fixed by 6. To L; and n; correspond a plane a; and a line K; through x;, with
K; Ca; C&;,i=0,1, and Ky is opposite K1, whereas a is opposite ;. Hence
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the chambers {xg, Ko, o, &o} and {x1, K1, a1, &1} are fixed and opposite and so
they uniquely determine a pointwise fixed apartment X.

With the notation of the previous paragraph, it is clear that 6 fixes all lines
in 7y through yg. Hence the panel determined by {xq, Ko, &g} is fixed pointwise
by 6. |

The proof of Theorem 6.1 is now complete. We note the following corollary
(completing a postponed part of the proof of Theorem 2.10). Let ¢’ be the
highest short root of the F4 root system.

Corollary 6.7 In F4(F), the element x, (a)x,(b) with a,b # 0 has opposition
diagram Fy;». If char(F) # 2 then x, (a) has this diagram too, and if char(F) =
2 then it has diagram Fil.

Proof By the angle between root elations x,(a) and xg(b) we shall mean
the angle between the roots @ and 8. We claim that:
(1) Every product of a short root elation and a long root elation at angle
/4 is conjugate to a product of two perpendicular long root elations.
(2) If char(F) # 2 then every short root elation is conjugate to a product of
two perpendicular long root elations.
To begin with, note that the Weyl group is transitive on pairs (a, ) with
a short, B long, and angle(a, 8) = n/4. An example of such a pair is
(¢, ), and it is sufficient to show that the stabiliser Wc, of ¢ is transi-
tive on the set of short roots with angle n/4 with ¢. These 6 roots are
(1110), (1111), (1121), (1221), (1231), (1232), and an easy check shows that Wc,
is indeed transitive on these roots.
Thus to prove (1) we may assume that 6 = x,(a)xg(b) with o = (1110),
B = (1000), and a, b # 0. By commutator relations

xa(@)x5(b) = x, (ab ) x5(a*b ) xp(b)x, (ab™h),

where y = (0110) and 6 = (1220). This proves (1), as (8, B) is a pair of
perpendicular long roots.

Now suppose that 6 is a short root elation. After conjugating we may
assume that 6 = x,(a) for some a # 0. Let € = (1110). By commutator
relations we have

xe(a 1 /2)0xe(a7t/2)7h = xpr(@)xy,(1).
Note that ¢’ is short, ¢ is long, and angle(¢’, ¢) = n/4, and so applying the
first statement completes the proof of the claims.
The statement of the Corollary now follows from Theorem 4, and the fact
that if char(F) = 2 then the Fy 4(F) geometry isometrically embeds into the

F4,1(F) geometry, with short root elations becoming long root elations. |

We now collect the results to prove Theorem 7.
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Proof All that remains is to prove the statements concerning the number of
conjugacy classes. If § has diagram Fil then 6 is conjugate to x,(a) for some
a € F (by Theorem 1). Then Ay, —w, (@)Xp (@) ey —wy (@)™ = x4(1), and so all
long root elations are conjugate.

If @ has diagram Fj;l, and char(F) # 2, then 6 is conjugate to &, (1) (by
Theorem 6.1 and Theorem 4.9). If char(F) = 2 then 6 is conjugate to x, (1)
(by Lemmas 6.4 and 6.6).

Thus suppose that 6 has diagram F,.2. By the proof of Corollary 6.7 we
may assume that 6 = x,(a)xgc, (b), and conjugating by a diagonal element
we may take a = 1. If b = ¢? is a square then

h3w1—2w2 (c)xap(l)xcpcs (CQ)h3w1—2w2 (c)_l = x(p(l)xg:CS (1).

This shows that there is at most one conjugacy class for each element of the
quotient F*/(F*)? (where (F¥)? = {x? | x € FX}). Thus if F is quadratically
closed then we conclude that there is a unique conjugacy class of automor-
phisms with diagram F4.». Similarly if F is finite and char(F) = 2 then there is
a unique conjugacy class (as every element is a square). Finally, if F is finite
with char(F) # 2 we conclude that there are at most 2 conjugacy classes,
and by the tables in [12] the elements Xp(1)Xgc, (1) and xy(1)xgc, (b) with
b ¢ (F*)? are not conjugate, and so there are precisely 2 classes. ]

Classification of domestic automorphisms of thick Es buildings

The classification of domestic automorphisms of the small Eg building (with
F = Fy) is given in [16, Theorems 4.6 and 4.6], and the classification of domestic
dualities of large Eg buildings is given in [32]. By Theorem 1 the collineations
with diagram 2Eg,; are root elations, and so all that remains to complete the
classification of domestic automorphisms of thick Eg buildings is to classify
the collineations of large Eg buildings with diagram 2Eg.o.

We begin with some setup. Let ¢ be the highest root of Eg, and let ¢’ =
(101111) be the highest root of the A5 subsystem. Let @1 be the A3z subsystem
generated by the simple roots as, ay, as, and let ¢” = (001110) be the highest
root of ®@;.

Let 87 = (100000), B2 = (010000), B3 = (000001), B4 = (111100), Bs =
(010111), and B = (111111), and for 1 <i < 6let C; = {a € " | @ — ;i €
Zsoas + Zsoay + Zsoas}. Explicitly we have

C; = {(100000), (101000), (101100), (101110)}
C, = {(010000), (010100), (011100), (010110), (011110), (011210)}
Cs = {(000001), (000011), (000111), (001111)}
Cy = {(111100), (111110), (111210), (112210)}
Cs = {(010111), (011111), (011211), (011221)}
Co = {(111111), (111211), (112211), (111221), (112221), (112321)}.
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Note that {C; | 1 <i < 6} is a partition of @*\(d1Uf{g, ¢'}). Foreachi =1,...,6
let
C! =(C;UCis1 U---UCe\ B Bi + ¢’}

The following technical lemma is required.

Lemma 6.8 Let 1 <i <6, and suppose that u = u'xg, 1,7 (b)xg, (a) with a # 0,
b eF, and u" a product of root elations with roots in C[. Let z1,z2,¢,d € F. If
729 # 0 and bz # —1, then

X_pi—gr(21)X—p (1) X_p (D) xg ()X (d)ux_p;—p» (22) € BwosaB.

Proof We make the following two claims:

(1) If z1,z7 € F then Bx_g, o7 (21)x_o(1)x_p (D) xp(c)xyp (d)X_p,—pn(21)B =
Bsys4B;

(2) With z3 = (b+ z;l)‘l7 we have ux_g,_,»(22)B € x_g,_4»(23)Bsyn B.

The result follows from these claims, because writing

8=x g (21)x_ o (Dx_p (D) xy () xp (d)ux_pg;, o (z2),
and using (2) followed by (1) gives

8 € Xx_p;—p(21)X—p (1) x_ (1) xy () Xy (d)X-p;—p7 (23) Bsyr B
C Bsysy'B - BsynB
= BsyS5y5,nB = BwgsyB,

where for the final two equalities we have used Lemma 3.5.

We prove (1). Let X = Bx_g, 7 (21)X—p(1)x_pr (1) x4 (¢) Xy (d)X_g,— ¢ (27) B.
We will write x,(-) as shorthand for an element of U, with the convention
that xo(-) = 1 if @ ¢ ®. By commutator relations, and replacing x_,(1) =
xw(l)s;lx‘p(l) and similarly for x_, (1), and noting that the roots ¢ and ¢’
are perpendicular, we compute

X = Bx_p (D)X (D)x—gr—p, - ()X ()X (€)X (d) X, ~p (21) B
= Bsypspxp (D) xg (1) Xy pi—pr () X-pi—pr ()X ()Xo ()
X Xpt+gp—pi-¢" (1) B.

Now, by inspection both ¢ — 8; —¢”" and ¢ + ¢’ — B; — ¢”’ are either not roots,
or are positive roots, and hence these terms can be absorbed into B. Thus

X = Bsypsyxp(1) X ()X~ ()X-pi—pn () Xgpr—p; o7 () B.

Moreover, note that ¢’ — B; — ¢” is a negative root if and only if i = 6 (in

all other cases it is either not a root, or is a positive root, and hence can be
absorbed into B). Also note that —¢’ — 8; — ¢’ is only a root for i = 2.

We now push the x,(1)x,(1) term to the right, to be absorbed into
the B. In the case i # 2,6 this gives X = Bs,spX_g,—o7(-)B, and then
since B; + ¢” € D(s,8,) = OP\D; the term x_g,_o»(-) is absorbed into
the B on the left hand side after moving past s,s,. For i = 2 we com-
pute X = BSySpX-g-g;—o(-)X_g,—o7(-)B, and since ¢’ + B; + ¢”, B; + ¢" €
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D(sys,7) the result again follows. Similarly, for i = 6 we compute X =
Bsy5px_gi—on () Xp—g;—pr(-)B. In this case ¢’ — B; — ¢” = —(011110), and so
both roots B; + ¢” and —¢’ + B; + ¢” are in O(s,s,), and the result follows
as before. Hence the claim.
We now prove (2). With u’ as in the statement of the theorem, we have
ux_g,—o"(22)B = u'xp,+o7 (b)xp,(a)X_p, -4 (22) B
= M/xﬁi‘*"ﬂ”(b)xﬁi (a)xﬁi+¢"(251)sﬁi+<ﬁ"3
=u'xg, 4o (b + zgl)xﬁi (a)sg;+o" B
= ' X400 (b + 257 )S ;407 X (£a) B,
where we have used the facts that 28; + ¢” ¢ ® and sg,+,7(8i) = —¢" for all
1 <i < 6. Recalling that zgl =b+ 151, using the folding relation we have
WX (22)B = WXy (35)555, 4 (S5, (35)55, s X (£0) B
= WXy (25)5p, 0 (2515, X v (£23)X g0 (£0) B
= u,x_ﬁi_‘p”(Z3)Sﬁi+(p”(Zgl)SBi.Hp"x_‘p”(ia)B
=u'x_p;-p(23)X—4r(24) B
= u,xiﬁi7<pu(Z3)_x(pn(zzl)s¢//B

for some z4 # 0.
By commutator relations, one may write

u'x g (23) = x_g;pr(z3)u”
where u” is a product of elements from root subgroups U, with y € ¥;, where
Y ={a,a—-B; —¢” | @ € C/} N ®. By inspection of the elements of C/, if y € Y;
is a negative root then necessarily vy € ®;. Moreover one sees that
{—0’5, —Qy4 — 05} ifi = 1, 5
Y,‘ﬁq)lz {—a’g,—ag—(l4} 1fl=3,4
{~as5, —asz, a4} ifi=26.
It follows that u” can be written in the form u” = u”’y;, where u’”’ € U*
and y; € [Iqey,nd, Ua- Simple calculations in As, using the fact that ®(s,~) =
@7 \{a4}, show that y;xy(z;')sy»B € BsyrB for eachi = 1,.. ., 6. For example,
if i = 1,5 we have (for some ay, as € F)
Yixgr (231)Sen B = X_000010(a1)X—000110(a2)X001110(23 ) S B
= X_000010(@1)X001110(21 ) X001000(£a223" ) X—000110(@2) o B
= x001110(Zil)xoouoo(ia1Z;1)X—000010(a1)x001000(idzzil)swﬂB
= X001110(23 ") X001100 (2125 ) X001000 (@225 )sp7 B C Bsyr B.

Hence (2) is proved. ]

We can now complete the classification of domestic automorphisms of thick
E¢ buildings.
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Theorem 6.9 Let 6 be a collineation of a thick Eg building A. Then 6 has
opposition diagram *Ee.o if and only if 8 is either a product of perpendicular
root elations, or a nontrivial homology fixing a subbuilding with thick frame
of type Ds.

Proof It is easy to see that if 6 is a product of perpendicular root elations
then @ is conjugate to an element x,(a)x, (b) with a,b # 0, and hence the “if”
direction of the theorem follows from Theorem 3.1 and Theorem 4.4. Thus it
remains to prove the “only if” direction.

The result for the small building Eg(2) follows from [16, Theorem 4.6].
Thus suppose that A is large, and so the underlying field F has at least
3 elements. Note that wa,wg, = 5,5, (by comparing inversion sets). Thus
disp(8) = €(s454), and since 6 is capped £(6(gB,0gB)) = {(s,s,) if and only
if 6(gB,0gB) = s5,5,. Moreover, after replacing 8 by a conjugate, we may
assume that the base chamber B is mapped to Weyl distance s, s, (see [15,
Theorem 2.6]). Since the stabiliser of B is transitive on each w-sphere centred
at B we may assume that B is mapped to the chamber x,(1)x, (1)s,5,B. By
the folding relation, and the fact that ¢ and ¢’ are perpendicular, we have
Xp(Dxyr(1)sp8,B = x_p(1)x_p(1)B. The condition 6(B) = x_,(1)x_,(1)B
gives

0 = x_y(D)x_y()uho  for some u € U", h € H, and o € Aut(F).

We will now determine u, h and o-. The primary strategy (as in Theorem 2.4)
is to show that if these elements do not take certain particular forms, then one
can find an element g € G such that g710g € BwBo with £(w) > C(548,). Thus
the chamber gB is mapped to distance £(w) > €(s,5,), contradicting the fact
that 6 has polar-copolar diagram. A useful observation is that if w = s,s5,v
with v € Wa, then £(w) = {(s,5,) + £(v). We now proceed with the analysis.
The first three steps are completely analogous to the proof of Theorem 2.4,
and we omit the easy details.

Claim 1: We have u € U;I;\(D].

Claim 2: We have h = hy,, (¢1) N, (c2)hews(c3) for some c1, ¢, c3 € FX.
Claim 3: We have o = id.

Claim 4: We have u € U,U,. Write u = x,(c)x, (d)uy with ¢,d € F and u; €
U£\(<1>1U|4p,<p/|)' We must show that #; = 1. Suppose not. Let i € {1,2,3,4,5,6}
be minimal such that a root in C; appears in u;. Using the same idea as in the
proof of Claim 4 in Theorem 2.4, one may then conjugate u; by an element

g €Uy, to obtain

g lurg = ujxp, 4y (b)xp, (a)
with a # 0, b € F, and u] a product of root elations with roots in C;.
Moreover, since g"'hg = h (by Claim 2) and g™ 'x_,(1)x_p (1) x4 (c)xpr (d)g =
X_p(D)x_pr(Dxy(c)xy(d) (because +o—a@, ¢’ —a ¢ @ for all @ € @) we have

g tog = X (D) x_pr (D) xg(¢)xgr (d)ut) X, 407 (D) xp, (@) h.
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Let g1 = x_g,—»(2) with z € F. Then

glilgileggl = x—Bi—cp”(_Z)x—tp(Dx—cp/(l)x«p(c)xcp’(d)”ixﬁiﬂp”(b)
X xg, (a)X_g;—pn (A2)h

for some A # 0. Since A is large we have |F| > 3, and so we may choose z € F
with z # 0 and bAz # —1. Applying Lemma 6.8 then gives

g7'g 0881 € Bwos4B,

and hence the chamber g;gB is mapped to Weyl distance wgsy, a contradic-
tion. Thus u; = 1.

Claim 5: We have 6 = x_,(1)x_p (1) x4 (a) Xy (D) hey, (1) By, (C2) s (€3), where
a=—(cica —1)(cac3—1) and b=-(c1 —1)(c3 - 1).

From Claims 1-4 we have 8 = x_, (1) x_ (1) X (@)X (D) hey, (€1) hiny (€2) By (€3)
for some a,b € F. Let @ = (101000) and B8 = (001111), and let g =
X_o(D)x_g(1). A direct calculation shows that if b # —(c; — 1)(c3 — 1) then

g log e BsysyB - BsgB = Bsys,s3B,

a contradiction.

A similar calculation, with g = x_,(1)x_s(1) where y = (010100) and § =
(112321) shows that if a # —(c1ca—1)(cac3—1) then g7 10g € Bs, sy 54B, again
a contradiction.

Claim 6: 0 fizes a chamber. Let gB = x4, (y1)Xe (¥2)S48,,B with y1,y2 € F.
With 6 as in Claim 5 we have

0gB = x_¢(1)x_¢/(1)x¢ (a)xtp’(b)xga (C1C§C3)’1)x<p/ (C103y2)s<p54p’3
=x_p(Dxy(a+ c1CSC3y1)x_¢r(1)x¢r(b +¢103Y2) S¢Sy B.

We now use the SL, relation x_o(2)xe(2") = X0z (1 + z2") Dx_o(—z(1 +
22D hov (1 + zz")71, valid whenever zz’ # —1, to obtain

0gB = x,((a+ clc§C3y1)(1 +a+ clcgc;),yl)_l)
X Xor (b + cre3y2)(1+ b + c1C3y2)_1)s¢s¢rB,

where we have chosen yy, y2 so that 1 +a +clc§c‘3y1 #0and 1+b+cic3ys # 0.
We have 6gB = gB if and only if (a + clcgcgyl) =yi(l+a+ clcgc;;yl) and
(b + c1c3y2) = yo(1 + b+ c1c3y2). Recalling that a = —(c1¢2 — 1)(c2c3 — 1) and
b = —(c1 — 1)(c3 — 1), the discriminants in the quadratics (in y; and ys) are
perfect squares, and we find that gB is fixed if and only if

1

yi €{l—citeyt 1 - cytesty ya €{l—cit 1-c3h)

(note that these values avoid the excluded values y; = 1-c7'c;! = c;'e;! and

yo=1- c{l —c3 ! required for the SLy relation to hold).

Claim 7: 0 is conjugate to x¢(—c1cz)x¢»(—cl)hw1(clcgl). Let g = x,(1 -
cIlcgl)x‘p/(l - cl_l)s‘psg,,/. It follows from Claim 5 that g~'6g € B, and a direct
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calculation yields
87108 = xp(—c10)xp (=) b, (c163")
as required.

Claim 8: 0 is either a product of perpendicular root elations, or is a homology
fizing a subbuilding with thick frame of type D5. After conjugating, as in Claim
6, we may replace 6 by the conjugate 6 = x‘p(—clcQ)xW(—cl)hwl(clcgl). If
c1 = c3 then 0 is a product of perpendicular root elations. If ¢; # c3 then we
note that the chamber gB, with g = x,(ci1cac3/(c1—c3)) Xy (c103/(C1—C3)) S0 Sy,
is fixed by 6. Thus g~'6g € B, and a direct calculation shows that

§710g = hy, (1 c3),

which is a homology fixing a subbuilding with thick frame of type Ds (by
Theorem 4.4). ]

Classification of domestic automorphisms of split G, buildings

Let @ be a root system of type G, with the convention that @; is a short
root. Note that as is the polar node. Let ¢ = (32) be the highest root of ®.
The highest short root is ¢’ = (21). Let G be the Chevalley group G (F).
The building A = G/B may be regarded as a generalised hexagon (the dual
split Cayley heragon), where the point set is G/P; and the line set is G/Ps,
where P; = BU Bs;B (in particular, note that “points” are type {2} = S\{1}
vertices, and “lines” are type {1} = S\{2} vertices). Then G = Aut(F) is the full
collineation group of A.

Recall the following definitions. A distance 3-ovoid in a generalised hexagon
¥ is a set S of mutually opposite points such that every element of the gener-
alised hexagon is at distance at most 3 (in the incidence graph) from a point
of 8. A subhexagon ¢’ of ¢ is full if every point of ¢ incident with a line
of ¥’ belongs to ¢¥’, and is large if every element of ¢ is at distance at most
3 from some element of ¢4’. Recall from [14, Theorem 2.7] that a nontrivial
automorphism 6 of a generalised hexagon is point-domestic if and only if its
fixed element structure is either a ball of radius 3 in the incidence graph cen-
tred at a line, a large full subhexagon, or a distance 3-ovoid. Dual statements
hold for line-domestic automorphisms. (Note that the “if” direction was omit-
ted in the statement of [14, Theorem 2.7], however it is obvious from fixed
element structure in each case).

In this section we prove the following theorem, which along with [14,
Theorem 2.7, 2.9, and 2.14| completely classifies the domestic automorphisms
of A.
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Theorem 6.10 Let A be the building of Go(F). There exists a unique conju-

gacy class €, of automorphisms with opposition diagram G% 1, and a unique

conjugacy class €a of automorphisms with opposition dzagmm G2 1+ The class

©1 consists precisely of the long root elations. The class €5 has representatwe

65, where:

(1) of char(F) = 3 then 62 = x,(1) is a short root elation fizing precisely a
ball of radius 3 in the incidence graph centred at a line,

(2) if there is z € F\{1} with z> = 1 then 0y = he, (2) s a homology fizing a
large full subhexagon, and

(3) if char(F) # 3 and there is no z € F\{1} with z3 = 1 then 0 = x4, (1)s1
fixes precisely a distance 3-ovoid.

In particular, note that in the case (3) there is no automorphism fixing a
chamber with opposition diagram G 1- This is the only case of a split building
with this property. The proof of Theorem 6.10 will follow from a series of
lemmas.

Lemma 6.11 Let A = Go(F). A collineation 6 fixes precisely a ball of radius 3
in the incidence graph centred at a point (respectively a line) if and only if 6
is conjugate to x,(1) (respectively, char(F) = 3 and 6 is conjugate to x,(1)).
Moreover, the automorphism x,(1) is domestic with opposition diagram Gg;l,
and the automorphism x, (1) is domestic if and only if char(F) = 3, in which
case it has opposition diagram G%;r

Proof Consider the case where the centre is a line L, and let p be a point
on L. Then {p,L} is a chamber fixed by 6, and after conjugation we may
suppose that {p, L} is the base chamber B. Since 6 fixes all points on the line
L it follows that € is linear, and hence 6§ € G5 (F). In the BN-pair language,
the hypothesis of the lemma gives that 6 fixes each chamber gB with g €
BUBs1BUBssBU Bsys2BU Bsasi BU BsysysoB. In particular, 8(B) = B, and
so 6 € B. Thus 0 = hu with h = hy,, (¢1)he,(c2) € H and u € U*. Write

u = x19(ai)xo1(az)xi1(as)xs1(as)xsi(as)xsz(ag).

By commutator relations and the fact that si(a) € ®* for all @ € ®*\{a} we
have

Oxa,(a)s1B = xq,((a + a1)c1)s1B,
and since 6 fixes each chamber x,,(a)s;B with a € F we have a; = 0 and
¢1 = 1. Similarly, since 0x,,(a)saB = xq,((a + az)cz)s2B we have az = 0 and
¢o = 1. Thus h = 1. Next, since 0 fixes each chamber x19(a)sis9B with a € F
we have

x31(a)s1s2B = 0x31(a)s152B = x31(a + as)s152B,

and so as = 0. Similarly, since the chamber x11(a)s2s1B is fixed for all a € F
we have a3 = 0. Next, the condition that x32(a)sssisoB is fixed for all a € F
yields ag = 0, and so 6 = x,/(as). However also the chamber x,1(a)s2s152B
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must be fixed, and a calculation gives
0x11(a)s2s152B = x11(a)x32(3a4a)s25152B.

Thus char(F) = 3. We may then conjugate A, (a;l)é’hw2 (as) = x4(1), and
the result now follows in this case by Theorem 2.10.

In the case that the centre is a point, a very similar analysis to the above
gives 6 = x,(a) for some a # 0, and this element is conjugate to x,(1). Since
this element is central in U™ it is clear that 6 does indeed fix a ball of radius 3,
and moreover by Theorem 2.1 it has opposition diagram G%,r u

Lemma 6.12 There exists a collineation of A fixing precisely a distance 3-
ovoid if and only if the polynomial 72 + z + 1 is irreducible over F. Moreover,
if 22+ z + 1 is irreducible over F then there is a unique conjugacy class of
collineations fixing an ovoid, with representative 6 = x4, (1)s7.

Proof Suppose that 6 fixes a distance 3-ovoid (and hence is point-domestic).
Since the automorphism group of A is transitive on pairs of opposite vertices
we may assume that the points P; and wgP; are both fixed. Write 6 = 6 - o,
with 8 € G and o € Aut(F). We have 0P, = 6yP;, and so 6y € Py = BU BsB.
If 69 € B then 6 fixes the chamber B, a contradiction. Thus 8y € Bs;B. Each
element of Bs;B can be written as x,, (a)s1b with b € B. Replacing 6 by the
conjugate b7 8b~7 we may write

0 = huixq, (a)sy - o,

where h = he,, (c1)hw, (c2) With ¢1,c2 € FX, uy € [Tpear\(ay} Uar and a € F.
Claim 1: u; = 1. Since 6 fixes woP7, and since o fixes wg, we have w6190w0 €
P;. However

-1 -1 -1 -1
wq Gowg = (wy hwo) (W urwo) (Wy Xa, (a)s1wo),

and since the first and third grouped terms are in P; we have w; Lyywg € Py =
B U Bs{B. If walulwo € B then since wglulwo is also in the opposite Borel
we have uy € H, and so u; = 1. If walulwo € Bsi1B then uywg € woBs1B =
U wgs1B = U™ 5951525152 B. However, writing

urwoB = x10(0)x31(d1)x21(d2)x32(d3)x11(d4)x01(d5)515251525152B,

the folding algorithm described in [13, §7] implies that
— if dy # 0 then uywoB C U~ vB for some v € {1, s1, 2, §152, $251, $25152};
— if dy =0 and dy # 0 then uywoB C U~ s9B;
— if dy =dy =0 and d3 # 0 then u;wgB C U™ s1B;
— if dy =dy =d3 =0 and dy # 0 then uywgB C U™ 515251 B;
—ifdy =dy=d3=ds =0 and ds # 0 then u1woB C U™ 51529515251 B.
This contradiction shows that indeed wy Luiwg € B, and hence u; = 1.
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Claim 2: c?c% =1 and o0 = 1. We have 6 = hx,,(a)s1 - o, where h
he, (€1)he, (c2). Consider the chamber x,(z)woB, where z € F. We have
walxw(—z)9x¢(z)w0 = walxw(—z)hxal(a)slx‘p(za')wo
= walhx¢(—chgc2_2)xm(a)x¢ (z7)s1wo
€ Bwy'xy(—zc73cy? + 27 )wo Py
=Bx_, (chgcg2 -z9)P,.

2

If ze7?c;? =27 # 0 then wylxy(-2)0x,(2)wo € Bsy Py, and since s,
s28518528152 it follows that the point of the chamber x,(z)woB is mapped to

an opposite point, a contradiction. Thus zc{?’cz‘2 —z7 =0 for all z € F. The
case z = 1 gives ci”c% =1, and then the equation reads z — z =0, and so o is
trivial.

Claim 3: We may assume that either a = 0 or a = 1. Suppose that a # 0.
Then, since s1(w1) = —w1 + 3wo we have

By (@) 0hy, (@) = By, (a7 1) iy (€2) X ay (@) Mg 4300, (@) 51

= hw1 (a_lcl)hwg (62)h7w1+3w2 (a)xal 1)sq

= hgy (@2 ¢1) hy, (@Pca)xa, (1)s1.

Renaming a~2c; and a3cy by ¢; and ¢y gives the result.

Claim 4: We have char(F) # 3. Suppose that char(F) = 3. Suppose first that
a = 0. Then a calculation shows that the point xg1(1)x31(1)s251525152P1
is mapped to the point )C()l(—Cz)xgg(l)xgl(C2_1)S2S1S2S1S2P1, and that these
points are opposite, a contradiction.

Now suppose that a = 1. Since cfcg = 1 we have hy, (c1)he,(c2) =
haX(c) where ¢ = c;lcgl. Thus 60 = ha¥(c)x10(1)s1. Now, writing u =
x01(c™)x11(=c VD xa1(1)x31(=1), if ¢ # 1 we calculate

P1W61M_19MW0P1 = P1S2S132S1S2P1,

showing that the point uwgP; is mapped to an opposite point, a contradiction.
Thus ¢ = 1, and hence ¢y = ¢ = 1. But then

0 = x10(1)s1 = x10(2)x-10(=1)x10(1) = x10(=1)x_10(=1)x10(1),

and hence 6 is conjugate to a root elation, a contradiction.

Claim 5: We have a # 0 and ¢; = c2 = 1. Recall that 8 = hx,, (a)s;, with

he, (€1)hew, (c2) where c:fcg =1, and a € {0, 1}. Consider the chamber gB where

g = x11(1)wg. Then
87108 = wy'x11(=1)hx10(a)s1x11 (1w
€ Bwy' x11(=c1 ¢y )x10(@)x21 (=1)s1wo B
= Bwy ' x11(=c7 31 )x21(=1)x31(=3a) 52515251 52 B.

Write u = X11(—CI1C51)XQ1(—1))631(—361). We will show below that if either
a =0 or cico # 1 then usysys95150B € U™B = woBwgB, which in turn gives
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g '0g € BwyB, a contradiction with point-domesticity. To prove the above

statement, we compute

us251525152B = x_11(—=c1e2)x11(cy ey Dni1(=cy ey xa1(=1)x31(—3a) s251 525152 B
C UTxi1(cr 3 )x1o(=c1ea)xa1(=3a)sy 2 B.

Commutator relations give

x11(cy ey x10(=c102)x31(~3a)
= x10(=c102)x31(3(c1c2 — a))x11 (7 ey )x32(3cT 5 M) x21 (2).
Using this in the above equation, and noting that the final three terms can
pass past the s1s2 and remain in B, we have
usas1525152B C U™ x10(—c102)x31(3(c102 — a))s152B
= U x_10(=c; ' ¢3 )x10(crca)nio(—c1c2)x31(3(c1cz — @) s152B
= U x10(c102)X01(3c1% 5% (c1e0 — @))soB
= U_XQ1(3C2_1(C102 —a))ssB.
Recall that char(F) # 3. Thus if either a = 0 , or if a = 1 and cic2 # 1, we
have usos1525152B € U™ B as required.
Claim 6: The polynomial z2 + z+1 is irreducible over F. Since 6 fixes no lines,
in particular no line through P; is fixed. Equivalently, none of the chambers
B and x,,(-z)s1B with z € F are fixed by 6. Clearly B is not fixed, and for
z # 0 we have
0xq,(—2)s1B = xo, (1)51X0,(-2)51B
Xa,(1)x—o, (2)B
= Xa, (DX, (2751 B

= Xxq,(1+271)s51B,

and so 1+ z71 # —z for all z € FX. Hence the claim.

So far we have proved that if 6 fixes a distance 3-ovoid, then @ is conjugate
to X4, (1)s1 and the polynomial z2+z+1 = 0 is irreducible over F. It remains to
show that if this polynomial is irreducible then the element 8 = x,, (1)s; does
indeed fix a distance 3-ovoid. We have shown that no line through the fixed
point P; is fixed. This implies that the fixed element structure of 6 consists of
a set of mutually opposite points (for otherwise by projecting onto P; gives
a fixed line through P;). Thus it is sufficient to prove point-domesticity to
deduce that the fixed structure is a distance 3-ovoid.

By Lemma 1.6 it is sufficient to show that no point opposite the base point
is mapped onto an opposite point. These points are of the form

85251528152 P1 = x01(a1)x11(az2)x32(as)xa1(as)x31(as)s2s1525152P1.
We compute

g0 = x01(a")x11 (b)) x21 (B )x31(3b" — a’)x10(1)s1
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where a’ = —ay — a5 and b’ = —as + a4 — a5, and hence
P15, 87 085, Py = Pyx_g1(=a')x_21(b)x_11(=b")x_01(3b' — a') Py.
The folding algorithm then easily gives
R Y
P1 s;lg_legs¢P1 © {ﬁ1s2S1S2P1 i)ftzerwfse, "
completing the proof. ]

Lemma 6.13 There exists a collineation of A fixing precisely a large full sub-
hexagon if and only if the equation z> + z + 1 has a solution z # 1 in F.
Moreover, if z2 + z+ 1 = 0 with z # 1 then there is a unique conjugacy class
of collineations fixing a large full subhexagon, with representative 6 = hy,, (2).

Proof We may, after conjugating, suppose that the base apartment is fixed.
Moreover, as the fixed subhexagon is full, all points on a line are fixed, and so
0 is linear. Thus 6 = h,,, (c1)he,(c2) € H. But fullness means that all points on
the line L = P5 are fixed. These points are P; and x,,(a)s2P; for a € F. Since

0xq,(a)saP1 = Xq, (aco)s2 Py

we have ¢o = 1. Thus 6 = h,, (¢) for some ¢ € F*. Consider the chamber
gB = x,(1)woB. Then

Bg '6gB = BwalxqJ (c® - 1)walB.

If ¢3—1 # 0 then this double coset is BsyB = Bsys1525152B, which means that
the point of this chamber is mapped to an opposite point, a contradiction.
So ¢3—1=0.1If ¢ = 1 then 6 is the identity, a contradiction (as # maps a
line to an opposite line). So ¢? + ¢ + 1 = 0 has a solution ¢ # 1 (in particular,
char(F) # 3). Finally, we show that in this case the automorphism 6 = h,,, (¢)
does indeed have opposition diagram G%;r It suffices to show that no point
opposite the base point P; is mapped to an opposite point. Each such point
is of the form us, Py, where

u = xo1(a1)x11(az)xz2(az)xz1(as)xs(as).
Commutator relations, and the fact that ¢ = 1, imply that
u™'0u = x11(az(c = 1))x32(3azas (1 - ¢))xa1(as(c® = 1)) by, (c).
Thus
Pisg'u™ usy Py = Prx_si(az(c = D)x-s2(3azas(c = 1))x-11(as(1 = ¢*)) Pr.

Explicit computation then shows that Plst;lu‘19us‘pP1 € P1 U PisasisoPy,
completing the proof. [ ]

We now give the proof of Theorem 6.10.
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Proof An automorphism with opposition diagram G%’l must fix either a ball
of radius 3 centred at a line, a large full subhexagon, or a distance 3-ovoid,
and the result follows from Lemmas 6.11, 6.12 and 6.13.

Consider the opposition diagram Gg’l. The fixed element structure of an
automorphism with this diagram is necessarily either a ball of radius 3 centred
at a point, a large ideal subhexagon (where ideal is the dual notion to full),
or a distance 3-spread (the dual notion to a distance 3-ovoid).

Large ideal subhexagons do not exist in the dual split Cayley hexagon, by
[30, Remark 5.9.14]. Suppose that 6 fixes a distance 3-spread. We argue as in
the proof of Lemma 6.12. As in that proof, we have 6 = hu;x4,(a)s2 - o, where
h = he, (c1)he,(c2) With ¢, co € F*, uy € [1yeot\(ay) Uas and a € F. The proof
of Claim 1 of Lemma 6.12 holds in an analogous fashion, yielding u; = 1.
Following the argument of Claim 2, considering the chamber gB = x,/ (z)wo B,
we have

w51x¢/(—z)9x¢»(z)w0 € Bx_(pf(chzc{l —z7)Ps,

from which it follows that ZCI2CI1 —z% =0 for all z € F. Setting z = 1 gives
c%cz = 1, and then the equation reads z — z7 = 0, and so o is trivial. Thus
0 = he, (C)he,(c7?)xq,(a)sz for some ¢ € FX and a € F. We may assume
that either a = 0, or that a = 1 (by conjugating by he,(c?a™t)). If a = 0,
with char(F) # 2, we see that the chamber x10(1)s;s5251B is mapped to an
opposite. If a = 1 with char(F) # 2, we see that if ¢ # —1/2 then x10(1)s15251B
is mapped to an opposite, and if ¢ = —1/2 then x19(1)x11(1)s15251 B is mapped
to an opposite. If char(F) = 2 and a = 1 then the chamber x1g(1)sys251B is
mapped onto an opposite chamber.

Suppose char(F) = 2 and that a = 0. Since no chamber is fixed, we compute
(for z # 0)

0x01(~=2)52B = Ny, () ey, (¢72) 5201 (—2)52B
By () gy (€3 x_01(2) B
X01 (Z71C72)S2B.

Thus z7'¢™2 # —z, and so z2 # —c™2 for all z # 0. This is a contradiction
(taking z = ¢™! and recalling that char(F) = 2). [

We note that Corollary 10 follows from the above results:

Proof The polar closed admissible diagrams are realised as the opposition
diagrams of unipotent elements, by Theorem 5. The admissible diagram Fil
is achieved as the opposition diagram of either the homology A, (-1) (if
char(F) # 2) or the short root elation x,/(1) (in the case char(F) = 2) by
Lemma 4.8 and Corollary 6.7. All of these automorphisms lie in B, and hence
fix the base chamber of A = G/B. The remaining diagram is G%;l’ and the
result follows from Theorem 6.10. [
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Group theoretic consequences

We conclude with group theoretic applications of our results, proving Corol-
laries 11 and 12 from the introduction, and providing some further similar
applications.

The proof of Corollary 11 is as follows.

Proof Let % be a conjugacy class in G. Suppose that €N BwyB = (0. Then no
chamber is mapped onto an opposite chamber by any element of € (for if 6-gB
is opposite gB then g710g € BwgB). Thus every element of ¢ is domestic. By
Theorems 2.4, 5.1, and 6.1 every domestic automorphism of a large building
of type Eg or F4 necessarily fixes a chamber, and hence ¥ N B # 0. Similarly,
for the small buildings of type Eg or F4 every domestic automorphism fixes a
chamber by [16, Theorems 4.4 and 4.6], hence the result. ]

The proof of Corollary 12 is as follows.

Proof By Corollary 2 every Moufang spherical building, with the exception
of a projective plane, admits a type preserving domestic automorphism (a long
root elation). The conjugacy class of such an automorphism thus intersects
trivially with BwgB. ]

It follows, from Remark 6.16 below, that the statement of Corollary 11
fails in general for buildings of types E; and Eg (as there exist domestic
automorphisms fixing no chamber). In these cases we have the following
results.

Corollary 6.14 Let G = Go(F) be a Chevalley group of type E7 with |F| > 2.
Let ¢1 (respectively @s, p3) be the highest root of the E7 (respectively Dg, Dy)
subsystem. For each nontrivial conjugacy class € in G we have both

C N (Bsg,BUBsy,, 54,BUBSs, 54,578 U Bsg, 54,5,,538 U BwgB) # 0, and
CN(BUBSe, 85,578 U Bsg, 50p,5,,538 U BwgB) # 0.

Proof If ¥ is a nontrivial conjugacy class, then every element of ¥ has non-
empty opposition diagram. Let 8 € €. If J = Typ(6) then by [15, Theorem 2.6]
there is a chamber gB with §(gB, 0-gB) = ws\ywo, and so g l0g e Bwg\ywoB.
Hence €N Bws\ywoB # 0. The first statement then follows from the classifica-
tion of admissible diagrams. The second statement follows from the fact that,
by Theorem 5.1, every automorphism with opposition diagram either E7.5 or
Es.2 necessarily fixes a chamber, and hence is conjugate to an element of 5. m

In the case F = Fs, there exist uncapped automorphisms, and some
additional double cosets need to be included in the statement of Corollary 6.14.
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Corollary 6.15 Let G = Go(F) be a Chevalley group of type Eg with |F| > 2.
Let @1 (respectively o, p3) be the highest root of the Eg (respectively E7, Dg)
subsystem. For each nontrivial conjugacy class € in G we have both

€ N (Bsp,BUBSy,,80,BUBsy, 84,50,57B U BwoB) #0, and
€ N(BUBsy, 84,580,578 U BwyB) # 0.

Proof The proof is similar to Corollary 6.14. [ ]
We conclude with the following remark.

Remark 6.16 The results of this paper (along with [32]) completely clas-
sify the automorphisms of split spherical buildings of exceptional type with
opposition diagrams other than E7.3, E7.4, and Eg.4 (with the possible excep-
tion of polar-copolar diagrams for small E; and Eg buildings). For these three
excluded diagrams we have provided examples (both unipotent elements and
homologies) with the respective opposition diagram, and the general classifi-
cation for these diagrams will be continued in [18]. For now we simply state,
without proof, that in both E; and Eg the element 6 = x,,(1)s; has order 3
and opposition diagram E7.4 or Eg.4 (for all fields). Thus, for example, if F = Fy
then 6 necessarily does not fix a chamber (as the Borel is a Sylow 2-group in
this case), and hence is neither in U* nor in H. Furthermore, for type E7 the
element 0 = x4, (1)S2Xq, (1)S5X4,(1)s7 has has order 3 and opposition diagram
E7;3, and similar statements apply.

Root system data

The following table lists the number of positive roots (equivalently, the length
of the longest element), the highest root ¢, the highest short root ¢’, the polar
type @, the dual polar type ¢’, and the copolar type p* for each irreducible
crystallographic root system. Note that the copolar type is not well defined
in the B,, and D,, cases as S\g is not irreducible.

LIt T ¢ [ ¢ [o ][] 9 |
Ay l[n(m+1)/2] (111 ---111) - (Ln)[{Ln}[{2n-1) (n 23)
B, n? (122---222)[(111---11D)| {2} | {1} -

C, n? (222 ---221)[(122---221)| {1} | {2} (2}

D, || n(n-1) [(122---211) - 2y | 23 -

Ee 36 (122321) - 2} | {2} {1, 6}

Er 63 (2234321) - {1y | {1} {6}

Es 120 (23465432) - {8} | {8} {1}

Fy 24 (2342) (1232) 1y | (4 (4}

Go 6 (32) (21) {2} | {1} {1}
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The positive roots of the Eg root system are as follows.
100000 010000 001000 000100 000010 000001 101000 010100 001100 000110
000011 101100 011100 010110 001110 000111 111100 101110 011110 010111
001111 111110 101111 011210 O11111 111210 111111 011211 112210 111211
011221 112211 111221 112221 112321 122321
The positive roots of the E7 root system are as follows.
1000000 0100000 0010000 0001000 0000100 0000010 0000001 1010000 0101000
0011000 0001100 0000110 0000011 1011000 0111000 0101100 0011100 0001110
0000111 1111000 1011100 0111100 0101110 0011110 0001111 1111100 1011110
0112100 0111110 0101111 0011111 1112100 1111110 1011111 0112110 0111111
1122100 1112110 1111111 0112210 0112111 1122110 1112210 1112111 0112211
1122210 1122111 1112211 0112221 1123210 1122211 1112221 1223210 1123211
1122221 1223211 1123221 1223221 1123321 1223321 1224321 1234321 2234321
The positive roots of the Eg root system are as follows.
10000000 01000000 00100000 00010000 00001000 00000100 00000010 00000001
10100000 01010000 00110000 00011000 00001100 00000110 00000011 10110000
01110000 01011000 00111000 00011100 00001110 00000111 11110000 10111000
01111000 01011100 00111100 00011110 00001111 11111000 10111100 01121000
01111100 01011110 00111110 00011111 11121000 11111100 10111110 01121100
01111110 01011111 00111111 11221000 11121100 11111110 10111111 01122100
01121110 01111111 11221100 11122100 11121110 11111111 01122110 01121111
11222100 11221110 11122110 11121111 01122210 01122111 11232100 11222110
11221111 11122210 11122111 01122211 12232100 11232110 11222210 11222111
11122211 01122221 12232110 11232210 11232111 11222211 11122221 12232210
12232111 11233210 11232211 11222221 12233210 12232211 11233211 11232221
12243210 12233211 12232221 11233221 12343210 12243211 12233221 11233321
22343210 12343211 12243221 12233321 22343211 12343221 12243321 22343221
12343321 12244321 22343321 12344321 22344321 12354321 22354321 13354321
23354321 22454321 23454321 23464321 23465321 23465421 23465431 23465432
The positive roots of the F4 root system are as follows.

1000 0100 0010 0001 1100 0110 0011 1110 0120 0111 1120 1111

0121 1220 1121 0122 1221 1122 1231 1222 1232 1242 1342 2342

The positive roots of the G, root system are as follows.
10 01 11 21 31 32
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