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Abstract Let 2" be a locally finite regular affine building with root system R.
There is a commutative algebra ./ spanned by averaging operators A;, A € PT,
acting on the space of all functions f : Vp — C, where Vp is in most cases the
set of all special vertices of 2", and P is a set of dominant coweights of R. This
algebra is studied in [6] and [7] for A, buildings, and the general case is treated
in [15].

In this paper we show that all algebra homomorphisms / : o/ — C may be
expressed in terms of the Macdonald spherical functions. We also provide a second
formula for these homomorphisms in terms of an integral over the boundary of 2.
We may regard <7 as a subalgebra of the C*-algebra of bounded linear operators
on £%(Vp), and we write .5 for the closure of <7 in this algebra. We study the
Gelfand map @ — % (M;), where M, = Hom(a#, C), and we compute M,
and the Plancherel measure of 7. We also compute the £2-operator norms of the
operators A;, A € PT, in terms of the Macdonald spherical functions.
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Introduction

In [15] we showed that under the weak hypothesis of regularity, to each affine build-
ing 2 of irreducible type there is naturally associated a commutative algebra &7
spanned by vertex set averaging operators A;, A € P, acting on the space of all
functions f : Vp — C.Here P is the set of dominant coweights of an appropriate
root system R, and Vp is in most cases the set of all special vertices of Z .
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Let C[ P] denote the group algebra of the coweight lattice P of R, with the group
operation written multiplicatively. Thus elements of C[ P] are linear combinations
of the formal exponentials {x*};cp, and x*x#* = x*T# = x#x* forall A, u € P.
Let Wy denote the Weyl group of R. Thus Wy acts on P, and hence on C[ P] by line-
arly extending wx* = x¥*. Let C[P]"0 = {f € C[P] | wf = f forall w € Wp).
In [15, Theorem 6.16] we showed that .o# = C[P]"0, with the isomorphism given
by A, +— P;(x), where the elements Py (x) € C[P]™0, ) € PT,arethe Macdonald
spherical functions.

In this paper we study the algebra homomorphisms % : &/ — C. The isomor-
phism &7 = C[P]"0 gives one formula for these homomorphisms in terms of the
Macdonald spherical functions. The main part of this paper is devoted to a rather
different line of reasoning which furnishes a second formula for the algebra homo-
morphisms / : &/ — Cin terms of an integral over the boundary of 2 (that s, the
spherical building at infinity). This formula is an analogue of the formula in [12,
Proposition 3.3.1], which expresses the zonal spherical functions on a group G of
p-adic type as an integral over K, where K is a certain compact subgroup of G. For
example, G = SL(n + 1, F), where F is a p-adic field, and K = SL(n + 1, O),
where O is the ring of integers in F. See below for more details.

The algebra <7 may be regarded as a subalgebra of the C*-algebra .2 (¢2(Vp))
of bounded linear operators on ¢2(Vp), and the closure % of & in L (£*(Vp))
is a commutative C*-algebra. We study the Gelfand map @» — % (M»), where
M, = Hom(w, C). We compute M, and the Plancherel measure 7 on M> cor-
responding to the natural state A — (Ad,)(0) on o5 (here o € Vp is any fixed
vertex, and 6, (x) = 1 if x = o and 0 otherwise). These results will be used both in
this paper (for example, in the important Theorem 6.2 where we show the equality
of our two expressions for the homomorphisms 4 : &/ — C) and in later work,
where we will study isotropic random walks on affine buildings. In Theorem 6.3
we compute the Zz-operator norms ||Ay|l, A € PT, in terms of the Macdonald
spherical functions.

It is important to notice that throughout this work we do not assume the exis-
tence of any groups acting in particular ways on the building. We only use the
building axioms, which puts our results into a general setting.

Let us briefly describe the connection between our work and thatin [12]. Let G
be a group of p-adic type with a maximal compact subgroup K, as in [12, §2.7].
Associated to G there is an irreducible (but not necessarily reduced) root sys-
tem R, as in [12, Chapter II]. As mentioned above, the typical example here is
G=SL(n+1,F)and K = SL(n + 1, O), where F is a p-adic field and O is the
ring of integers in F. In this case R is a root system of type A,.

A function f : G — Cis called bi-K -invariant if f(gk) = f(kg) = f(g) for
all g € G and k € K. Let Z(G, K) be the space of continuous, compactly sup-
ported bi-K -invariant functions on G. In [12, Theorem 3.3.6], Macdonald shows
that Z(G, K) = C[Q]"0 (the subalgebra of Wy-invariant elements of the group
algebra of the coroot lattice Q of R), and thus .Z (G, K) is a commutative convo-
lution algebra.

A function ¢ : G — C is called a zonal spherical function relative to K if

1) o) =1,
(i1) ¢ is bi-K-invariant and continuous, and
(i) f+¢ =2Arrgforall f e £(G, K), where Ay is a scalar
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(see [12, Proposition 1.2.5]). In [12, Proposition 3.3.1] Macdonald gives a for-
mula for the zonal spherical functions in terms of an integral over K, and in [12,
Theorem 4.1.2] he uses this integral formula to obtain a second ‘summation’ for-
mula for the spherical functions in terms of a sum over Wy (the Weyl group of R)
of rational functions.

The group G acts strongly transitively on its Bruhat-Tits building .2~ (see [12,
Lemma 2.4.4]), which is locally finite, regular and affine, although Macdonald
makes little use of this building. The contents of this paper (and [15]) lead us to
the conclusion that, rather than playing a relatively minor role, the building theo-
retic elements alone determine the nature of the algebra £ (G, K) and the zonal
spherical functions.

Specifically, the algebra .Z (G, K) is isomorphic to a subalgebra <% of <7,
spanned by the operators {A; | A € Q N P1}. The reason that this smaller algebra
occurs here is that Macdonald supposes that his groups of p-adic type are simply
connected, and so for him the coweight lattice has to be replaced by the coroot
lattice, and thus the set Vp is replaced by the smaller set Vp consisting of all verti-
ces of one special type. See [8, Propositions 2.4 and 2.5] for details in the R = Aj
case. In [15, Theorem 6.16] we showed that o7 = C[P]"° (and indeed one can
easily see that o7y = C[Q]W0), thus proving the analogue of [12, Theorem 3.3.6].

The zonal spherical functions on G correspond to the spherical functions on Vg
(see Definition 3.20), which in turn correspond to the algebra homomorphisms
h : oy — C (see Proposition 3.21). Our analogue of Macdonald’s integral formula
is Theorem 3.22 (see also Corollary 3.23), and our analogue of his summation for-
mulais (2.1). Both of our formulae are proved in the context of the larger algebra .o/
(in fact we will have little to say regarding the smaller algebra .o%) in what follows).
Since there are locally finite regular affine buildings that are not the Bruhat-Tits
buildings of any group, our building approach puts the results of [12] into a more
general setting.

1 Notations and definitions
1.1 Root systems

Root systems play a significant role in this work. We fix the following notations
and conventions, generally following [2, Chapter VI].

Let R be an irreducible, but not necessarily reduced, root system in a real vec-
tor space E with inner product (-, -). The rank of R is n, the dimension of E. Let
Io={1,2,...,n}and I ={0,1,2,...,n}. Let B = {o; | i € Iy} be a fixed base
of R, and write R for the set of positive roots (relative to B). For a € E\{0},
write a” = @%), and let RV = {a" | « € R} be the dual root system of R. Since
R is irreducible there is a unique highest root &, and we define numbers {m;};c; by
mo=1,and & = Zie,o mja;. Foreach i € Iy define ; € E by (A, ;) = §; ;.
The elements {A;};¢y, are called the fundamental coweights of R. The coweight
lattice of Ris P = >, 1o ZAi, and elements A € P are called coweights of R.
A coweight A € P is said to be dominant if (A, ;) > 0 for all i € Iy, and we

write P for the set of all dominant coweights. Finally, let O = >, g Za" be
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the coroot lattice of R, and let 07 =", _p+ Nao¥, where N = {0, 1,2...}. Note
that Q C P.

For those readers not so familiar with the non-reduced root systems, we make
the following comments. For each n > 1 there is exactly one irreducible non-
reduced root system (up to isomorphism) of rank », denoted by BC,,. To describe
the root system BC,,, we may take £ = R" with the usual inner product, and let R
consist of the vectors +e;, £2¢; and +¢; e for1 <i <mand1 < j <k <n.
Letaj =ej—ejriforl < j <nanda, =e,. Then B = {Olj}?=1 is a base of R,
and R consists of the vectors ¢;, 2¢; and ejferforl <i <nandl <j<k<n.
The fundamental coweights are A; = e; + --- + ¢; foreach 1 <i < n. Note that
RY = R and Q = P. The subsystem R| = {& € R | 2a ¢ R} is a root system of
type C,, and the subsystem Ry = {« € R | %a ¢ R} is a root system of type B,
(with the convention that C; = B} = A}).

1.2 Weyl groups

Foreacha € Rand k € Zlet Hy.x = {x € E | (x, o) = k}. We call these sets
affine hyperplanes, or simply hyperplanes. For each « € R and k € Z let sy
denote the orthogonal reflection in Hy.g. Thus sq.x(x) = x — ({(x, &) — k)~ for
all x € E. Write 5o in place of 540, 5; in place of s, (fori € Ip), and let so = s5:1.
Let Wy = Wp(R) be the Weyl group of R, and let W = W(R) be the affine Weyl
group of R. Thus Wy is the subgroup of GL(E) generated by Sy = {s;}ies,, and
W is the subgroup of Aff(E) generated by S = {s;}ics. Both (Wp, Sp) and (W, §)
are Coxeter systems. For subsets J C I we write W for the subgroup of W gen-
erated by {s;}ies. Thus Wy = Wp\j0). Given w € W, we define the length £(w)
of w to be smallest n € N such that w = s;, ...s;,, with iy, ..., i, € I. We write
M = (mi,j)?,j:o for the Coxeter matrix of W. Thus m; ; is the order of s;s; in W.

1.3 The Coxeter complex

The Coxeter complex of W is the labelled simplicial complex ¥y whose vertex set is
the (automatically disjoint) union over i € I of the sets X; = {wWp ;) | w € W}.
If x € X; we say that x has type i, and write 7 (x) = i. Simplices of X are subsets
of the maximal simplices (or chambers), which are defined to be sets of the form
{wWnyy |'i € I}, w € W. The subscript ‘s’ on X stands for ‘simplicial’. Itis also
possible to think of X as a chamber system 2. Let X, be the set of all chambers
of X, and for C, C' € ¥, andi € I, declare C ~; C’ if either C = C’ or if all the
vertices of C and C’ are the same, except for those of type i.

There is a natural geometric realisation ¥ of X in the case when R is irre-
ducible (when R is reducible the following construction produces a polysimplicial
complex). Let ‘H denote the family of hyperplanes Hy.x, @ € R, k € Z, and
define chambers of X to be open connected components of E\ .4, H. Since
R is irreducible, each chamber is an open (geometric) simplex [2, V, §3, No.9,
Proposition 8], and we call the extreme points of the closure of chambers vertices
of X. We write V(%) for the set of all vertices of X.
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The choice of the base B gives a natural choice of a fundamental chamber
Co={x€eE|{x,a)>0 foralli € Iy and (x, &) < 1}. (1.1)

The vertices of Cq are the points {0} U {X;/m;}ieq, [2, VI, §2, No.2]. There is a
natural simplicial complex structure on X by taking maximal simplices to be the
vertex sets of chambers of %, and taking simplices to be subsets of maximal sim-
plices. Thus, following the argument in [5, Lemma 1.5], we define 7 : V(X) — [
to be the unique labelling of ¥ (as a simplicial complex) such that 7(0) = 0 and
T(A;j/m;) =i. As a labelled simplicial complex, ¥ is isomorphic to 3.

We will henceforth simply write ¥ for the Coxeter complex of W. It will be
clear from the context if one is to regard X as a simplicial complex or as a geometric
realisation in E.

1.4 The ‘good’ vertices and sectors of X

At this stage there is really no difference between the C, and BC, cases. That
is, X(Cp) = X3(BCy,). We now introduce some additional structure that will
differentiate between these two cases.

The set P of coweights of R is a subset of V(X), and we call elements of P
the good vertices of . Note that P(C,)) = P(BC,). When R is reduced, P is the
set of more familiar special vertices of % [2, VI, §2, No.2, Proposition 3].

We write Ip = {t(L) | A € P} C I. Wehave Ip = {i € I | m; = 1}, which
shows that 0 € Ip for all root systems, and that /p = {0} if R is non-reduced
[15, Lemma 4.3]. This also shows that in the non-reduced case there are ‘special’
vertices which are not ‘good’ vertices.

We define the fundamental sector of X to be the open simplicial cone

So={xeE|{x,o) >0 foralli e Ip}. (1.2)

The sectors of ¥ are then the sets A + w(Sp), where w € Wy and A € P.

1.5 The extended affine Weyl group

Let W = W(R) be the extended affine Weyl group of R. That is, W = Wy x P.
For w € W we define

H(w) = {H € H | H separates Cp and wCp},

and we define the length of W to be £(w) = |H(w)|. For A € P, we write ¢, € w
for the translation 7, (x) = A + x forall x € E. _

Let G = {g € W | £(g) = 0}; this is the stabiliser of Cp in W. We have
W=WxG [2, VI, §2, No.3], and furthermore G = P/(Q, and so G is a finite
abelian group. For each A € P, let Wy, denote the stabiliser of A in Wy. Let wy
and wy;, denote the longest elements of W( and Wy, respectively. Then

G={glielp} (1.3)
where go = 1 and g; = £, woy, wo for i € Ip\{0} [15, (4.5)].
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1.6 Automorphisms

An automorphism of ¥ is a bijection i of E which maps chambers, and only
chambers, to chambers, with the property that chambers C and C’ are adjacent if
and only if ¥ (C) is adjacent to ¥ (C’"). We write Aut(X) for the automorphism
group of X.

Let D be the Coxeter diagram of W. An automorphism of D is a permutation
o of I such that mg),0(j) = m; ; for all i, j € I. We write Aut(D) for the
automorphism group of D.

For each ¥ € Aut(X) there exists a ¢ € Aut(D) such that (r o ¥)(v) =
(0 o7)(v) for all v € V(X), and if C ~; C’ then ¥(C) ~5qy ¥ (C') [15,
Proposition 4.6]. An automorphism ¥ € Aut(X) is called rype preserving if the
associated o € Aut(D) is the identity. By [17, Lemma 2.2] ¢ € Aut(XZ) is type
preserving if and only if ¢y € W.

The group W acts on ¥ and so embeds as a subgroup of Aut(X). The auto-
morphisms w € W, and the associated automorphisms o € Aut(D), are called
type rotating. We write Auty (D) from the subgroup of Aut(D) consisting of all
type rotating automorphisms of D. The group Aut, (D) may be described as fol-
lows. For each i € Ip, let o; be the automorphism of D defined by the equation
00T =Tog. Sinceeach w € w may be written as w = wg; where w € W and
i € Ip[2, VI §2,No.3], we have Aut (D) = {o; | i € Ip}. The group Auty (D)
is abelian (since G 1is), it acts simply transitively on /p, and o0;(0) = i for each
i € Ip (see [15, Proposition 4.7(iii)]).

Remark 1.1 In the A, case, the qualification type rotating is very natural, for
Aut (D) consists of the permutations i +— k +i mod (n 4+ 1) fork =0, ..., n.
In the general case, the term type rotating is less natural.

1.7 Buildings and regularity

Let M be the Coxeter matrix of W. Recall ([4, p.76-77]) that a building of type
M is a nonempty simplicial complex 2~ which contains a family of subcomplexes
called apartments such that

(i) each apartment is isomorphic to the (simplicial) Coxeter complex of W,
(ii) given any two chambers of .2 there is an apartment containing both, and
(iii) given any two apartments .4 and A’ that contain a common chamber, there
exists an isomorphism v : A — A’ fixing A N A’ pointwise.

We call 2 affine when W is (as we assume throughout).

It is an easy consequence of this definition that 2" is a labellable simplicial
complex (with set of zrypes I'). All of the isomorphisms in the above definition may
be taken to be label preserving (this ensures that the labellings of 2~ and X are
compatible). The isomorphism in (iii) is then unique [4, p.77]. Recall ([4, p.30])
that the fype of a simplex o is the subset of I consisting of the labels of the vertices
of o. If o has type J C I, then the cotype of o is I\ J.

We write V for the vertex set of 2", and C for the set of all chambers of .Z".
As usual, we declare chambers ¢, d € C to be i-adjacent, and write ¢ ~; d, if
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and only if either ¢ = d, or if all the vertices of ¢ and d are the same, except for
those of type i. By a gallery of type iy - - - i), € I* (here I* denotes the free monoid

on [)in 2" we mean a sequence co, . . . , ¢, of chambers such that ¢x_; ~;, ¢ and
ck—1 # cx for 1 < k < n. If we remove the condition that c,_; # ¢ for each
1 < k < n, we call the sequence cy, . .., ¢, a pre-gallery.

We say that 2" is locally finite if both |I| < coand |[{d € C | d ~; ¢}| < o0
foralli € I and ¢ € C. We call 2 regular if for each i € I the cardinality
{d € C | d ~; c}| is independent of ¢ € C. In this case we define numbers {g; };cs
bygi +1=1|{d € C|d ~; c}|. The numbers ¢;, i € I, are called the parameters
of the building. These parameters satisfy g; = g; if s; = ws; w~! for some w € W
(see [15, Corollary 2.2]). If w = s;, - - - 5;,, € W is areduced expression we define
qw = 4i, - - 4i,» Which is independent of the particular reduced expression for w
(see [15, Proposition 2.1(i)] or [2, IV, §1, No.5, Proposition 5]).

To each locally finite regular affine building (of irreducible type) we associate
an irreducible root system R (depending on the parameter system of the building)
as follows:

(i) If 2 is a regular building of type X,,where X = Aandn > 2,0or X = B
andn >3,or X =Dandn >4,or X = FEandn =6,70r8, or X = F and
n=4,or X =G andn = 2, then we take R = X,.

(ii) If 2 is aregular A building with gp # ¢, then we take R = BC].

(iii) If 2 isaregular Cy building withn > 2 and gg # g,,,thenwetake R = BC,,.
(iv) If 2 is aregular Ay building with go = ¢q1, then we take R = Aj.
(v) If 2 is aregular Cn building with n > 2 and q¢p = g, then we take R = C,,.

The choices above are made to ensure that Aut, (D) preserves the parame-
ter system of 27; that is, for 0 € Auty (D), g5y = ¢; for all i € I. Thus, for

example, (iii) above is motivated by the general parameter system of a Cn building:

q0 4 41 q1 q1 q1 4 qn

(see [15, Appendix]). If we take R = Cj,, then Aut (D) = {1, o}, where o (0) = n,
and the condition ¢, 0y = qo fails. However, if R = BC, then Aut, (D) = {1}.
If R is the root system associated to 2°, we often say that 2" is an affine
building of type R. Let Wy, W, W, P, Q, and so on be as defined earlier.
We extend the definition of ¢,, made above to w by setting g;; = gy if W = wg,
where w € W and g € G. We note that if £(uv) = £(u) + £(v) then g,y = quqy-
In particular, if A, i, v € P, then by [14, (2.4.1)]

v,a;)

n
Gtep = 91,91,, andso g = Hq,il_ . (1.4)
i=1

Definition 1.2 Let 2" be an affine building of type R with vertex set V, and
let ¥ = X(R). Let Vsp(X) denote the set of all special vertices of X, and let
Ip ={t(}) | A € Vop(X)}. Then:
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(i) A vertex x € V is said to be special if T(x) € Is,. We write Vj;, for the set of
all special vertices of .Z".

(i) A vertex x € V is said to be good if T(x) € Ip. We write Vp for the set of all
good vertices of 2.

Clearly Vp C V. In factif R is reduced then Vp = V. If R is non-reduced
(so R is of type BC,, for some n > 1), then Vp is the set of all type O vertices
of Z°, whereas V), is the set of all type 0 and type n vertices of 2"

It is clear that a vertex x € V is good if and only if there exists an apartment .A
containing x and a type preserving isomorphism ¢ : A — X such that ¥/ (x) € P.

Definition 1.3 Let A be an apartment of .2". An isomorphism ¥ : 4 — X is
called type rotating if and only if it is of the form v = w o Y9, where ¥p : 4 — X
is a type preserving isomorphism, and w € W. An isomorphism ¢ : ¥ — Ais
called type rotating if and only if ¢! : A — X is type rotating.

1.8 The algebra .«

Let 2" be an affine building of type R with parameter system {¢; };c;. Givenx € Vp
and A € P, let V, (x) be the set of all y € Vp such that there exists an apartment
A containing x and y, and a type rotating isomorphism v : A — ¥ such that
¥(x) = 0and ¢ (y) = L. In[15, Proposition 5.6] we showed that for each x € Vp,
{Vi(x)},ep+ forms a partition of Vp.

Remark 1.4 Let Vo denote the set of all type O vertices of 2. If 2" is the Bru-
hat-Tits building of a group G of p-adic type (see the introduction), then the sets
V,.(x), A € QN P, are the orbits in Vo = G /G, of the isotropy group G,.

For A € P™, let A* = —wgA, where wy is the longest element of Wy. In [15,
Proposition 5.8] we showed that A* € PT forall A € P, and that y € V; (x)
if and only if x € Vj»(y). Note that x is trivial unless wg # —1, that is, unless
R = Ay, Do,y or Eg for some n > 2 (see [2, Plates I-1X]).

Let A € PT and write [ = t(A). Let w;, be the unique minimal length dou-
ble coset representative of Wy\(0)t; Wp\ (1), where ¢, € W is (uniquely) defined by
) = t)’Lg for some g € G (see [15, §4.9]). For finite subsets U C W we write

Ulg)= D qu
welU

for the Poincaré polynomial of U.
In [15, Theorem 5.15] we showed that |V (x)| = |V,.(y)| forall x, y € Vp and
A € PT, and we denote this common value by N;. We have

Wo(q)
N = —— = N, 1.5
T Wog M T (1-3)

where Wy, = {w € Wy | wh = A}. We have the following alternative formula.
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Proposition 1.5 Let A € PT. Then

R
Woi(g—H ™™
where Wo(qg~") = ZwEWO q;l, and similarly for Wo (g™ ").
Proof Letl = t(A), and let wg and wo, be the longest elements of Wy and Wy,
respectively. Since 7, = w) grwowo, and £(w; grwowoy) = £(w; gr) + £(wowoy)
(see [15, Proposition 4.15]) we have g1, = qu), Guywg, - BY [2, VI, §1, No.6, Corol-

lary 3 to Proposition 17] we have £(wow) = €(wo) — £(w) for all w € Wy, and it
follows that qyw,, = qwoqu_jolk. Thus

_ —1 _ —1
Qu;,. = 96, 9wowy, = 969wy Qwos.-

Furthermore, again using the fact that £(wow) = £(wg) —€(w) forall w € Wy,
we have

Wo(@) = D quow = quyWolg™"),

weWy

and similarly, since Wy, is a Coxeter group, Wo;. (¢) = quy, Woa (q_l).
Putting all of this together, and using (1.5), the result follows. O

We say that A € P is strongly dominant if (A, ;) > Oforalli =1,...,n,
and we write P for the set of all strongly dominant coweights. Note that when
A € P, Wp; = {1}, and so by Proposition 1.5

Ny, = Wolg gy, forallx e PTT. (1.6)

For each A € P we define an operator A;, acting on the space of all functions
f:Vp— Chby

1
(A fHx) = A Z f(y) forallx e Vp.
yeVi(X)

Let .o/ be the linear span of {A;},cp+ over C. For each A, u € P™ there exist
numbers a;_,,;, € Q" such that

AA.AIJ, = z a)»,u;vAv and Z Ay v = 1

vePt veP+

(see [15, Corollary 5.22]), and so <7 is an algebra. For all A, u, v € P* we have

N,
= —V NV, + 1.7
A v NANM| (X)) N V= (y)] (1.7)

where x, y € Vp are any vertices with y € V,,(x).
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1.9 The Isomorphism A; +— Py (x)

Let C[P] be the group algebra (over C) of P, with the group operation written
multiplicatively. Thus elements of C[P] are linear combinations of the formal
exponentials {x*};cp. The group Wy acts on C[P] by linearly extending wx* =
x4 and we write C[P]"° for the algebra consisting of all those f € C[P] such
that wf = f for all w € Wp.

LetRi ={a € R|20 ¢ RL, Ry ={e € R | o ¢ R} and R3 = R; N R, (s0
R; = R, = R3 = R if R is reduced). For ¢ € R, write g, = ¢; if || = |,

where | - | denotes Euclidean root length (if |«| = |¢;| then necessarily o € R»).
Since q; = g; whenever s5; = ws;w™! for some w € W, it follows that g; = qj
whenever |o;| = ||, and so the definition of g, is unambiguous.

Note that R = R3 U (R1\R3) U (R2\ R3) where the union is disjoint. Define a
set of numbers {ty}ycr by

o ifa € R3
Ta = 140 ifOtERl\R3
qaqo_l if @ € R)\R3.

It is convenient to define 7, = 1 if « ¢ R. Note that when R is reduced, 7, = ¢qq,
and expressions like 74/2 and 124 for o € R become 1 in subsequent formulae.

For A € P define the Macdonald spherical function P;.(x) € c[p™o by

-2 1 -1t 2o
P = 3w [ [ s .18
Wo(q )weWo weR+ 1—‘1:&/2 x—’

By Proposition A.6, this formula is equivalent to [15, (6.4)].
The main theorem of [15] is the following.

Theorem 1.6 [15, Theorem 6.16] The map A; + P;(x) determines an algebra
isomomorphism, and so <7 = C[P]"0.

Remark 1.7 In [15] we obtained the isomorphism .« — C[P]"0 using the fact
that C[ P]"0 is the center of an appropriately defined affine Hecke algebra. We will
not need this fact here.

1.10 The reducible case

When 2 is a building of reducible type, then 2" has a natural description as a
polysimplicial complex, and (assuming regularity) we can associate a reducible
root system R to 2~ (bearing in mind our conventions in Section 1.7). This leads
to an analogous definition of the algebra <7 in this case.

It turns out that .2~ decomposes (essentially uniquely) into the cartesian prod-
uct of certain irreducible components {%}’;zl, each of which is an irreducible
(regular) building. Writing .<7; for the algebra of vertex set averaging operators
for 27, it is not difficult to show that &/ = &/ x --- x @, where X is direct
product (see [15, Remark 0.1]). Thus knowledge of the algebra homomorphisms
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hj : «/; — C (using the results of this paper) gives a complete description of
the algebra homomorphisms 4 : &/ — C. Thus we can restrict our attention to
irreducible buildings throughout, without any loss of generality.

2 The Macdonald formula for the algebra homomorphisms

By Theorem 1.6, the map A; +— P (x) determines an isomorphism from .2/ onto
C[P]1™0. In this section we will use this result to describe the Macdonald formula
for the algebra homomorphisms 4 : &7 — C.

For u € Hom(P,C*), write u” in place of u(1). Each u € Hom(P, C>)
induces ahomomorphism, also called «, on C[ P], and all homomorphisms C[ P] —
Carise in this way. Forw € Wpandu € Hom(P, C*) we write wu € Hom(P, C*)
for the homomorphism (wu)* = u¥*.Ifu € Hom(P, C*), we write P; (1) in place
of u(Py (x)). Thus

—1/2
4qs X
P(u) = —2—— E c(wu)u™, where
Wo(g—h) ol
| — ol 1/2,—a¥ (2.1)
— T, Tep U

c(u) = )
weR+ l—‘L’a/2 u“

provided, of course, that the denominators of the c(wu) functions do not vanish.
Since P, (1) is a Laurent polynomial, these singular cases can be obtained from
the general formula by taking an appropriate limit (see [12, §4.6]). Finally, for
u € Hom(P,C*), let h,, : &/ — C be the linear map with i, (A,) = P, (u) for
each L € PT.

Proposition 2.1 (cf. [12, Theorem 3.3.12])

(i) Each algebra homomorphism h : of — C is of the form h = h, for some
u € Hom(P, C*), and
(ii) hy = hy if and only if W' = wu for some w € Wy.

Proof Since C[P] is integral over C[P]1™0 [1, V, Exercise 12], every homomor-
phism C[P]Wo — C is the restriction of a homomorphism C[P] — C, and (i)
follows.

It is clear that if " = wu for some w € Wy, then h,» = h,,. Suppose now that
hy = hy. Since {P; (x)};cp+ forms a basis of C[P]"0 we see that u and u’ agree
on C[ P10, and thus their kernels are maximal ideals of C[ P] lying over the same
maximal ideal of C[ P]"0. The result now follows by [1,V, Exercise 13]. ]

We call the formula h,(A,) = P; (1) the Macdonald formula for the algebra
homomorphisms o/ — C. By comparing Proposition A.1 and [12, Corollary 3.2.5]
we see that in the case when P = Q (thatis, when R is of type Eg, F4, Gy or BC),
for somen > 1) our formula Pj (1) agrees with the formula in [12, Theorem 4.1.2].
The reason we require P = Q here is because in [12] u € Hom(Q, C*) (although
u there is called s), which is a consequence of Macdonald requiring his group G
of p-adic type to be simply connected.
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Remark 2.2 The function P, (u) may be regarded as a function of the variables
uj = ur € C*,i = 1,...,n. However, in general the coroots a”, o € R,
appearing in the formula for c¢(#) do not have particularly neat expressions in
terms of the basis {A;};"_,. Thus in any given specific case it is often useful to work
with numbers other than the {u;}7_,.

Let us illustrate this in the R = D,, case, which may be described as follows
(see [2, Plate IV]). Let E = R" with standard orthonormal basis {e;};_,, and take
R to be the set of vectors ¢; £¢;, 1 <i < j < n, where the £ signs may be taken
independently. We have RY = R, and the set {¢; — ¢;+1, en—1 + € }1<i<n—1 forms
a base of R. The corresponding set of positive roots is {e; — e, e; + e} i<i<j<n-
Observethate; = A1, e; = A —Ai—1for2 <i <n—2,e,-1 = A—1+ry—An—2

and ¢, = k — An—1. Thus, defining numbers t; € C*,i = 1,...,n,by t; = uj,
i = uju;_ 1 2<i=n-—-2),t41 =uy_1unu,, 2andtn—unun11,wehave
1 —1,-1
(I —q A — g7

c(u) = H

I<i<j<n

(1= (1 — —1]—1)

(Notice that ¢; = ¢ for all i € I, for there is only one root length).

3 The Integral Formula for the Algebra Homomorphisms

We begin with some background that involves only the root system R, which
throughout is assumed to be irreducible. Define a partial order on P by setting
w=AifA—pue Q™.

We say that a subset X C P is saturated [2, V1, §1, Exercise 23] if u —ia” € X
forall u € X, @ € R, and all i between 0 and (i, o) inclusive. Every saturated set
is stable under Wy, and for each A € P there is a unique saturated set, denoted IT;,,
with highest coweight X (that is, © < A for all u € IT;). We have

M, = {wp | pe P =i we W) (3.1

(see [10, Lemma 13.4B] for example).

We recall the definition of the Bruhat order on W [11, §5.9]. Let v, w € W,
and write v — w if v = s, w for some « € R, k € Z, and £(v) < £(w). Declare
v < w if and only if there exists a sequence v = wy — wW| — -+ = W, = W.
This gives the Bruhat (partial) order on W. We extend the Bruhat order to W as in
[14, §2.3] by declaring v < w if and only if v = vg and W = wg with v < w in
Wand g € G.

By a sub-expression of a fixed reduced expression s;, - --s;, € W we mean a
product of the form Sig, *** Sig, where | <kj <--- <ky <r.Letw =ys; -5,
be a fixed reduced expression for w € W. By [11, Theorem 5.10], v < w if and
only v can be obtained as a sub-expression of this reduced expression.
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Proposition 3.1 Let 0, € W with o < . If w(0) € I1;, then ©(0) € I, to0.

Proof Suppose first that v = 44w with £(v) < £(w). Then by [14, (2.3.3)]
Hy.x separates Co and wCy, and thus (w(0), ) — k is between 0 and (w(0), o)
(inclusive). Thus by the definition of saturated sets

5(0) = w(0) — (0(0), @) — k) € Ty,
and the result clearly follows by induction. O

Let 2 be an irreducible regular affine building. A sector of 2" is a subcom-
plex S C 2 such that there exists an apartment .4 such that S C A and a type
preserving isomorphism ¥ : 4 — % such that ¥/ (S) is a sector of X. The base
vertex of S is Yy~ (1), where A € P is the base vertex of ¥ (S).

If S and S’ are sectors of 2" with S’ C S, then we say that S’ is a subsector
of §. The boundary Q of 2 is the set of equivalence classes of sectors, where
we declare two sectors equivalent if and only if they contain a common subsector.
Given x € Vp and w € €, there exists a unique sector, denoted S* (w), in the class
w with base vertex x [17, Lemma 9.7].

Lemma 3.2 Let S be a sector in an apartment A of 2. There exists a unique type
rotating isomorphism Yy 4 s 1 A — X such that 4 s(S) = So.

Proof Let x be the base vertex of S, and let ¢ : A — X be a type preserving
isomorphism. Writing A = ¢ (x) we see that7_; o ¢ : A — X is a type rotating
isomorphism mapping S to a sector of X based at 0. Thus (r_, o ¢)(S) = wSy
for some w € Wo, andso w™ ! o7_ o : A — ¥ is a type rotating isomorphism
satisfying the requirements of the lemma.

Let ¢ and v/ be two such isomorphisms. It follows from [15, Lemma 5.3] that
V' o~! = w for some w € Wy (it is important that ¢ and ¥’ are type rotating
here). We have w(Cp) = Cp, and so w = 1 since W acts simply transitively on the
chambers of ¥ [4, p.142]. Thus ¥’ = . ]

Given an apartment A and asectorSof A,let p 4 5 : &~ — Abethe retraction
onto A centered at S [4, pages 170-171]. This is defined as follows. Given any
chamber ¢ of 27, there exists a subsector S’ of S and an apartment A’ such that ¢
and S’ are contained in A’ [4, page 170]. Writing ¥ 4 : A’ — A for the (unique)
isomorphism from building axiom (iii), we set p4 s(c) = ¥ 4/(c), which is easily
seen to be independent of the particular S” and A’ chosen.

If f =iy---i, € I*, the free monoid on I, we write sy = s;, - --s;, € W. For
A € PT let wy be as in Section 1.8. Let f; € I* be any (fixed) word of minimal
length such that sz, = wj.

Theorem 3.3 Let x € Vp, w € Q and write S = §*(w). Let A be any apartment
containing S. Then (Y 4.5 0 pa.s)(y) € IT) forall y € V,(x).

Proof Tt follows easily from [15, Proposition 5.2] that there exists a gallery ¢y, . . .,
¢, of type o;(f3) from x to y, where i = 7(x). Write ® = ¥ 4.5 0 p4.s. Then
D(cp), ..., D(c,) is a pre-gallery of type f; from O to u = P (y). Thus there is
a gallery of type f;, say, from O to 1, where s £ is a sub-expression of sz, . Thus
Sf = Sfis and so SF81 = Sf.81 where [ = ©(A). Since (sf, g)(0) = A € I, it
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follows from Proposition 3.1 that u’ = (s 7l £1)(0) € I, too. Since ®(cp) = wCy
for some w € Wy, we have ®(c,) = ws g/ Co, and so by considering types of
vertices we have

n=ws(g0) =wu
Thus p € IT, by (3.1). |

Foreachx € Vp,w € Q and A € P, the intersection V; (x) N S* (w) contains
a unique vertex, denoted v; (w) € Vp.

The coweights 1 (x, y; w) in the next theorem are the analogs of the well studied
horocycle numbers of homogeneous trees.

Theorem 3.4 Letw € Q and let x,y € Vp.
(i) Let z € S*(w) N S¥(w) and write z = v} (w) = v% (w). The coweight v — 1
is independent of the particular z € S*(w) N SY(w) chosen. We denote this
common value by h(x, y; w). If pn € P and u — v € P then

y
V(@) = Vi—h(x,yi) (@)

(ii) Suppose that y € V,(x). Write S = S*(w) and let A be any apartment
containing S. Then h(x,y; w) = (Y 4,5 0 pA.s)(Y) € ;.

Proof (i) We have v?) o (w) = vf; T (w) for all 4’ € P, since both are equal to

v;, (w). Thus, writing u = u' + v we have
vﬁ(a)) = v/};—(v—n) (w) wheneveru —v e PT. (3.2)

If we instead choose 7' € S¥(w) N §¥(w), where 7' = v}, (w) = vf}’, (w), then
following the above we have

v (w) = vi_(v,_n,)(w) whenevery —v' € PT. (3.3)

By choosing i € P such that both & — v and u — v are dominant, it follows
from (3.2) and (3.3) that v — n = v/ — n’. Then (3.2) proves the final claim.

(ii) Write u = (Y 4.50p.4.5)(y). By [4, page 170] there exists a subsector S’ of
S = §*(w) suchthat S and y lie in acommon apartment .A’. The restriction of p 4 s
to A’ is thus a type preserving isomorphism. Pick v € P such that v} (w) € &',
v—u e PTand vl (w) € 8 (w). Themapy =i 0y 450pas: A — Tisa
type rotating isomorphism such that ¢ (y) = 0 and ¢ (v} (w)) = v—p € P*. Thus
vy (w) € Vi (y) N SY(w), and so h(x, y; w) = w. The fact that h(x, y; w) € IT;,
now follows from Theorem 3.3. O

Proposition 3.5 For all x,y,z € Vp and o € Q we have the ‘cocycle relation’
hix,y;w) = h(x,z; ) + h(z,y; ®). Thus h(x,x; w) = 0 and h(y, x; w) =
—h(x,y; w).

Proof For i = ki + - -+ k,A, € P with each k; sufficiently large we have
_ Y
vﬁ(w) - U;Zt—h(x,z;w) (@) = Vu—h(x,z:0)—h(z,y;0) (@)

and the result follows. O
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The following theorem shows that if y € V, (x), then for any w € Q, §¥(w)
contains all vertices v), (w) for u € P large enough, where large enough depends
only on A, not on the particular x, y and .

For A € P™, write u >> A to mean that u — IT;, C P (in particular, u € P™).

Theorem 3.6 Letx € Vp, A € PT and y € V, (x). Then vl’i(a)) € SV (w) for all
w € Qand all i > A, and so vl’i(a)) = v/’i_h(x’y;w)(w) for all v € Q and all
> A

Remark 3.7 The proof of Theorem 3.6 will be given after the following preliminary
results. We are thankful to an anonymous referee for sketching this proof of the
present form of Theorem 3.6, which replaces our less sharp version of this result.

Lemma 3.8 Suppose that Ay and A; are apartments containing a common sec-
tor S. Thenthe maps pa, sla, : Ay — Arand pa, sla, : A1 — Ay are mutually
inverse isomorphisms which fix A1 N Ay pointwise.

Proof Fix any chamber ¢ C S, and let ¢ : A; — Ay be the unique isomorphism
fixing A; N A pointwise. Then by definition we have p 4, 514, = ¢, and since
¢! 1 Ay — A is the unique isomorphism fixing .A; N A, pointwise we have
pA1,S|.A2 Z‘Pil- O

Lemma 3.9 Let A be an apartment in 2, let S be a sector in A, and let H be
a wall in A. Then exactly one of the two closed half-apartments in A determined
by H, H" say, contains a subsector of S. If x € Vp N H™, then the sector based
at x and equivalent to S is contained in H™.

Proof Lety = ¥ 4 s (see Lemma 3.2). Then ¢ (H) = Hy. for some o € R and
k e Z. Since H_y. = Hgy: i, we may suppose thate € RT. If k < 0, then Sy C
ak ={x:(x,a) >k}.Ifk > 1,then A + Sy C HJr forA =k +--- 4+ An).
The final statement follows from [17, Lemma 9. 1] |

Proposition 3.10 Let co, ..., ¢y be a gallery of type ji -+ - jm, and let w € Q. Let
A be an apartment containing co and a sector S in the class w. Let p = ps. 4, and
let ex = p(cy) fork =0,...,m. Fork = 1,...,m, let Hy denote the wall in A
containing the panel in ey —1 and in ey of type j. Let Hk+ denote the half-apartment
in A bounded by Hy which contains a subsector of S (see Lemma 3.9).

Then there exists an apartment BB containing c,, and

m
A
k=1

(and therefore B contains a sector in the class w).

Proof By induction on m. If m = 1, the panel of cotype j; common to eg = cg
and e is contained in c; and in H;. So by the proof of [17, Lemma 9.4], there is
an apartment 3 containing H 1+ and cj.

Now suppose that m > 1 and that there is an apartment B’ containing ¢,
and ﬂm ! H;". Let &' be any sector in the class o contained in ()} 11 H;", and
let p’ = ps . If T is a common subsector of S and &', then p = pr 4 and
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p' = pr. . So by Lemma 3.8, the maps p|p : B — Aand p'|4 : A — B are
mutually inverse isomorphisms.

Let H denote the wall in B’ containing the panel of cotype jy, in ¢,—; and
in ¢, and let H denote the half-apartment in B’ bounded by H and containing
a subsector of S. The half-apartment p’(H,) in B’ is bounded by H. To see this,
let = denote the panel in ¢,,—1 and ¢, of cotype j., and let 7" denote the panel
ineyu—1 = plcm—1) and e, = p(cy) of cotype ju,. Then 7" = p(cpm—1 N cp),
and so p'(n') = ¢y—1 Ny = 7. Now 7’ is in the wall of A bounding H,}, and
som = p/(x') is in the wall of B bounding p'(H,}). But 7 is in the wall H of B
bounding H . Furthermore, p’(H,) contains a subsector of S, because H,” N B’
contains such a subsector, and is fixed by p’. Thus

o (Hf)y=HT. (3.4)

By the proof of [17, Lemma 9.4], there is an apartment B containing c,, and H .
Since Hf N---N H | is contained in B/, it is fixed by p’, and so

Hfn---NHYf=p(H ' n---NnH YNH Cp'(H).
Thus by (3.4), H" N---N H,} ¢ H* C B, completing the induction step. O

Lemma 3.11 Suppose that Cy = Dy, ..., Dy, is a gallery in X joining 0 to A
of minimal length, and that Co = Ey, ..., E,, is a pre-gallery in 2. If both the
gallery and the pre-gallery have the same type, then each type | = t()\) vertex of
any of the D;’s and E;’s is in 1.

Proof Fork =0, ..., m,define uy, vy € Wby Dy = uyCp and Ey = vy Co. Then
the type [ vertices of Dy and Ey, are uy g;(0) and vy g;(0) respectively (see the proof
of Theorem 3.3). In particular, u,,g;(0) = A € IT,.

Since the gallery Co = Dy, ..., Dy, and the pre-gallery Co = Eo, ..., Ej,
have the same type, ji ... jn, say, each u; and each v is a subexpression of the
reduced expression u,, = s, - --5j,. Thus urgs, vi g < u, g (with respect to the
Bruhat order on W) foreachk =0, ..., m.

The result now follows from Proposition 3.1. O

Corollary 3.12 Suppose that x,y € Vp, w € Q, L € PT, and y € V,(x). Con-
sider a minimal gallery cy, ..., ¢, from x to y and an apartment A containing c
and a sector in the class w (and hence containing S*(w)). Let  : A — X be the
type-rotating isomorphism mapping S* (w) to Sy (see Lemma 3.2). Finally, let H;
and HiJr be as in Proposition 3.10, and write p = p A S+ (w). Then:

(i) ¥~ U(I1,) contains all the type j = t(y) vertices in each p(c;), and so in
particular it contains y' = p(y).
(ii) If 1> A, then v’ () € N, H;.

Proof (i) Let ¢; = p(c;) and E; = yr(e;) fori = 0,...,m. Let p’ = pe, A
denote the retraction of center ¢g onto A (see [4, §IV.3]). Let d; = p’(¢;) and
D; = ¥ (d;) fori =0, ..., m. Then the gallery Cy = Doy, ..., D), and the pre-
gallery Cop = Ey, ..., E, satisfy the hypotheses of Lemma 3.11, and the result
follows.
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(ii) For i = 0,...,m, let v; be the type j vertex of ¢;, and so {v;}7L, C
Y 1(IT5).

Letl <i <m.Ifvi_; = v;, then ¥ (v;) € 1, N (H;), and so ¥ (v;) + Sp is
contained in ¥ (H;)" by Lemma 3.9 (here v (H;) ™ is the half-space of ¥ bounded
by v (H;) and containing a subsector of Sp = ¥ (S*(w))). Hence SV (w) is con-
tained in Hi+. By our hypothesis, i — ITy, C PT, and so i = ¥ (v;) + v; for some
vi € P*. Hence ¢ (v} (w)) = 1 € ¥ (vi) + So C ¥ (Hi)*. Hence v}, (w) € H.

If vi—1 # v;, then ¥ (v;—1) and ¥ (v;) lie on opposite sides of 1 (H;). Then
by Lemma 3.9, either v/ (v;_1) + Sp or ¥ (v;) + Sy is contained in ¥ (H;)™. Let
us assume that ¥ (v;) + So C ¥ (H;)T. Since u — IT;, C P, we can write
p = ¥ (vi)+v; forsome v; € P Hence ¢ (v) (w)) = p € ¥ (v;)+So C ¥ (H)™,
and so again vl’i (w) € Hl.+. O

Proof of Theorem 3.6 Let co, ..., c, be a minimal gallery from x to y, and let
A, B and H1+, e, H;{ be as in Proposition 3.10.

By Lemma 3.8, the map ¢ = pA.s:wls : B — A is an isomorphism. It
maps y to y' = pA.Sr () and fixes AN B D L 1HJr which contains a

sector in the class w. Hence ¢ maps S¥(w) to SV (w). Moreover, if u > A, then
by Corollary 3.12(ii), ¢ fixes vl’i (w).

Let ¢ : A — X be the type-rotating isomorphism mapping S* (w) to Sp. Then
by Corollary 3.12(i) we have y’ € ¥ ~1(IT,), and so we can write 1 = ¥ (y') + v
for some v € P+, Therefore Uﬁ (w) € S ' (w), and applying ¢, we see that vl’i (w) €

S (). So v} (w) = viih(x’ 32 (@) by the definition of h(x, y; ). o

Let < denote the partial order on PT givenby . < Aifandonlyif A —p € P,
Fixing x € Vp,thereisanaturalmap6 : Q — [[,.p+ Va(x), where one maps w to
(V5 (w));,c p+. For each pair A, u € PT with u < 4, let @, 5 @ Va(x) = V. (x) be
the map y — v, (x, y), where v, (x, y) is the unique vertex in V,, (x) Nconv{x, y}
(see Appendix B). Then (V;.(x), ¢,.2) is an inverse system of topological spaces
(where each finite set V, (x) is given the discrete topology). The inverse limit
1<ir_n(VA (x), @u,2) is a compact Hausdorff topological space [3,1.9.6], and the map
60 is a bijection of 2 onto this inverse limit, thus inducing a compact Hausdorff
topology on €2, which we show in Theorem 3.17 is independent of x € Vp. See
Appendix B for a sketch of the proof that 6 is a bijection of €2 onto 1(ir_n(VA (X), @u.n)-

With x € Vp fixed as above, foreach y € Vplet Q,(y) = {w € Q| y €
S*(w)}. The sets Q4 (y), y € Vp, form a basis of open and closed sets for the
topology on €2, and the functions @ +— h(x, y; w) are locally constant on €2, as we
see in Lemma 3.13.

Toeach x € Vp thereis aunique regular Borel probability measure vy on 2 such
that v, (Q (y)) = N;l if y € V,.(x). To see this, for each A € P let €, (2) be the
space of all functions f : € — C which are constanton each set 2, (y), y € Vi (x).
For each A € P define J;, : 6,(RQ) — Cby J,(f) = NLA 2 yevs () €y (f), where
¢y (f) is the constant value f takes on €2,(y). The space of all locally constant
functions f : Q@ — Cis € () = U, cp+ G1(R2). Define J : €o(R) — C by
J(f) = L(f)if f € €.(2). The map J is linear, maps 1 € 65 (R2) to 1 € C and
satisfies |J(f)| < || flloo forall f € € (€2). Since 600 (R2) is dense in € (R2), J
extends uniquely to a linear map J : () — C such that |J(f)| < |l flloo for
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all f € € () (here € () is the space of all continuous functions f : Q@ — C).
Thus by the Riesz Representation Theorem there exists a unique regular Borel
probability measure v, such that

J(f) =/ Fw)dve(w) forall f e €(Q).
Q

In particular, N, ' = v, (Q,()) if y € Vi (x).
In Theorem 3.17(ii) we show that for x, y € Vp, the measures v, and v, are
mutually absolutely continuous, and we compute the Radon-Nikodym derivative.

Lemma 3.13 Let y € V,(x) and suppose that z € Vy(x) NV, (y) with & > v.
Then

(i) Q(2) C 2y(2), and
(i) h(x,y;w) =1 — pforall o € Q(2).

Proof (i) Let w € 2,(z), and so z = v} (w), and by Theorem 3.6 z € S (w). Thus
w € Qy(z) and so Qx(z) C Qy(z). Note that if £ > v* too, then 2, (z) = Q,(2).

Since Q,(z) C R2,(z) and z € Vi (x) N V,(y) we have vy () = z = v,{(w)
for all w € Q4 (z), and so (ii) follows from Theorem 3.4(i). O

Lemma 3.14 Let x, y € Vp. In the notation of Appendix B, if z € conv{x, y}, then
Qx(y) C L (2).

Proof Let w € ,(y). Then the sector S* (w) contains x and y, and hence z. Thus
w € Q2 (2). O

Recall that we write P for the set of all strongly dominant coweights of R,
that is, those A € P such that (A, «;) > O foralli € Iy.

Proposition 3.15 Let v € P be fixed. For all A € P™F such that . — u € PT+
we have

e | R

i=1 aeRT

Proof By (1.6) we have N; N; ' = g4, . and so by (1.4)

Ny q, (Ao )—(A—p o) (,a)
= —_— = q ) q s
NA._IJ, qt}ﬁ”‘ l];[l t}u H t

proving the first equality. On the other hand, by Proposition A.1,

N
Nkiuzﬂzl‘[,y s = T .

Atn a€RT aEeRT

Lemma 3.16 Let A, u € Pt. Then IT) + I, € T4,
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Proof Let )" € Ty and u’ € T1,. Then
w +u)=wr +wp <A+ p forallw e Wy.

By choosing w € W such that w(X + ') € P we have w(' + u') € Mty
by (3.1),and so A" + ' € T4 . O
Theorem 3.17 Consider the topologies and measures defined above on Q2. Then

(i) The topology on Q2 does not depend on the particular x € Vp.
(ii) For x,y € Vp, the measures vy and vy are mutually absolutely continuous,
and the Radon-Nikodym derivative is given by

dv - o). o B
y(w) — Hqt(ji(xwy,w)»m) _ H ro(th(x,y,w),a)‘

dv
x i=1 aERT

Proof (i) Letx,y € Vp,with y € V,(x), say, and choose A >> v 4 v*. Notice that
this implies that A > v. Furthermore, for each v/ € II,, using Lemma 3.16 we
have

()"_V/)_HU*g)‘_nv_nu*g)\-_nu—i-v*y

and so A — V' > v*,

Let wy € 2, (v), a basic open set for the topology using x, where v € V;(x),
say. Since A > v, by Theorem 3.6 we have v} (wg) € S¥(wp). Let z = v} (wg) =
vifh(x’y;wo)(wo), and so z € Vi (x) N Vi _n(x,y;00) (V). Now h(x, y; w,) € I1, (see
Theorem 3.4(ii)), and so by the above, A — h(x, y; wg) > v*. Since A > v too,
by Lemma 3.13 we have Q,(z) = Q,(z). Choosing A so that A —n € P* we
have Q,(z) C 2, (v) by Lemma 3.14. Thus, since z = vi_h(x,y;wo)(a)o), we have
wo € Qy(z) = Q2 (2) C Qy(v), which shows that the x-open sets are y-open, and
the first statement follows.

(ii) With x, y, z and wg as above, since Q2 (z) = R2,(2), and v, (2, (2)) = N;l,

and vy (2,(2)) = N, _

1
“h(x,yswp) WE S€€ that

vy (24 (2)) = vy (§2y(2)) = N}L_—lh(x,y;wo) = N)L__lh(x,y;wO)N)\Vx(Qx (2)),

and so the measures are mutually absolutely continuous, and the Radon-Nikodym

derivative is given by
dvy N,
)= —t forany A € P such that A > v + v*.
dvy N)»fh(x,y;a))

The result follows from Proposition 3.15 by choosing A perhaps larger still so that
both A and A — h(x, y; w) are strongly dominant. O

Let r € Hom(P, C*) be the map

L 1
W Hqtifﬂ:al) — H Taz(l"f»a) (35)

i=1 aERT

Following our usual convention we write r* in place of r(u).
Proposition 3.15 immediately gives the following.
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Corollary 3.18 Let ;v € P be fixed. Then

1/2
()
Ny

forany . € P such that A — u € P+,

For A € P™T, let us write & > A to mean that u — T, C P (in particular,
notice that if ;1 > A, then & > A and u € P*T). The reason for introducing
this notation is that we will want to ensure that the formula in Corollary 3.18 is
applicable in the following results.

Recall the definition of the numbers a;, ., from before (1.7).

Lemma 3.19 LetA € PT. Foreachx € Vp, w € Q, u € Il and v >> ),

1 _
M'{y e Vi(x) | h(x,y;0) = W}l = r a5 y_pov-

In particular, the value of the left hand side is independent of x € Vp and w € Q.
Proof We will first show that whenever v > A,

{y e Vi(x) [ h(x, y; @) = p} = Va(x) N Viy— = (vy (). (3.6)

If y € Vi(x) NV (v] (w)), then by Theorem 3.6, v} (w) € S¥(w) NV, (¥),
and so v} (w) = vZ?M(w). Thus h(x, y; w) = u.

Conversely, if y € V;(x) and h(x, y; w) = u, then v](w) = vﬁfu(a)) once

v > A by Theorem 3.6. Thus y € Vi (x) N Vi, (v] ().
Now suppose that v >> . By (1.7), (3.6) and Corollary 3.18 we have

1 N,_ _
—Hy e Vi) | h(x,y; 0) = p}|l = Ma)n,v—u;v =r zuak,v—ugv'
N, N,
O

We now describe the algebra homomorphisms 4 : &/ — C in terms of (zonal)
spherical functions.

Definition 3.20 Fix a vertex x € Vp. A function f : Vp — C is called spherical
with respect to x if

1) flx)=1,
(ii) f is x-radial (that is, f(y) = f(y') whenever y, y’ € V; (x)), and
(iii) for each A € .7 there is a number c4 such that Af = ca f.

The following is proved in [8, Proposition 3.4] in the A, case, and the proof
there generalises immediately.

Proposition 3.21 An x-radial function f : Vp — C is spherical if and only if the
map h . &/ — C given by h(A) = (Af)(x) defines an algebra homomorphism.
Moreover, each h € Hom(<7, C) arises in this way.

Let x € Vp be fixed and let u € Hom(P, C*) and y € Vp. Define
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FE) = [ /"y, @),

where (ur)* = u’r” for all A € P. The integral exists by Theorem 3.4(ii) and the
fact that N, and |H »| are finite for each A € P+,

In the following theorem we provide a second formula #/,, u € Hom(P, C*),
for the algebra homomorphisms .o/ — C. In Theorem 6.2 we will show that
h), = hy.

Theorem 3.22 Let x, y € Vp with y € V,(x). Then for all u € Hom(P, C*)
(i) Fy(x) =1,

(ii) F}(y) = Fx,(y ) whenever x', y' € Vp satisfy y' € Vi (x'), and

(iii) Ay F; = @, () F}}, where for any v =>> A

o (u) = Z r_u’a)u,vfp.;vuﬂa
HEIT,

which is independent of x € Vp.

Thus the map h), : &/ — C given by h|(A) = (AF))(x) defines an algebra
homomorphism ( by Proposition 3.21).

Proof Since v, is a probability measure, (i) follows from Proposition 3.5.

We now prove (ii), which we note is stronger than the claim that F;; is x-radial.
Let v € P™. Since Q is the union of the disjoint sets £2,(z) over z € V,(x), we
have

HOESDY /Q )" d vy ()

7€V (x) @
Y X [ e,
nePT zeV,(x)NV,(y) Q,(2)

Now take v > A, and so by Lemma 3.13 h(x, y; w) = v — pu for all w € Q4 (z2)
and z € V,(x) NV, (y). Since v, (2, (2)) = N ! we have

1
Fim = 20 3V 0 Vel
pept Y

and the result follows from (1.7).
We now prove (iii). Let v >> A. By the cocycle relations (Proposition 3.5),
Theorem 3.4(ii) and Lemma 3.19 we have

(AAF;‘)(y)= > / (ur)" 5 dv, (o)

zer(})

/ (i > <ur)h(y’“”))(ur)“"’y“‘”dw(w)
Q

N.
» zeVi(y)

= ( Z r—ﬂa)\’v_u;vuu)/(Mr)h(x,y;w)dvx(w).
Q

WeETT;,
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Corollary 3.23 Let y € V) (x). Then for any w € €2,

1 .
B (A = Fiy) = <= > @) = g ).
» zeV;(x)

Proof By Theorem 3.22(ii) and the definition of Ay we have (A, F;))(x) = F; (y),
and by Theorem 3.22(i) we have ¢, (1) F; (x) = @, (). The result now follows
from Theorem 3.22(iii) and the proof thereof. m|

4 The Plancherel measure

Each A € o/ maps £2(Vp) into itself, and for A € Pt and f € €2(Vp) we have
1A fll2 < |l fll2 (see [7, Lemma 4.1] for a proof in a similar context). So we may
regard .27 as a subalgebra of the C*-algebra .Z(¢?(Vp)) of bounded linear opera-
tors on £2(Vp). The facts that y € Vi(x)ifand only if x € V,x(y),and Ny+ = N,,
imply that AY = A+, and so the adjoint A* of any A € .7 is also in .o/

Let @5 denote the completion of .27 with respect to ||-||, the Ez—operator norm. So
o/ is acommutative C*-algebra. We write M, = Hom (@5, C) (this is the maximal
ideal space. of %), and we denote the associated Gelfand transform .5 — €' (M3)
by A — A, where A(h) = h(A). Here €' (M) is the algebra of w*-continuous
functions on M» with the sup norm. This map is an isometric isomorphism of
C*-algebras [9, Theorem 1.3.1].

The algebra homomorphisms & : @ — C are precisely the extensions to .27 of
algebra homomorphisms / : &7 — C which are continuous with respect to the £2-
operator norm. When there is no risk of ambiguity we will simply write % in place
of h. It h = h, : <% — C we write A(u) in place of A(h) (so A; (1) = Py ().

Let (-, -) be the usual inner product on £2(Vp) (this is not to be confused with
the unrelated inner product on E). If X C Vp we write 1y for the characteristic
function on X, and we write d; for 1.

Lemma 4.1 Let A € o5 and o € Vp. Then AS, = 0 implies that A = 0.

Proof Letx € Vp.Observethatif A € o7 then AS, is x-radial, forif A = >, ay A;,
is a finite linear combination, then A, = Z/\ a N, llvk* (x)» Which is x-radial.
It follows that AS, is x-radial for all A € .%. Now, given A € @) and u € P,
(A, ]‘//L*(x)> does not depend on x € Vp, forif A = >, ayAy € &/, then
(Adx, 1v,u(x)) = ap. Thus if A € % and AS, = 0, then (Ady, lv,. () = O for
all © € PT, and so (A8y, 1y .(x)) = Oforall x € P and for all x € Vp. Since
Ad, is x-radial for all x € Vp, it follows that A§, = O for all x, and so Af =0
for all finitely supported functions f € ¢2(Vp). Thus by density the same is true
for all f € ¢*(Vp), completing the proof. O

Since A;8, = N, 'lv,. (o) foreacho € Vp, wehave (A318,, Au8,) = 81, uN; .
Thus by Lemma 4.1 we can define an inner product on 2% (independent of o € Vp)
by (A, B) = (Aé,, Bd,).
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For any fixed 0 € Vp,themap A — (A, Ag) = (AS,)(0) maps the identity Ag

of @7 to 1 and satisfies (A, Ag)| < ||Adoll2 < Al = ||A||oo. Thus by the Riesz
Representation Theorem there exists a unique regular Borel probability measure
7 on M> so that

(AS,)(0) =/ AA(h)dyr(h) forall A € .
M
Hence, for all A, B € %,

(A, B) = (AS,, BS,) = (B*A8,)(0) :/ AW BWydr(h). (4.1

M

We refer to r and M as the Plancherel measure and spectrum of <7, respectively.
Proposition 4.2 M, = supp(m).

Proof 1f hg € M \supp(), then by Urysohn’s Lemma there is a ¢ € € (M2) so
that ¢ = 0 on supp(sr) and ¢ (hg) = 1. Since A +— A is an isomorphism, there is
an A € 9% so that A = ¢. Then by (4.1)

IA8,113 = (A, A) =/ |A(h)|?dr(h) = 0,
supp(rr)

and so A = 0 by Lemma 4.1, contradicting A= o #0. O

5 Calculating the Plancherel measure and the ¢2-spectrum

In this section we will calculate the Plancherel measure of .%. It turns out that there
are two cases to consider. We will then use these results to compute the £?-spectrum
of 7. The Plancherel measure will also be used in the proof of Theorem 6.2, where
we show that i, = h), for all u € Hom(P, C*).

Lemma 5.1 7, < 1 for some « € R if and only if R = BC,, and q,, < qo.

Proof 1If R is reduced we have 7, = ¢, forallae € R. Thus 7, < 1 forsome o € R
implies that R = BC,, for some n > 1. Thus R may be described as follows (see
[2, VI, §4, No.14]). Let E = R" with standard basis {e;}_,, and let R consist of
the vectors +e;, +2¢; and tejter forl <i <nand1 < j < k < n.Recall from

[15, Appendix] that in an affine building of type BC,, we have g1 = - -+ = ¢, —1.
Thus by the definition of the numbers 7, we have 74,, = anqy 1, T42¢; = qo and
Tie;+e, = 1 for] <i <nand1 < j <k < n. The result follows. O

Following [12, Chapter V] we call the situation where 7, > | forall « € R
the standard case, and we call the situation where 7, < 1 for some @ € R the
exceptional case.
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5.1 The standard case

Let U = {u € Hom(P,C*) : |u*| = 1 forall A € P}. Writing u; = u* for each
i=1,...,n,wehave U= T" where T={z € C: |z] = 1}.

In the next theorem we introduce (following [12]) a measure my which we will
shortly see is closely related to the Plancherel measure 7 (in the standard case). We
will write A(u) forh, (A) when A € o/ andu € U. As we shall see in Corollary 5.4,
each such £, is continuous for the 52—0perator norm, and so (5.1) will also be valid
for A, B € .

Theorem 5.2 (cf. [12, Theorem 5.1.5]) Let du denote the normalised Haar mea-

-1
sure on U, and let 7wy be the measure on U given by dmo(u) = W(I)égol ) lc(u)| " 2du.
Then

(A, B) =/ Au)B(u)dmo(u) forall A, B € o. (5.1
U

Proof We may assume that A = A, and B = A,, where p,v € P*. Then
the integrand in (5.1) is ALA, pAve(u). Now Ay Ay = D5 Cp+ a0 Ay, and since
Ay v = Ou,v/Ny, it suffices to show that fIU Ax(u)dm)(u) 8,0 for each
» € Pt. Notice that if u € U, then# = 1!, and so
~1.-1/2, —a
B -7 S u
lec@)? = caye@™ = ] — _?/2 —
a€R Tapp U
Thus |c(wu)|?> = |c(u)|* for all w € W,. Furthermore, if fw =%, au’ is
such that >, |ay| < oo, then [i; f(u)du = ao. It follows that [i; f(wu)du =

Ju f w)du for all w € Wy.
Using these facts we see that

Py
—1/2 u
/ A wydmow) = g, " / C(u_l)du. (5.2)
Let R = {o¢ € R" | 74 # 1}. Then it is clear that we can write
=1/2 oY
1 1 -
C(ufl) - H

Ju
o = D au’
1— 12 yey

aeRt a o/ yeQt

where ap = 1 and the series is uniformly convergent. Since {};}?_, forms an acute
basis of E [2, VL, §1, No.10] we have (A, %;) > O for all A € P and for all
1 <i <n.Thuseach A € P is alinear combination of {a;}'_, with nonnegative

coefficients. It follows thatif A € P*,y € QT and A+ y =0,then i = y = 0.
Hence by (5.2) we have fIU A. A (w)dmo(u) = 8, 0, completing the proof. m|

Fix o € Vp and let Eg(Vp) denote the space of all f € £2(Vp) which are
constant on each set Vj (0). For A € o5 define ||A||, by

IAllo = sup{llAfll2 = f € €5(Vp) and || fll2 < 1},

which defines a norm on @ (see Lemma 4.1), and clearly ||A|l, < ||A| for all
A € 9h.
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Remark 5.3 In fact ||A|l, = ||A|| for all A € o (in both the standard and excep-
tional cases). To see this, recall that an injective homomorphism between two
C*-algebras is an isometry [9, Theorem 1.5.5]. Let @ : o — .Z(E%(Vp)) be the
linear map given by A +— Al[%(vp). Since ||A|l, = ||A|g%(vp) I, it suffices to show
that & is an injection. This is clear from Lemma 4.1, for ®(A) = 0 implies that
Ad, =0,and so A = 0.

Corollary 5.4 Each hy, u € U, is continuous for the £>-operator norm.

Proof We show that |h,(A)| < ||A]l, for all A € & and u € U. Suppose that
this condition fails for some ug € U and A € 7. Then there exists § > 0 so
that |h,,(A)| > (1 4+ 8)||All,. Since h, (A) is a Laurent polynomial in uy, ..., u,
there exists a neighbourhood N of ug in U such that |k, (A)| > (1 + 8§)||A|l, for
all u € NV. Let N/ denote the set of u € U such that |h,(A)] > (1 + 8§)||All,, so
WoN’ = N’. Let U/ W denote the set of Wy orbits in U. It is compact Hausdorff
with respect to the quotient topology, and

C(U/Wy) Z{p € €U) | p(wu) = ¢(u) forall w € Wy and u € U}.

Now there exists ¢ € € (U/ W) not identically 0 which is 0 outside N”. By the
Stone-Weierstrass Theorem, for any given € > 0 there exists B € </ so that

||1§‘ — ¢lleo < €, and choosing € suitably small we can ensure that

/ |B(u)|*dmo(u) > m / |B(u)|*dmo(u) > 0.

Thus by (5.1)
IABS,|I3 = (AB. AB)
= /U |A@)?| B ()| >drmo(u)

> +8)2”A”%/N’ |Bw) o)
> (1+8) | All5| B3 3.

and so ||Afll2 = /14 8||Alloll fll2 for f = BS,, contrary to the definition of
1Allo- O

Corollary 5.5 In the standard case, My = {l~zu | u € U}. Moreover, the map
@ :u +— hy induces a homeomorphism U/ Wy — My (where U is given the
Euclidean topology, U/ Wy is given the quotient topology, and M, is given the
w*-topology), and the Plancherel measure 1 is the image of the measure mgy of
Theorem 5.2 under w.

Proof The w*-topology on M», defined using the functionals & +— h(A), A € %,
is compact, and so agrees with the topology defined using only the functionals
h +— h(A), A € o/, since the latter is Hausdorff. Since each 4, (A) (A € </ fixed)
is a Laurent polynomial in uy, ..., u,, the map @ : u +— h,, defined from U
to M> in light of Corollary 5.4, is continuous. Thus @ (U) is closed in M>, and @@
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induces a homeomorphism U/ Wy — @ (U) since U/ W is compact. The image
of mp under @ satisfies the defining properties of the Plancherel measure. Since
M> = supp(ir) by Proposition 4.2,

T (My\w (U)) = mo(w " (Ma\w (U))) =0,

and so M> = @ (U). Thus @ is surjective, and it is injective by Proposition 2.1. O

5.2 The exceptional case

Let R = BC,, for some n > 1 and suppose that g, < go. Recall the description
of R from the proof of Lemma 5.1. Letor; = ¢; —¢;41 for 1 <i <n — 1 and let
o, = ey. The set B = {a;}7_, is a base of R, and the set of positive roots with
respect to B is

R+={ei,2ei,ej—ek,ej—|—ek|1§i§n, 1<j<k<n}.

Recall (from the proof of Lemma 5.1) that g = --- = ¢,— in this case. Let
a = /qnqo and b = /qn/qo (so b < 1).
Let u € Hom(P,C*). Since ¢; € P foreachi = 1,...,n, we may define

numbers #; = #;(u) by t; = u®. We will now give a formula for c¢(«) in this case in
terms of the numbers {#;}_; (see Remark 2.2 for a related discussion).

Ifa =2e,1 <i <n,thena € R{\R3,and so 7y, = qo. Now «/2 = ¢; €
Ry\R3, and s0 142 = qa/gqo_l. Since |a/2| = |a,| we have go/2 = Gu, = qn,
and thus 7,2 = qnqo_l. Nowifa =e¢;, 1 <i <n,thena € Ry\R3, and so by the
above 7, = qnqo_l, and since «/2 ¢ R we have 74/2 = 1. Since (2¢;)V = e; and
eiv = 2e;, the factors in c(u) (see (2.1)) corresponding to the roots « = 2e; and
o = e; are

12 12— 4 - o
1 —gn /40 /ti ! . 1—q, 'qo1; § _(I-a 't H+b ' b
1 qn_l/zqé/zt-_l 11— 2 e

1 1

Ifa =ej+xe, 1 <j<k<n,thena € R3, and so 7, = ¢y. Since |a| =
le; — ez2] = |ay| we have g4 = qo; = q1(= g2 = -+ = qn—1), and so the product
of the two factors of ¢(u) corresponding to the roots « = ¢; —ex and a = e; + ¢
(1<j<k<n)is

(I—qi';') (A —qp't7'e )
- zj—lzk) - tj_ltk_l)
Combining all these factors we see that c(u) equals
[H (1—a'tHa +b—1r;1)H 1 (1 =gy 't ')A —qfltq,-‘ltk‘l)}

-2 —1 —1,-1
l_ti I<j<k<n (1 _tj i) (1 _tj tk )

i=1

Notice that when R = BC,,, O = P, and so we will be able to apply the results
of [12] (see the paragraph after the proof of Proposition 2.1). Thus when gq; > 1
the Plancherel measure here depends on how many of the numbers q{‘ b,k € N, are
less than 1 (see [12, page 70]). Since we have an underlying building we have the
following simplification.
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Lemma 5.6 Ifq; > 1, then q1b > 1.

Proof By a well known theorem of D. Higman (see [17, page 30] for example), in
a finite thick generalised 4-gon with parameters (k, /), we have k </ 2 and ! < k2.
Thus by [17, Theorem 3.5 and Proposition 3.2] we have ql2 > qo (evenif gp = 1),

and so ¢1b > . /q, > 1. O

LetT ={z € C: |z| = 1}. Letdt = dt, - - - dt,, where dt; is normalised Haar
measure on T. Define ¢o(u) = c¢(u)c(u™") and

sy = m —2 ad dr = ds_y()dny - diy.

llﬁfb 1 + b_ltl
Note that this limit exists since there is a factor 1 + b~ '#; in c(u~1). We use the
isomorphism U — T", u + (11, ...,1,) to identify U with T". Define U =
{=b} x T" !, and write U = UU U'.

Theorem 5.7 Let y be the measure on U = UUU’ given by dmo(u) = W?égoil) ¢:(’u)
onUand dmo(u) = % dﬂl;) onU', where W is the Coxeter group C,_1 (with
C1 = Ay and Co = {1}). Then (in the exceptional case)
(A, B) = / A(u)Bw)dmo(u) forall A,B € <. (5.3)
U

Proof When g1 > 1 this follows from the ‘group free’ calculations made in [12,
Theorem 5.2.10], taking into account Lemma 5.6. If g1 = 1 the formula for c(u)
simplifies considerably, and a calculation similar to that in [12, Theorem 5.2.10]
proves the result in this case too. O

As in the standard case we have the following corollary (see Corollary 5.5).

Corollary 5.8 In the exceptional case, My = {hy | u € U}. Moreover, the map
@ 1 u > hy induces a homeomorphism (U/Wy) U (U'/ W) — M> and the
Plancherel measure 1 is the image of the measure o of Theorem 5.7 under w.

6 Equality of i, and k),

In this section we show that h, = h; for all u € Hom(P, C*), where h; is as
in Theorem 3.22 (see also Corollary 3.23). To conveniently state our results we
will write U = U in the standard case. Thus U = U in the standard case and
U = U UT in the exceptional case.

Lemma 6.1 Let A, u, v € PT. Then

() [, P.(w) P wdmo(u) = 8. ,N; ', and
(i) @, ;0 = Ny [y Pr(u) Py (u) Py (u)dmo(u).
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Proof (i) Since each h,, u € U, is continuous with respect to the £2-operator norm
(see Corollary 5.5 and Corollary 5.8) we have Py (1) = A; (u) forall A € P™ and
all u € U. Thus by (5.1) in the standard case, and (5.3) in the exceptional case,

/U P(u) Py (u)dmo(u) = (A, Ay) = N7 'S5

(i1) Using the previous part we have

/U Py (u) P (u) P, ()dmo(u) = |

neP+

(aw;n /U Pn<u>Pu<u>dno<u>)

= ijlak,u;v’
completing the proof. O
Theorem 6.2 %), = h,, for allu € Hom(P,C*).

Proof From (B.1) we have

ha(Ay) = Pau) = D ay u” (6.1)
HEIT,

for some numbers a;_,. On the other hand, by Theorem 3.22 and Corollary 3.23
we have

h,(A) = Z rHay y_yout  forany v > A (6.2)
HEIT,

We will show that for all u € IIy, a;,;, = r~"a; y—yu;» provided that v >> A
Comparing formulae (6.1) and (6.2) this evidently proves that h, = h/, for all
u € Hom(P, C*).

Let us first consider the standard case, so U = U. Let © € IT; and v > A.

By Corollary 3.18 we have r=* = ,/N,_,/N,, and so by (1.6) we compute

rEN, = Wolg ™), *q,/” . Thus by Lemma 6.1i),

r_MaA,v—;L;v = V_MNV/ PA(“)Pvfu(u)Pv(u)dﬂO(u)
v (6.3)

v—pL
= Wo(q gy, / Pr.(u) Py () ——du.
U c(™")

Since [c(wu™")|? = |e(u™")|? forallu € U we see that c(wu ") /e(u™") € L (U)
for all w € Wy, and so by (6.3) we have

-1
r Ry ey = Z /UMV—wv (Pk(u)u_“%) du. (6.4)
weWy

We claim that the integral in (6.4) is O for all w # 1. To see this, notice that by
Lemma 3.19, r *a; ,_,.v, 0 € I, is independent of v > A, and so we may
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choose v = N(A| + --- + A,) for suitably large N € N. Suppose w # 1. Since
wh + -+ Ay) # A + -+ A, we see that

[(A1 4+ 4+ A —wy +"‘+)\n)aai0)| >1
foratleastone i € Ip,and so |[(v—wv, «;,)| > N.Thus by the Riemann-Lebesgue

Lemma limy _ fIU u’ ™" f(u)du = 0 for all f € L' (U). Thus using (6.1) we
have

rYha; v_pv =/ Pr(wuMdu = ay .
U

Let us now prove the result in the exceptional case, where U = U U U'. Fol-
lowing the above we have

rtay vy = ay +r HN, /IU’ Py.(u) Py—, (u) Py (u)dmo(u) (6.5)

whenever v > A. We will show that the integral in (6.5) is zero.
The group Wy acts on {e;}'_; as the group of all signed permutations. Since
€y (1) Ew(”)

t; = u®, for each w € Wy we have w(tq, ..., ;) = (taw(l), RS iy (n)) where oy,
is a permutation of {1,...,n}and €, : {1,...,n} — {1, —1}. By dlrectly exam-
ining the formula for c(u) we see that if €,,(0y, (1)) = —1 then c(wu)|;=—p = 0.

Write WJ’ ={w e Wy | €x(0w(1)) = 1}. Note that for all . € P, A* = A. Thus

P, (u) = Py (u) for all u € U. Following the calculation in the standard case, and
using the above observations, we see that

F Rl = g = PN, / Py () Py (1) Py )0 (1)
104

wy+w'v P —wuc(wu)c(w u)>d /.
|W0 wz / ( o oy )

Since wg = —1 it is clear that if w € W(;r then wow ¢ WJr . Take any pair

w,w € WJ. As before, let v = N(A1 + - - - + X,) for sufficiently large N. Since
w’ # wow we have wv + w'v # 0. The same argument as in the standard case
now shows that [(wv + w'v, ¢;,)| > N for at least one iy € Io. Furthermore, since

w,w’ € W(T we have (wv + w'v, e;) > 0. The result now follows by taking
N — o0, noting that b < 1, and using the Riemann-Lebesgue Lemma. O

Thus for all A € PT we have
hy(Ay) = Py (u) = / wr)"SYOqy (),  y e Vi(x). (6.6)
Q

As an application of (6.6) we compute the norms || A; ||, A € PT.
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Theorem 6.3 Let A € Pt. Then ||A; || = P.(1).
Proof Since A — Ais an isometry, by Corollaries 5.5 and 5.8 we have
1Al = 1Az lloo = sup{|h(A)| - h € M2} = sup{lhu(A})| : u € U},

where, as usual, U = U in the standard case and U = U U U’ in the exceptional
case. In the standard case this implies that [|A,|| = Py.(1), for by (6.6) we have
P5(1) > 0and | P, (u)|] < P, (1) forallu € Uand A € P™. In the exceptional case
we only have ||A; || > P;.(1), and so it remains to show that ||A; || < P; (1) in this
case.

To see this, fix 0 € Vp and A € PT. By Theorem 3.22(iii), Corollary 3.23 and
(6.6) we have (A; F})(x) = P, (1)F{(x) for all x € Vp. Similarly, since A* = A
here,

(AFFY)(x) = (Ap FY)(x) = (A F7)(x) = Pu(D) FY (x)

forall x € Vp. Since F{ > 0 by (6.6), the Schur test (see [16, p.103] for example)
implies that ||A; || < P,.(1) (see also [8, Lemma 4.1]). O

Acknowledgements The author would like to thank Donald Cartwright for many helpful sug-
gestions throughout the preparation of this paper.

Appendix A Calculation of ¢;,

The formula in Proposition A.1 below is used in Proposition 3.15 to give an ex-
plicit formula for the Radon-Nikodym derivative in Theorem 3.17. It is also used
after Proposition 2.1 to compare our formula (2.1) with the formula in [12, Theo-
rem 4.1.2] (in the case P = Q).

Proposition A.1 Let .. € P*. Then

qn = H rcﬁ“”-

a€RT

Before proving the above proposition, we need some preliminary results.

Lemma A.2 Let H beawall of 2. Suppose that ity is a cotypei (that is, cotype {i})
panel of H and that 7y is a cotype j panel of H. Then q; = q;.

Proof 1f o is any simplex of 2" and ¢ any chamber of 2", then there is a unique
chamber, denoted proj, (¢), nearest ¢ having o as a face [17, Corollary 3.9]. We
show that the map ¢ : st(71) — st(m2) given by ¢(c) = proj,, (c) is a bijection
(here st(m;), i = 1,2, denotes the set of chambers of 2 having 7; as a face).
Observe first that if ¢ € st(rr1) then proj, (proj.,(c)) = c. To see this, let A be any
apartment containing ¢ and H (see [17, Theorem 3.6]), and let H denote the half
apartment of A containing c. Let d be the unique chamber in st(7r2) N H . It follows
from [17, Theorem 3.8] that proj,, (¢) = d, and so by symmetry proj, (d) = c.
Similarly we have proj,, (proj, (d)) = d for all d € st(m2). So the map ¢ is
bijective. O
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Lemma A.2 allows us to make the following (temporary) definitions. Given a
wall H of 2", write gy = ¢;, where i is the cotype of any panel of H. Now choose
any apartment A of 27, and let ¥ : A — X be a type rotating isomorphism. For
eacho € R and k € Z, write gy.x = qu, where H = ¢’1(Ha;k). ‘We must show
that this definition is independent of the particular A and ¥ chosen. To see this,
let A’ be any (perhaps different) apartment of 27, and let ¥/ : A" — X be a type
rotating isomorphism. Write H' = Vi (Hg:k). With H as above, let v be a panel
of H, with cotype i, say, and so gz = ¢;. The isomorphism '~ ' oy : A — A’
is type rotating and sends H to H’. Thus (¥/'~! o ¥)(xr) is a panel of H' with
cotype o (i) for some o € Auty(D), and so gu' = ¢oi)y = ¢i = qu, by [15,
Theorem 4.20].

Lemma A.3 Let R be reduced. Then each wall of ¥ contains an element of P.

Proof Each panel of each wall Hy.x, o« € R, k € Z, contains n — 1 vertices whose
types are pairwise distinct. Since R is reduced, the good vertices are simply the
special vertices, that is, the elements of P (see [2, VI, §2, No.2, Proposition 3]).
Thus when there are two or more good types the result follows.

This leaves the cases Eg, F4 and G». Since H_,.x = Hy.— it suffices to prove
the result when o € R™. Using the data in [2, Plates VII-IX] we see that for each
o= Z?=1 ajo; € RT there is an index i; such that a;, = 1, or a pair of indices
(i2, i3) such that ¢;, = 2 and a;; = 3. In the former case kA;; € Hy.k, and in the
latter case ’5‘)\,-2 € Hy.y if k is even, and %Mz + Aiy € Hy:x if k is odd. O

Proposition A.4 If R is reduced, then qu.x = qo for alla € R and k € Z.

Proof The proof consists of the following steps:

(1) Gwa:0 = ga:0 foralla € R and w € W,
(i1) Gu;:0 =qo; foreachi =1,...,n.
(iii) gq:0 = go foralla € R.
(iV) ga:k = ga:0 foralla € Rand k € Z.

(i) Let A be an apartment of 2", and let  : A — X be a type rotating isomor-
phism. Write H = Y (Hy:0), so that go.0 = qn. Let w € Wy. Now the
isomorphism ¥’ = w o ¢ : A — X is type rotating, and '~ (Hya.0) =
11”_1(1"101;0) = H.Thus Jua;0 = 4H = qu;0-

(ii) Let Cy be the fundamental chamber of X, and for each i = 1,...,n let
C; =5;Co.Let Aand ¥ : A — X be as in (i), and write H = W_I(Ha,-;o)-
Then § (¢ ~1(Co), ¥ ~1(Ci)) = 55 for some o € Auty(D), and 50 Gg;:0 =
qH = o> and so by [15, Theorem 4.20] qq;.0 = gi = qq; -

(iii)) Each o € R is equal to we; for some w € Wy and some i, and so (iii) follows
from (i) and (ii).

(iv) Let o € R and k € Z. By Lemma A.3 there exists A € Hy.x N P, and so
Hy.x = th,(Hy:0). Let Aand ¥ be as in (i), and write H = 1//’1(Ha;k), so that
Go:k = qu- The map ' = t;l oy : A — X is atype rotating isomorphism,
and 1’///_1(1"101;0) = 1/f_l(l'loz;k) = H.Thus qok = 4H = qua;0- 0O

We need an analogue of Proposition A.4 when R is of type BC, for some
n > 1. Observe that if o € R1\R3, then /2 € Ry\R3, and Hy;op = Hgy ;i for
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all k € Z. Thus we define H; = {Hy.x | @« € R1\R3, kodd}, Hy = {Hy:k | @ €
Ro\R3, k € Z} and H3z = {Hy:x | @ € R3}. Then H = H1 U Hz U Hs, where the
union is disjoint. We have

qo if Hy:x € Hi
Gask = Y qn if Hyx € Ha (A.1)
Ju if Hot;k € H3

We omit the details of this calculation.

Remark A.5 Proposition A.4 and formula (A.1) give the connection between our
definitions of R and 7, and Macdonald’s definitions of ¥; and ¢, [12, §3.1].

Recall thatforw € W wedefine H(w) = {H € H | H separates Co and wCp}.
Also, observe that each H € H is equal to Hy.; for some o € RT and some k € Z,
and if Hy.x = Hy.p witha, o’ € Rfr and k, k' € Z,theno = o’ and k = k.

Proof of Proposition A.1 Write t;, = t; g, where r;, € W and [ = (). Then
H(t) = H(t;) and g;, = q - Suppose that ; =s;, - - - s;, is a reduced expression

for ¢;. Writing H; = Hy,.0ifi = 1,...,n and Hy = Hg., we have

H(t) =1{H,,,si,Hiys ..., 80, -+ 80, Hipy )

. (A.2)
= {Hyu, | @ € R and 0 < ky < (A, @)

where the hyperplanes in each set are pairwise distinct (see [11, Theorem 4.5]). If
1 <r <mandifs;, ---s;_,H;, = Hy: thenitis easy to see that go.x = ¢;,. Then
using (A.2), Proposition A.4, and the fact that (A, ) € 27Z for all « € R\ R3, we
have

m (A,0r)
qn = HCIir = H H dosky
r=1

OlERr ko=1
= [ I1 qéf"’”} [ I1 (qoqn)““")/z}
aeRy aeR\RT
and the result follows by direct calculation. O

Proposition A.6 below is used to see that the formulae (1.8) and [15, (6.4)] are
equivalent. It also gives the connection between our numbers ¢,,, w € Wy, and
Macdonald’s numbers #,,, w € Wy, from [13, (3.8)] (which is needed in the proof
of Lemma B.2).

Recall that Ry = {a € R | %oe ¢ R}. The inversion set of w € W is

Ry(w) ={a € R;’ | Hy is between Cq and wilCo},

and we write R(w) = {« € RT | Hy is between Cy and w~!Cp}.
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Proposition A.6 For w € Wy,

=[] = [] = (A.3)

a€Ry (w1 acR(w™)

In particular,

quwy = H Ta

a€ERT

(here wy is the longest element of Wy).

Proof Forw € Wy we have Ry(w) = {« € R;’ | wae € R™},andif w = s, e Si,
is a reduced expression then

Ro(w) = {cti,, $i, @i, ysevvs iy Sin @iy}

(see [2, VI, §1, No.6, Corollary 2 to Proposition 17]). The first equality in (A.3)
follows.

The second equality in (A.3) is clear if R is reduced (for R, = R and 1, = ¢4).
If Risof type BCp,andif o € Ry(w™")\R3, then go = ¢ = TaToq, verifying the
result in this case too. ]

Appendix B Convex hull

Given a subset X C Vp, define the convex hull of X, or conv(X), to be the set of
good vertices that lie in the intersection of all half-apartments that contain X.

Let Hy.; be ahyperplane of X. The (closed) half-spaces of ¥ associated to Hy: ¢
are H;k ={zeE|(z,a) > k}and H,, = {z € E| (z, ) < k}. This gives an
analogous definition of conv(X) for subsets X C P, with the word half-apartment
replaced by half-space.

Let < denote the partial order on P* givenby u < Aifand onlyif A —pu € P™.
Note that this is quite different to the partial order < on P used earlier.

LemmaB.1 Let » € Pt. Thenconv{0, A} = {uw € P | uw < A}.

Proof Let u < A and write v = A — u € PT. Suppose that 0, A € Hai,k. Since
H_y:. = Hy.—x we may assume that o € R, and since 0 € Hojt;k the oﬁly cases
to consider are H, with k > 0, and H;, % with £ < 0. In the case k > 0 we have
(m,a) = (A — v,(;z) < (A, a) <k and éo u € H, . Inthe case k < 0 we have
(@) = 0= kandsou € HY. Thus (4 € P | u < A} € conv(0, ).

Now suppose that & € conv{0, A}. Since 0, A € H;T;O foreachi € Iy, we have
n e H;;O for each i € Iy too, and so u € Pt. Also, 0, A € Ha_,-;(x,a,-) for each

i € Iy, and so (u, o;) < (A, ;) foreachi € Iy. Thatis, A — u € PT, and so
n = A o

LemmaB.2 Let A, € PT. Then |Vi(x) N Vix ()| = 1 whenever y € V; 1, (x).
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Proof We give a proof using calculations involving the Macdonald spherical func-
tions. We note that it is also possible to give a purely ‘building theoretic’ proof.
For A € Pt let

Wolg™) 1) —1/2
———q, " Pr(x) = N, Py.(x),
Worlg D% o

where we have used Proposition 1.5, and define the monomial symmetric function
mj.(x) € C[P1" by
m;(x) = Z xH,

neWph

Py (x) =

The set {m; (x)},cp+ forms a basis for C[P]"0, and by the calculations made in
[13, §10] (noting also Proposition A.6) we have

P (x) = ch,umu(x)’ where ¢; 5 = 1. (B.1)

H=A

This is the so called triangularity condition of the Macdonald spherical functions.
It is clear that m; (x)m , (x) = Zv<k+u dy. ji.omy(x) where dy_ .04 = 1, and
so it follows that B

PLx)PL(x)= D erpuPl(x)

VAt
for some numbers ey, .., with e, .34+, = 1. It follows that forall A, j, v € P,

a2 12 -2 Ny
Ay = 4, Qtﬂ 4qz, NN vy
n

andsince gy, , = q1,q1, Wehave a; o4, = NHMNA_IN/II. It follows from (1.7)
that |V (x) N V= (y)| = 1 whenever y € V; 4, (x), proving the result. O

This immediately gives the following.

Corollary B.3 Let A € PT and u < A, and let x, y € Vp be any vertices with
v € Vi.(x). There exists a unique vertex, denoted v, (x, y), inthe set V, (x)NV,=(y),
wherev =, —u € PT.

Theorem B.4 Leth € PT, x € Vp, and y € V(x). Then

conv{x, y} = {v,(x, ) | u < A}.

Proof Let H be a half-apartment of .2~ containing {x, y}, and let .4 be any apart-
ment containing H . It is easy to see (using Axiom (B2) of [4, p.76]) that there exists
a type rotating isomorphism ¢ : A — ¥ such that ¥ (x) = 0 and ¥ (y) = A. Let
w < rand write v = A — € PT. The vertex v = ¥~ (u) is in both V. (x) and
Vi (y) (asy € V,(v), for (1_, 09)(v) = 0and (t_, 0y)(y) = v € PT),and so by
Corollary B.3 v, (x, y) = v € A.Now ¥ (H) is a half-space of ¥ which contains 0
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and A, and so by Lemma B.1 u € ¥ (H). Thus v, (x, y) = w_l(,u) € H, showing
that

{vu(x, y) [ = A} S convix, y}.

Suppose now that v € conv{x, y}. Thus there exists an apartment .A containing
x,yand v. Let ¥ : A — X be a type rotating isomorphism such that ¥ (x) = 0
and ¥ (y) = A, and write © = ¥ (v). If © ¢ conv{0, A} then there is a (closed)
half-space of ¥ which contains 0 and A but not x, and it follows that there exists
a half-apartment of .4 which contains x and y but not v, a contradiction. Thus
w € conv{0, A}, and so by Lemma B.1 u < A. It follows that v € V, (x) N V,=(y),
where v =1 — pu € P, and so v = v, (x, y), completing the proof. O

Note that the above shows that conv{x, y}isafinite setforall x, y € Vp.Indeed
we have the following corollary, which also shows that |conv{x, y}| = |conv{u, v}|
whenever y € V, (x) and v € V) (u), and that |conv{x, y}| does not depend on the
parameters of the building.

Corollary B.5 Let y € V;.(x). Then |{conv{x, y}}| = []'_; (A, o) + 1).

Proof By Theorem B.4 we have |{conv{x, y}}| = [{x € PT | u < A}|. Now
w < Aiifandonly if 0 < (u, ;) < (A, ;) foralli =1, ..., n. Thus

l{conv{x, y}}| = [{(k1,.... k) e N" |0 <k; < (A, o) foralli =1,...,n},
and the result follows. O

We conclude this appendix with a sketch of the following theorem, which was
used in the construction of the topology on 2. Recall the definition of the maps
@u,». made in the paragraphs after the proof of Theorem 3.6.

Theorem B.6 Fixx € Vpanddefine® : Q@ — [[,cp+ Vi(x) byw — (v} () cp+.
Then 6 is a bijection of Q2 onto 1(i£1(V;\ (X), @u.)-

Proof Tt is not too difficult to see that if S and S’ are sectors with the same good
vertices, then S = &’. Thus it is clear that 6 is injective. To show that 6 is surjective,
let (v))yecp+ € 1<i£1(VA(x), @ua). Foreachm > 11let wy, = m + - 4+ Ayp),
and let C(x; m) denote the set of chambers contained in the intersection of all half-
apartments containing x and v, . Since jt,, € P the sets C(x; m) are nonempty
forall m > 1, and C(x; m) C C(x; k) whenever m < k. Furthermore, for m > 1
write C,, for the set of chambers of ¥ contained in the intersection of all half-spaces
containing 0 and p,,.

For each m > 1 there exists an apartment .A,, containing x and v,,,,, and a type
rotating isomorphism v, : A,, — X such that ¥, (x) = 0 and ¥, (vy,,) = tm.
Furthermore, if A}, and v, also have these properties, then it is easy to see that
1ﬁm|C(x;m) = 1py/n|C'(x;m)- Also, Y1 |C(x;m) = I,”m|C(x;m) forallm > 1.

For each m > 1 define §,, : C, > 2 by &, = 1//,;1|cm. Since &y11lc, = &m
we have &lc, = &y for all k > m. We therefore define & : C(Sp) — Z by
E(C) = §,(C) once C € Cp. By replacing the type map t : V(X) — [ on
Y by 0; o T where i = 7(x), we may take all of the above isomorphisms to be
type preserving, and so by [17, Theorem 3.6] we see that & extends to an isometry
£ :C(X) — 2 . Then £(C(X)) is an apartment of 2", and S = £(C(Sp)) is a
sector. Let w be the class of S. Then 6(w) = (vy)ep+- m|



606 J. Parkinson

References

1. Atiyah, M.F,, Macdonald, I.G.: Introduction to Commutative Algebra. Addison-Wesley Se-
ries in Mathematics. Addison-Wesley, 1969

2. Bourbaki, N.: Lie Groups and Lie Algebras, Chapters 4-6. Elements of Mathematics.
Springer-Verlag, Berlin Heidelberg New York, 2002

3. Bourbaki, N.: Theory of Sets. Elements of Mathematics. Springer-Verlag, Berlin Heidelberg
New York, 2004

4. Kenneth Brown. Buildings. Springer-Verlag, New York, 1989

5. Cartwright, D.I.: A Brief Introduction to Buildings, in Harmonic Functions on Trees and
Buildings. Contemp. Math. Amer. Math. Soc., Providence, Rhode Island, 1997

6. Cartwright, D.I.: Harmonic Functions on Buildings of type A,. In: Picardello, M., Woess,
W., (eds) Proceedings of the Conference ‘Random Walks and Discrete Potential Theory’,
Cortona, Italy, June 22-28, Symposia Math 38, 104—138 (1997) _

7. Cartwright, D.I.: Spherical Harmonic Analysis on Buildings of Type A,. Monatsh. Math.
133(2), 93-109 (2001)

8. Cartwright, D.I., Mtotkowski, W.: Harmonic Analysis for Groups Acting on Triangle Buil-
dings. J. Austral. Math. Soc. (Series A) 56, 345-383 (1994)

9. Davidson, K.R.: C*-Algebras by Example. Fields Institute Monographs. American Mathe-
matical Society, Providence, Rhode Island, U.S.A., 1996

10. Humphreys, J.E.: Introduction to Lie Algebras and Representation Theory, volume 9 of
Graduate Texts in Mathematics. Springer-Verlag, New York-Berlin, 1978

11. Humphreys, J.E.: Reflection Groups and Coxeter Groups, volume 29 of Cambridge Studies
in Advanced Mathematics. C.U.P, Cambridge, 1990

12. Macdonald, I.G.: Spherical Functions on a Group of p-adic type, volume No.2 of Pub-
lications of the Ramanujan Institute. Ramanujan Institute, Centre for Advanced Study in
Mathematics, University of Madras, Madras, 1971

13. Macdonald, I.G.: Orthogonal Polynomials Associated with Root Systems. Séminaire Loth-
aringien de Combinatoire, 45(Article B45a), 2000

14. Macdonald, I.G.: Affine Hecke Algebras and Orthogonal Polynomials, volume 157 of Cam-
bridge Tracts in Mathematics. C.U.P., Cambridge, 2003

15. Parkinson, J.: Buildings and Hecke Algebras. Journal of Algebra, 2005 (to appear)

16. Pedersen, G.: Analysis Now. Graduate Texts in Mathematics. Springer-Verlag, 1989

17. Ronan, M.: Lectures on Buildings. Perspectives in Mathematics. Academic Press, 1989



