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THE LIOUVILLE THEOREM.

Theorem (Cauchy [Cau1844]).
Any bounded entire function of a single complex variable must be
constant.
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THE LIOUVILLE THEOREM.

Theorem (cf. [AxBouRam01, Theorem 3.1]).
Let d ≥ 2 and let u be a real harmonic function on Rd, bounded either
from above or below. Then u must be constant.
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THE LIOUVILLE THEOREM.

Theorem (cf. [AxBouRam01, Corollary 3.3]).
Let d = 2 and let u be a harmonic function on the exterior domain
R2 \ {0}, bounded either from above or below. Then u must be constant.

Remarks.
We call a domain Ω ⊆ Rd an exterior domain provided the
complement Ωc = Rd \Ω is compact and nonempty.
Liouville’s theorem fails on Rd \ {0} for d ≥ 3.
Counter-example: fundamental solution x 7→ µ2(x) := |x|2−d
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THE LIOUVILLE THEOREM.

Theorem (cf. [SerZou02, Thm II] or [HeiKilMar93, Cor. 6.11]).
Let d ≥ 2 and let 1 < p < ∞. Suppose u is a p-harmonic function on
Rd, bounded either from above or below. Then u must be constant.

Recall. We call a real-valued function u on an open set Ω ⊆ Rd

p-harmonic if u ∈ W1,p
loc (Ω) ∩ C(Ω) and a solution of

−∆pu = 0 in D′(Ω).

Here: ∆pu := div(|∇u|p−2∇u) is called p-Laplace operator.
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THE LIOUVILLE THEOREM.

Theorem (cf. [KiVé86, Corollary 2.2]).
Let d ≥ 2 and let u be a real d-harmonic function on the exterior domain
Rd \ {0}, bounded either from above or below. Then u must be constant.

Remark. Liouville’s theorem fails on Rd \ {0} for p > d ≥ 1.

Counter-example: fundamental solution x 7→ µp(x) := |x|(p−d)/(p−1)
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MORE LIOUVILLE-TYPE THEOREMS.

◦ (cf. [Ser72]) For positive solutions of

−∆u + f (u,∇u) = 0 on Rd,

◦ or of the stationary Strödinger equation (e.g., [BreChi08, FraPin11]),

−∇(A(x)∇u(x)) + V(x)u(x) = 0 on Rd,

◦ or of the generalized Lane-Emden equation

−∆pu = uq−1 on Rd

(cf. [GidSpr81, BiVéPo01, SerZou02]).
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MORE LIOUVILLE-TYPE THEOREMS.

◦ (cf. [Ser72]) For positive solutions of

−∆u + f (u,∇u) = 0 on Rd,

◦ or of the stationary Strödinger equation (e.g., [BreChi08, FraPin11])

−∇(A(x)∇u(x)) + V(x)u(x) = 0 on Rd,

◦ or of the generalized Lane-Emden equation

−∆pu = uq−1 on Ω ⊇ {|x| > R0 > 0}

(cf. [GidSpr81, BiVéPo01, SerZou02]) "exterior domains".
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MORE LIOUVILLE-TYPE THEOREMS.

These results are all about elliptic equations with lower-order terms!!!
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MORE LIOUVILLE-TYPE THEOREMS.

Question.
What is known about Liouville-type results for solutions of

−∆pv = 0 in Ω,

when Ω is a general exterior domain?

DANIEL HAUER - UNIVERSITY OF SYDNEY - 30. SEPTEMBER, 2013 A LIOUVILLE THEOREM ON EXTERIOR DOMAINS



MORE LIOUVILLE-TYPE THEOREMS.

Question.
What is known about Liouville-type results for solutions of

−∆pu = 0 in Ω,
Bv = 0 on ∂Ω,

when Ω is a general exterior domain?

Answer. Not much is known!!!
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MORE LIOUVILLE-TYPE THEOREMS.

Question.
Why we are interested in Liouville-type results?

Answer.
Intimate relation between Liouville-type theorems and pointwise a
priori estimates (cf. [SerZou02, p.82] and [PolQuiSou07, p.556]):
Liouville’s theorem ⇔ univ. upper bounds for pos. solut.

Convergence of domain perturbation problems of elliptic boundary
value problems (cf. [DDH13])
much more...
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FIRST MAIN THEOREM.

Theorem. (Dancer, Daners, H. [DDH13-Lio]) Let Ω be an exterior
domain. Then:

Let 1 < p < d and u be a positive solution of problem

(1)

{
−∆pu = 0 in Ω,
Bu = 0 on ∂Ω,

Then u must be constant.
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THE CASE p ≥ d.

Example.
Consider the function

u(x) :=

{
log|x| if p = d,
|x|(p−d)/(p−1) − 1 if p > d

for every x ∈ Bc
1 := {x ∈ Rd | |x| > 1}. Then u is a positive solution of{

−∆pu = 0 in Bc
1,

u = 0 on ∂B1.

Remark.
Similarly, one can easily construct an example of a positive non-trivial
p-harmonic function on Bc

1 satisfying zero Robin boundary conditions.
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FIRST MAIN THEOREM.

Theorem. (Dancer, Daners, H. [DDH13-Lio]) Let Ω be an exterior
domain. Then:

Let 1 < p < d and u be a positive solution of problem

(1)

{
−∆pu = 0 in Ω,
Bu = 0 on ∂Ω,

Then u must be constant.
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FIRST MAIN THEOREM.

Theorem. (Dancer, Daners, H. [DDH13-Lio]) Let Ω be an exterior
domain. Then:

Let 1 < p < d and u be a positive solution of problem

(1)

{
−∆pu = 0 in Ω,
Bu = 0 on ∂Ω,

Then v must be constant.
Let p ≥ d. Then every positive solution u of (1) is either constant
or u ∼ µp as |x| → ∞ with

µp(x) :=

{
|x|(p−d)/(p−1) if p 6= d,
log|x| if p = d.
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IDEA OF THE PROOF.

1. Step.

Determine the asymptotic behavior near infinity,

2. Step.

Use integration techniques with suitable test functions to establish
Liouville’s theorem.
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ASYMPTOTIC BEHAVIOR NEAR INFINITY: linear CASE.

◦ Suppose u is a positive harmonic function on Bc
1, d > 2;

◦ Let K[u](x) := |x|2−du(x/|x|2) be the Kelvin transform of u;
⇒ K[u] is a positive harmonic on B1 \ {0} (cf. [AxBouRam01]);
⇒ ∃ harmonic w on B1, ∃ b ≥ 0 such that

K[u](x) = w(x) + b |x|2−d or K[u− b](x) = w(x)

(Bôcher’s theorem (cf. [AxBouRam01]);

⇒ Again Kelvin’s transform, u(x)− b = |x|2−d w(x/|x|2) on Bc
1

⇒ Since w(x/|x|2)→ w(0) as |x| → ∞, ∃ r0 ≥ 1, C ≥ 0 s.t.

|u(x)− b| ≤ C |x|2−d for |x| ≥ r0.

DANIEL HAUER - UNIVERSITY OF SYDNEY - 30. SEPTEMBER, 2013 A LIOUVILLE THEOREM ON EXTERIOR DOMAINS



INTEGRATION TECHNIQUES WITH TEST FUNCTIONS.

Lemma.

Let ϕ ∈ C∞
c (Rd) s.t. 0 ≤ ϕ ≤ 1 on Rd, ϕ ≡ 1 on B1, ϕ ≡ 0 on Bc

2.
Set ϕr(x) = ϕ(x/r) for every x ∈ Rd and all r > 0.

Suppose ∃ C0, C1 ≥ 0, r0 ≥ 1, and b ∈ R s.t. u ∈ W1,p
loc (Ω) satisfies

∫
Ω∩B2r

|∇v|2 ϕ2
r dx ≤ C0

r

[∫
(Ω∩B2r)\Br

|∇u|2 ϕ2
r dx

] 1
2
[∫

(Ω∩B2r)\Br

|u− b|2 dx
] 1

2

and
1
r2

∫
(Ω∩B2r)\Br

|u− b|2 dx ≤ C1 for all r ≥ r0.

Then, u is constant.
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INTEGRATION TECHNIQUES WITH TEST FUNCTIONS.

Since u satisfies

|u(x)− b| ≤ C |x|2−d for |x| ≥ r0,

we achieve to

1
r2

∫
B2r\Br

(u− b)2 dx ≤ C
r2

∫
B2r\Br

|x|2(2−d) dx

= C1
r2

2πd/2

Γ(d/2)

∫ 2r

r
s3−d ds.
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SECOND MAIN THEOREM.

Theorem. (Dancer, Daners, H. [DDH13-Lio]) Let Ω be an exterior
domain, and 1 < p < ∞. Suppose u is a p-harmonic function on Ω,
which is bounded from below or above and satisfies zero Neumann
boundary conditions. Then u must be constant.
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Thank you for your attention!!!
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