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Symmetric functions

Let a = (ai), i ∈ Z , be a sequence of variables.

Denote by Λn the ring of symmetric polynomials in x1, . . . , xn

with coefficients in Q [a].

Consider the evaluation maps

ϕn : Λ6k
n → Λ6k

n−1, P(x1, . . . , xn) 7→ P(x1, . . . , xn−1, an)

and the corresponding inverse limit

Λ6k = lim
←−

Λ6k
n , n→∞.
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The elements of Λ6k are sequences

P = (P0, P1, P2, . . . ), Pn ∈ Λ6k
n

such that

ϕn(Pn) = Pn−1 for n = 1, 2, . . . .

Then the union Λa =
⋃
k>0

Λ6k is a ring with the product

PQ = (P0Q0, P1Q1, P2Q2, . . . ), Q = (Q0, Q1, Q2, . . . )
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Elements of Λa are called (double) symmetric functions.

They can be viewed as formal series.

Examples. We have

ϕn :
n∑

i=1

(x k
i − a k

i ) 7→
n−1∑
i=1

(x k
i − a k

i )

hence

pk (x ||a) =
∞∑

i=1

(x k
i − a k

i ) ∈ Λa,

the power sums symmetric function.
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Proposition. The following are elements of Λa:

ek (x ||a) =
∑

i1>···>ik

(xi1 − ai1) . . . (xik − aik+k−1),

hk (x ||a) =
∑

i1>···>ik

(xi1 − ai1) . . . (xik − aik−k+1).

They are called the elementary and complete symmetric

functions, respectively.

Proof.

1 +
∞∑

k=1

ek (x ||a) tk

(1 + a1 t) . . . (1 + ak t)
=
∞∏

i=1

1 + xi t
1 + ai t

,

1 +
∞∑

k=1

hk (x ||a) tk

(1− a0 t) . . . (1− a−k+1 t)
=
∞∏

i=1

1− ai t
1− xi t
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A diagram (or partition) is a sequence λ = (λ1, . . . , λn) of

integers λi such that λ1 > · · · > λn > 0, depicted as an array of

unit boxes.

Example. The diagram λ = (5, 5, 3) is

The number of boxes is the weight of the diagram, denoted |λ|.

The number of nonzero rows is its length, denoted `(λ).
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A diagram (or partition) is a sequence λ = (λ1, . . . , λn) of

integers λi such that λ1 > · · · > λn > 0, depicted as an array of

unit boxes.

Example. The diagram λ = (5, 5, 3) is

|λ| = 13 `(λ) = 3

The number of boxes is the weight of the diagram, denoted |λ|.

The number of nonzero rows is its length, denoted `(λ).



A reverse λ-tableau T is obtained by filling in the boxes of λ

with the numbers 1, 2, . . . in such a way that the entries weakly

decrease along the rows and strictly decrease down the

columns. If α = (i , j) is a box of λ we let T (α) = T (i , j) denote

the entry of T in the box α.

Example. A reverse λ-tableau for λ = (5, 5, 3):

2
4
8

1
3
8

1
2
4

1
2

1
2
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Double Schur functions

For any diagram λ define the (double) Schur function by

sλ(x ||a) =
∑

T

∏
α∈λ

(xT (α) − aT (α)−c(α)),

summed over the reverse λ-tableaux T ,

c(α) = j − i is the content of the box α = (i , j).

Proposition.

sλ(x ||a) ∈ Λa for all diagrams λ.
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Example. For λ = (2, 1) the reverse tableaux are

k
i j with i > j and i > k

Hence

s(2,1)(x ||a) =
∑

i>j, i>k

(xi − ai)(xj − aj−1)(xk − ak+1).
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Remark. The direct extension of the definition of sλ(x ||a) to

skew diagrams λ/µ does not give an element of Λa.

If λ = (2) and µ = (1), then we would have

s(2)/(1)(x ||a) =
∞∑

i=1

(xi − ai−1).

However, for n = 1, 2, . . . the polynomials

n∑
i=1

(xi − ai−1)

are not consistent with respect to the evaluation maps xn := an.
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For any partition λ = (λ1, . . . , λn) set

pλ(x ||a) = pλ1(x ||a) . . . pλn(x ||a),

eλ(x ||a) = eλ1(x ||a) . . . eλn(x ||a),

hλ(x ||a) = hλ1(x ||a) . . . hλn(x ||a).

Theorem. Each of the sets {pλ(x ||a)}, {eλ(x ||a)}, {hλ(x ||a)}

and {sλ(x ||a)}, parameterized by the set P of all partitions λ,

forms a basis of Λa over Q [a].
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Under the specialization a = (0) the ring Λa becomes the ring Λ

of symmetric functions. It admits six distinguished bases,

parameterized by partitions:

{pλ(x)}, {eλ(x)}, {hλ(x)}, {sλ(x)}, {mλ(x)} and {fλ(x)}.

The mλ(x) and fλ(x) are the monomial and forgotten symmetric

functions, respectively. We have

mλ(x) =
∑

xλ1
σ(1)x

λ2
σ(2) . . . xλn

σ(n),

summed over permutations σ of the xi which give distinct

monomials.
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There is an involution ω : Λ→ Λ such that

ω : eλ(x) 7→ hλ(x), hλ(x) 7→ eλ(x),

mλ(x) 7→ fλ(x), fλ(x) 7→ mλ(x),

pλ(x) 7→ ελ pλ(x), ελ = (−1)|λ|−`(λ),

sλ(x) 7→ sλ′(x),

where λ′ = (λ′1, . . . , λ
′
m) and λ′i is the number of boxes in

column i of λ.



Questions.

I Are there analogues of mλ(x), fλ(x) and sλ/µ(x) in Λa?

I Is there an analogue of ω on Λa?

I What are the transition matrices between the bases of Λa?

Answers.

I Yes.

I Yes.

I Work in progress for {sλ(x ||a)} and {hλ(x ||a)} (Alex Fun).
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Main instrument: an analogue of the classical Cauchy identity

∏
i, j

1
1− xi yj

=
∑
λ∈P

sλ(x) sλ(y),

where y = (y1, y2, . . . ).

For λ = (1m1 2m2 . . . ) set zλ =
∏

i>1 imi mi !. Then

∏
i, j

1
1− xi yj

=
∑
λ∈P

1
zλ

pλ(x) pλ(y)

and

∏
i, j

1
1− xi yj

=
∑
λ∈P

hλ(x) mλ(y) =
∑
λ∈P

eλ(x) fλ(y).
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Cauchy identity

Theorem. We have the expansion

∏
i, j

1− ai yj

1− xi yj
=
∑
λ∈P

sλ(x ||a) sλ(y , a),

where sλ(y , a) is the dual Schur function,

sλ(y , a) =
∑

T

∏
α∈λ

YT (α)(a−c(α)+1, a−c(α)),

summed over the reverse λ-tableaux T with

Yi(a, b) =
yi (1− a yi−1) . . . (1− a y1)

(1− b yi) . . . (1− b y1)
.
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Examples.

s(1)(y , a) =
∑

i

Yi(a1, a0) =
∑

i

yi (1− a1 yi−1) . . . (1− a1 y1)

(1− a0 yi) . . . (1− a0 y1)
.

The dual elementary and complete symmetric functions are

ek (y , a) = s(1k )(y , a), hk (y , a) = s(k)(y , a),

so that

ek (y , a) =
∑

i1>···>ik

Yi1(a1, a0)Yi2(a2, a1) . . . Yik (ak , ak−1),

hk (y , a) =
∑

i1>···>ik

Yi1(a1, a0)Yi2(a0, a−1) . . . Yik (a−k+2, a−k+1).
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For a partition λ = (λ1, . . . , λn) set

hλ(y , a) = hλ1(y , a) . . . hλn(y , a),

eλ(y , a) = eλ1(y , a) . . . eλn(y , a).

The dual symmetric functions sλ(y , a), eλ(y , a), hλ(y , a),

mλ(y , a) are elements of the ring Λ̂a of formal series of the

(usual) symmetric functions in y with coefficients in Q [a],

Λ̂a =
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λ∈P
cλ(a) mλ(y) | cλ(a) ∈ Q [a]

}
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The lowest degree components of

sλ(y , a), eλ(y , a), hλ(y , a), mλ(y , a)

are respectively

sλ(y), eλ(y), hλ(y), mλ(y).

Example.

s(1)(y , a) =
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k=1

(a0 − a1)
k−1 m(1k )(y , a)

=
∑

α,β>0

(−1)βaα
0 aβ

1 s(α|β)(y),

where (α|β) is the hook diagram with arm α and leg β.
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Introduce the bases mλ(x ||a) and fλ(x ||a) of Λa by

∏
i, j

1− ai yj

1− xi yj
=
∑
λ∈P

mλ(x ||a) hλ(y , a) =
∑
λ∈P

fλ(x ||a) eλ(y , a).

Example. The monomial symmetric functions in Λa:

m(1)(x ||a) =
∑

i

(xi − ai),

m(12)(x ||a) =
∑
i>j

(xi − ai)(xj − aj+1),

m(2)(x ||a) =
∑

i

(x2
i − a2

i )− (a0 + a1)
∑

i

(xi − ai)

= h2(x ||a)− e2(x ||a).
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Pairing between Λa and Λ̂a

Define the bilinear pairing

〈 , 〉 : Λa ⊗ Λ̂a → Q [a],
〈
hλ(x ||a), mµ(y , a)

〉
= δλµ.

Then the Cauchy identity implies

〈
sλ(x ||a), sµ(y , a)

〉
= δλµ,〈

pλ(x ||a), pµ(y)
〉

= δλµ zλ.
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The skew Schur functions in Λa and Λ̂a can now be defined

respectively by

〈
sν/µ(x ||a), sλ(y , a)

〉
=
〈
sν(x ||a), sλ(y , a) sµ(y , a)

〉

and

〈
sλ(x ||a), sν/µ(y , a)

〉
=
〈
sλ(x ||a) sµ(x ||a), sν(y , a)

〉
.

Example. We have

s(2)/(1)(x ||a) = s(1)(x ||a) =
∞∑

i=1

(xi − ai),

s(2)/(1)(y , a) =
∞∑

i=1

Yi(a0, a−1).
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Define the Littlewood–Richardson polynomials c ν
λµ(a) and the

dual Littlewood–Richardson polynomials c ′ νλµ(a) by the

expansions

sλ(x ||a) sµ(x ||a) =
∑

ν

c ν
λµ(a) sν(x ||a) (finite sum),

sλ(y , a) sµ(y , a) =
∑

ν

c ′ νλµ(a) sν(y , a) (infinite series).

Then

sν/µ(x ||a) =
∑

λ

c ′ νλµ(a) sλ(x ||a) (finite sum),

sν/µ(y , a) =
∑

λ

c ν
λµ(a) sλ(y , a) (infinite series).
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Interpolation approach

For any partition µ introduce the sequence

aµ = (a1−µ1 , a2−µ2 , . . . ).

Given any element P(x) ∈ Λa, the value P(aµ) is

a well-defined element of Q [a].

For instance,

s(1)(aµ ||a) =
∞∑

i=1

(ai−µi − ai) = |aµ| − |a∅|.
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Universal interpolation formula.

For P(x) ∈ Λa consider the expansion

P(x) sµ(x ||a) =
∑

ν

c ν
P, µ sν(x ||a).

Then

I c ν
P, µ = 0 unless µ ⊆ ν,

I c µ
P, µ = P(aµ),

I

c ν
P, µ =

1
|aν | − |aµ|

( ∑
µ→µ+

c ν
P, µ+ −

∑
ν−→ν

c ν−

P, µ

)
.
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Moreover,

c ν
P, µ =

∑
R

l∑
k=0

P(aρ(k))

(|aρ(k) | − |aρ(0) |) . . . ∧ . . . (|aρ(k) | − |aρ(l) |)
,

summed over all sequences of partitions R of the form

µ = ρ(0) → ρ(1) → · · · → ρ(l−1) → ρ(l) = ν,

ρ→ σ means σ is obtained from ρ by adding one box.
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Example. The Littlewood–Richardson polynomials c ν
λµ(a) are

calculated by taking P(x) = sλ(x ||a).

Now apply the interpolation formula to

P(x) =
∏
i, j

1− ai yj

1− xi yj

and use it to prove the generalized Cauchy identity

∏
i, j

1− ai−µi yj

1− xi yj
sµ(x ||a) =

∑
ν∈P, µ⊆ν

sν(x ||a) sν/µ(y , a).
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The application of the recurrence relation relies on the bijection

⋃
µ+

{
reverse ν/µ+−tableaux

}
←→

⋃
ν−

{
reverse ν−/µ−tableaux

}
provided by the jeu de taquin:

µ = (12), ν = (5 5 3)

2 1
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2
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1
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1
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Isomorphism ωa

Define the new parameter sequence a ′ by

(a ′)i = −a−i+1, i ∈ Z ,

so that a ′ = (. . . ,−a2,−a1,−a0,−a−1,−a−2, . . . ).

Introduce the isomorphism ωa : Λa → Λa ′
by

ωa : ek (x ||a) 7→ hk (x ||a ′).
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Theorem. We have ωa ◦ ωa ′ = id

and

ωa : sλ(x ||a) 7→ sλ′(x ||a ′),

pλ(x ||a) 7→ ελ pλ(x ||a ′), ελ = (−1)|λ|−`(λ),

mλ(x ||a) 7→ fλ(x ||a ′),

hλ(x ||a) 7→ eλ(x ||a ′).



Theorem. We have ωa ◦ ωa ′ = id and

ωa : sλ(x ||a) 7→ sλ′(x ||a ′),

pλ(x ||a) 7→ ελ pλ(x ||a ′), ελ = (−1)|λ|−`(λ),
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Corollary. We have the identities∏
i, j

1 + xi yj

1 + ai yj
=
∑
λ∈P

sλ(x ||a) sλ′(y , a ′),

∏
i, j

1 + xi yj

1 + ai yj
=
∑
λ∈P

eλ(x ||a) mλ(y , a ′),

∏
i, j

1 + xi yj

1 + ai yj
=
∑
λ∈P

ελ

zλ
pλ(x ||a) pλ(y),

∏
i, j

1 + xi yj

1 + ai yj
=
∑
λ∈P

mλ(x ||a) eλ(y , a ′).



Irreducible characters

Define the polynomials χλ
µ(a) ∈ Q [a] by the expansion

pµ(x ||a) =
∑

λ

χλ
µ(a) sλ(x ||a).

Properties.

I χλ
µ(a) 6= 0 only if |λ| 6 |µ|.

I χλ
µ(a) is homogeneous of degree |µ| − |λ|.

I χλ
µ(a) = χλ

µ if |µ| = |λ|.
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Hence, if |µ| = |λ| = n, then, by the interpolation formula, the

values χλ
µ of the irreducible character χλ of the symmetric

group Sn can be found by

χλ
µ =

∑
R

n∑
k=1

pµ(aρ(k) ||a)

(|aρ(k) | − |aρ(0) |) . . . ∧ . . . (|aρ(k) | − |aρ(n) |)
,

summed over all sequences R of partitions

∅ = ρ(0) → ρ(1) → · · · → ρ(n−1) → ρ(n) = λ.
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Consider the specialization ai = i for all i ∈ Z .

For partitions µ = (1m12m2 . . . rmr ) and ρ = (ρ1, . . . , ρl) set

πµ(ρ) =
r∏

k=1

(
(1− ρ1)

k + · · ·+ (l − ρl)
k − 1k − · · · − l k

)mk
.

For any skew diagram θ denote by dim θ the number of

standard θ-tableaux with entries in {1, 2, . . . , |θ|} and set

hθ =
|θ|!

dim θ
.

If θ is normal (non-skew), then hθ is the product of hooks of θ.
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Corollary. We have

χλ
µ =

∑
ρ⊆λ

(−1)|ρ| πµ(ρ)

hρ hλ/ρ
.

Example. If λ = (n) then ρ = (k) for k = 1, . . . , n and

χ(n)
µ =

n∑
k=1

(−1)k ((1− k)µ1 − 1
)
. . .
(
(1− k)µr − 1

)
k ! (n − k)!

= 1.
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Example. Let λ = (3 2) and µ = (2 13). Then

πµ(ρ) = −(ρ1 + ρ2)
3 (ρ2

1 + ρ2
2 − 2 ρ1 − 4 ρ2),

h(3 2) = 24, h(3 2)/(1) = 24/5, h(3 2)/(2) = 2,

h(3 2)/(12) = 3, h(3 2)/(3) = 2, h(3 2)/(2 1) = 1,

h(3 2)/(2 2) = 1, h(3 2)/(3 2) = 1.

Hence,

χ
(3 2)

(2 13)
= − 1

24/5
+

32
6

+
81
12
− 81

3
+

256
12
− 125

24
= 1.
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