Example: Let M = N = F|x|, regarded as
vector spaces over a field F'.

Whatis M @pr N 7

To answer this: Consider the bilinear mapping
f: MxN — Flx,y
defined by

(p(x), q(x)) — p(z)q(y) .
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The Theorem guarantees the existence of a unique

module homomorphism f’ such that the following
diagram commutes:

g
M x N M ®p N

N
Flz,y

Note that
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so that
MN = (2@ | i,5>0).
Note also that, for each 7,7 >0,

f@ed) = f(g(' ')
= f@@' ) = 2y

We wish to show that f’ is an isomorphism.
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Define h : Flx,y] — M ® N by
h(Z)\m,n:Emy") — Z)\m,n(me@x”).

Easy to check h is linear, and further that, for
i, >0

(foh)(e'y) = feiwal) = iy
and

(ho f)(a'®2)) = h(z'y) = '@’
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Thus, these mapping fix the generators of F'|x,y]
and M ® N respectively, so

floh = idpp, and  hof = idysn,

from which it follows immediately that f’ and h
are mutually inverse isomorphisms. This proves

Flz|@p Flz] = Flz,y] .
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What about F|z| ®pp, F|]

where F|x| (being a ring also) is regarded as a
module over itself?

Exercise: Prove that, for any A-module

M’
AU M = M,

extending the following mapping on
generators:

a®xr +— ax (reM,acA).
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As an illustration of technique we will prove the
following result:

Proposition: Let M , N be A-modules.
Then there is a unique iIsomorphism

M 4 N = N @4 M

extending the following mapping on
generators:

TRy — yYRux (yeN,xzeM).
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Proof: Define f : M XN — N®M by
fle,y) = y®x (reM,yeN).
Then, by properties of tensors,

flaxi + bxe,y) = y & (axy + bxo)
(y ®az1) + (y ® bxs)
a(y @ 1) + by ® x)
= af(z1,y) +bf(r2,9) -

Similarly f is linear in the second variable.
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Thus f is bilinear, so there is a unique module

homomorphism A such that the following diagram
commutes:

g
M x N X N

N M
Hence, for x e M, ye N,

Mz®y) = higlz,y) = flz,y) = y®.
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Similarly, there exists a module homomorphism & :
N®®M — M ®N such that

klyRz) = 20y (x € M)(y € N) .

whence
(koh)(r®y) = ky®z) = QY.

Hence koh = idyen (since it fixes generators).

Similarly hok = idyeym , SO0 h and k are
mutually inverse isomorphisms. Further h is unique
because it is defined on generators.
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Despite the ambiguity of tensors of elements, we
have

Corollary to the proof of the main Theorem:

Suppose Z(:BZ@)yz) = 0 in M®N . Then
i=1
Y (w@y) = 0 in My® N,
i=1

for some finitely generated submodules M, of
M and Ny of N .
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Proof: To say

Z(ﬂfz@yz) =0 in MN,

means

Z(ﬂ%,yz) c D

where M@ N = C/D for C', D asin the proof
of the main Theorem.

Hence > (x;,y;) is a finite linear combination of
generators of D .
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Let M, be the submodule of M generated by all
(finitely many) elements of M appearing in first
coordinates of ordered pairs used in these generators.

Define Ny analogously using second coordinates.

Both M, and N; are finitely generated.

hen My® Ny = Cy/Dy for appropriate Cj
and D().

But Z(sz,yz) c DNCy = Dy, so

> (wiy) € Dy in My®N.
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Tensoring homomorphisms:

let f: M — M, g: N — N be A-module
homomorphisms. We wish to use these to construct
a homomorphism

fg: MN — M @N'.

Define
h: MxN — MxN

by
h(z,y) = flz)®@g(y).
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Then h is linear in the first variable:

h(azy +bry,y) = flaw: +bra) © g(y)
= (af(z1) +bf(z2)) © f(y)

= a(f(x) ®@g(y) + b(f(z2) @ g(y))

— ah(azl,y) -+ bh($27y> '
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Similarly in the second variable, so h is bilinear.

Hence there is a unique homomorphism f®g which
makes the following diagram commute:

M x N M @ N

N e

M/®N/

so that

(fegey) = fx)egy).
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Example: Let F be a field and fix o,0 € F' .
Define linear transformations f,g: Flx| — I by

f(p(z)) = pla) and  g(p(z)) = p(B).

where
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Recall that ¢ : Flx,y| — F|x] ®p F|x| extending
aziyj — '@

and ¢V : FQrF — F extending
a®@b — ab

are isomorphisms (the latter being a special case of
an exercise).

Hence we get the following commutative square for
some h :
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Flz,y] F
6 | "
Flz]| ®@p Flx] FQrF
f®g
so that
h(z)\i,jxiyj) — f®g Z)\Z]:Ey

P(fog (D Aija’ ®93°7))

Z)\zgoé ®5] = Z)\z‘,jaﬂj-
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Tensoring behaves well with respect to composition
of homomorphisms:

f f f
M . M/ N M//
and g g/

N—>N/ N N//

are A-module homomorphisms then

(f'ef)®(gog) = (f®d)o(feg)
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because they agree on generators:

(f'of)® (g og)](zey)=[(fof)(x)®[(d9)](y)]
= f(f(x) @ dgw) = (fod)(f(z) ®@g))
= (fod)|[(fog) (zey)]

= [(f'ed)el(fog)l@ey).
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