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A diagram is planar if the edges can be drawn without crossing
inside the rectangle bounding the vertices.

transversal components are edges that connect vertices in both
rows.
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Bipartition Monoid P,
Two diagrams a, b € P, are multiplied pictorially as follows:

Example

a
| | . b

|
A o -

» place a on top of b;
» remove the middle dots and stranded loops; and
> clip loose ends and collapse remaining loops.
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P, is a regular *-semigroup
Pictorially we obtain d* by flipping d upside down.

Example

A= h |

For each d € P,:

» d** = d (* is an involution);

» (de)* = e*d* (* is an anti-homomorphism); and
> dd*d =d.
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We call the hooks in the generators diapses.

Example
Three generators of 7j.
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Triapsis Semigroup F,

Examples

! S S} ¢ 11 é 4}

Let d € P,. For d € F,, we require:
d be planar;

v

> there be at least one triapsis at the top and at least one at
the bottom;

» non-transversal components have cardinality divisible by 3; and

» the upper and lower cardinalities of transversal components be
congruent mod 3.
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Proposition

Fn is a subsemigroup of the semigroup just described.

Examples

(] [5]

] b+ 2]

.[c —i.- 1]

[]

[a] = [a] [b+2] + [c+1] = [b] +[c]
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Patterns

Let P be a subsemigroup of P, that is closed under *.
> a pattern p is P-admissible if 3 d € P with U(d) = p;
» P-admissible p, g are P-compatible if 9 d € P with
U(d) = p and L(d) = q.
If P is planar then d is unique, which we denote by d(p, q).

Example
- p o (p,q)
I R R
L. C; I N O [T

» P-compatibility is an equivalence relation;
> 6(p,q)d(q,r) =d(p,r).
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Patterns

A pattern p is Fp,-admissible iff:

> it is planar;

> it has at least one triapsis; and

> each non-transversal component has cardinality divisible by 3.
Fn-admissible patterns p, g are F,-compatible iff:

» rank(p) = rank(q); and

> the cardinalities of matched transversal components are

congruent mod 3.

Example

i(p. q)
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Green's Relations

Definition
For a,b € S:
» R ={(a,b) € S?:aS' = bS'};

» L ={(a,b) € S?:Sta=S'b};

>» H=LNTR;

» J ={(a,b) € §?: S'aS? = S'pSt};

» D=LVR(=RoL=LoR) (= J for finite S).

Theorem (Howie)

If T <S5 is regular then Green's £, R and H relations are just
their respective restrictions on S, ie. LT = £°nN T2.
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Theorem (Wilcox)
For a,b € P,:
» aRb iff U(a) = U(b);
» alb iff L(a) = L(b);
» aHb iff U(a) = U(b) and L(a) = L(b); and
» aJ b iff rank(a) = rank(b).
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Theorem
For a, b € F,,, aJ b iff U(a), U(b) are F,-compatible.

Example

3(U(b), U(a)))
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a), L(b))



Questions?



